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P°edmluv a

V e dnec h 16. a 23. listopadu 2007 se na k ated°e matematiky FJFI k ona jí Doktorand-

sk é dn y ur£ené pro studen t y doktorsk ého studijního program u Aplik ace p°íro dníc h v ¥d

ob oru Matematic k é inºenýrství. T en to ob or je za ji²´o v án k atedrami matematiky a fyziky

sp olu s n¥kterými ústa vy Ak ademie v ¥d ƒR a p okrýv á témata o d matematic kýc h mo del·

p°íro dníc h pro ces· p°es otázky kv an to v é teorie aº p o databázo v é systém y £i neurono v é

sít¥.

Leto²ní Doktorandsk é dn y jsou jiº druhé v °ad¥. V rámci tohoto setk ání p°edsta ví

doktorandi sv o ji práci ostatním studen t·m, ²k olitel·m i v²em zá jemc·m z °ad o db orné

v e°ejnosti. T ext y p°ísp ¥vk· jsou p°edkládán y v tom to sb orníku.

W orkshop Doktorandsk é dn y si klade za cíl umoºnit doktorand·m k onfron to v at sv é

výsledky na ²ir²ím fóru, p oskytnout prostor pro op onen tní p°ip omínky k studen to v ¥ práci

ze stran y ²k olitel· a p°ítomnýc h o db orník·, a tím tak p°isp ¥t k e zkv alitn¥ní výc ho vy

doktorand· ob oru Matematic k é inºenýrství. Uc ho v ání p°ísp ¥vk· v e sb orníku pak umoºní

sledo v at p ostup práce jednotlivýc h studen t· na jejic h v ¥dec k ém úk olu.

Edito°i





F actor F requencies of Rev ersal Closed Languages

‰ub omíra Balk o v á

3rd y ear of PGS, email: l.balkova@centrum.cz

Departmen t of Mathematics, F acult y of Nuclear Sciences and Ph ysical

Engineering, CTU

advisor: Zuzana Masák o v á, Departmen t of Mathematics, F acult y of Nuclear

Sciences and Ph ysical Engineering, CTU

Abstract. W e study in�nite w ords o v er a �nite alphab et. In particular, w e fo cus on frequencies

of factors (sub w ords) of in�nite w ords whose language is rev ersal closed, i.e. u con tains with eac h

factor also its mirror image. Crucial is the notion of Rauzy graphs asso ciated with the in�nite

w ord. In v estigation of symmetries of the reduced Rauzy graph � n , n 2 N , allo ws us to determine

a go o d and easily calculable upp er b ound on the n um b er of di�eren t factor frequencies.

Abstrakt. Studujeme nek one£ná slo v a nad k one£nou ab ecedou. Sp eciáln¥ se zam¥°ujeme na

frekv ence faktor �u nek one£nýc h slo v, jejic hº jazyk je uza v°en na rev erzi, tj. s k aºdým slo v em

obsah uje tak é slo v o, které získ áme, kdyº p°e£teme dané slo v o p ozpátku. Klí£o vým p o jmem je

Rauzyho graf p°i°azený nek one£ném u slo vu. Zk oumání symetrií reduk o v aného Rauzyho grafu

� n , n 2 N , nám umoºní nalézt dobrý a snadno vyp o £itatelný horní o dhad na p o £et r �uznýc h

frekv encí faktor �u nek one£ného slo v a.

1 In tro duction

Ev eryb o dy who is ab out to study a foreign language is in terested in w ord frequencies of

this language. The reason is simple. If y ou start, there is no p oin t in b eginning with

lo w-frequency w ords pro vided y our aim is to manage ev eryda y comm unication. W ord

frequencies are in fo cus of designers of in ternet searc h engines, but also of the one who

w an ts to raise the visit rate of his w eb page. There exist so-called �stoplists" whic h

pro vide frequencies of most often used w ords. F or instance, just three w ords I, and,

the accoun t for ten p ercen t of all w ords in prin ted English. This is �easy� to calculate.

Prepare a sheet of pap er, go through all prin ted matters in English, for eac h w ord y ou

read, put a blac k tally on the sheet, and eac h time y ou see I or and or the , put a red

tally on the sheet. A t the end, divide the n um b er of red tallies b y the n um b er of blac k

tallies and y ou should obtain appro ximately 0; 1. In the Czec h language, similar role is

pla y ed b y w ords a, v, se, na, je, ºe, o whic h tak e ab out 9 p ercen t of a written text. In

this pap er, our p oin t of view will not b e linguistic (statistic), w e will instead mo v e to

the domain of Com binatorics on W ords and Graph Theory . W e will turn our atten tion

to factor frequencies in in�nite w ords, so the n um b er of o ccurrences of a factor will b e

p ossibly in�nite and the de�nition of factor frequency will ha v e to b e generalized. W e

will sho w ho w to �nd a go o d upp er b ound on the n um b er of di�eren t factor frequencies in

in�nite w ords whic h con tain with ev ery factor also its mirror image. Let us also men tion

that w e ha v e studied factor frequencies in sev eral classes of in�nite w ords (to b e found

in the thesis) and the results con�rm accuracy of the obtained upp er b ound.

1



2 ‰. Balk o v á

Ha ving in tro duced notation and basic de�nitions, w e will �rst recall w ell-kno wn re-

lations holding for frequencies of edges and v ertices in Rauzy graphs (Kirc hho� 's la w).

Afterw ards, w e will in tro duce a useful to ol- r e duc e d R auzy gr aph . With this in hand, one

can easily deduce the upp er b ound deriv ed b y Boshernitzan (Theorem 7). Kno wing that

for an y in�nite rev ersal closed w ord u , the mirror map do es not c hange factor frequencies

will allo w us to impro v e essen tially the upp er b ound in case of w ords whose language is

rev ersal closed (Theorem 10).

2 Preliminaries

First, let us recall our �v o cabulary� whic h will b e used throughout this pap er. An alphab et

A is a �nite set of sym b ols called letters . A concatenation of letters is a wor d . L ength of

a w ord w is the n um b er of letters con tained in w and is denoted jwj . W e will also deal

with righ t-sided in�nite w ords u = u0u1u2:::. A �nite w ord w is called a factor of the w ord

u (�nite or in�nite) if there exist a �nite w ord w(1)
and a w ord w(2)

(�nite or in�nite)

suc h that u = w(1) ww(2)
. An in�nite w ord u is said to b e r e curr ent if eac h of its factors

o ccur in�nitely man y times in u and u is uniformly r e curr ent if for an y n 2 N there exists

an R(n) 2 N suc h that an y factor of u of length R(n) con tains all factors of length n . An

in�nite w ord u is said to b e eventual ly p erio dic if there exist �nite w ords v; w suc h that

u = vw!
, where w!

means that w is rep eated in�nitely man y times. A w ord whic h is not

ev en tually p erio dic is called ap erio dic . L anguage L (u) of an in�nite w ord u is the set of

all factors of u . A language L (u) is rev ersal closed, if for ev ery factor w = w0w1 : : : wn ,

where wi 2 A ; i 2 f 0; : : : ; ng, also its mirror image w = wn : : : w1w0 b elongs to L (u) .

W e denote b y L n(u) the set of factors of length n of the in�nite w ord u . Then, w e can

de�ne c omplexity function (or c omplexity ) Cu : N ! N whic h asso ciates to ev ery n the

n um b er of di�eren t factors of length n of the in�nite w ord u , i.e.

Cu(n) = # L n (u):

Let us men tion that if there exists n 2 N suc h that Cu(n) � n , then the in�nite w ord

u is ev en tually p erio dic. In other w ords, ap erio dic w ords has complexit y C(n) � n + 1
for all n 2 N. Ap erio dic w ords with the lo w est p ossible complexit y are called Sturmian .

Similarly , let us denote b y Paln (u) the set of palindromes of length n con tained in u and

let us de�ne p alindr omic c omplexity Pu : N ! N whic h asso ciates to ev ery n the n um b er

of di�eren t palindromes of length n of the in�nite w ord u . W e recall that p alindr ome is

a w ord whic h is equal to its mirror image. W e sa y that a 2 A is right extension of a factor

w 2 L (u) if wa is also a factor of u . W e denote b y Rext(w) the set of all righ t extensions

of w in u , i.e. Rext(w) = f a 2 A
�
� wa 2 L (u)g. If # Rext(w) � 2, then the factor w is

called right sp e cial (RS for short). Analogously , w e de�ne left extensions, Lext (w) , left

sp e cial factor (LS for short). Moreo v er, w e sa y that a factor w is bisp e cial (BS for short)

if w is LS and RS. With this in hand, w e can giv e a form ula for the �rst di�er enc e of

c omplexity � Cu(n) = Cu(n + 1) � Cu(n) . W e lea v e the pro of as an easy exercise.

� Cu(n) =
X

w2L n (u)

�
# Rext(w) � 1

�
=

X

w2L n (u)

�
# Lext (w) � 1

�
; n 2 N: (1)
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T o ha v e ev erything prepared for the deduction of an impro v ed upp er b ound on the n um b er

of di�eren t frequencies, it remains to de�ne R auzy gr aph , and, of course, factor fr e quency .

De�nition 1. Rauzy graph � n of an in�nite w ord u (of order n ) is a directed graph whose

set of v ertices is L n (u) and set of edges is L n+1 (u) . Let w0; w1; : : : ; wn b e letters in A and

let e = w0w1 : : : wn� 1wn b e an edge of � n , then e starts in the v ertex w = w0w1 : : : wn� 1

and ends in the v ertex v = w1 : : : wn� 1wn .

De�nition 2. Let w b e a factor of an in�nite w ord u o v er a �nite alphab et A , then (factor)

frequency of w (in u ) is de�ned as

� (w) = lim
jvj!1 ;v2L (u)

# f o ccurrences of w in vg
jvj

if the limit exists.

3 Upp er b ound on the n um b er of factor frequencies

In the sequel, let us supp ose that frequencies of all factors of L (u) exist . It is not di�cult

to see that the frequency of a v ertex w in � n is equal to the sum of frequencies of the

edges starting in w , or, b y symmetry , the sum of frequencies of the edges ending in w .

Let us formalize this observ ation and lea v e its pro of as a simple exercise.

Lemma 3 (Kirc hho� 's la w) . L et w b e a factor of u , then

� (w) =
X

a2 Lext (w)

� (aw) =
X

a2 Rext (w)

� (wa):

Consequen tly , if a factor w 2 L (u) is neither LS nor RS, then b oth the frequency of

the unique edge starting in w and the frequency of the unique edge ending in w is equal

to � (w) . F ormally rewritten, this observ ation has the follo wing reading.

Corollary 4. L et w b e a factor of u which is neither LS nor RS. L et us denote by a the

only left extension of w and by b its only right extension. Then, � (w) = � (aw) = � (wb) .

W e can lab el ev ery edge e in the Rauzy graph � n of u b y � (e) . Then the n um b er

of di�eren t frequencies of factors in L n+1 (u) corresp onds to the n um b er of di�eren t edge

lab els in � n . F or a factor w 2 L n(u) whic h is neither LS nor RS, it is th us eviden t that

the unique edge ending in w has the same lab el � (w) as the unique edge starting in w .

Consequen tly , if w e are in terested in the n um b er of di�eren t edge lab els, w e can remo v e

the v ertex w from the graph and replace the incoming and outgoing edge with a new edge

k eeping the lab el � (w) . Rep eating this pro cedure, w e obtain the so-called reduced Rauzy

graph, whic h has ob viously the same set of edge lab els. Let us giv e precise de�nitions.

De�nition 5. Let � n b e the Rauzy graph of order n of an in�nite w ord u . A directed path

w(0) w(1) : : : w(m)
in � n suc h that its initial v ertex w(0)

is LS or RS, its �nal v ertex w(m)
is

also LS or RS, and the other v ertices are neither LS nor RS factors is called simple. W e

de�ne lab el of the simple path as the lab el of an y edge of this path.
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De�nition 6. Reduced Rauzy graph

~� n of u (of order n ) is a directed graph whose set

of v ertices is formed b y LS and RS factors of L n (u) and whose set of edges is giv en in

the follo wing w a y . V ertices w and v are connected with an edge e if there exists in � n

a simple path starting in w and ending in v . W e assign to suc h an edge e the lab el of the

corresp onding simple path.

The n um b er of di�eren t edge lab els in the reduced Rauzy graph

~� n is clearly less or

equal to the n um b er of edges in

~� n . Let us th us calculate the n um b er of edges in

~� n

in order to get an upp er b ound on the n um b er of frequencies of factors in L n+1 (u) . F or

ev ery RS factor w 2 L n (u) , it holds that # Rext(w) edges b egin in w , and for ev ery LS

factor v 2 L n (u) whic h is not RS, only one edge b egins in v , th us w e get the follo wing

relation

# f ej e edge in

~� ng =
X

w RS

# Rext(w) +
X

v LS not RS

1: (2)

Using Equation 1, w e deduce that

# f ej e edge in

~� ng = � C(n) +
X

v RS

1 +
X

v LS not RS

1: (3)

The follo wing result initially pro v ed b y Boshernitzan in [3] follo ws immediately .

Theorem 7 (Boshernitzan) . L et u b e an in�nite wor d such that for every factor w 2 L (u) ,

the fr e quency � (w) exists. Then for every n 2 N, it holds

# f � (e)
�
� e 2 L n+1 (u)g � 3� C(n):

This upp er b ound can b e lo w ered for an in�nite w ord u whose language L (u) is rev ersal

closed. In this case, eac h factor of u has the same frequency as its mirror image.

Lemma 8. L et u b e an in�nite wor d whose language L (u) is r eversal close d and such that

for e ach factor w 2 L (u) , the fr e quency � (w) exists. Then � (w) = � (w) holds for e ach

factor w of L (u) .

Pr o of. T ak e an arbitrary factor w 2 L (u) and let (v(n))1
n=1 b e an y sequence of a strictly

gro wing length in L (u) . Since the frequency of w exists, w e can write

� (w) = lim
n!1

# f o ccurrences of w in v(n)g
jv(n) j

:

As L (u) is rev ersal closed, w e get

# f o ccurrences of w in v(n)g = # f o ccurrences of w in v(n)g:

Using jv(n) j = jv(n) j , w e can then rewrite � (w) as follo ws

� (w) = lim
n!1

# f o ccurrences of w in v(n)g

jv(n) j
= � (w):

The last equalit y holds thanks to the assumption that frequencies of all factors exist.
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W e ha v e no w ev erything prepared for an impro v emen t of the upp er b ound on the

n um b er of edge lab els in

~� n , or, equiv alen tly , on the n um b er of di�eren t factor frequencies

of L n+1 (u) of an in�nite w ord u whose language is rev ersal closed. The follo wing lemma

will pla y an essen tial role in this impro v emen t.

Lemma 9. L et u b e an in�nite wor d whose language L (u) is r eversal close d and such that

for e ach factor w 2 L (u) , the fr e quency � (w) exists. Then for every n 2 N, we have

# f � (e)je 2 L n+1 g �
1
2

 

P(n) + P(n + 1) + � C(n) �
X

w BS in L n

1 �
X

w BS in P aln

1

!

+
X

w RS in L n

1:

Pr o of. Let � n b e the Rauzy graph of u of order n . Let us de�ne a mapping f whic h to

ev ery v ertex w 2 L n (u) asso ciates the v ertex w, to ev ery edge e 2 L n+1 (u) asso ciates the

edge e, and to ev ery path w(0) w(1) : : : w(m)
in � n asso ciates the path w(m) : : : w(1) w(0)

.

Then, clearly , f 2 = Id and thanks to the closeness of L (u) under rev ersal, f maps the

Rauzy graph � n on to itself, in fact, f is an automorphism of � n . Let us replace the Rauzy

graph � n b y the reduced Rauzy graph

~� n . W e kno w already that the set of edge lab els

of

~� n is equal to the set of edge lab els of � n . Let us denote b y A the n um b er of edges e
in

~� n suc h that e is mapp ed b y f on to itself and b y B the n um b er of edges e in

~� n suc h

that e is not mapp ed b y f on to itself, then clearly , # f ej e edge in

~� ng = A + B . T o b e

more precise, if e is an edge in

~� n corresp onding to the simple path w(0) w(1) : : : w(m)
in

� n , then f (e) is the edge in

~� n corresp onding to the simple path f (w(0) w(1) : : : w(m)) =
w(m) : : : w(1) w(0)

. Consequen tly , if e is mapp ed b y f on to itself, then the corresp onding

simple path w(0) w(1) : : : w(m)
satis�es that its cen tral v ertex w( m

2 )
is a palindrome (for m

ev en) or its cen tral edge going from w( m � 1
2 )

to w( m +1
2 )

is a palindrome (for m o dd). On

the other hand, ev ery palindrome of length n + 1 forms the cen tral edge of a simple path

in � n whic h is mapp ed b y f on to itself and ev ery palindrome of length n forms either the

cen tral v ertex of a simple path whic h is mapp ed b y f on itself or is BS and th us a v ertex

in � n . Therefore,

A = P(n) + P(n + 1) � # f w 2 L n jw BS in Palng: (4)

W e subtract the n um b er of palindromic BS factors of L n(u) since they form v ertices, not

edges in

~� n . No w, let us turn our atten tion to edges e whic h are not mapp ed b y f on to

themselv es. If e is an edge in

~� n going from a v ertex w to v , where f (e) 6= e, then there

exists an edge e0
in

~� n going from v to w with e0 6= f (e0) , namely e0 = f (e) . Ho w ev er, e
and e0

ha v e the same lab el. (If e corresp onds to the simple path w(0) w(1) : : : w(m)
in � n ,

then e0
corresp onds to the simple path w(m) : : : w(1) w(0)

in � n . Lemma 8 implies that

the lab el of these simple paths is the same.) These considerations lead to the follo wing

estimate

# f � (e)j e 2 L n+1 (u)g � A +
1
2

B =
1
2

A +
1
2

(A + B) (5)

Rewriting Equation (3), w e obtain

A + B = � C(n) + 2
X

w RS in L n

1 �
X

w BS in L n

1:

The statemen t follo ws then using Equation (4).
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Theorem 10. L et u b e an in�nite wor d whose language L (u) is r eversal close d and such

that for every factor w 2 L (u) , the fr e quency � (w) exists. Then for every n 2 N, we have

# f � (e)je 2 L n+1 g � 2� C(n) + 1 �
1
2

 
X

w BS in P aln

1 +
X

w BS in L n

1

!

� 2� C(n) + 1 :

The e quality # f � (e)je 2 L n+1 (u)g = 2� C(n) + 1 holds for al l su�ciently lar ge n if and

only if u is p erio dic.

Remark 11. T o appro v e that the estimate from Theorem 10 cannot b e easily lo w ered

k eeping its general v alidit y , let us demonstrate that it is reac hed for all lengths n 2 N in

the case of Sturmian w ords. Thanks to [4], w e kno w that ev ery Sturmian w ord is rev ersal

closed and all BS factors are palindromes. Moreo v er, since � C(n) = 1 for all n 2 N, the

upp er b ound on the n um b er of di�eren t frequencies can b e simpli�ed as follo ws

# f � (e)je 2 L n+1 (u)g � 3 �
X

w BS in L n

1:

T o see that the upp er b ound is reac hed, it su�ces to recall the result of Berthé in [2 ]

# f � (e)je 2 L n+1 (u)g =
�

2 if n is the length of a BS factor,

3 otherwise.

Pr o of of The or em 10. It has b een sho wn in [1] that

P(n) + P(n + 1) � � C(n) + 2 for ev ery n 2 N. (6)

The term

P
w RS in L n

1 can b e b ounded b y

P
w RS in L n

(# Rext(w) � 1) = � C(n) . Ap-

plying these b ounds on the result of Lemma 9, w e obtain

# f � (e)je 2 L n+1 g � 2� C(n) + 1 �
1
2

 
X

w BS in P aln

1 +
X

w BS in L n

1

!

:

Let us turn our atten tion to ev en tually p erio dic w ords. Since L (u) is rev ersal closed, it

follo ws immediately that u is recurren t. If u is ev en tually p erio dic and recurren t, then

u is kno wn to b e p erio dic. Th us, there exists a minimal p erio d K suc h that u = z!
,

where jzj = K . Then, C(n) = K for ev ery n � K and ev ery factor of length n o ccurs

with frequency

1
K . Th us, # f � (e)j e edge in � ng = 2� C(n) + 1 = 1 for n � K . If

u is ap erio dic, then � C(n) � 1 together with the fact that ev ery LS factor is pre�x

of a BS factor implies that for ev ery N 2 N, there exists a BS factor in L (u) of length

n � N , hence # f � (e)j e edge in � ng � 2� C(n)+1 � 1
2

� P
w BS in P aln

1 +
P

w BS in L n
1
�

<
2� C(n) + 1 .

F or completeness' sak e, let us men tion another pro of whic h will not use Equation (6),

nev ertheless, similar ideas as those ones o ccurring in [1] will b e presen t. Going through

this second v ersion of the pro of, it can b e in particular noticed that Theorem 10 do es not
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require uniform recurrence of the in�nite w ord u . W e will k eep notation from Pro of of

Lemma 9 and w e will mak e use of a partial result rewritten in a di�eren t w a y this time:

# f � (e)je 2 L n+1 (u)g � A +
1
2

B = ( A + B) �
1
2

B: (7)

W e w an t to �nd a lo w er b ound on B , i.e. on the n um b er of edges in

~� n whic h are not

mapp ed b y f on themselv es.

~� n con tains the follo wing disjoin t subgraphs (whose union

comprises all v ertices of

~� n ) of three t yp es:

1. subgraphs con taining t w o v ertices w and w , where w is RS not LS, and all edges

connecting them m utually

2. subgraphs con taining t w o v ertices w and w , where w is non-palindromic BS, and

all edges connecting them m utually (atten tion! n um b er of subgraphs of this t yp e

is just

1
2# f w 2 L n(u)

�
� w non-palindromic BS g)

3. subgraphs con taining one v ertex w , where w is a palindromic BS, and ev en tually

edges-lo ops starting and ending in w

Clearly , all edges in

~� n whic h are mapp ed b y f on themselv es are con tained in the ab o v e

subgraphs. Since (reduced) Rauzy graphs of in�nite w ords are connected, eac h subgraph

is connected with an edge to the union of the remaining subgraphs. Moreo v er, since

the language L (u) is rev ersal closed, if an edge e starts in a subgraph � and ends in

a subgraph � 0
, then the edge f (e) starts in � 0

and ends in � . It follo ws that B is greater

or equal to 2� the minimal n um b er of edges whic h can ensure connection of the disjoin t

subgraphs of the graph:

B � 2 � n um b er of subgraphs � 2 = 2
X

w RS in L n

1 +
X

w BS in P aln

1 �
X

w BS in L n

1 � 2: (8)

Implan ting in Equation (7) the just deduced lo w er b ound on B together with the expres-

sion of A + B deriv ed in Pro of of Lemma 9

A + B = � C(n) + 2
X

w RS in L n

1 �
X

w BS in L n

1;

and with the fact that

P
w RS in L n

1 can b e b ounded b y

P
w RS in L n

(# Rext(w) � 1) =
� C(n) , w e ha v e pro v ed the upp er b ound from Theorem 10

# f � (e)j e edge in � ng � 2� C(n) + 1 �
1
2

 
X

w BS in P aln

1 +
X

w BS in L n

1

!

:

T o conclude, let us thro w in that w e ha v e studied frequencies of in�nite w ords as-

so ciated with � -in tegers for � b eing a quadratic non-simple P arry n um b er, th us de�ned

o v er a t w o-letter alphab et, and w e ha v e learned that the upp er b ound from Theorem 10

is either reac hed (for most of the lengths) or is only b y 1 greater than the real n um b er

of factor frequencies of a giv en length. Another example of an in�nite w ord, ev en o v er

a k letter alphab et, where the upp er b ound is reac hed for all lengths, is the k -in terv al

exc hange w ord. (Description of frequencies has b een recen tly giv en b y F erenczi [5].)
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Abstract. The article brie�y summarizes n umerical solution of Mean-Curv ature Flo w problem

for the Lev el Set metho d and its parallelization. The n umerical solution is based on spatial

discretization b y �nite di�erences, and time discretization is giv en b y the Runge-Kutta and

the Runge-Kutta-Merson sc heme. The algorithm is parallelized for the shared memory systems

using Op enMP . The computational results demonstrate the time ev olution of the initial curv e

under giv en curv ature.

Abstrakt. T en to p°ísp ¥v ek krátce shrn uje n umeric k é °e²ení ro vnice Mean-Curv ature Flo w, s

p ouºitím Lev el Set metho dy , a moºnosti paralelizace. •e²ení se skládá z diskretizace prostoro v é

oblasti p omo cí k one£nýc h diferencí a následného °e²ení £aso v é úloh y p omo cí Runge-Kutto vy a

Runge-Kutta-Mersno vy meto dy . Algoritm us b yl paralelizo v án pro systém y se sdílenou pam¥tí

p omo cí Op enMP . Výp o £etní výsledky uk azují £aso vý výv o j p o £áte£ní k°ivky p o d vliv em k°iv osti.

1 In tro duction

The equation describ es the motion of the h yp ersurface �( t) with the v elo cit y , whic h is its

mean curv ature. The problem can b e written as

v� = � K � + F on �( t); (1)

where v� is the normal v elo cit y , K � is the mean curv ature of the h yp ersurface �( t) and

F is the forcing term. Suc h a system of equations has b een studied b y man y authors

throughout last decade (see [2 ] ,[3], [4], [5], [6]).

W e w ould lik e to trac k p ossible top ological c hanges of �( t) and therefore w e ha v e

c hosen the Lev el Set metho d. This metho d describ es the h yp ersurface �( t) as the zero

Lev el Set of an auxiliary function P : Rn+1 � [0; 1 ) ! R, i.e.

�( t) = f x 2 Rn+1 jP(x; t ) = 0 g: (2)

Assume that OP 6= 0 in a neigh b ourho o d of �( t) . Then the outer normal to �( t) , its

9
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mean curv ature and the normal v elo cit y are giv en b y

n� = �
OP

jOPj
; (3)

K � = div( n� ) = � div
� OP
jOPj

�
; (4)

v� =
@tP
jOPj

: (5)

Let 
 b e a b ounded domain in Rn+1
.The equation (1) yields in to partial di�eren tial

equation (PDE) for P .

@t P
jOPj

= div
� OP

jOPj

�
+ F on 
 � [0; 1 ); (6a)

P(x; 0) = Pini (x) on 
 ; (6b)

@P
@n�

= 0 on @
 : (6c)

2 Numerical algorithm

The equation (6) is highly nonlinear, degenerate parab olic PDE. W e solv ed it b y the

metho d of lines. This tec hnique for solving PDEs starts with discretising all but one

dimension using �nite di�erence and then solv e resulting semi-discrete problem, that is

a set of ordinary di�eren tial equations (ODEs).

2.1 Spatial discretization

W e p erformed spatial discretization using t w o di�eren t �nite di�eren tial sc heme. Sc hemes

are written using follo wing notation.

h = [ h1; h2]; h1 =
L1

N1
; h2 =

L2

N2
; x i;j = [ x1

i;j ; x2
i;j ]; Pi;j = P(x i;j ); (7)

P �x1 ;i;j =
Pi;j � Pi � 1;j

h1
; Px1 ;i;j =

Pi +1 ;j � Pi;j

h1
; (8)

P �x2 ;i;j =
Pi;j � Pi;j � 1

h2
; Px2 ;i;j =

Pi;j +1 � Pi;j

h2
; (9)

�OhP = [ P �x1 ; P �x2 ]; OhP = [ Px1 ; Px2 ]; (10)

Pn = PnP: (11)

2.1.1 Regularized sc heme

This sc heme is based on op erator form of equation (6), where w e substitute deriv ativ e

op erators using discrete di�eren tial op erators (10), (see [4])

dPn

dt
= �QOn �

� �OnPn

Q( �OnPn )

�
+ �QF; (12)
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where

Q(OP) =
p

� 2 + jjOPjj 2; � > 0; (� = 10� 9); (13)

�Q =
1
2

(Q( �OnPn ) + Q(OnPn )) : (14)

2.1.2 Cen tral di�erence sc heme

Expanding div ergence and gradien t op erators in the equation (6) yields

@tP =
@x1x1 P(@x2P)2 + @x2x2P(@x1 P)2 � 2@x1 P @x2P @x1x2P

(@x1 P)2 + ( @x2 P)2

+
p

(@x1 P)2 + ( @x2P)2F
(15)

Substituting spatial deriv ativ es using cen tral di�erences w e get follo wing ODE

@tP =

Pi;j +1 � 2Pi;j + Pi;j � 1

dx2
2

� Pi +1 ;j � Pi � 1;j

2dx1

� 2
+ Pi +1 ;j � 2Pi;j + Pi � 1;j

dx2
1

� Pi;j +1 � Pi;j � 1

2dx2

� 2

� Pi +1 ;j � Pi � 1;j

2dx1

� 2
+

� Pi;j +1 � Pi;j � 1

2dx2

� 2

�
2
� Pi +1 ;j � Pi � 1;j

2dx1

�� Pi;j +1 � Pi;j � 1

2dx2

�� Pi +1 ;j +1 � Pi +1 ;j � 1 � Pi � 1;j +1 + Pi � 1;j � 1

4dx1dx2

�

� Pi +1 ;j � Pi � 1;j

2dx1

� 2
+

� Pi;j +1 � Pi;j � 1

2dx2

� 2

+

r � Pi +1 ;j � Pi � 1;j

2dx1

� 2
+

� Pi;j +1 � Pi;j � 1

2dx2

� 2
F

(16)

2.2 Time discretization

T o solv e this system of ODE's w e use the Runge-Kutta-Merson, that is a mo di�ed Runge-

Kutta metho d with adaptiv e time stepping (see [11]). The time-step length adaptivit y

ma y shorten the time needed for computation. The algorithm can b e written in the

follo wing form

1. compute k1ij (dt)
2. compute k2ij (dt)
3. compute k3ij (dt)
4. compute k4ij (dt)
5. compute k5ij (dt)
6. q = max{ j2k1ij (dt) � 9k3ij (dt) + 8 k4ij (dt) � k5ij (dt)j=30}

7. if (q < adaptivity )
8. {

9. yi j (t0 + dt) = yi j (t0) + ( k1i j (dt) + 4 k4i j (dt) + k5i j (dt))=6
10. t0 = t0 + dt
11. }

12. dt = d t! (adaptivity=q)0:2
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where co e�cien ts k1; : : : ; k5 are de�ned as follo ws

k1(dt) = d tf (t0; y(t0))

k2(dt) = d tf (t0 + dt=3; y(t0) + k1(dt)=3)

k3(dt) = d tf (t0 + dt=3; y(t0) + ( k1(dt) + k2(dt))=6)

k4(dt) = d tf (t0 + dt=2; y(t0) + 0:125k1(dt) + 0 :375k3(dt))

k5(dt) = d tf (t0 + dt; y(t0) + 0:5k1(dt) � 1:5k3(dt) + 2 :0k4(dt))

(17)

where f is the righ t hand side of equations (12) or (16). W e usually c ho ose adaptivity 2
[10� 6; 10� 3], ! 2 [0:8; 0:9].

3 Stabilit y of n umerical algorithm

W e do not kno w the analytical solution for the equation (1), so to demonstrate stabilit y

and consistency , w e ha v e to use n umerical results computed on a re�ned grid. W e linearly

in terp olate the solution on the �nest grid and compare it with the remaining solutions

(see T ables 1,2 and 5,6).

F or the initial condition, where the zero lev elset is the circle with the radius r0 and

the forcing term F = 0 the equation (1) yields

dr
dt

= �
1
r

(18)

This equation has the exact analytical solution

r (t) =
q

r 2
0 � 2t: (19)

T ables 3,4 and 7,8 presen ts con v ergence errors and EOC co e�cien ts computed using

exact solution (19).

Mesh L 1 (0; T; L 2) L 1 (0; T; L 1 )
h error of u error of u
0.2040816 0.0475471 0.2709150

0.1010101 0.0138025 0.1251500

0.0502513 0.0046021 0.0533660

0.0250627 0.0013799 0.0177440

T able 1: T able of con v ergence errors. Space discretization: Regularized sc heme, Time

discretization: RK-mersn sc heme, adaptivity = 0:00001. Computed for the h yp ersurface

� .
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Mesh EOC u EOC u
h L2 L1

0.2040816 0.0000000 0.0000000

0.1010101 1.7586649 1.0980984

0.0502513 1.5731378 1.2207927

0.0250627 1.7314871 1.5828592

T able 2: T able of EOC co e�cien ts. Space discretization: Regularized sc heme, Time

discretization: RK-mersn sc heme, adaptivity = 0:00001. Computed for the h yp ersurface

� .

Mesh L 1 (0; T; L 2)
h error of u
0.2083333 0.0080304

0.1020408 0.0035612

0.0505050 0.0013680

0.0251256 0.0006267

0.0125313 0.0002926

T able 3: T able of con v ergence errors. Space discretization: Regularized sc heme, Time

discretization: RK-mersn sc heme, adaptivity = 0:00001. Computed for the zero Lev el

Set.

Mesh EOC u
h L2

0.2083333 0.0000000

0.1020408 1.1392145

0.0505050 1.3604080

0.0251256 1.1179657

0.0125313 1.0951178

T able 4: T able of EOC co e�cien ts. Space discretization: Regularized sc heme, Time

discretization: RK-mersn sc heme, adaptivity = 0:00001. Computed for the zero Lev el

Set.

Mesh L 1 (0; T; L 2) L 1 (0; T; L 1 )
h error of u error of u
0.2040816 0.0475471 0.2709150

0.1010101 0.0121113 0.1251500

0.0502513 0.0033617 0.0533660

0.0250627 0.0010117 0.0177440

T able 5: T able of con v ergence errors. Space discretization: Cen tral di�erence sc heme,

Time discretization: RK-mersn sc heme, adaptivity = 0:00001. Computed for the h yp er-

surface � .
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Mesh EOC u EOC u
h L2 L1

0.2040816 0.0000000 0.0000000

0.1010101 1.9445204 1.0980984

0.0502513 1.8357707 1.2207927

0.0250627 1.7261743 1.5828592

T able 6: T able of EOC co e�cien ts. Space discretization: Cen tral di�erence sc heme, Time

discretization: RK-mersn sc heme, adaptivity = 0:00001. Computed for the h yp ersurface

� .

Mesh L 1 (0; T; L 2)
h error of u
0.2083333 0.0047062

0.1020408 0.0011564

0.0505050 0.0002992

0.0251256 0.0000714

0.0125313 0.0000193

T able 7: T able of con v ergence errors. Space discretization: Cen tral di�erence sc heme,

Time discretization: RK-mersn sc heme, adaptivity = 0:00001. Computed for the zero

Lev el Set.

Mesh EOC u
h L2

0.2083333 0.0000000

0.1020408 1.9664470

0.0505050 1.9224476

0.0251256 2.0527963

0.0125313 1.8825815

T able 8: T able of EOC co e�cien ts. Space discretization: Cen tral di�erence sc heme, Time

discretization: RK-mersn sc heme, adaptivity = 0:00001. Computed for the zero Lev el

Set.
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4 Numerical results

This section con tains results for the Mean-Curv ature Flo w problem. Results are repre-

sen ted b y graphs displa ying the Lev el Set h yp ersurface. The solution w as computed at

the time in terv al [0; 1:4] using the space domain [� 3; 3]� [� 3; 3] with the grid con taining

200� 200 p oin ts and the Neumann b oundary condition.
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Figure 1: Solution of (6) with f = 0 .
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5 P arallelization of n umerical algorithms

The main purp ose of our w ork w as to compare the e�ciency of parallel algorithms for

n umerical solution of the Mean-Curv ature Flo w problem on systems with shared memory .

Shared memory means that all data are sa v ed in the memory that can b e accessed b y all

CPUs. This concept is used b y Op enMP API (see [1]).

The results of e�ciency measuremen t are presen ted in T able 9. The table has the

follo wing structure. The �rst column con tains the grid dimension. The second column

con tains the time of sequence program in seconds, this means the time of the computation

made b y only one pro cessing unit. The remaining columns con tain the time of parallel

program and the e�ciency of this program in the brac k ets. In the header of these columns

there is sp eci�ed ho w man y Op enMP pro cesses w ere used in the computation. The

time duration of eac h computation w as measured b y the C gettimeofda y() function as

a di�erence b et w een the start and the end time. The times listed in here are the times

needed for the computation only . This means the times needed for the v alue initialization

and result sa ving is excluded. The e�ciency is calculated from the follo wing form ula:

e�ciency =
sequence time

parallel time � number of processors
(20)

grid OMP=2

50 � 50 6.100 4.714(0.647)

100 � 100 25.609 15.298(0.837)

150 � 150 62.783 35.192(0.892)

200 � 200 114.270 61.042(0.936)

250 � 250 178.611 98.789(0.904)

300 � 300 261.127 145.881(0.895)

350 � 350 357.475 194.069(0.921)

400 � 400 438.124 233.293(0.939)

450 � 450 550.205 287.163(0.958)

500 � 500 679.820 361.222(0.941)

T able 9: Time and e�ciency of parallel program using Cen tral di�erence sc heme, Time

discretization: RK-mersn sc heme, adaptivity = 0:001.

6 Conclusion

W e solv ed the Mean-Curv ature Flo w problem for the Lev el Set metho d using sev eral

di�eren t initial conditions. Numerically pro v ed the stabilit y and consistency of b oth

Regularized and Cen tral di�erence sc hemes in com bination with RK-mersn sc heme and

sho wn that Op enMP is suitable for this equation.
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Abstract. The sp eci�c initial and main aim of the pro ject INDECS w as to driv e the neutron

di�ractometer KSN-2 in its upgraded form main taining the p osition sensitiv e detectors (PSD).

F or the purp ose of collecting data from these detectors a sp ecial complex structure called PSD

A cquisition P ath (PSD AP) w as created and it will b e in tegrated in to the concept of pro ject

INDECS as one of its External Execution Mo dules (EEM).

Abstrakt. P·v o dním hla vním cílem pro jektu INDECS b ylo °ídit neutrono vý difraktometr KSN-

2, který v e sv é vylep²ené p o dob ¥ obsah uje p ozi£n¥ citliv é detektory (PSD). Za ú£elem sbírání dat

z t¥c h to detektor· b yla vytv o°ena sp eciální k omplexní struktura nazv aná PSD A cquisition P ath

(PSD AP), která bude in tegro v ána do k onceptu pro jektu INDECS v p o dob ¥ External Execution

Mo dulu (EEM).

1 In tro duction

Upgrade of the KSN-2 neutron di�ractometer from a simple (one c hannel) coun ting detec-

tor t yp e to a t yp e with a set of p osition sensitiv e detectors (PSD) required a completely

di�eren t and m uc h more complicated w a y of collecting data from the detectors. It w as

also one of the reasons for launc hing pro ject INDECS, to create a soft w are that w ould

do just that, among other things related to driving the di�ractometer.

In this article w e w ould brie�y describ e the design of the part of the pro ject INDECS

that is mean t to collect data from the PSDs of KSN-2 di�ractometer and do its basic

ev aluation to the form of a neutron-coun ting histogram, whic h is supp osed to b e the

ra w output of the neutron di�ractometer for the ph ysicists, who then use this form of

data to do further pro cessing and thereb y extracting other studied information ab out the

measured samples. This part is called the PSD A cquisition P ath or the PSD AP .

A t some p oin ts w e are going to b e rather sp eci�c on the implemen tation and hardw are

that is curren tly used for the KSN-2 data collection and pro cessing, but the global concept

of the PSD AP is designed in a w a y that its individual parts can b e replaced with adequate

parts for di�eren t hardw are setup, should this c hange in the future, or to adapt it for a

di�eren t di�ractometer setup.

�
This w ork has b een supp orted b y gran ts MSM6840770021 and JINR 22-03007.
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Figure 1: Electronics of the p osition sensitiv e detector used on the KSN-2 neutron di�rac-

tometer.

1.1 KSN-2 detector hardw are

The hardw are surrounding the actual PSD on the KSN-2 di�ractometer is sho wn in a

blo c k sc heme on �gure 1. F or a little more sp eci�c description, see for instance [2] (c hapter

2), and for the description of the principles of the PSD, see the [1] or an y other common

literature ab out the PSDs.

F or our purp oses it is su�cien t to kno w, that the PSD acts lik e a big resistor and

that the signal pulse generated b y the ev en t of an incoming neutron is split in t w o and

tra v els through the resistor to either end of the detector, where it is preampli�ed b y a

preampli�er (EG&G Ortec 142PC in our case) and then ampli�ed and shap ed b y the

shaping ampli�er, whic h in our case is the EG&G Ortec 570), where not only is the

pulse ampli�ed to a lev el that w e can further sample, but it is also giv en a prop er and

quite nicely lo oking (compared to the actual signal coming out of the preampli�er) semi-

gaussian shap e, an example of whic h y ou can see on �gure 2. This signal on either side

of the PSD is then sampled b y an A/D con v erter card, whic h in the case of KSN-2 is

the ADLink PCI-9812, and the sampling is triggered b y the prede�ned trigger lev el to

distinguish the higher p eaks of a neutron ev en t from the m uc h lo w er p eaks pro duced b y

di�eren t sources of radiation. And this is the p oin t where the role of the PSD AP b egins.

2 PSD A cquisition P ath

The PSD AP has sev eral pro cessing steps to do. First the ra w sampled signal has to

b e obtained. Then it can p ossibly b e split in to m ultiple neutron ev en ts, whic h ma y b e

detected b y one signal trigger ev en t. After that a p osition of the ev en t on the detector

has to b e determined. And �nally the ev en t's p osition has to b e written to the adequate

bin in the resulting histogram. As these are the steps that are done sequen tially one

b y one with eac h signal pulse, w e call this pro cessing to ol a "path", b ecause eac h signal

pulse has to w alk this pro cessing path step b y setp from the source in to the hostogram.
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Figure 2: Semi-gaussian-shap ed signal that comes out of the shaping ampli�er up on an

ev en t detection.

There are t w o w a ys to incorp orate this in to the structure of pro ject INDECS' re-

sources. One w a y w ould b e to create eac h step along the path as a separate External

Execution Mo dule (EEM, see [3]) and let the data b e pushed b et w een them b y virtual

instructions passing through the Execution Engine (EE, see [3]) VPU eac h time. Though

this migh t b e m uc h more �exible, it is also a bit more and unnecessarily complicated

and more imp ortan tly , rather slo w, as the ev en ts are coming at rates ab out thousands of

ev en ts p er second and quite large amoun t of data m ust b e pushed through the path (up

to 64 KB p er ev en t for the PCI-9812). Since w e need to miss as little ev en ts as p ossible

w e also need to pro cess the sampled data as fast as p ossible to b e able and ready to

pro cess next.

F or this reason the other w a y of implemen ting w as c hosen. The en tire PSD AP is

implemen ted as just one complex EEM, whic h ho w ev er is consisting of submo dules, eac h

doing one step along the path. The path has to b e con�gured b y assem bling appropriate

submo dules of the PSD AP together b efore it can b e used. F or some mo dules there are

more p ossibilities to c ho ose from di�eren t mo dules doing sligh tly di�eren t w ork. Let's

describ e them a little closely in the follo wing sub c hapters.

The top-lev el implemen tation of the PSD AP is substan tiated b y a library called

libpsdap and all the mo dules are implemen ted on the MMSR lev el of pro ject INDECS.

2.1 Data Source

The Data Source is the �rst mo dule at the en try of the path. Its purp ose is to acquire

the ra w sampled signal from the signal source, deco de them and send them further along
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the path. Curren tly there exist t w o t yp es of the Data Source mo dule.

2.1.1 PCI9812

The PCI9812 Data Source mo dule is the Data Source mo dule that acquires the ra w signal

data from t w o c hannels of the ADLink PCI-9812 A/D con v erter card, deco des them in to

t w o separate signal sequences and sends them together with a timestamp and data size

in a third c hannel to the next step of the PSD AP . Because (as said ab o v e) w e w an t to

miss as little neutron ev en ts as p ossible (and also b ecause the computer so far dedicated

to data acquisition for the �rst c hannel of the KSN-2 is just a PI I 400 MHz), w e are

curren tly acquiring data under the R TLin ux OS, whic h is an implemen tation of the hard

real-time OS running under common Lin ux itself (see [2 ]).

A sp ecial real-time driv er w as written for the PCI-9812. This driv er is launc hed as a

real-time thread sc heduled b y the hardw are in terrupt of the PCI-9812, so that it gets a

v ery high priorit y and can run an ytime necessary regardless of the other state of the OS.

The data are transferred using �xed n um b er of preallo cated DMA bu�ers, one p er ev en t,

and pushed through the R T-FIF O mec hanism to the non-real-time application pro cess,

whic h is the PSD AP .

There are sev eral parameters that can b e preset, among whic h the most imp ortan t

ones are the trigger lev el whic h is used for triggering the ev en t. The ev en t length, whic h

determines ho w m uc h samples are samplet p er one ev en t and, though, what w ould b e

the length of the sampled signal. And the sampling rate at whic h the signal w ould b e

sampled. Dep ending on the setting of the shaping constan ts of the shaping ampli�er,

the optimal frequency to catc h the ev en t should not b e m uc h less than 10 MHz, but to

ha v e some reserv e for the signal analysis a full 20 MHz sampling rate of the PCI-9812 is

recommended.

One do wnside of the R TLin ux implemen tation of the driv er is that its free v arian t is so

far only implemen ted on the old 2.4.x Lin ux k ernel arc hitecture, whic h is no w obsoleted

b y the progressiv e 2.6.x v ersion. Ho w ev er, with a reasonably new PC computer, a litle

di�eren t v ariation of the driv er (using partly dynamic bu�er queues) can p ossibly b e

created and run ev en on standard non-real-time Lin ux 2.6.x k ernels. This w ork has,

ho w ev er, not b een started, y et.

2.1.2 SDCF

The SDCF Data Source mo dule is an analogy of the PCI9812 mo dule, but it do es not

acquire the data from the PCI-9812 card, but is deco ded from a SDCF �le, in to whic h

the ra w signal can b e stored b y the b elo w describ ed Signal Storage mo dule.

This deco ding mo dule actually consists of three MMSR transco ders. First transco der

reads the data from the giv en SDCF �le. Second is a general dem ultiplexer transco der

for the SDCF streams. This part of the deco der is implemen ted b y the libmdsdcf li-

brary , whic h, of course, uses the general Multiplexer/Dem ultiplexer ( libmd ), the SDCF,

the MMSR and the Stream Cac he library . This general dem ultiplexer extracts the

global header pac k ets of the SDCF stream and �rst t w o data substreams, all of whic h

are separately deco ded b y its individual deco der transco ders eac h. These stream de-

co der transco ders are also implemen ted within the libmdsdcf . When the �rst t w o data
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streams are deco ded, their data along with appropriate timestamps are forw arded to the

last transco der of this deco ding mo dule, whic h is the Sync hronization Barrier Deco der

transco der (also called "syn bar"), whic h basically tak es the data and timestamps from

the t w o separate indep enden t c hannels and puts the data from the same time together.

So it sync hronizes the t w o c hannels to b e sen t along with the timestamp and datalength

information in a separate third c hannel further along the PSD AP .

2.2 Signal Storage

Signal Storage mo dule is a mo dule that is used to store the signal data somewhere,

p ossibly in to a �le of some kind, otherwise it is transparen t, so it sends out the same

data that it receiv es. This also means, that there can p ossibly b e more of these mo dules

c hained at the sp eci�c p oin t of the the PSD AP , though it is strongly discouraged, as

storage itself ma y b e quite a dela ying w ork at these datarates and if the computer and

its relev an t p eripherials aren't fast enough, the whole pro cessing can p ossibly b e dela y ed

so m uc h, that it ma y miss some neutron ev en ts that w ould normally b e detected and

thereb y the e�ectivit y of the whole system can go do wn.

The signal storage mo dules can b e placed b oth after the Data Source mo dule and

after the Multi Ev en t Separator mo dule (see b elo w).

2.2.1 SDCF

The SDCF Signal Storage mo dule is used to store the sampled ev en t (meaning a signal

on t w o c hannels and a timestamp) in to a SDCF �le. It is using the SDCF library for that

and it is a rev ersed pro cess to that of the SDCF Data Source mo dule. Eac h data c hannel

is stored in a separate SDCF data substream and b efore eac h ev en t a global header with

a sync hronization timestamp is forced. This is (so far) the most e�ectiv e w a y to store

the acquired signal, in the means of redundancy , ho w ev er no signal compression on the

SDCF �le has b een implemen ted, y et.

2.2.2 RA W

The RA W Signal Storage mo dule is an analogy of the SDCF Signal Storage mo dule, but

instead of storing the ev en t signals in to the SDCF �le, it stores them in to a ra w text �le,

one ev en t p er �le. The format is simple, just t w o columns of signal data and commen ted

header con taining information lik e timestamp and sampling frequency . This is not the

most e�ectiv e w a y of storing the ev en t data, but it comes handy when y ou w an t to do

an ey e insp ection of the data or man ual pro cessing of the signal b y other programs lik e

GNU Plot or MatLab, whic h can easily read data from ra w text �les.

2.2.3 Send/Receiv e

This is a little di�eren t kind of mo dule. It is a comm unication mo dule, that can generate a

sp ecial kind of data transfer virtual instructions and send them to the prede�ned target of

the EE that the EEM con taining this mo dule is attac hed to. Instead of passing the ev en t

signal data through and further along the PSD AP , the data are actually div erted from
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this PSD AP and sen t via these data transfer virtual instructions for further pro cessing

to another PSD AP , p ossibly in another computer.

When this kind of virtual instructions arriv e to the PSD AP EEM, it can b e receiv ed

b y the same mo dule at the same p osition of that PSD AP , deco ded and sen t further along

the PSD AP for further pro cessing there. The main purp ose of this mo dule is to b e able

to div ert the next pro cessing steps of the acquiring PSD AP to another computer, if the

acquiring computer is not fast enough to do all the pro cessing.

2.3 Multi Ev en t Separator

The Multi Ev en t Separator is another step in the PSD AP path. Its purp ose is to separate

p ossible m ultiple ev en ts sampled at one shot on one trigger. So if during the original signal

acquisition w e sample a signal of some length, where more than one neutron ev en t o ccurs.

This signal can b e split in to m ultiple ev en ts and sen t further along the PSD AP as separate

ev en ts.

There can b e v arious metho ds of ev en t separation, but giv en that the shaping pream-

pli�er giv es us nice semi-gaussian shap es of the ev en t pulse and that it has certain dead

time to prev en t total o v erlapping and noise from other un w an ted radiation, w e can v ery

w ell use the easiest metho d of separation b y the same trigger lev el as b y whic h the initial

acquisition w as �red. Of course, another metho ds of separation can p ossibly b e in v esti-

gated and appropriate mo dules written in the future.

2.4 P eak Analyzer

The P eak Analyzer mo dule is the part that do es the main pro cessing along the PSD AP .

It tak es the sampled signal from the t w o ends of the PSD on the input. And calculates

the p osition of the ev en t along the PSD where it o ccured.

The p oin t is to �nd the corresp onding p eaks (generated b y the ev en t) on either of

the c hannels, the p eaks can not b e further from one another than is the time needed to

tra v el from one end of the PSD to another, and b y comparing the heigh ts of the p eak

from the t w o c hannels determine the p osition. Because from eac h p osition on the PSD

the signal tra v els a sp eci�c distance accross the PSD to either end of the detector, and

since it is a big resistor, the further the signal tra v els there the bigger the resistivit y it

has to pass through and though the lo w er the ampliture it has. So when the ev en t o ccurs

in the middle of the detector, the p eaks are the same heigh t, when it is close to one end

of the detector, the corresp onding p eak is high, while the other is m uc h lo w er and vice

v ersa.

This, ho w ev er, as m uc h of another ph ysically measured v ariables, is in tro duced with

certain distortion, so eac h particular detector should b e callibrated b y co v ering it with

shielding and op ening just on sev eral c hannels (p ositions) of the PSD. This can construct

a comp enstation curv e, whic h is then used as a transformation function for calculating the

exact p osition. P eak Analyzer mo dule can construct this comp ensation curv e when run

under a sp ecial mo de. The curv e can b e sen t or receiv ed b y sp ecial virtual instructions.
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2.5 Ev en t Storage

The Ev en t Storage mo dule has similar functionalit y to the signal storage mo dule, but so

far only a transparen t mo dule that can send the ev en ts via sp ecial virtual instructions

exists. The ev en t in this case is represen ted only b y a single n um b er determining the

p osition (also called c hannel) on the p osition sensitiv e detector, where the neutron ev en t

o ccured. No other v arian t of this mo dule has b een created, y et. But if there w ould b e

an y use for it, another v arian ts can b e crated in the future.

2.6 Histogrammer

This is the �nal p oin t of the PSD AP . It is a mo dule whic h main tains a histogram with

a preset n um b er of bins (that generally represen ts the n um b er of c hannels of the PSD

giv en b y its resolution). And the ev en ts, that come in the form of the p osition, are sorted

in to appropriate bins and coun ted there. Resulting histogram can b e sen t up on request

to the sp eci�ed target of the attac hed EE and then used for further pro cessing outside of

the PSD AP . The histogram can also b e reset b y a virtual instruction.

2.7 Final Notes

The PSD AP EEM can send and receiv e virtual commands, some of whic h ha v e b een

men tioned ab o v e. Another of these commands are a start and stop commands, whic h

determine when to start and when to stop acquiring data. Y ou can set v arious parameters

of the PSD AP b y sending it virtual commands, including its con�guration and comp en-

sation curv e. Y ou can mak e is start and/or stop b y an external ev en t coming from the

INDECS system, namely it can b e a timer for a measuremen t o v er a sp eci�c p erio d of

time, or it can b e a threshold on the monitor detector coun ter, so that the measuremen t

stops after a certain n um b er of neutrons en tering the measured sample, and so on. And

�nally y ou can let the PSD AP send y ou some status information ab out the pro cessing.

3 Conclusion

Most of the parts of the PSD AP are �nished already , some of them are close to b e

�nished. The PSD AP still has to undergo some real testing, so far w e are testing it only

with the data that w e ha v e collected separately . A full in tegration of the PSD AP in to

the INDECS system and its thorough testing has to b e done. Also EEMs and driv ers

for another devices of the KSN-2 neutron di�ractometer still need to b e written, so that

the KSN-2 can b e fully driv en b y the INDECS system. Motor handling and temp erature

con trol are some of them.
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Abstract. Classical mo dels for capillary pressure - saturation relationship ha v e b een sho wn to

hold only in the state of thermo dynamical equilibrium and th us a mo di�ed dynamic capillary

pressure-saturation relationship has b een prop osed b y Hassanizadeh et al. that includes the

classical capillary pressure function in the state of thermo dynamic equilibrium and a pro duct of

relaxation time � and a partial time-deriv ativ e of saturation. Ho w ev er, this approac h imp ortan tly

a�ects the nature of the go v erning t w o-phase �o w equations for immiscible and incompressible

�o w in p orous media. New n umerical and theoretical studies are required in order to understand

this phenomena. In the presen ted w ork, a onedimensional problem and an implicit n umerical

sc heme is presen ted to mo del v arious e�ects of the order in magnitude of the dynamic e�ect

co e�cien t � on the saturation and pressure pro�les in homogeneous p orous medium.

Abstrakt. Klasic k é mo dely pro zá vislost k apilárního tlaku na saturaci platí p ouze v e sta vu

termo dynamic k é ro vno v áh y . Hassanizadeh et al. na vrh ují no vý mo del pro k apilární tlak, který

zahrn uje jak klasic k ou funk ci k apilárního tlaku na saturaci v termo dynamic k é ro vno v áze, tak

no v ¥ i £aso v ou deriv aci saturace násob enou relaxa£ním £asem � . T en to p°ístup o v²em m¥ní t yp

dop osud p ouºív anýc h ro vnic pro sim ulaci dv oufázo v ého nestla£itelného a nemísiv ého �ltra£ního

proud¥ní a je proto zap ot°ebí zjistit, jakým zp·sob em se zm¥ní stá v a jící mo dely p°i implemen taci

dynamic k ého k apilárního tlaku. V této práci je uv aºo v ána jednorozm¥rná úloha, která je °e²ena

k one£nými diferencemi. Na vrhn uté n umeric k é sc héma je p ouºito k p oro vnání pro�l· saturace a

tlaku pro °ádo v ¥ r·zné ho dnot y relaxa£ního parametru � .

1 In tro duction

In man y coun tries, more than half of the p opulation dep end on groundw ater as their

supply for drinking w ater. The groundw ater sources are often endangered b y leaks from

disp osal dumps, acciden tal spills of substances used in industry or leaking storage tanks.

Mathematical mo delling is one of the imp ortan t to ols that helps to predict the spreading

of the con taminan t in the w ater saturated zones. In addition, the mathematical mo dels

can facilitate extraction of v aluable substances suc h as oil or gas.

This man uscript fo cuses on the dynamic phenomena in the capillary pressure - satu-

ration relationship that has b een examined in v arious pap ers in the past decades. The

main ob jectiv e is to prop ose a n umerical sc heme that implemen ts the dynamic capillary

pressure - saturation relationship for heterogeneous p orous media. In this rep ort, only

�
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preliminary results of n umerical exp erimen ts in the homogeneous p orous medium are

giv en in order to allo w for future generalization of the n umerical co de also for heteroge-

neous p orous media.

2 Bac kground

F undamen tal constitutiv e quan tities used in mo delling �o w in p orous media are describ ed

in the follo wing subsections. Thorough de�nitions, descriptions, and examples can b e

found in [8 ], [17], [1], [16], [2], [6], or [7 ].

2.1 W ettabilit y

As t w o immiscible phases are presen t in the p orous media, a meniscus of �uid-�uid

in terface is formed as a result of the presence of the solid phase (sand grains). The

in teraction b et w een adhesiv e and cohesiv e forces within the �uids leads to the sp eci�c

angle # b et w een the solid surface and the �uid-�uid in terface. The w ettabilit y of �uid is

then determined as:

# = 0 # 2 (0; �
2 ) # > �

2
completely w etting, partially w etting, non-w etting.

2.2 Saturation

The �uid distribution in immiscible m ultiphase �o w in p orous media is describ ed b y

the saturation S� [� ] that indicates the v olumetric p ortion of v oid space within p ores

o ccupied b y the �uid phase � . Therefore, S� is alw a ys b et w een 0 and 1, and the sum of

saturations S� of all �uids presen t in the p orous media is 1, i.e.,

P

�
S� = 1 .

Since not all v olume of the �uid phase can b e displaced in m ultiphase �o w from a

p orous medium due to h ysteretic e�ects, the � -phase residual saturation quan tit y Sr� [� ]
is in tro duced. It expresses the minimal saturation of the phase � that will retain in the

p orous medium due to adhesion e�ects with resp ect to the solid matrix. Therefore, the

e�ectiv e saturation Se
� [� ] that describ es only v olumetric p ortions of displaceable �uid

phases is in tro duced as

Se
� =

S� � Sr�

1 �
P

�
Sr�

: (1)

2.3 Capillary pressure

F ollo wing the standard de�nitions in literature, the capillary pressure pc [ML � 1] on the

p ore scale is de�ned as the di�erence b et w een the non-w etting phase pressure pn [ML � 1]
and the w etting phase pressure pw [ML � 1], i.e.,

pc = pn � pw: (2)

This de�nition is then a v eraged o v er a represen tativ e elemen tary v olume (REV), see

[1], [16 ], and th us holds for b oth p ore and macroscopic scale relationship for mo delling

capillarit y phenomena.
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The capillary pressure function has b een commonly considered as a function of w etting

phase saturations and so it has b een widely used in mo del equations in literature, see

for instance [21 ], [11 ], [9], or [10 ]. The follo wing Bro oks and Corey (3) explicit capillary

pressure - e�ectiv e w etting phase saturation parametrization has b een used in t w o-phase

�o w mo dels and is giv en b y

1

peq
c (Se

w) = pd(Se
w)� 1

� ; (3)

where pd [ML � 1] is the en try pressure and � [� ] describ es p ore distribution of the grains

in p orous material. The Bro oks and Corey relationship (3) is suitable for mo delling het-

erogeneous p orous media b ecause the di�erence in the en try pressure co e�cien ts pd in

di�eren t p orous materials preserv es the barrier e�ect that has b een observ ed in exp eri-

men ts, for details see [21], [16], [1], [8 ]. As the main ob jectiv e of the ongoing researc h is to

study dynamic e�ects of capillarit y in heterogeneous p orous media, other capillary pres-

sure - saturation mo dels lik e that b y v an Gen uc h ten [25 ] whic h do es not in v olv e barrier

e�ect will not b e considered in this man uscript.

2.4 Dynamic capillary pressure

The classical capillary pressure - saturation relationships suc h as (3) has b een used in

almost all mathematical studies on p orous media �o w mo delling in the past decades.

Recen tly , theoretical studies [15], [14 ], [5], [12 ], [13], [3], [23 ], as w ell as the empirical

approac h in [24 ] ha v e pro duced new asp ects in the t w o-phase �o w theories. The most

imp ortan t result is that the classical capillary pressure - saturation relationships hold only

in the state of thermo dynamic equilibrium. Therefore, the classical approac h cannot b e

used in the mo delling of capillarit y when the �uid con ten t is in motion and, consequen tly ,

a new capillary pressure - saturation relationship is prop osed in the follo wing form:

pn � pw = peq
c (Se

w) � � (Sw)
@Sw
@t

=: pc(Sw ; @tSw); (4)

where peq
c is the capillary pressure - saturation relationship in equilibrium and � [ML � 1T � 1]

is the dynamic e�ect co e�cien t. In (4), the partial deriv ativ e of Sw after t is shortly de-

noted as @tSw in the second argumen t of the capillary pressure function pc .

V arious researc hers ha v e dev elop ed form ulae that are similar to (4). The c haracteristic

dynamic e�ect quan tit y � is regarded as a measure for the distance of the system from

equilibrium [17 ].

Early in 1978, Stau�er [24], (or see [17], [18], [23]), prop osed a linear dep endence in

(4) and prop osed the follo wing de�nition of � :

� S =
� S� w �

K�

�
pd

� wg

� 2

; (5)

where � S = 0:1 [� ] denotes the scaling parameter, � w [ML � 1T � 1] is the w etting phase

dynamic viscosit y , � [ � ] is the p orosit y of the material, K [L2] is the in trinsic p ermeabilit y ,

� w [ML � 3] is the w etting phase densit y and g [LT � 2] is the gra vitational acceleration

1

A sup erscript

eq
is used in the de�nition (3) with resp ect to latter and it indicates the capillary

pressure - saturation relationship mo del in equilibrium.



30 R. F u£ík

constan t. Both � and pd are the Bro oks and Corey parameters from relationship (3).

Th us, the co e�cien t � S can b e calculated for a giv en p orous medium and w etting �uid.

The Stau�er mo del for the dynamic e�ect co e�cien t � is obtained b y correlating

exp erimen tal data. The v alues of � S v ary b et w een � S = 2:7�104 P as and � S = 7:7�104 P as,

see [17, page 27], but the v alue of � S for sand parameters used in this man uscript is

� S = 1:88� 105 P a s. Ho w ev er, other researc hers suggest that the magnitude of � should

b e in the order of 102 � 103 P a s, [4], or, on the other hand, it should b e also in the

order of 104 � 108 P a s as estimated in [14]. Moreo v er, some authors assume a general

nonlinear dep endence

� = � (Sw); (6)

where the explicit dep endence remains an op en problem and th us only constan t v alues

of � are studied in next sections.

3 Mathematical mo del

3.1 Go v erning equations

A mathematical mo del describing the t w o-phase �o w in a onedimensional domain is pre-

sen ted in this section in order to demonstrate ho w the t w o-phase �o w in p orous medium

is a�ected b y the in tro duction of the dynamic capillary pressure relationship (4) instead

of the classical relationships in thermo dynamic equilibrium.

The go v erning t w o-phase �o w equations in onedimensional domain [0; L] are giv en b y

the pw � Sn form ulation [1 ]

�
@Sn
@t

= �
@

@x
un ; (7)

un = �
K
� n

krn

�
@
@x

(pw + pc) � � n g
�

; (8)

� �
@Sn
@t

= �
@

@x
uw; (9)

uw = �
K
� w

krw

�
@pw
@x

� � w g
�

(10)

where kr� = kr� (Sn ) [� ] is the � -phase relativ e p ermeabilit y function and u� [LT � 1]
is the � -phase Darcy v elo cit y , for details see [8], [16 ], [1], or [2]. Initial and b oundary

conditions for equations (7-10) are giv en separatedly for eac h exp erimen tal problem.

3.2 Discrete problem

A standard �nite di�erence discretization tec hnique is used in order to determine ap-

pro ximate discrete solution Sk
n;i , pk

w;i of the problem (7-10), generally de�ned as f k
i =

f (k� t; i � x) , where i = 0; 1; : : : ; m, m� x = L , and k = 0; 1; : : :.

Since the nonlinear problem (7-10) in v olv es the dynamic capillary pressure function

de�ned in (4) that includes time deriv ativ e of Sn , an implicit n umerical sc heme is prop osed
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in the follo wing form:

�
Sk+1

n;i � Sk
n;i

� t
= �

uk;k +1
n;i;i +1 � uk;k +1

n;i � 1;i

� x
; (11)

� �
Sk+1

n;i � Sk
n;i

� t
= �

uk+1
w;i;i +1 � uk+1

w;i � 1;i

� x
; (12)

(13)

where the up winded discrete Darcy v elo cities are giv en as

uk;k +1
n;i;i +1 = �

K
� n

krn (Sk+1
n; � )

� pk+1
w;i +1 � pk+1

w;i

� x
+

pk;k +1
c;i+1 � pk;k +1

c;i

� x
� � n g

| {z }
dir n

�
(14)

Sk+1
n; � =

8
<

:

Sk+1
n;i +1 if dirn > 0.

Sk+1
n;i if dirn < 0.

up winded saturation Sn; �

pk;k +1
c;i = pc

 

1 � Sk+1
n;i ; �

Sk+1
n;i � Sk

n;i

� t

!

:

and

uk+1
w;i;i +1 = �

K
� w

krw (Sk+1
n;# )

� pk+1
w;i +1 � pk+1

w;i

� x
� � w g

| {z }
dir w

�
(15)

Sk+1
n;# =

8
<

:

Sk+1
n;i +1 if dirw > 0.

Sk+1
n;i if dirw < 0.

up winded saturation Sn;#

The n umerical sc heme is solv ed using the Newton iteration metho d for a system of

nonlinear equations. The Jacobi matrix used in the Newton iteration metho d is sparse

and can b e reordered to a p en ta-diagonal matrix. It is therefore in v erted using the LU
decomp osition algorithm for m ulti-diagonal matrices.

4 Numerical exp erimen ts

4.1 Comparison to semianalytical solution

Firstly , the n umerical sc heme (11-12) w as compared to the semianalytical solution for

onedimensional adv ection-di�usion problem, see [19], [26 ], [20], [10 ], [22], [9 ], [11], [8], or

[7].

The semianalytical solution can b e computed for onedimensional problem (7-10) with-

out gra vit y (i.e., g = 0 ), including only classical capillary pressure - saturation relationship
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(3), and with a sp ecial initial and b oundary conditions in the form

Sn (0; x) = 0 for all x > 0; (16)

pw(0; x) = patm for all x > 0; (17)

uw(t; 0) = 0 for all t > 0; (18)

pw(t; 0) = patm for all t > 0; (19)

Sn (t; L ) = 0 for all t > 0; (20)

uw(t; L ) = At � 1
2

for all t > 0; (21)

where constan t A [LT � 1
2 ] is the parameter of the semianalytical solution, see [10 ], and

c haracterizes the input �ux magnitude with v alue A = 9:321�10� 3 ms� 1
2

for this n umerical

exp erimen t. Since the pressure is di�eren tiated in the problem equations (7-10), the

solution do es not dep end on the prescrib ed v alue of patm and so patm = 0 is used for all

n umerical exp erimen ts .

Although the semianalytical solution giv es a go o d quan titativ e comparison with the

solution obtained b y the n umerical sc heme, the qualitativ e study (i.e., computation of

the exp erimen tal order of con v ergence) is imp ossible due to singularit y of the b oundary

�ux (21) at t = 0 . The results obtained for the sand and �uid prop erties in T able 1 are

sho wn in Figure 1 at time t = 10; 000s.

Sym b ol Units V alue

P orosit y � [� ] 0.42

In trinsic P ermeabilit y K [m2] 2:73� 10� 11

Residual W ater Sat. Swr [� ] 0

Bro oks-Corey pd [P a] 3433:5
parameters � [� ] 2
W ater viscosit y � w [kg m� 1s� 1] 10� 3

Air viscosit y � n [kg m� 1s� 1] 1:83� 10� 4

T able 1: P arameter setup for the sand and �uid prop erties.

4.2 Numerical exp erimen ts with dynamic e�ect

Assuming the previously presen ted reliabilit y of the quan titativ e comparison of the n u-

merical sc heme solution to the semianalytical solution, a series of tests w ere pro ceeded in

order to determine in�uence of v arious v alues of the dynamic e�ect co e�cien t � on the

solution.

A onedimensional v ertically p ositioned column �lled with homogeneous sand is ini-

tially fully w ater saturated. A t t = 0 a pressure head in the lo w er end of the column

( x = L ) b egins to decrease and the air en ters the column from the top ( x = 0 ). The

pressure drop is c haracterised b y constan t w etting phase �ux uw(t; L ) = A . T ogether,
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Figure 1: Semianalytical solution compared to the n umerical solution obtained b y the sc heme

(11-12).

the initial and b oundary conditions are giv en as follo ws:

Sn (0; x) = 0 for all x > 0; (22)

pw(0; x) = patm � peq
c (1) + � wgx for all x > 0; (23)

Sn (t; 0) = 0 for all t > 0; (24)

pw(t; 0) = patm � pc(1 � Sn(t; 0); � @tSn (t; 0)) for all t > 0; (25)

Sn (t; L ) = 0 for all t > 0; (26)

uw(t; L ) = A for all t > 0; (27)

Numerical sim ulations w ere done using the �uid and material prop erties sho wn in

T able 1 with A = 5 � 10� 5 ms� 1
. The �nal time of the sim ulations is t = 10; 000s.

Reference solutions are obtained using only classical capillary pressure - saturation

relationship in the equilibrium and are sho wn in Figure 2. Next, Figure 3 sho ws solution

obtained for the Stau�er co e�cien t � S . In order to examine the situations for higher

orders of magnitude of � , t w o sim ulations for � = 107 kg m� 1s� 1
and � = 108 kg m� 1s� 1
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w ere carried out and are depicted in Figure 4 and 5, resp ectiv ely .

The results indicate that the Stau�er mo del for the parameter � S do es not signi�can tly

c hanges the pressure/saturation pro�les with resp ect to the reference state. Ho w ev er, the

increase in orders of magnitude of the dynamic e�ect co e�cien t � is more imp ortan t as

it is ob vious in Figures 4 and 5
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Figure 2: Numerical solutions with no dynamic e�ect (reference solution), i.e., � = 0 Pa s.
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Figure 3: Numerical solutions using Stau�er dynamic e�ect co e�cien t � S . F or the giv en problem

(T able 1) its v alue is � S = 1 :88 � 105 Pa s.
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Figure 4: Numerical solutions obtained for � = 107 Pa s. ).
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Figure 5: Numerical solutions obtained for � = 108 Pa s. ).
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5 Conclusion and future w ork

This man uscript presen ts recen tly obtained n umerical sim ulations using the nonclassi-

cal dynamic capillary pressure in sim ulating t w o-phase incompressible �o w in p orous

medium. The presen ted results indicate the n umerical sc heme is applicable for the giv en

problem and allo ws for exp erimen tal implemen tation of t w o-phase �o w in heterogeneous

p orous medium.

Consideration of material heterogeneit y in v olv es v arious p ossibilities ho w the in ter-

facial conditions b et w een di�eren t p orous materials can b e treated. The in v estigation

of all p ossible implemen tations is going to b e the main goal of the author's future w ork

since the main ob jectiv e of the pro ject is to dev elop robust and stable implemen tation of

in terfacial conditions for t w o and three dimensional co des including the dynamic capillary

pressure - saturation relationships also across the material in terface.
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Abstract. This pap er describ es t w o metho ds for seamless enlargemen t of di�cult colour textures

con taining b oth regular p erio dic and sto c hastic comp onen ts. Suc h textures cannot b e mo delled

using neither simple tiling nor using purely sto c hastic mo dels. The �rst no v el metho d automati-

cally recognizes and separates p erio dic and random texture comp onen ts. Eac h of this comp onen ts

is subsequen tly mo delled using the coresp onding optimal metho d. Both indep enden tly enlarged

texture comp onen ts are com bined in the resulting syn thetic near regular texture. The second

metho d detects t w o main direction of p erio dicit y in regular p erio dic comp onen t and generates

sev eral double-toroidal tiles of the same general shap e, whic h can seamlesly enlarge giv en near-

p erio dic texture without visible regularit y . While the presen ted texture syn thesis metho ds allo w

only mo derate compression, they are extremely fast due to complete separation of the analytical

step of the algorithm from the texture syn thesis part. The metho ds are univ ersal and easily

viable in a graphical hardw are for purp ose of real-time rendering of an y t yp e of near regular

static textures.

Abstrakt. T en to £lánek p opisuje dv ¥ meto dy pro syn tézu sloºit ýc h barevnýc h textur obsah ují-

cíc h p erio dic k ou i sto c hastic k ou sloºku. T ak o v é textury nelze mo delo v at bu¤ jen jedno duc hým

dlaºdico v áním neb o £ist¥ sto c hastic kými mo dely . První no v á meto da automatic ky rozp ozná v á a

o dd¥luje p erio dic k ou a sto c hastic k ou sloºku textury . Kaºdá z t¥c h to k omp onen t je následn¥ mo-

delo v ána p omo cí o dp o vída jícíc h optimálníc h meto d. Ob ¥ nezá visle syn tetizo v ané k omp onen t y

jsou zk om bino v án y , £ímº vznikne výsledná syn tetic k á p erio dic k o-sto c hastic k á textura. Druhá

meto da detekuje dv a hla vní sm¥ry p erio dicit y pra videlné p erio dic k é k omp onen t y a generuje ne-

k olik toroidníc h dlaºdic stejného ob ecného tv aru. P omo cí t¥c h to dlaºdic lze genero v at p erio dic k o-

sto c hastic k ou texturu b ez viditelnýc h ru²ivýc h pra videlností. A £ k oliv prezen to v ané meto dy pro

syn tézu textur umoº¬ ují p oze £áste£nou k ompresi, jsou extrémn¥ ryc hlé, a to díky completn¥

o dd¥lené fázi analýzy o d fáze syn tézy algoritm u. Meto dy jsou univ erzální a snadno implemen-

to v atelné v gra�c k ém hardw aru, zejména za ú£elem renderingu lib o v olného t ypu p erio dic k o-

sto c hastic kýc h static kýc h textur v reálném £ase.

1 Úv o d

Mnoho aplik ací v p o £íta£o v é gra�ce, v p o £íta£o v ém vid¥ní a p°i zpraco v ání obrazu vy-

ºaduje textury lib o v olnýc h rozm¥r·. Pro t yto aplik ace je syn téza textur v elmi d·leºitá,

protoºe je alternativním a v e v ¥t²in¥ p°ípad· i jediným moºným zp·sob em jejic h vytv á-

°ení. Cílem syn tézy textur je vytv o°ení no v é textury z daného texturního vzorku, p°i£emº

no v á textura b y m¥la realistic ky o dp o vídat textu°e p·v o dní. V zhled ob ou textur b y m¥l

b ýt tak o vý , jak o b y b yly vytv o°en y na základ¥ stejného generujícího pro cesu. Problé-

mem je ale na vrºení algoritm u, který bude efektivní a záro v e¬ bude dosaho v at kv alitníc h

výsledk·.

39



40 M. Hatk a

Obrázek 1: N¥k olik p°íklad· realistic kýc h p eriodick o-sto-

c hastickýc h textur, obrázky jsou o v elik osti 256� 256 ob-

razo výc h b o d·.

Obrázek 2: Vlev o uk ázk a p e-

rio dic k é textury , vpra v o sto-

c hastic k é.

V zá vislosti na dal²í aplik aci lze klást d·raz jak na ur£iré kv alitativní vlastnosti tex-

tury , tak i na vlastnosti algoritm · pro jejic h genero v ání. Algoritm y pro mo delo v ání textur

ma jí p°irozen¥ £ást analýzy , v e které se o dhadují parametry p ot°ebné pro dal²í syn tézu,

a £ást syn tézy , v e které se generuje no v á textura. T yto dv ¥ £ásti nejsou £asto o dd¥len y .

Ab y b yly meto dy vyuºitelné v praktic kýc h aplik acíc h, b ýv á £ast ým p oºada vk em jejic h

ryc hlost, zejména pak ryc hlost syn tézy .

T en to £lánek je zam¥°en na mo delo v ání p erio dic k o-sto c hastic kýc h textur (obr. 1,

obr. 2). P erio dic k o-sto c hastic k á textura obsah uje globální pra videlné struktury , které

p°edsta vují zásadní problém pro vzork o v ací meto dy , a nepra videlné sto c hastic k é struk-

tury , které nemohou b ýt v ¥roho dn¥ repro duk o v án y p ouhým dlaºdico v áním. P okud se

omezíme p ouze na p erio dic k o-sto c hastic k é textury , pak lze na vrhnout sp ecializo v anou

meto du pro jejic h syn tézu. V tom to £lánku budou prezen to v án y dv ¥ p°íbuzné meto dy , jeº

lze pro syn tézu p erio dic k o-sto c hastic kýc h textur vyuºít.

První z nic h p·v o dn¥ vyc hází ze zám¥ru v ¥no v at se editaci textur. Dal²í motiv ací je

moºnost výrazné k omprese texturníc h dat, zejména pak u sto c hastic k é sloºky . Základ-

ním prvk em meto dy je o dd¥lení p erio dic k é struktury o d zb ýv a jící, zpra vidla sto c hastic k é

£ásti. P erio dic k ou strukturu lze pak roz²i°o v at vho dným vzork o v acím algoritmem a sto-

c hastic k ou £ást lze v celku úsp ¥²n¥ mo delo v at p omo cí n¥kterého adaptivního mo delu.

V ezmeme-li v úv ah u více tak o výc h textur, m ·ºeme jejic h p erio dic k é a sto c hastic k é £ásti

lib o v oln¥ zam¥no v at a genero v at textury zcela no v é.

Druhá meto da vznikla £áste£n¥ z nedostatk· p·v o dní meto dy . Umoº¬ uje genero v at

p erio dic k o-sto c hastic k é textury , jejic hº p erio dic k é struktury jsou lib o v oln¥ nato £en y a

dosaºené výsledky jsou na tom to nato £ení nezá vislé. S vyuºitím faktu, ºe se v e vzorku

vyskytuje jistá p erio dicita, dok áºeme extraho v at n¥k olik minimálníc h dlaºdic, které jsou

si v elmi p o dobné, a jejic h hran y optimalizo v at tak, ºe do seb e v²ec hn y vzá jemn¥ zapada jí.

Jejic h k om binací dok áºeme genero v at výstupní texturu lib o v olnýc h rozm¥r·, p°i£emº ne-

do c hází k um¥lém u vná²ení p erio dicit y do sto c hastic kýc h struktur textury .

2 Mo delo v ání p erio dic k o-sto c hastic kýc h textur

2.1 Separace p erio dic k é a nep erio dic k é £ásti

P erio dic k á a nep erio dic k á £ást textury je detek o v ána v e zjedno du²ené monosp ektrální

textu°e získ ané p omo cí Karh unen-Lo ev o vy transformace vstupní barevné textury . No v ¥

vzniklá sp ektrální pásma jsou vzá jemn¥ nek orelo v aná, pro dal²í zpraco v ání se uv aºuje
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Obrázek 3: V stupní textura (vlev o) je p o-

mo cí Karh unen-Lo ev o vy transformace p°e-

v edena na mono c hromatic k ou (uprost°ed) a

na jde se nejv ¥t²í p erio dic ký vý°ez (vpra v o),

který se na víc p°evzorkuje.

Obrázek 4: V amplitudo v ém sp ektru (vlev o)

se p onec ha jí jen výrazné frekv ence (upro-

st°ed). Dále se pro v ede zp ¥tná F ouriero v a

transformace (vpra v o).

Obrázek 5: P o �ltraci a binarizaci s p°ihléd-

n utím k p erio dicit¥ (vlev o) je o dd¥lena p e-

rio dic k á sloºk a (uprost°ed) o d sto c hastic k é

(vpra v o).

Obrázek 6: Pro p ot°eb y u£ení adaptivníc h

meto d je t°eba sto c hastic k ou £ást (vlev o)

zrek onstuo v at, ab y b yla b ez neznámýc h pi-

xel· (vpra v o).

sp ektrální pásmo nesoucí maxim um informace a o dp o vída jící nejv ¥t²ím u vlastním u £íslu

(obr. 3).

Ab yc hom získ ali dlaºdici o dp o vída jící nejv ¥t²í p erio dic k é £ásti textury , m usí b ýt zná-

m y p erio dy p o dél horizon tální a v ertik ální osy . Existuje n¥k olik meto d pro nalezení p erio d

zaloºenýc h bu¤ na r·znýc h statistic kýc h p°ístup ec h neb o na F ouriero v ¥ transformaci (viz.

diskuse v [1]). Pro ten to ú£el b yla p ouºita suma £tv erco výc h diferencí, tak jak o v [1 ].

P o nalezení horizon tální a v ertik ální p erio dy se ze vstupní textury vy°ízne nejv ¥t²í

moºná p erio dic k á £ást. Vý°ez je pak p°evzork o v án na rozm¥ry o dp o vída jící mo cninám

dv ou (obr. 3), které jsou vyºado v án y pro �ltraci zaloºené na ryc hlé F ouriero v ¥ trans-

formaci. Filtr p onec há p ouze k o e�cien t y , které jsou lok álními maxim y v amplitudo v ém

sp ektru, a k o e�cien t y v jejic h ok olí. Na víc je na lok ální maxima kladena p o dmínk a, ºe

m usí b ýt v ¥t²í, neº p°edem stano v ený práh. Jak o ok olí lok álníc h maxim uv aºujeme hie-

rarc hic k é ok olí prvního neb o druhého °ádu (obr. 4).

P o �ltraci se pro v ede zp ¥tná F ouriero v a transformace, p°evzorkuje se zp ¥t na p·-

v o dní rozm¥r a tím se dostane o d�ltro v aný vý°ez. T en to vý°ez je pak binarizo v án p omo cí

ur£itého prah u. Pro nalezení k oresp ondence k p erio dic k é a nep erio dic k é £ásti originální

textury se binární obrázek testuje na p osun y o v elik osti horizon tální a v ertik ální p eri-

o dy a rozho duje se, zda ur£it ý obrazo vý b o d pat°í neb o nepat°í do p erio dic k é struktury

(obr. 5).
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2.2 Syn téza

P o o dd¥lení lze lib o v olnými zp·sob y pro v ád¥t syn tézu p erio dic k é a nep erio dic k é £ásti, a to

nezá visle na sob ¥, r·znými meto dami. Pro roz²i°o v ání p erio dic k é £ásti je vho dné vyuºít

meto du zaloºenou na dlaºdico v ání. V na²em p°ípad¥ jsme vyuºili d°ív e publik o v anou

meto du T or oidní vále £ ek [4], kterou jsme na víc mohli zjedno du²it díky p°edem známým

v elik ostem p erio d a tedy i p°edem známým rozm¥r·m minimální toroidní dlaºdice. Pro

roz²i°o v ání nep erio dic k é £ásti lze vyuºít adaptivníc h meto d zaloºenýc h na matematic kýc h

mo delec h neb o lze vyuºít i n¥kterou z vho dnýc h vzork o v acíc h meto d, v zá vislosti na

c harakteru nep erio dic k é £ásti.

Syn téza p erio dic k é £ásti je jedno duc há, uv aºujeme p ouze její známé b o dy . Ov²em pro-

blém nastá v á p°i syn téze sto c hastic k é £ásti, p okud c hceme p ouºít n¥kterou z adaptivníc h

meto d. A daptivní meto dy vyºadují pro fázi u£ení dostate£n¥ v elký vzorek vstupní tex-

tury , ob vykle alesp o¬ 256� 256 b o d·, v e kterém jsou v²ec hn y b o dy známé. P o o d�ltro v ání

p erio dic k é struktury v²ak nemáme za ji²t¥no, ºe budeme mít k disp ozici dostate£n¥ v elký

vzorek pro u£ení.

Budeme-li p°edp okládat, ºe sto c hastic k á sloºk a je dostate£n¥ homogenní, tedy v míst¥

p erio dic k é £ásti b y se nevyskyto v aly výrazné nehomogenit y , pak lze pro dopln¥ní nezná-

mýc h oblastí vyuºít vho dnou vzork o v ací meto du (obr. 6). Pro na²e ú£ely jsme vyvin uli

meto du, jejíº základní m y²lenk a vyc hází z algoritm u Image Quilting [2]. Z d·v o du zac ho-

v ání sloºitej²íc h elemen t· v nep erio dic k é £ásti vyuºív áme syn tézy p omo cí blok· textury .

Pro optimalizaci hran blok· p°i vkládání vyuºív áme °ez· s minimální c h yb ou. Pro syn-

tézu vyuºív áme p ouze bloky , které neobsah ují ani jeden neznámý pixel. T en to zp·sob se

osv ¥d£il, je dostate£ný pro v ¥t²in u textur a £asto lze úsp ¥²n¥ zrek onstuo v at celou p·v o dní

p o dklado v ou texturu.

P o nezá vislé syn téze ob ou £ástí se jiº jen vloºí p erio dic k á £ást p°es syn tetic k ou texturu

sto c hastic k é £ásti. Tím to zp·sob em lze tak é k om bino v at p erio dic k é a sto c hastic k é £ásti

lib o v olnýc h textur.

2.3 Zho dno cení meto dy

Meto da funguje sp olehliv ¥ pro v ¥t²in u p erio dic kýc h struktur obsaºenýc h v e vstupníc h

texturác h. Jednou z moºnýc h k omplik ací je p oºada v ek, ab y p erio dic k á sturktura b yla p e-

rio dic k á v e sm yslu celého vzorku textury , a to z d·v o du vyuºív ání F ouriero vsk é �ltrace.

P okud lze vstupní texturu o°íznout tak, ºe maximální vý°ez je p erio dic ký v e v o doro v-

ném i svislém sm¥ru, nevznik á zde ºádný dal²í principielní problém. Ov²em p okud bude

p erio dic k á £ást v textu°e nato £ena o ob ecný úhel, nemáme jiº za ji²t¥no, ºe lze nalézt ma-

ximální p erio dic ký vý°ez v ob ou sm¥rec h a nelze p otom F ouriero vsk ou �ltrací p erio dic k ou

£ást o d�ltro v at.

Výsledek �ltrace tak é dosti zá visí na c harakteru vstupní textury , zejména p okud je

v e sto c hastic k é £ásti p°ítomna n¥jak á významná frekv ence. P ak se nem usí p o da°it p oºa-

do v ané o d�ltro v ání p erio dic k é £ásti.
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Obrázek 7: V stupní textura (vlev o) a výse£e k orela£ního

p ole pro hledání p erio d v e dv ou r·znýc h sm¥rec h. V pra v o

pak vy°ízn utá minimální dlaºdice.

Obrázek 8: Minimální dlaº-

dice a více dlaºdic se stej-

nými hranami.

3 V zork o v ání p erio dic k o-sto c hastic kýc h textur

V p°ípad¥ p°edc hozí meto dy naráºíme na problém, kdyº je p erio dic k á struktura nato £ena.

Protoºe p°edc hozí meto da selhá v á zpra vidla uº p°i detek ci p erio dicit v horizon tálním

neb o v ertik álním sm¥ru, je t°eba se p o ohlédnout p o jiné, ob ecn¥j²í meto d¥, jak detek o v at

významné p erio dicit y .

3.1 Detek ce významnýc h p erio dicit

Je z°ejmé, ºe pro hryb ý o dhad v elik osti p erio dy a sm¥ru p erio dicit y lze snadno vyuºít

amplitudo v ého sp ektra F ouriero vy transformace. My v²ak p ot°ebujeme zjistit p erio du v e

dv ou r·znýc h sm¥rec h p°esn¥. Nalezneme je p omo cí lok álníc h maxim v p oli k orela£níc h

k o e�cien t· pro r·zné p osuvy . Ab yc hom k orela£ní p ole nem useli p o £ítat celé, vyuºijeme

o dhadu z F ouriero vy transformace a budeme k orela£ní k o e�cien t y p o £ítat jen na výse£íc h

(obr. 7), které ur£íme na základ¥ dv ou maximálníc h k o e�cien t· v amplitudo v ém sp ektru.

T yto dv a maximální k o e�cien t y m usí ur£o v at dv a r·zné nero vnob ¥ºné sm¥ry . P°esné

p erio dy a jejic h sm¥ry na jdeme na základ¥ k orela£ního k o e�cien tu p o £ítaného pro r·zné

p osuvy vstupní textury .

3.2 Minimální toroidní dlaºdice

P°esné p erio dy nám sou£asn¥ ur£ují v elik ost a sm¥r hran minimální toroidní dlaºdice,

kterou budeme c h tít získ at ze vstupní textury . Pro hledání optimální minimální dlaº-

dice a jejic h optimálníc h hran za v ádíme ob ecné horizon tální a v ertik ální oblasti p°ekryvu

(obr. 8). Uv aºujeme, ºe protej²í okra je dlaºdice se £áste£n¥ p°ekrýv a jí a v t¥c h to oblastec h

p°ekryvu hledáme optimální °ez s minimální c h yb ou. Vho dný je algoritm us A �
, p°ípadn¥

Dijkstr·v algoritm us.

3.3 N¥k olik toroidníc h dlaºdic

Jelik oº budeme c h tít získ at syn tetic k ou texturu, která nebude vyk azo v at pra videlnost, m ·-

ºeme hned vy°íznout n¥k olik minimálníc h dlaºdic a jejic h hran y optimalizo v at tak, ab y

do seb e prot¥j²í hran y zapadaly . Jejíc h vzá jemnou lib o v olnou k om binací pak m ·ºeme

genero v at texturu p oºado v anýc h rozm¥r·. Hledání dal²íc h vho dnýc h dlaºdic pro v ádíme

p omo cí k orelace. V y°ízn utou minimální dlaºdici v £etn¥ oblastí p°ekryvu p osouv áme p o



44 M. Hatk a

Obrázek 9: Princip syn tézy textury . Vlev o vstupní textura, uprost°ed princip skládání

minimálníc h toroidníc h dlaºdic generujícíc h no v ou výstupní texturu a vpra v o no v á syn-

tetic k á textura.

vstupní textu°e a na základ¥ k orela£ního k o e�cien tu hledáme dal²í vho dné dlaºdice. Je-

lik oº n¥k olik takto nalezenýc h dlaºdic je v elmi p o dobnýc h, hledáme stejný optimální °ez

pro v²ec hn y dlaºdice na jednou (obr. 8), £ímº za jistíme jejic h vzá jemnou ná v aznost.

3.4 Syn téza

Syn téza textury je v elmi jedno duc há a nevyºaduje ºádné k omplik o v ané výp o £t y . Pro ces

syn tézy je p ouhé vypln¥ní k one£né oblasti n¥k olik a vzá jemn¥ na v azujícími toroidními

dlaºdicemi (obr. 9). Dlaºdice jsou umís´o v án y p ostupn¥ p o kro cíc h danýc h dv ¥ma hla v-

ními p erio dami. P o vypln¥ní k one£né oblasti tím to zp·sob em získ áme no v ou texturu

lib o v olnýc h rozm¥r·.

3.5 Zho dno cení meto dy

T ato meto da v elmi úsp ¥²n¥ generuje syn tetic k é textury z lib o v olného vzorku p erio dic k o-

sto c hastic k é textury . Zna£nou výho dou je nezá vislost na nato £ení p erio dic k é £ásti. V

p°ípad¥, ºe budeme vyºado v at syn tetic k ou texturu oto £enou jinak, neº je vzorek, sta£í

oto £it vzorek a pak teprv e meto du p ouºít. Není t°eba otá£et aº výstupní texturu, která

je vºdy mnohem v ¥t²íc h rozm¥r· a její otá£ení b y tedy b ylo £aso v ¥ náro £n¥j²í.

ƒast ým p oºada vk em je ryc hlá fáze syn tézy , nejlép e v reálném £ase. Analytic k á £ást

slouºí k o dhadu neb o hledání parametr·, které se vyuºijí p°i syn téze. Analýza je ob vykle

£aso v ¥ v elmi náro £ná a neb ýv a jí na ni kladen y ºádné zásadní £aso v é nároky . ƒást syn tézy

b y v²ak m¥la b ýt co nejryc hlej²í a v ideálním p°ípad¥ b y m¥la b ýt o dd¥lena o d analýzy , ab y

neb yla zatíºena náro £nými výp o £t y . Prá v ¥ t yto p oºada vky meto da spl¬ uje a umoº¬ uje

proto syn tézu v reálném £ase.

Jak o nevýho da se m ·ºe jevit ob ecný tv ar toroidníc h dlaºdic, který m ·ºe na první

p ohled k omplik o v at manipulaci s nimi. Z d·v o du zac ho v ání vzá jemné ná v aznosti více

dlaºdic v²ak nelze hran y dále optimalizo v at a je n utné zac ho v at jejic h ob ecný c harakter.
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Obrázek 10: Syn téza jednotlivýc h sloºek p erio dic k o-sto c hastic k é textury . Vlev o vzork o v ání

p erio dic k é sloºky a vpra v o mo delo v ání sto c hastic k é sloºky .

Obrázek 11: Výsledky syn tézy p erio dic k o-sto c hastic kýc h textur. P erio dic k á £ást je roz²i-

°o v ána dlaºdico v áním, sto c hastic k á £ást je mo delo v ána.
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Obrázek 12: Uk ázk a editace textur. Pra videlná sloºk a textury je k om bino v ána se sto c has-

tic k ou sloºk ou textury jiné.

Obrázek 13: Výsledky vzork o v ání p erio dic k o-sto c hastic kýc h textur, pro syn tézu no v é tex-

tury b ylo p ouºito 4 aº 8 dlaºdic.
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4 Výsledky

Ob ¥ meto dy dosah ují v elmi dobrýc h výsledk· a b yly testo v án y na ²irok ém sp ektru p eri-

odick o-sto c hastic kýc h textur. V¥t²ina výslednýc h syn tetic kýc h textur je vizuáln¥ neroz-

li²itelná o d vstupníc h vzork·, na víc lze pro v ést syn tézu v reálném £ase a nezá visle na

analýze, zatímco analýza je £aso v ¥ mnohem náro £n¥j²í. Pro úplnost uv e¤me, ºe analýza

vzorku o v elik osti 256� 256 neb o 512� 512 b o d· vyºaduje £as v °ádu n¥k olik a min ut.

ƒasy b yly m¥°en y na PC In tel Core 2 Duo 2.4GHz s 2GB RAM.

Na obrázku 10 je uk ázk a o dd¥leného zpraco v ání p erio dic k é a sto c hastic k é sloºky tex-

tury . P erio dic k á sloºk a je vzork o v ána, v na²em p°ípad¥ algoritmem T or oidní vále £ ek [4],

sto c hastic k á sloºk a je mo delo v ána p omo cí k auzálního autoregresního mo delu [5]. Obrá-

zek 11 prezen tuje výsledky syn tézy , p erio dic k á sloºk a b yla op ¥t vzork o v ána a sto c hastic k á

mo delo v ána. Na obrázku 12 je znázorn¥na alternativní moºnost vyuºití meto dy k editaci

textur, k om bino v ání p erio dic k é a sto c hastic k é sloºky r·znýc h textur.

Výsledky syn tézy p erio dic k o-sto c hastic kýc h textur vzork o v ací meto dou jsou na ob-

rázku 13, pro syn tézu b ylo p ouºito 4 aº 8 toroidníc h dlaºdic, v zá vislosti na c harakteru

vstupního vzorku.

5 Zá v ¥r

Syn téza textur je alternativním a v ¥t²inou jediným moºným zp·sob em genero v ání textur

k p°ímém u p ouºití v p o £íta£o v é vizualizaci. Má ²irok é uplatn¥ní v p o £íta£o v é gra�ce,

zejména pak v oblasti virtuální realit y , protoºe v r·znýc h aplik acíc h je t°eba mo delo v at

ob jekt y reálného sv ¥ta. Ab y t yto ob jekt y vypadaly co nejv ¥roho dn¥ji, je n utné je p okrýt

vho dným p o vrc hem. A zde se p°ímo nabízí syn téza textur. Místo v elk é textury , která b y

p okryla celý ob jekt, sta£í mít malý vzorek, ze kterého se vho dnou meto dou získ á textura

pat°i£nýc h rozm¥r·. T akto získ aná textura se pak mapuje na p o vrc h ob jektu.

Vho dnou meto dou se rozumí tak o v á meto da, která o dp o vídá p oºada vk·m aplik ace.

Hla vními faktory o vliv¬ ující výb ¥r meto dy jsou výsledná kv alita, ryc hlost a moºnost

k omprese. ƒasto je t°eba zv olit ur£it ý k ompromis mezi kv alitou a ryc hlostí. Na víc je tato

práce zam¥°ena na p erio dic k o-sto c hastic k é textury . V yuºijeme-li vlastností p erio dic k o-

sto c hastic kýc h textur, pak lze pro toto sp ektrum textur vyvinout efektivní sp ecializo v ané

meto dy .

Ob ¥ meto dy jsou sc hopn y mo delo v at syn tetic k é p erio dic k o-sto c hastic k é textury z da-

ného texturního vzorku, p°i£emº vstupní vzorek a syn tetic k á textura jsou v e v ¥t²in¥

p°ípad· vizuáln¥ nerozli²itelné.

První z meto d umoº¬ uje pr·m¥rnou k ompresi p°i manipulaci s p erio dic k ou sloºk ou,

zatímco sto c hastic k ou sloºku lze díky adaptivním meto dám mo delo v at na základ¥ n¥k olik a

málo parametr·, £ímº lze dosáhnout zna£né k omprese.

Druhá z p opsanýc h meto d je p ouºitelná nejen pro syn tézu p erio dic k o-sto c hastikýc h

textur a dosah uje v elmi dobrýc h výsledk·. Z c harakteru meto dy je z°ejmé, ºe nebude fun-

go v at na vzorcíc h textur, které jsou p o²k ozen y nero vnom¥rnou in tenzitou jasu v e vzorku,

nejsou dostate£n¥ reprezen tativní a neb o které jsou p o²k ozen y geometric k ou transformací.

Do dejme, ºe v t¥c h to p°ípadec h selhá v a jí meto dy p o v aºo v ané za ²pi£ k o v é.
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Abstract. The pap er brie�y presen ts the dev elopmen t of soft w are system HARP whic h is b eing

dev elop ed in I IT A. The HARP system is designed as a decision supp ort to ol (DSS) for purp oses

of fast assessmen t of radiological consequences of acciden tal releases of radion uclides in to living

en vironmen t. P articular atten tion is dev oted to assimilation subsystem of the HARP system

and its exploitation in analysis and prediction of further ev olution of a scenario dealing with

long-term dep osition of

137Cs o v er terrain. The presen t w ork demonstrates utilization of Kalman

�lter in assimilation pro cess of the scenario and also a mo del used for mo deling of long-term

exp osure due to groundshine in Japan DSS OSCAAR (O�-Site Consequence Analysis co de for

A tmospheric Releases in reactor acciden ts) is in tro duced.

Abstrakt. P°ísp ¥v ek stru£n¥ p opisuje sou£asný sta v výv o je soft w aro v ého systém u HARP vyví-

jeného v UTIA. Jedná se o p omo cný nástro j pro ho dno cení a analýzu následk· únik· radion uk-

lid· z jadernýc h elektráren do ok olního prost°edí. Zvlá²tní p ozornost je v ¥no v ána asimila£ním u

subsytém u systém u HARP a jeho vyuºití pro analýzu a predik ci výv o je aktivit y z dlouho dob é

dep ozice radioaktivního

137Cs na terén u. V p°ísp ¥vku je p opsán Kalman ·v �ltr a jeho vyuºití

v asimila£ním pro cesu k onkrétního scéná°e vyuºív a jícího mo del pro dá vky zá°ení z dlouho dob é

dep ozice radion uklid· na zemsk ém p o vrc h u adapto v aného z jap onsk ého balíku mo del· OSCAAR

(O�-Site Consequence Analysis co de for A tmospheric Releases in reactor acciden ts).

1 In tro duction

In the curren t state of dev elopmen t is soft w are system HARP capable to mo del atmo-

spheric disp ersion of radioactiv e p ollutan ts and subsequen t dose distributions and health

e�ects in the exp osed p opulation. Main ob jectiv e is to impro v e reliabilit y of the mo del

predictions via adv anced statistical tec hniques of assimilation of mo del results with ob-

serv ations from terrain. The aim is to dev elop mo deling, sim ulation and educational to ol

with uni�ed user-friendly graphical in terface for utilization in radiation protection.

2 HARP system

The HARP system consists of three main parts: A tmospheric disp ersion mo del (ADM),

Dose mo del (DOS) and F o o d-c hain mo del (F CM), more in [3]. In recen t dev elopmen t

�
This w ork is part of the gran t pro ject GA ƒR No. 102/07/1596, whic h is funded b y Gran t Agency

of the Czec h Republic.
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of HARP w ere n umerical algorithms mo di�ed from deterministic to their probabilistic

v ersions, see [2 ]. Probabilistic v ersion enables for sensitivit y analysis, uncertain t y analysis

and also for statistical estimate of error co v ariance structure of generated data. The blo c k

diagram of system arc hitecture is in the Fig. (2).

Figure 1: The arc hitecture of the HARP system. Deterministic n umerical k ernel is in ter-

connected to visualization and assimilation submo dule via graphical user in terface.

2.1 Assimilation submo dule

Assimilation submo dule o�ers comfortable graphical user in terface for in teractiv e inser-

tion of data and its main tenance and ev aluation. Numerical and assimilation subsystem

ha v e direct binding to visualization submo dule (see Fig. (2)), so b oth mo deled data and

measuremen ts can b e easily visualized on relev an t scalable map bac kground. Ev alua-

tion of results is also supp orted b y data tables and comparativ e graphs. Also access
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to ORA CLE database of meteorological forecasts and measuremen t stations included in

Radiation Monitoring Net w ork of the Czec h Republic is established there. In the cur-

ren t state of the art are implemen ted follo wing assimilation algorithms: In terp olation

pro cedures, successiv e corrections metho d, optimal in terp olation and Kalman �lter.

2.2 A tmospheric disp ersion mo del

ADM in HARP is based on segmen ted Gaussian plume mo del (SGPM). The segmen tation

allo ws us to use di�eren t set of input parameters for eac h of the segmen ts. In the curren t

state of dev elopmen t the mo del has more than h undred input parameters and the most

signi�can t of them P1 � P12 (resulting from sensitivit y analysis) are listed in T able (2.2).

In the table are distributions of random parameters m ultiplicativ ely applied to nominal

v alues of input parameters in order to obtain probabilit y distributions of those. P arameter

distributions are exp ert-based estimates supplemen ted b y measuremen ts. The in�uence

of the rest of mo del input parameters on v ariation of mo del output is assumed to b e

unimp ortan t and these parameters are on input set to their b est estimate v alues.

W e divide the parameters in to to groups: Lo cal and global. The global parameters

don't v ary through the segmen ts and remains same for all of them. V alues of lo cal

parameters v ary in time and/or with spatial lo cation. SGPM enables to tak e in to accoun t

V ariable G/L Min Mean Max Distribution �

P1 - in tensit y of release G 1.0 normal 0.20

P2 - horiz. disp ersion G 1.0 normal 0.13

P3 - horiz. �uct. of wind dir. L -5 0 5 disc. uniform

P4 - dry dep osition of elem. G 0.41 1.0 1.6 uniform

P5 - dry dep osition of aero. G 0.41 1.0 1.6 uniform

P6 - elution of elem. io dine G 0.2 1.0 5.0 log-uniform

P7 - elution of aero. G 0.2 1.0 5.0 log-uniform

P8 - adv ection sp eed of plume L -1.0 0.0 1.0 uniform

P9 - wind pro�le G 0.5 1.0 1.5 uniform

P10 - v ertical disp ersion G 1.0 normal 0.13

P11 - mixing la y er heigh t G 0.6 1.175 1.75 uniform

P12 - heat �ux G 0.0 0.5 1.0 uniform

T able 1: The most signi�can t parameter of ADM and distribution of m ultiplicativ e factors

used for their generating from nominal v alues.

realistic w eather forecasts hourly pro vided b y the Czec h Hydro-Meteorological Institute.

ADM also accoun ts for man y factors a�ecting the plume depletion (dry/w et dep osition,

in�uence of terrain t yp e etc.).

3 Scenario for long-term dep osition of

137Cs o v er terrain

The plume mo ving o v er the terrain lea v es b ehind a radioactiv e trace due to dry and w et

activit y dep osition. Mo v emen t of a plume o v er observ ed area lasts usually few hours.
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When the plume lea v es observ ed area, the trace represen ts an initial condition for predic-

tion of further ev olution of radiological situation on terrain. Our analyzed scenario starts

just after the plume lea v es the observ ed terrain. An emphasis is laid on prediction of long

term ev olution of radiological situation in time horizon of y ears up to tens of y ears. This

kno wledge is imp ortan t for planning of long-term coun termeasures relating to fo o d-c hain

mo del, whic h is also a part of the HARP system.

The only n uclide assumed in this scenario is

137Cs. As half-time to deca y of

137Cs is

appro ximately 30 y ears, it is one of most signi�can t and dominan t source of radioactivit y

in long term scenarios.

Initial conditions (bac kground �eld) for assimilation is giv en b y the ADM when the

radioactiv e plume is gone. As s mo del of radiation situation ev olution is used the relation

according to Eq. (3) from the OSCAAR mo del. The crucial task is to estimate error

co v ariance structure of the mo del and the bac kground �eld. As a �rst attempt, w e

are trying to estimate error co v ariance structure b y Mon te-Carlo approac h as a sample

co v ariance of a dra wn sample of size N � 103
. The sample w as generated according to

giv en probabilit y distributions, see T able (3.1).

Alternativ e w a y of estimation of error co v ariance structure could b e a spatial �lter

widely used in meteorology b ecause of high dimensionalit y of problems solv ed there. Spa-

tial �lters are based on assumption: The bigger distance b et w een t w o p oin ts the smaller

correlation b et w een mo deled/measured v alues in these p oin ts. This assumption is rather

unrealistic and ph ysically inexact and also denies one of ma jor adv an tages of assimila-

tion metho ds - em b o dying of ph ysical information. Spatial �lters for determination of

correlation b et w een p oin ts i and j prop osed b y Bergthorson and Do os are as follo ws:

P

f
ij = exp

�
�

r 2
ij

L

�
(1)

P

f
ij = (1 +

r ij

L
)exp

h
�

r ij

L

i
(2)

where r ij is the distance b et w een the p oin ts and L is a c hosen constan t called radius of

in�uence.

3.1 OSCAAR mo del

Abbreviation OSCAAR stands for O�-Site Consequence Analysis co de for A tmospheric

Releases in reactor acciden ts and it has b een dev elop ed within the researc h activities on

probabilistic safet y assessmen t at the Japan A tomic Researc h Institute [7]. OSCAAR

consists of a series of in terlink ed mo dules and that are used to calculate the atmospheric

disp ersion and dep osition of selected radion uclides. In this w ork are adopted form ulae

and principles used in OSCAAR for prediction of dose rate due to long-term groundshine.

It can b e expressed b y the Eq. (3).

Ds(t) = SDk � R(t) � E(t) � DF g � L �
X

i

f i � (OF out
i + OF in

i � SF) (3)

The in terpretation of terms in Eq. (3) is in the T able (3.1). The follo wing exp onen tial
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Dg(t) dose rate on da y t after dep osition of a radion uclide ( Sv s� 1
)

SDk total dep osition of the radion uclide at place k ( Bq m� 2
)

R(t) factor to accoun t for radioactiv e daca y o ccuring

b et w een the dep osition and t
E(t) factor to accoun t for the en vironmen tal daca y

of groundshine ( Sv s� 1 perBq m� 2
)

DF g dose-rate con v ersion factor for groundshine

L geometric factor ( %)

f i fraction of i-th o ccupation group ( %)

OF out
i outdo or o ccupancy factor for i-th o ccupation group ( %)

OF in
i indo or o ccupancy factor for i-th o ccupation group ( %)

SF shielding factor for w o o den of bric k house ( %)

T able 2: In terpretation of term in Eq. (3)

functions represen t the t w o factors of R(t) and E(t) as a functions of time. The exp eri-

men ts had sho wn that the mitigation of groundshine due to en vironmen tal deca y follo ws

relation giv en b y sup erp osition of t w o exp onen tials (Eq. (5), (6)).

R(t) = exp(� ln2 �
t

Ty
) (4)

E(t) = df � exp(� ln2 �
t

Tsf
) + ds � exp(� ln2 �

t
Tss

) (5)

where

df + ds = 1 (6)

Ground dep osition mo del form ulae are semi-empirical, it means that some of equation

parameters are determined empiricaly up on measuremen ts and the parameter v alues de-

p end on the lo cal conditions in the place of mo del application (soil t yp e etc.). The dose

con v ersion factor w as calculated b y the metho d of K o c her (1980) in whic h the exp osed

individual w as assumed to stand on a smo oth, in�nite plane surface with uniform con-

cen tration of source of radioactivit y . Data used in the groundshine dose calculations

V ariable Mean Min Max Distribution Units

ds 0.52 0.40 0.71 Uniform -

Tsf 1.1 0.41 1.4 Uniform y

Tss 28 24.3 29.4 Uniform y

L 0.45 0.2 0.7 Uniform -

SF(w o o d) 0.52 0.26 0.78 Uniform -

SF(bric k) 0.2 0.1 0.3 Uniform -

DF g 5:86� 10� 16
- - Sv s� 1=Bq m� 2

T able 3: P arameter v alues used for ground exp osure calculations in OSCAAR mo del.

are giv en in T able (3.1). The parameter distributions w ere determined for

137Cs from

Chernob yl disaster. The appropriate data for other elemen ts are not a v ailable but it is
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assumed that the long-term in�uence of most of them is not signi�can t. F or elemen ts

with high half-time to deca y are assumed the same equations of groundshine mitigation

as for

137Cs. As in the HARP , the approac h used in OSCAAR adopted probabilistic

metho dology and it allo ws us to determine error co v ariance structure of the mo del. It is

a necessary condition for application of adv anced assimilation tec hniques to the mo del

(Kalman �lter, 4D V AR).

4 Data assimilation

The goal of data assimilation is to pro vide an analysis whic h relies on measuremen ts

and so called bac kground �eld from a mo del forecast. Other inputs to data assimilation

pro cess can b e ph ysical constrain ts on the problem or an y additional prior kno wledge not

included in the mo del. Merging of these con tending sources of information had sho wn

to b e v ery promising in man y branc hes of con temp orary Earth sciences lik e meteorology

and o ceanograph y .

In data assimilation w e try to adjust mo del according to measured v alues what repre-

sen ts researc h e�ort to mo v e from isolated mo del prediction forw ard realit y . An automatic

pro cedure for bringing observ ations in to the mo del is called ob jectiv e analysis. The ma jor

progress of the ob jectiv e analysis w as ac hiev ed in the �eld of meteorological forecasting

tec hniques that represen ts e�cien t to ol in struggle with tendency to c haotic destruction

of ph ysical kno wledge, see [5]. A dv anced assimilation metho ds are capable to tak e in to

accoun t measuremen ts and mo del errors in form of error co v ariance matrices.

In the Fig. (4) w e can see the sc hematic of t w o stage assimilation pro cess. In the �rst

stage called data up date step are mo deled v alues adjusted according to all measuremen ts

a v ailable in certain time step. This part of data assimilation pro cess is often called

in termitten t assimilation. This step allo ws us to get new and hop efully b etter initial

conditions for time up date step whic h p erforms the prediction of ev olution of an analyzed

quan tit y . A dv anced assimilation algorithms also enables for prediction of ev olution of

mo del errors. Without data up date step w e could get a prediction substan tially div erging

from the true ev olution.

4.1 Kalman �lter

The Kalman �lter ([1]) has long b een regarded as the optimal solution to man y trac king

and data prediction tasks. The purp ose of �ltering is to extract the required information

from a signal, ignoring ev erything else. Kalman describ ed his �lter using state space

tec hnique whic h enables �lter to b e used as either a smo other, a �lter or a predictor. In

this pap er is presen ted exploitation of Kalman �ltering metho d in a sp ecial assimilation

scenario.

As w as already stated in previous paragraph, initial condition for the task of prediction

of radiological situation ev olution is giv en as a result of ADM when the plume is gone.

Reliabilit y of this initial v alue x f (often called bac kground �eld) can b e impro v ed b y

assimilation pro cess. If there are a v ailable some measuremen ts y

t
o at time t whic h w e

assume to b e more reliable then the mo del, w e can adjust the mo del according to their

v alues with resp ect to ph ysical information con tained in the mo del. Error co v ariance
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Figure 2: The sc hematic of data assimilation pro cess.

structure is expressed in form of error co v ariance matrices of mo del P

t
f and measuremen ts

R

t
. The result of this pro cess in time t is a new b etter initial condition x

t
a called analysis

(Eq. (7), Eq. (8)) and information on its error co v ariance structure P

t
a (Eq. (9)). H

is a linear op erator for transformation of p oin ts from space of mo del in to the space of

measuremen ts. This pro cess is called data up date step of Kalman Filter.

x

t
a = x

t
f + K

t ( y

t
o � H x

t
f ) (7)

K

t = P

t
f H

T ( R

t + HP

t
f H

T )� 1
(8)

P

t
a = ( I � K

t
H ) P

t
f (9)

The second step is called time up date and in this step is p erformed time ev olution of an

analyzed quan tit y via linear mo del M (Eq. (10)) and also ev olution of its error co v ariance

structure (Eq. (11)). Output of second step of Kalman �lter is prediction x

t+1
f and

information on error of this prediction P

t+1
f .

x

t+1
f = Mx

t
a (10)

P

t+1
f = MP

t
a M

T + Q (11)

This t w o steps can b e iterativ ely rep eated as long as new measuremen ts are a v ailable.
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5 Results and Conclusion

In assumed scenario the exp osure w as assumed with no shielding, so shielding co e�cien ts

w ere set to 1. Because of lac k of real measuremen ts testing of an assimilation pro cess

w as p erformed with sim ulated measuremen ts sampled from the same n umerical mo del

using p erturb ed input parameters. Early results whic h will b e presen ted in oral part of

presen tation sho w that this task can b e successfully solv ed via t w o step data assimilation

pro cess, but there are still some problems esp ecially with estimation of error co v ariance

structure and its propagation forw ard in time.

The ac hiev ed results had sho wn so far that the di�eren tiation of ADM input pa-

rameters to lo cal and global in tro duced in paragraph 2.2 substan tially in�uences error

co v ariation structure of the mo del. Choice of parameters to v ary in order to estimate

error co v ariance structure is imp ortan t part of assimilation pro cess. Some results w ere

already published in [6]. The results from spatial �lter (Eq. (1), (2)) could b y used for

w eighing of statistical estimate of error co v ariance structure and to mitigate the in�uence

of global vs. lo cal prop ert y of certain input parameter.

In the next dev elopmen t of assimilation metho dology and HARP system is in tended

to implemen t some other adv anced assimilation metho ds based on Ba y esian approac h.
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Abstract. The EM algorithm has b een used rep eatedly to iden tify laten t classes in categori-

cal data b y estimating �nite distribution mixtures of pro duct comp onen ts. Unfortunately , the

underlying mixtures are not uniquely iden ti�able and, moreo v er, the estimated mixture param-

eters are starting-p oin t dep enden t. F or this reason w e use the laten t class mo del only to de�ne

a set of �elemen tary� classes b y estimating a mixture of a large n um b er comp onen ts. As suc h a

mixture w e use also an optimally smo othed k ernel estimate. W e prop ose a hierarc hical �b ottom

up� cluster analysis based on unifying the elemen tary laten t classes sequen tially . The clustering

pro cedure is con trolled b y minim um information loss criterion.

Abstrakt. Shluk o v ání k ategoriálníc h dat je £asto °e²eno hledáním tzv. laten tníc h t°íd p omo cí

EM algoritm u. T en to p°ístup o v²em zá visí na p o £áte£ním °e²ení a naráºí na problém neiden-

ti�k o v atelosti sm¥si. P opiso v aná meto da vyhledá v á shluky nik oliv jak o jednotliv é k omp onen t y

sm¥si jak o v p°ípad¥ laten tníc h t°íd, ale jak o p o dsm¥si vzniklé slou£ením n¥k olik a jedno duc hýc h

t°íd z o dhadn uté distribu£ní sm¥si s vy²²ím p o £tem k omp onen t. Extrémní v arian tou tak o v é

sm¥si m ·ºe b ýt jádro vý o dhad, jehoº optimální vyhlazení je v práci p opsáno. V práci je dále

p°edsta v ena meto da hierarc hic k ého shluk o v ání s kritériem nejmen²í informa£ní ztrát y .

1 In tro duction

The concept of cluster analysis is closely related to the similarit y of ob jects or distance of

data v ectors de�ned b y a metric. The cluster analysis of categorical (nominal, qualitativ e)

data is di�cult b ecause the standard arithmetical op erations are unde�ned and also

there is no generally acceptable de�nition of distance for m ultiv ariate categorical data.

F or these reasons the a v ailable metho ds of cluster analysis cannot b e applied directly to

categorical data.

A t presen t the standard approac h to cluster analysis of categorical data is to in tro duce

some similarit y measure or distance function in a heuristical manner. It app ears that the

only statistically justi�ed metho d to analyze m ultiv ariate categorical data is the laten t

class mo del of Lazarsfeld [5]. Motiv ated b y so ciological researc h he prop osed the �tting

of m ultiv ariate Bernoulli mixtures to binary data with the aim to iden tify p ossible laten t

classes of resp onden ts. Serious dra wbac k of the Lazarsfeld's idea has b een the tedious and

somewhat arbitrary metho ds used for �tting the mo dels. The n umerical problems ha v e

b een remo v ed b y the computationally e�cien t EM algorithm [1]. In the last y ears the

original idea of Lazarsfeld has b een widely applied and frequen tly mo di�ed b y di�eren t

authors (cf. e.g. [3] and [9] for extensiv e references).

�
This researc h w as supp orted b y the gran t GA CR 102/07/1594 of the Czec h Gran t Agency and b y

the pro jects of the Gran t Agency of M’MT 2C06019 ZIMOLEZ and 1M0572 D AR.
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In this pap er w e prop ose a hierarc hical approac h to cluster analysis of categorical

data in the con text of data mining. Applying the laten t class mo del to large m ultiv ariate

databases w e assume a large n um b er of classes ( M � 101 � 102
) with the aim to appro xi-

mate the unkno wn probabilit y distribution. The EM algorithm yields di�eren t parameter

estimates but the appro ximation accuracy of the estimated mixture is comparable. The

initial parameters of the estimated mixture can b e c hosen randomly without a�ecting the

qualit y of estimates essen tially . Unlik e the laten t class analysis w e use the estimated mix-

ture comp onen ts only to iden tify �elemen tary� laten t classes with the p osterior comp onen t

w eigh ts pla ying the role of mem b ership functions. The underlying decision problem can

b e c haracterized b y the statistical decision information. W e assume that the statistical

prop erties of data can b e describ ed b y the estimated mixture ev en if the �elemen tary�

comp onen ts are not de�ned uniquely . W e assume that p oten tial clusters can b e iden ti�ed

b y the optimal decomp osition of the estimated mixture in to sub-mixtures. W e prop ose

a hierarc hical clustering pro cedure based on sequen tial unifying of the elemen tary laten t

classes. The pro cedure is con trolled b y the minim um information loss criterion.

Another w a y to describ e the giv en data is the k ernel estimate. In this pap er w e presen t

an optimally smo othed k ernel estimate whic h can b e used as a distribution mixture for

ab o v e men tioned clustering.

The pap er is organized as follo ws. W e �rst describ e the idea of laten t class analysis and

the related problem of estimating discrete pro duct mixtures b y means of EM algorithm

(Sec. 2). Section 3 in tro duces the statistical information criterion, Sec. 4 describ es the

metho d of hierarc hical cluster analysis and the section 5 describ es the p ossibilit y of k ernel

estimation. The application of the metho d is illustrated b y n umerical example in Sec. 6.

Finally w e discuss the main results in the Conclusion.

2 Laten t Class Mo del

Let us supp ose that some ob jects are describ ed b y a v ector of discrete v ariables taking

v alues from �nite sets:

x = ( x1; : : : ; xN ); xn 2 X n ; jXn j < 1 ; x 2 X = X1 � � � � � X N : (1)

W e assume that the v ariables are categorical (i.e. non-n umerical, nominal, qualitativ e)

without an y t yp e of ordering. Considering the problem of cluster analysis w e are giv en a

set of data v ectors

S = f x (1) ; : : : ; x (K )g; x (k) 2 X (2)

and the goal of cluster analysis is to partition the set S in to �natural� w ell separated

subsets of similar ob jects

< = fS 1; S2; : : : ; SM g; S = [ J
j =1 Sj ; Si \ S j = ; ; for i 6= j: (3)

In this sense the concept of cluster analysis is closely related to some similarit y or dissimi-

larit y measures. Unfortunately , in case of categorical v ariables the arithmetical op erations

are unde�ned and therefore w e cannot compute means and v ariances nor there is an y gen-

erally acceptable w a y to de�ne distance for the categorical data v ectors x 2 X . Binary
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data, as a sp ecial case, ma y app ear to b e naturally ordered, ho w ev er, the v alues 0 and 1

are often assigned quite arbitrarily . F or these reasons the a v ailable algorithms of cluster

analysis are not directly applicable to categorical data.

The standard w a y to a v oid this di�cult y is to in tro duce a similarit y measure or

distance function for categorical data in a heuristical manner. It ma y app ear quite easy

to de�ne a distance table for a single categorical v ariable, esp ecially in case of some

w ell in terpretable v alues. Ho w ev er, in a m ultidimensional space the problem of distance

de�nition b ecomes di�cult b ecause of uneasy foreseen consequences of in terference of

di�eren t distance tables.

As it app ears the only statistically justi�ed approac h to clustering categorical data

can b e traced bac k to the laten t structure analysis of Lazarsfeld [5] who prop osed to

iden tify laten t classes in binary data b y estimating m ultiv ariate Bernoulli mixtures. The

metho d is easily generalized to categorical v ariables and it is often applied in di�eren t

mo di�cations as �laten t class analysis� [9]. The laten t class mo del is de�ned as a �nite

mixture of a giv en n um b er of pro duct comp onen ts

P(x ) =
X

m2M

wmF (x jm); x 2 X ; M = f 1; : : : ; M g: (4)

Here wm are non-negativ e probabilistic w eigh ts

X

m2M

wm = 1; 0 < w m < 1; m 2 M ; (5)

F (x jm) are the mixture comp onen ts de�ned as pro ducts of univ ariate conditional (com-

p onen t sp eci�c) discrete distributions f n (xn jm)

F (x jm) =
Y

n2N

f n (xn jm); N = f 1; : : : ; Ng (6)

and M ; N are the index sets of comp onen ts and v ariables resp ectiv ely .

The laten t class mo del (4) naturally de�nes a statistical decision problem. Ha ving

estimated the mixture parameters w e can compute the conditional probabilities

q(mjx ) =
wmF (x jm)

P
j 2M wj F (x jj )

; x 2 X ; m 2 M (7)

whic h can b e view ed as mem b ership functions of the estimated laten t classes. They are

particularly useful if there is some in terpretation of the mixture comp onen ts, e.g. if the

comp onen ts can b e sho wn to corresp ond to some real �laten t classes� [5], �hidden causes�

[6] or �clusters� ha ving a sp eci�c meaning.

A unique classi�cation of data v ectors x 2 X can b e obtained b y means of Ba y es

decision function (with the ties arbitrarily decided)

d(x ) = arg max
j 2M

f q(j jx )g; x 2 X : (8)

By using the Ba y es decision function d(x ) w e obtain the elemen tary �laten t class� partition

< of the set S b y classifying the p oin ts x 2 S :

< = fS 1; S2; : : : ; SM g; Sm = f x 2 S : d(x ) = mg; m 2 M : (9)
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In other w ords the partition < is de�ned b y the maxim um p osterior w eigh ts q(mjx ) and

represen ts the result of laten t class analysis in the original form as prop osed b y Lazarsfeld

(cf. [5], [3]), [9]). The laten t class mo del (4) seems to b e one of the most widely applicable

to ols of cluster analysis of categorical data. The original idea of Lazarsfeld has b een used

b y man y authors to iden tify individual classes of bacteria (cf. e.g. [3]) and more recen tly

V erm un t et al. [9] describ e di�eren t mo di�cations of the laten t class analysis as applied

in div erse �elds.

The standard w a y of estimating mixtures is to use EM algorithm (cf. [1], [4]). In

particular to compute maxim um-lik eliho o d estimates of mixture parameters w e maximize

the log-lik eliho o d function

L =
1

jSj

X

x 2S

logP(x ) =
1

jSj

X

x 2S

log

"
X

m2M

wmF (x jm)

#

(10)

A serious disadv an tage of the laten t class analysis relates to the fact that the resulting

clusters ma y b e non-unique. It is ob vious that, if the estimated mixture is not de�ned

uniquely , then the corresp onding in terpretation of data in terms of laten t classes ma y

b ecome questionable. Unfortunately , there are at least three sources of uncertain t y whic h

ma y in�uence the resulting mixture parameters. First, there is no exact metho d to

c ho ose the prop er n um b er of mixture comp onen ts (cf. [4]). Another source of m ultiple

solutions is the existence of lo cal maxima of the log-lik eliho o d function (10). F or this

reason w e can exp ect di�eren t lo cally optimal solutions dep ending on the c hosen initial

parameters. Ho w ev er, ev en if w e succeed to manage the computational asp ects of mixture

estimation, there is still the w ell kno wn theoretical problem that the laten t class mo del

is not iden ti�able (cf. [3]). In particular it is easily v eri�ed that an y non-degenerate

mixture (4) can b e expressed equiv alen tly in in�nitely man y di�eren t w a ys [2].

3 Minim um Information Loss Criterion

In view of Sec. 2 the laten t class mo del (4) is the only information source ab out the

structural prop erties of the data set S . F or this reason w e iden tify the clusters b y means

of the optimal decomp osition of mixture (4) in to sub-mixtures.

Recall that ha ving estimated the mixture parameters w e can de�ne the elemen tary

laten t classes b y classifying the data v ectors x 2 S according to the maxim um p osterior

w eigh t q(mjx ) (cf. (8), (9)). The underlying decision problem can b e c haracterized b y

the statistical decision information. By using the Shannon form ula w e can write

I (X ; M ) = H (M ) � H (MjX ); H (M ) =
X

m2M

� wm logwm ; (11)

H (MjX ) =
X

x 2X

P(x )Hx(M ) =
X

x 2X

P(x )
X

m2M

� q(mjx ) logq(mjx ): (12)

Here H (M ) is the uncertain t y connected with estimating the outcome m 2 M of a

random exp erimen t with the probabilities f w1; : : : ; wM g without an y other kno wledge.

Giv en a v ector x 2 X w e can impro v e the estimation accuracy b y computing the more
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sp eci�c conditional probabilities q(mjx ) . The statistical decision information I (X ; M )
con tained in the laten t class mo del is de�ned as the di�erence b et w een the a priori en trop y

H (M ) and the mean conditional en trop y H (MjX ) whic h corresp onds to the kno wledge

of x 2 X .

It can b e seen that a partition U of the index set M

U = fM 1; M 2; :::; M Cg;
C[

c=1

M c = M ; i 6= j ) M i \ M j = ; : (13)

actually de�nes a decomp osition of the estimated mixture in to sub-mixtures:

P(x ) =
CX

c=1

X

m2M c

wmF (x jm) =
CX

c=1

P(x jM c) p(c); x 2 X ; (14)

P(x jM c) =
X

m2M c

wm

p(c)
F (x jm); p(c) =

X

m2M c

wm ; c = 1; : : : ; C: (15)

The sub-mixtures P(x jM c) can b e then used to de�ne the partition of the space X
in to corresp onding clusters. W e can write

p(cjx ) =
p(c)P(x jM c)

P(x )
=

P
m2M c

wm F (x jm)

P(x )
=

X

m2M c

q(mjx ); (16)

d(x jU) = arg max
c

f p(cjx )g; x 2 X (17)

and b y using the decision function d(x jU) w e obtain the partition

� = fX (1) ; X (2) ; : : : ; X (C)g; X = [ C
j =1 X (j ) ; X (i ) \ X (j ) = ; ; for i 6= j: (18)

for whic h w e get

P(X (c)) =
X

x 2X ( c)

P(x ) =
CX

c=1

P(X (c) jM c) p(c); P(X (c) jM c) =
X

x 2X ( c)

P(x jM c) (19)

Here the clusters X (c) 2 � corresp ond to the resp ectiv e sub-mixtures P(x jM c) . By

using the Shannon form ula w e can express the statistical decision information con tained

in the decomp osed mixture. In analogy with (11), (12) w e can write

I (� ; U) = H (�) � H (� jU); H (�) =
X

X ( c) 2 �

� P(X (c)) logP(X (c)); (20)

H (� jU) =
X

c2U

p(c)HM c (�) ; HM c (�) =
X

X ( i ) 2 �

� P(X (i ) jM c) logP(X (i ) jM c): (21)

In tuitiv ely it is clear that b y fusing sub-mixtures (or comp onen ts) w e lo ose some

decision information. Indeed, w e can easily v erify that the decision information decreases

if w e join an y t w o subsets M i ; M j 2 U of a giv en partition U (for more see [10]).
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4 Minim um Information Loss Cluster Analysis

In view of the ab o v e equations an y cluster analysis based on mixture decomp osition is

connected with some information loss from the p oin t of view of the underlying decision

problem. Naturally w e w ould b e in terested in maximizing the statistical information

ab out � con tained in U and therefore the elemen tary information loss seems to b e a

suitable criterion to con trol the pro cess of sequen tial fusion of the comp onen ts and sub-

mixtures in the original laten t class mo del. Ho w ev er, our exp erimen ts ha v e sho wn that

b etter results are gained when relativ e information is used.

In order to ev aluate the information loss connected with the partitions � and U w e

ha v e to estimate the information I (� ; U) b y means of the observ ation sample S . By using

the estimates

q̂(mjX (j )) =
1

jSj j

X

x2S j

q(mjx ); P̂ (X (j )) =
jSj j
jSj

; j 2 M (22)

w e can write

p̂(cjX (c)) =
X

m2M c

q̂(mjX (j )) =
X

m2M c

1
Sc

X

x 2 Sc

q(mjx ) (23)

and therefore

Ĥ (Uj�) =
X

X ( c) 2 �

P(X (c))ĤX ( c) (�) = �
X

X ( c) 2 �

P(X (c))
X

c2U

p̂(cjX (c)) log p̂(cjX (c)) (24)

and �nally w e obtain the criterion Qij

Qij =
Î (� ; U)

Ĥ (U)
�

Î (� 0; U0)

Ĥ (U0)
= �

Ĥ (Uj�)

Ĥ (U)
+

Ĥ (U0j� 0)

Ĥ (U0)
(25)

The describ ed criterion Qij is an estimate of the relativ e information loss arising after

union of the t w o subsets M i , M j in the partition U and the corresp onding clusters X (i )
,

X (j )
in the partition � . In the follo wing w e use the estimated relativ e information loss Qij

as a criterion for the optimal c hoice of the pair of subsets to b e uni�ed. In other w ords,

in eac h step of the pro cedure w e unify the t w o sets M i ; M j 2 U and X (i ) ; X (j ) 2 � for

whic h the resulting information loss Qij is minimized.

In the considered decision-making framew ork a natural goal of cluster analysis is to

preserv e maxim um decision information with a minim um n um b er of clusters. Let us re-

mark that the most general result of the ab o v e algorithm is the sequence of information

loss v alues f Q(k)
ij gM

k=1 pro duced b y the hierarc hical clustering pro cedure. The form of

the sequence suggests di�eren t p ossibilities of �nal clustering and sim ultaneously it can

b e seen ho w justi�ed are the resulting clusters. F or a giv en mixture (4) the sequence

f Q(k)
ij gM

k=1 is de�ned uniquely and the form of the sequence should b e similar for compa-

rably go o d estimates of the underlying laten t class mo del.

The prop osed metho d of cluster analysis of categorical data can b e summarized as

follo ws:
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Algorithm:

1. Estimation of the laten t class mo del (4) for the categorical data set S b y means of

EM algorithm for a su�cien tly large M.

2. De�nition of the basic mixture U = ff 1g; f 2g; : : : ; f M gg and the basic laten t class

partition � = fX (1) ; X (2) ; : : : ; X (M )g.

3. Sequen tial unifying the most similar subsets M i ; M j 2 U and X (i ) ; X (j ) 2 � for

whic h the resulting relativ e information loss Qij (cf. (25)) is minimal.

4. Choice of the optimal partition U�
according to the p oin t of Q(k)

ij .

5. De�nition of the resulting clusters in S b y means of the decision function d(x jU � ) .

5 Discrete Kernel Estimate

In previous sections w e w ork ed with distribution mixtures with comp onen t coun t M � j Sj
whic h parameters w ere estimated b y EM algorithm. Another w a y to appro ximate the

propabilit y distribution P(x ) is a non-parametric k ernel estimate. F or a giv en data

sample S the discrete P arzen estimate can b e de�ned as

P̂(x ) =
1

jSj

X

y 2 S

G(x jy ) (26)

where the k ernel function G(x jy ) can b e expressed as a pro duct of binomial functions gn

G(x jy ) =
Y

n2N

gn (xn jyn); gn (xn jyn) =

(
� n for xn = yn , � n 2



1
2; 1

�

� n for xn 6= yn , � n = 1� � n
K n � 1

(27)

where the parameters � n and � n are the smo othing parameters.

The k ernel estimate (26) is formally a distribution mixture with uniform comp onen t

w eigh ts equal to

1
jSj and, therefore, it could b e used for the cluster analysis in the w a y

describ ed in the previous sections, without lo osing the decision information during the

mixture estimation.

5.1 Optimally Smo othed Kernel Estimate

Cho osing the v alues of the smo othing parameters � n ; n 2 N seriously a�ects the qualit y

of the estimate. W e use a metho d based on log-lik eliho o d cross-v alidation (Duin [7])

whic h is based on maximizing the log-lik eliho o d function.

In order to a v oid the trivial results ( � n = 1 ) w e use the follo wing mo di�cation of the

log-lik eliho o d function:

L(S;� ) =
X

x 2 S

log
1

jSj � 1

X

y 2 S;y 6= x

Y

n2N

gn(xn jyn ; � n ) (28)



64 J. Hora

As there is no general analytic solution w e use the iterativ e metho d based on EM

algorithm for maximizing the criterion (28). The EM algorithm mo di�cation is follo wing

E-step:

q(t+1) (y jx ) =
G(x jy ; � (t ))

P
z2 S;z != x G(x jz; � (t ) )

(29)

M-step: (implicit form)

� (t+1) = arg max
�

n X

x 2 S

X

y 2 S;x 6= y

q(t+1) (y jx ) log
G(x jy ; � )

G(x jy ; � (t+1))

o
(30)

whic h can b e explicitly written as

� (t+1)
n =

P
x 2 S

P
y 2 S;xn = yn ;x 6= y q(t+1) (y jx )

P
x 2 S

P
y 2 S;x 6= y q(t+1) (y jx )

n 2 N (31)

6 Numerical examples

Handwritten Non-st ylized Numerals

In the example the prop osed minim um information loss cluster analysis has b een applied

to classi�cation of handwritten non-st ylized n umerals on a binary raster. W e ha v e used

400 000 n umerals from the NIST database uniformly represen ting the classes 0,1,...,9.

Eac h of the n umerals in the data base has b een normalized to a square 16� 16 binary

raster, i.e. it has b een represen ted b y a 256-dimensional binary v ector.

Figure 1: Examples of n umerals from the NIST database normalized to the 16x16 binary

raster.

Normally the NIST n umerals are used as a b enc hmark problem for a sup ervised pat-

tern recognition. The sup ervised classi�er is trained for eac h class separately with the

resulting relativ ely lo w classi�cation error. Ob viously , the non-sup ervised solution of the

problem cannot b e exp ected to ac hiev e comparable accuracy , ho w ev er, from the p oin t of

view of cluster analysis, w e ha v e again the p ossibilit y of a visual insp ection of results.

Fig. 1 illustrates the prop erties of the NIST database. In the ro ws there are examples

of n umerals from the database. Again w e ha v e estimated the laten t class mo del in the form

of a 256-dimensional Bernoulli mixture. W e ha v e c hosen a mo del of M = 60 comp onen ts.
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Figure 2: The comp onen t parameters (in square arrangemen t) of the mixture of 60 com-

p onen ts estimated from the NIST database.

Figure 3: Resulting cluster means for the �nal 13 clusters. The matrix illustrates the

coincidence of the resulting clusters with the original classes.

The EM algorithm has b een initialized randomly with the uniform comp onen t w eigh ts and

stopp ed after 30 iterations and the estimated parameters � mn (in the raster arrangemen t)

are sho wn in Fig. 2. The estimated elemen tary laten t classes as c haracterized b y the

comp onen ts in Fig. 2 ha v e b een uni�ed sequen tially b y using the algorithm of Sec. 5.

The hierarc hical pro cedure based on pairwise unifying the most similar sub-mixtures has

b een stopp ed at the lev el of 13 clusters whic h precedes a lo cal increase of the information

loss Qij .

Fig. 3 describ es the prop erties of the resulting clusters. The n um b er of clusters

is higher than 10 b ecause for some n umerals there are di�eren t v arian ts whic h are to o

dissimilar in the high-dimensional description. The distribution of data v ectors in the

resulting clusters with resp ect to the true classes can b e seen in the corresp onding ro ws.
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7 Conclusion

The laten t class mo dels ha v e b een used rep eatedly as a to ol of cluster analysis of m ulti-

v ariate categorical data since the standard approac hes are usually not directly applicable.

Unfortunately , the underlying discrete distribution mixtures with pro duct comp onen ts are

not uniquely iden ti�able. In order to a v oid the problem of iden ti�abilit y the laten t class

mo del is applied only to iden tify elemen tary laten t classes. W e assume that the p oten tial

clusters can b e constructed b y unifying the elemen tary classes ev en if they are not de�ned

uniquely . A hierarc hical pro cedure is prop osed to de�ne the optimal decomp osition of

the underlying mixture or optimally smo othed k ernel estimate. The hierarc hical cluster

analysis is con trolled b y minim um information loss criterion.
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Abstract. Image retriev al deals with a problem of �nding similar pictures in image database.

Our task is to �nd originals of mo di�ed images, t ypically stolen and republished on the w eb.

Our problem is sp eci�c in terms of the database size (millions of photos), demanded sp eed of

the searc h (seconds), and unkno wn image mo di�cations (loss of qualit y , radiometric degrada-

tion, crop, etc.). Prop osed metho d w orks in the follo wing tree steps: 1. Image prepro cess �

normalization for robustness to the mo di�cations. 2. Retriev al of candidates from the database

index � sto c hastic decision in eac h v ertex of the index tree is used to �nd the most relev an t

candidates. 3. V eri�cation of the candidates � mo di�ed phase correlation is used. The metho d

w as implemen ted in practice with v ery go o d results. Based on wide exp erimen ts, it w as sho wn

that the success rate of the searc h dep ends on the lev el of image mo di�cation.

Abstrakt. Image retriev al se zab ýv á vyhledáním snímk· v obrazo v é databázi na základ¥ ur£ité

p o dobnosti. Na²ím úk olem je vyhledat v databázi originály snímk· do date£n¥ upra v enýc h,

k onkrétn¥ neoprá vn¥n¥ publik o v anýc h na w ebu. T ato úloha je sp eci�c k á v elik ostí databáze (mil-

ion y snímk·), p oºado v anou ryc hlostí o dezvy (sekundy) a p°edem neznámým p o²k ozením snímku

(ztráta kv alit y , radiometric k é p o²k ození, o°ez atd.). P°edkládaná meto da pracuje v následujícíc h

t°ec h kro cíc h: 1. P°edzpraco v ání snímku � normalizací je za ji²t¥na o dolnost v·£i zm¥nám. 2.

V yhledání k andidát· v indexu databáze � díky sto c hastic k ém u rozho do v ání v indexo v ém strom u

databáze jsou nalezen y nejpra vd¥p o dobn¥j²í k andidáti. 3. Ov ¥°ení k andidát· � p ouºív áme mo d-

i�k o v anou fázo v ou k orelaci. Meto da jiº b yla implemen to v ána a dosah uje v elmi dobrýc h výsledk·.

Na základ¥ r·znoro dýc h exp erimen t· je uk ázáno, ºe úsp ¥²nost vyhledá v ání zá visí nejvíce na mí°e

mo di�k ací snímku.

1 In tro duction

Large image databases are often run on a commercial basis � bro wsing through and

viewing images is free of c harge while do wnloading and re-using them on y our w ebpages

and articles is a sub ject of a fee. Ho w ev er, some users republish the do wnloaded images

without pa ying the fee, whic h is a violation of cop yrigh t la w. The cop yrigh t o wner

th us w an ts to regularly scan suspicious domains or w ebsites to c hec k if there are an y

unauthorized copies of the database images.

This pap er describ es an original metho d whic h w e dev elop ed for an in ternational

adv ertising and press compan y . This compan y runs a database of more than 10 millions

�
The author thanks his colleagues Jakub Bican and Jan Kamenic ký for their co op eration and consul-

tations.
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photographs up dated ev eryda y . They estimate h undreds thousands images b eing used

without p ermission on the w eb. Detection of illegal copies is complicated b y t w o principal

di�culties � the unauthorized images are usually mo di�ed b efore they are p ost on the w eb

and the resp onse of the system m ust b e extremely fast b ecause of an enormous n um b er

of database images. Although this problem form ulation lo oks lik e an image retriev al

task, this is not the case. In traditional image retriev al, w e w an t to �nd in the database

all similar images to the query image, where similarit y is ev aluated b y colors, textures,

con ten t, etc. Here w e w an t to iden tify only the e quivalent images to the query (w e call this

task image identi�c ation . This is wh y w e cannot apply most of standard image retriev al

tec hniques. By the term "equiv alen t images" w e understand an y pair of images whic h

di�er from one another b y the follo wing transformations.

� Qualit y reduction. Either compression to di�eren t image format or resize c hanges

the image represen tation, although the image seem v ery similar to h uman ey e (in

Fig. 1b).

� Radiometric and color distortions. W e consider c hanges of image brigh tness and

con trast (in Fig. 1c), c hanges of color tone or con v ersion of the image to gra y-scale

(in Fig. 1d).

� Crop of the image. Image part can b e cropp ed from the bac kground, still w e

consider that the ma jor part of the image is preserv ed. Also, a frame can b e added

to the image or asp ect ratio can b e c hanged (in Fig. 1e).

� Lo cal c hanges. A logo can b e added to the image, or a thin lab el can go thro w the

image (in Fig. 1f ).

� Com binations. Reasonable com bination of distortions men tioned ab o v e is also con-

sidered. Ho w ev er, their increasing amoun t and signi�cance will surely impact the

algorithm results (in Fig. 1g).

(a) (g)(f)(e)(d)(c)(b)

Figure 1: P ossible mo di�cations of the query image. The �rst image is the original stored

in the database.

W e decided to include the ab o v e transforms in to our "equiv alence relation" b ecause,

according to the earlier statistics p erformed b y the compan y , they are frequen tly presen t

in unauthorized copies.
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It is not p ossible to use directly an y of the existing metho ds. Probably the closest

published metho d is b y Ob drºálek et al. in [4 ]. It is suitable for recognition of man-made

ob jects with partially planar surface, suc h as go o ds in a sup ermark et. It can handle

v ery general situations including partial o cclusion and a�ne transform of the ob jects but

this is useless for our purp ose. Our metho d is di�eren t is sev eral asp ects. W e can not

use sev eral maxim um extremal regions p er image, b ecause on our database images they

ma y not exist. Our index tree is thousand times bigger than that one considered in [4],

so w e need to use di�eren t, space-e�cien t tree structure. Finally , w e include another

indep enden t image comparison to eliminate false p ositiv es matc hes.

W e presen t an original image iden ti�cation metho d, whic h is based on a hierarc hical

structure of the database, represen tation of the images b y prop er in v arian t features, and

a fast tree-searc hing algorithm. Our metho d has got v ery go o d iden ti�cation rate in a

reasonable resp onse time. In this article, w e presen t main idea of the metho d as w ell as

selected details.

2 Algorithm outline

A kind of binary decision tree is used for the database indexing. Some image features

are needed to c haracterize the image in the index. W e require the features to b e robust

to considered degradations, stable, but mainly to b e extensible and discriminate enough

for an y database size. W e use image in tensities in v arious pixel p ositions, surely after

dealing with the image distortions. This c hoice is simple in principle, but w e found it

e�ectiv e in presen ted metho d. Our image iden ti�cation w orks in these three steps:

1. Normalization. Robustness to the mo di�cation is ensured b y normalization of the

images during a pro cess. In other w ords: Eac h of the considered mo di�cation

corresp onds with a c hange of an ev aluativ e image qualit y . W e apply the mo di�cation

once again in an amoun t, that w as established to set the qualities to the same v alue

for all the images. This pro cess ann uls the impact of considered mo di�cations.

2. Sto c hastic index. The database images are organized in binary decision tree. Th us,

w e obtain sev eral candidates for matc h with a query image v ery quic kly . Decisions

in the tree are based simply on image in tensit y at certain p osition. The p osition and

threshold are set for eac h v ertex during build of tree. F or individual query image,

stabilit y of decisions in the tree is ev aluated. W e alternate the unstable decisions

during the image iden ti�cation. So, w e get man y candidates p er query .

3. Candidate v eri�cation. Edge information of the image serv es for the the �nal com-

parison of a candidate with the query image. More concretely , phase correlation

restricted to lo w-pass fourier transform is used.

3 Normalization

Both the query image and the database images are prepro cessed previously . W e apply

some normalizations to mak e the images in v arian t to considered mo di�cations. First, w e
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Figure 2: Sc hema of the image iden ti�cation. First, normalization of the query image is

done. Then, the most probable candidates are found in the index tree. And �nally , the

candidates are v eri�ed b y mo di�ed phase correlation.

con v ert the images to gra y-scale to handle color distortions. Then, the lo w est and the

highest 10 p ercen t image histogram fraction are found and their cen ters of gra vit y are set

to �xed v alues (b y addition / m ultiplication of the image in tensit y v alues). This ensures

image in v ariance to brigh tness and con trast c hanges.

The image crop is tougher mo di�cation to handle. The �rst idea could b e to use

features in v arian t to crop, suc h as corners (found for example b y Harris corner detector

[1]) or in tersection p oin ts. W e do not use them b ecause it is not p ossible to stably matc h

(iden tify) those p oin ts for all the database images after crop. W e consider that the crop

preserv es ma jor part of the image. F or most of the images, the part is separable from

the bac kground b y color. So, w e segmen t the ma jor part of the image and b ound it b y a

crop in v arian t frame.

W e in tro duce a sp ecial color-based segmen tation for separation of the image ma jor

part. The algorithm �nds a frame in the image whic h ful�ll follo wing requiremen ts: it

is big enough, ir do es not la y on the image b order, it is color sp eci�c and it as stable as

p ossible. It w as dev elop ed heuristically with resp ect to exp erimen t results. Our algorithm

w orks in principle as follo ws: In principle, it divides the image in to blo c ks, computes the

blo c k color c haracter, and �nds neigh b orho o d blo c ks with the same c haracter for eac h

p ossible starting blo c k. The segmen ted region is broadly b ounded b y b o x, whic h w e call

a frame. Stabilit y and "qualit y" of a the frame is ev aluated. F or the database images,

just area b ounded b y the b est frame is used for image iden ti�cation in the index tree. It

is reasonable to consider that this frame will b e found in the mo di�ed image as one of

the b est, to o. Therefore w e use the b est �v e v arian ts of the frame for the image searc h.

4 Sto c hastic index

The task for the index is to retriev e image from the database quic kly . Resp onse time to

a query m ust b e principally shorter than prop ortional to the database size, whic h go es

to millions of images. Input for the index is a query image that ha v e b een normalized

and blurred the same w a y as the database images w ere. They should b e v ery similar,

but still, w e need to ev aluate stabilit y of eac h decision in the index tree to b e robust to
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Figure 3: Image prepro cess. The original is con v erted to gra y-scale, crop-in v arian t frame

is found and its brigh tness and con trast are normalized. On the righ t, m ultiple in v arian t

frames used for the image iden ti�cation are sho wn.

minor image c hanges.

The database images are organized in a binary decision tree, commonly used to handle

h uge amoun t of data (a surv ey is done in [3]). Decision in the tree are based on in tensities

of image pixels. The pixel (threshold) p osition is tak en relativ ely to the v alid image area

(frame). Once w e ha v e t w o di�eren t branc hes of the tree, eac h of them can con tain

images di�ering mainly (and therefore the most stably) in a di�eren t image part. Suc h a

threshold p osition is established during the tree build. So, eac h no de of the tree con tains

threshold v alue and relativ e p osition of the threshold pixel.

No w w e describ e the searc h for image in the index tree. In a no de, pixel of the query

image is compared with the threshold v alue and its sub-branc h (next no de) is c hosen. W e

establish stabilit y of the comparison as a lik eliho o d, that the image b elong to the same

(left/righ t) branc h ev en after follo wing image distortions. W e assume that the threshold

pixel can c hange its in tensit y (with uniform distribution in certain in tensit y in terv al) and

it can c hange its p osition (the miss-place has a t w o-dimensional gaussian distribution)

(in Fig. 4). This sto c hastic mo del is similar to the one presen ted b y Ob drºálek [4 ], but

their usage of the mo del is di�eren t.

Figure 4: Stabilit y of decision in the tree. The image and the threshold p osition, lik eliho o d

that a pixel is ab o v e the threshold, lik eliho o d of threshold p osition c hange, and their

m ultiplication.

This w a y w e go thro w the index tree till w e reac h a leaf con taining an image � candidate

for the matc h. No w, w e select no de with the least stable decision. No w w e con tin ue thro w

the alternate branc h and get an other matc h candidate. This w a y w e found 20 images
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from the index with the highes probabilit y to matc h the query image. Note, that some

candidates are found ev en for totally dissimilar query image.

It w as men tioned ab o v e that the index tree needs to b e prepared previously . Because

of the h uge n um b er of images, the tree is build gradually . Our algorithm w orks in principle

as follo ws:

1. Read normalized v ersion of a database image from a disk one b y one.

2. Find a leaf in the partially builded tree for the image and register the image to the

leaf.

3. If the leaf con tains enough images, con v ert the leaf to inner tree no de and redis-

tribute its images as follo ws:

(a) Cho ose randomly sev eral p ositions of a threshold.

(b) F or eac h threshold candidate, get in tensit y v alues at the pro cessed p osition

(for all the images b elonging to the leaf ).

(c) F or the threshold candidate, compute the threshold v alue as a median of the

in tensit y v alues.

(d) F or the threshold candidate, compute its stabilit y as a sum of decision stabil-

ities for all the images b elonging to the leaf. It means, ev aluate the lik eliho o d

describ ed in the paragraph ab out searc h (and in Fig. 4).

(e) Cho ose the most stable threshold of the threshold candidates and sa v e its

p osition and the pro cessed no de (leaf ).

(f ) Create left and righ t sub-no de of the pro cessed no de. Based on the new thresh-

old, redistribute the images of the pro cessed no de to them.

4. After all the database images ha v e b een pro cessed b y previous steps and are reg-

istered to some leaf, divide the leafs till they con tain only one image. (Do it the

same w a y as in steps 3a to 3f).

5 Rest of the metho d

In the last step, the candidate images are compared one b y one with the query image.

W e use mo di�ed phase correlation (originally in tro duced b y Kuglin [2] in 1975). Phase

correlation is robust to o v erlap, shift and radiometric degradation. W e restrict the cor-

relation only to lo w-pass of the fourier sp ectrum to mak e the comparison more stable for

image qualit y c hanges (in Fig. 5).

F or b etter p erformance in practical exp erimen ts, man y impro v emen ts ha v e b een made

on the basic metho d scop e describ ed ab o v e. The algorithm use sev eral parameters and

options, that a�ect b oth the iden ti�cation rate and algorithm sp eed. There is another

tradeo� with the normalization: the more quan tities are normalized, the more information

is lost and it is harder to iden tify the original image; but it mak es it p ossible to iden tify

images with harder com bination of distortions. W e o v ercome this situation b y usage of

more than one v ersions of prepro cess (with di�eren t normalization and di�eren t parameter
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Figure 5: Candidate v eri�cation. Lo w-pass of phase correlation bases the image compar-

ison on their ma jor edges.

set). And, of course, more than one index tree. W e use t w o indep enden t index trees in

the protot yp e implemen tation: one is build from images with normalized histogram, the

second is build and searc hes for the image parts b ounded b y the in v arian t frames.

The metho d is b eing implemen ted as a con�gurable framew ork. A structured con-

�guration �le con trols application of zero to sev eral normalization algorithms p er image,

build and searc h in sev eral index trees as w ell as it con tains all parameters for all the

algorithms. (Note, that some simple prepro cess algorithms, suc h as mirroring or blurring,

are not describ ed in this article). W e ha v e also implemen ted implemen ted optional index

abilit y to w ork with color images. In that case, a threshold v alue is replaced b y a plain

in R GB color space.

6 Exp erimen t results

Protot yp e of the prop osed metho d w as implemen ted in Matlab. T ests ha v e b een done on

100 000 image database. First, a thousand of query images w as generated for eac h con-

sidered mo di�cation (the images are still "equiv alen t", see samples on Fig. 1). Strength

of the mo di�cation is v arying around the lev el exp ected from the practice. The iden ti�-

cation ratio is v ery go o d, b etter than w e exp ected. Original images are found successfully

in 99.5 % of cases. The rest 0.5 % are cases, when the database con tained a v ery-similar

image (e.g. with some retouc hing), that has b een iden ti�ed b efore the original one. F or

t ypical automatically republished images, iden ti�cation rate is more than 90 %, whic h

is v ery go o d for practical use of the metho d. The iden ti�cation rate surely decrease for

harder mo di�cations, but ev en for com binations of radiometric degradations, crop and

logo is still ab out 20%. See table 1 for more details.

Resp onse sp eed of the Matlab protot yp e is up to 20 seconds p er image. Image retriev al

from the index tree tak es ab out 0.2 second, rest b elong to the one b y one candidate

v eri�cation b y the fourier transform. Build of the index tree tak es less than a second p er

image. But, the database build can tak e sev eral da ys with some non-trivial normalization

(suc h as in v arian t frame � ab out 3 seconds p er image). Ov erall, the metho d sp eed as w ell

as the iden ti�cation rate dep ends on appropriate set of parameters.
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Degradation T rue p ositiv es F alse p ositiv es

Original 99.5 % 0.4 %

Logo added 98.2 % 0.2 %

Scale 94.6 % 0.4 %

Brigh tness and con trast 71.2 % 0.7 %

Crop 45.0 % 0.2 %

Scale + logo 93.4 % 0.2 %

Scale + logo + frame 35.8 % 0.4 %

Radiometric deg. + crop + logo 18.2 % 0.5 %

Not in the database 0.0 % 0.3 %

T able 1: Iden ti�cation rate on 100000�image database. The iden ti�cation rate dep ends

on kind of image mo di�cation.

7 Conclusion

In this article, w e presen ted our metho d for mo di�ed image iden ti�cation. The task is

sp eci�c b y c haracter of the mo di�cations, the database size, and required resp onse sp eed.

The metho d is no v el in normalization during the image prepro cessing (in v arian t frame,

normalization) and in sto c hastic bac ktrac king thro w the image index. It w as sho wn in

exp erimen ts on h uge database that the metho d p erforms v ery w ell. It is ready to catc h

ma jorit y of illegally republished database images on scanned w eb sites.
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Abstract. The b eha viour of a classical c harged particle con�ned in a plane, under in�uence

of homogeneous magnetic �eld and time-p erio dic Aharono v-Bohm �ux is studied. A t �rst the

canonical transformation to action-angle co ordinates is constructed. Then the resonan t e�ect

b et w een the strength of the magnetic �eld and the frequency of the Aharono v-Bohm �ux is

studied b y the means of a v eraging metho d. The result is demonstrated on particular example

and the n umerical solution of the original problem is compared with the analytical result obtained

with the help of a v eraged system.

Abstrakt. T en to p°ísp ¥v ek ze zab ýv á c ho v áním klasic k é nabité £ástice p oh ybující se v ro vi-

n¥, na niº p·sobí homogenní magnetic k é p ole na tuto ro vin u k olmé a p erio dic ky £aso v ¥ zá vislý

Aharono v-Bohm ·v tok. Nejprv e je sestro jena k anonic k á transformace do prom¥nnýc h ak ce-úhel.

P oté je studo v án rezonan tní efekt mezi sílou magnetic k ého p ole a frekv encí Aharono v a-Bohmo v a

toku meto dou st°edo v ání. Výsledek je demonstro v án na k onkrétním p°ípad¥ p oro vnáním n ume-

ric k ého °e²ení p·v o dního problém u s analytic kým výsledk em získ aným z vyst°edo v aného sys-

tém u.

1 In tro duction

W e are in terested in qualitativ e b eha viour of a classical c harged particle in a plane in-

�uenced b y a homogeneous magnetic �eld p erp endicular to the plane, and time-p erio dic

Aharono v-Bohm �ux. The system is studied from the viewp oin t of nonrelativistic classical

mec hanics.

Let the Cartesian co ordinates in the plane b e denoted b y q = ( q1; q2) 2 R2
. Supp ose

that there is a particle with mass m and c harge e con�ned to this plane. The v ector

p oten tial A consists of t w o parts. The homogeneous magnetic �eld of strength b > 0
p erp endicular to the q-plane is generated b y the p oten tial

Ah(q) =
� b
2

q? ;

where q? = ( � q2; q1) . The second part corresp onds to the Aharono v-Bohm �ux �( t)
lo cated in the origin of the co ordinate system and is giv en b y

Aab(q; t) =
�( t)
2� jqj

q? :

75
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This term con tains a singularit y in the origin, the phase space (R2 r f 0g) � R2
is not

simply connected. It is assumed that the �ux � is real v alued, con tin uously di�eren tiable,

and p erio dic function of real v ariable. Ho w ev er, un til Section 3 the p erio dicit y is not

imp ortan t. In tro duce the p olar co ordinates (r; � ) 2 (0; 1 ) � (0; 2� ) b y

q1 = r cos�; q2 = r sin�:

The Hamilton's function of the system then reads

H (r; �; p r ; p� ; t) =
1

2m

0

@p2
r +

 
p� � e�( t )

2�

r
+

eb
2

r

! 2
1

A :

The phase space is (R+ � S1) � R2
. Ob viously the co ordinate � is cyclic, i.e. _p� = 0 .

Therefore p� is an in tegral of motion (in fact, it is the angular momen tum). Th us the

system has e�ectiv ely only one degree of freedom. F rom Hamiltonian equations of motion

it follo ws that the radial motion of the particle is go v erned b y the equation

•r +
e2b2

4m2
r =

�
p� � e�( t )

2�

� 2

mr 3
:

In the follo wing sections w e will in v estigate the b eha viour of solution of this equation in

the resonan t situation.

2 T ransformation to A ction-Angle Co ordinates

Let us b egin with the construction of the action-angle co ordinates (for more details confer

[2]). In order to simplify the expressions w e set the c harge and mass equal to one,

e = m = 1 . Note that the Hamilton's function of radial motion is

H (r; p; t ) =
1
2

�
p2

r +
� a(t)

r
+

b
2

r
� 2

�
; (1)

where a(t) = p� � �( t)=2� . Denote

V(r ) =
1
2

�
a
r

+
br
2

� 2

:

The minim um of V for r > 0 is

Vmin = min
r> 0

V(r ) =

8
><

>:

V
� q

2a
b

�
= ab a > 0;

V
� q

2jaj
b

�
= 0 a < 0:

No w w e will construct action-angle co ordinates in case when a(t) = a is constan t, i.e.

our Hamiltonian is indep enden t of time

1

. F or a �xed energy lev el E > V min the motion

1

This is the case when there is no Aharono v-Bohm �ux.
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is constrained to the in terv al [r+ ; r � ]. These constrain ts are obtained as a solution of

equation V(r ) = E . Th us w e ha v e

E � V(r ) =
b2

8r 2
(r 2

+ � r 2)(r 2 � r 2
� );

where

r 2
� =

2
b2

�
2E � ab�

p
(2E � ab)2 � a2b2

�
:

The action is de�ned b y in tegral

I (E) =
1
�

Z r +

r �

p
2(E � V(r ))dr =

b
4�

Z r 2
+

r 2
�

1
x

q
(r 2

+ � x)(x � r 2
� ) dx =

=
b
8

(r+ � r � )2 =
1
b
(E � #(a)ab) =

1
b
(E � Vmin ):

Generating function of the transformation reads

S(r; I ) =
Z r

r �

p
2(E � V(� ))d� =

b
2

Z r

r �

1
�

q
(r 2

+ � � 2)( � 2 � r 2
� )d� =

=
b
4

Z r 2

r 2
�

1
x

q
(r 2

+ � x)(x � r 2
� ) dx:

This in tegral can b e ev aluated explicitly , and after some minor adjustmen ts one obtains

the expression

S(r; I ) =
1
4

p
8bIr 2 � (br2 � 2jaj)2 � I arctan

 
4I � br2 + 2jaj

p
8bIr 2 � (br2 � 2jaj)2

!

�

�
jaj
2

arctan

 
(br2 + 2jaj)

p
8bIr 2 � (br2 � 2jaj)2

b2r 4 � 4bIr 2 + 4jaj2

!

:

The induced transformation of v ariables (r; p) = 	( '; I ) is de�ned as follo ws: 	 =
F � G� 1

, where the transformations (r; p) = F (u; v) and ('; I ) = G(u; v) are giv en

resp ectiv ely b y the relations

r = u; p =
@S(u; v)

@u
and ' =

@S(u; v)
@v

; I = v:

By direct computation w e get

r =
2

p
b

r

I +
jaj
2

+
p

I (I + jaj) sin '; p =

p
bI(I + jaj) cos'

q
I + jaj

2 +
p

I (I + jaj) sin '
;

and con v ersely ,

' = � arctan
�

1
bpr

�
p2 +

a2

r 2
�

b2r 2

4

��
; I =

1
b
(H � Vmin ) =

1
2b

 

p2 +
�

jaj
r

�
br
2

� 2
!

:
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Let us switc h to the time-dep enden t case with a Hamiltonian H (r; p; t ) . Seeking the

action-angle v ariables for the frozen Hamiltonian at eac h momen t of time one in fact

constructs a time-dep enden t transformation of v ariables. Hence the generating function

of the transformation, S(u; v; t) , is time-dep enden t as w ell. One arriv es again at a Hamil-

tonian system with a Hamiltonian K ('; I; t ) and it holds

K ('; I; t ) = H (	( '; I; t ); t) +
@S(u; I; t )

@t

�
�
�
�
�
u=	 r (';I;t )

;

where 	 r denotes comp onen t of 	 b elonging to r . Our Hamiltonian dep ends on time t
only through function a(t) , cf. (1). New Hamiltonian no w reads

K ('; I; t ) = bI � arctan

 p
I cos'

p
I + ja(t)j +

p
I sin'

!

_a(t)sgna(t)

Finally the Hamiltonian equations of motion are

_' = b�
a_a
2

cos'
p

I (I + jaj)

1

2I + jaj + 2
p

I (I + jaj) sin '
; (2)

_I = �
sgna

2

 

_a �
jaj _a

2I + jaj + 2
p

I (I + jaj) sin '

!

: (3)

3 The A v eraged System

Henceforth assume that a(t) 6= 0 . F urther simpli�cation of (2) and (3) is ac hiv ed b y

passing to the co ordinates � and G giv en b y

G =
2I
jaj

+ 1; � = ' � bt: (4)

Ob viously (�; G ) 2 (1; 1 ) � [0; 2� ) . Hence

_G =
_a
a

 
1
G

1

1 +
p

1 � 1=G2 sin(bt + � )
� G

!

; (5)

_� = �
_a
a

cos(bt + � )

G
p

G2 � 1

1

1 +
p

1 � 1=G2 sin(bt + � )
: (6)

Denote A(t) = _a(t)=a(t) . F rom the assumptions laden on the �ux � it follo ws that the

F ourier series

A(t) =
1

p
2�= 


X

n2 Z

Anein 
 t ; An =
1

p
2�= 


Z 2�



0
A(t)e� in 
 t dt;

is uniformly con v ergen t on R. Since A(t) is real it holds An = A � n , moreo v er it is true

that A0 = 0 .
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No w supp ose that 
 =b= p=q, where p; q are coprime natural n um b ers. Then the righ t

hand sides of (5) and (6) are 2�p= 
 -p erio dic with resp ect to the time t . The a v eraged

system is obtained b y computing the time a v erage of the righ t hand sides of (5) and (6).

F urther, the a v eraging principle

2

states, that the solution of the a v eraged system migh t

b e a go o d appro ximation to the original system pro vided the A(t) is small in some sense.

The a v eraged system is giv en b y

_G =
1

2�

 p

Z 2�

 p

0
A(t)

 
1
G

1

1 +
p

1 � 1=G2 sin(bt + � )
� G

!

dt

| {z }
I 1

;

_� = �
1=G2

p
1 � 1=G2

1
2�

 p

Z 2�

 p

0
A(t)

cos(bt + � )

1 +
p

1 � 1=G2 sin(bt + � )
dt

| {z }
I 2

;

where w e treat G and � as constan ts. W e also denote � =
p

1 � 1=G2
and k eep in mind

that 0 < � < 1. Putting � = bt + � in in tegrals w e arriv e to

I 1 =
1=b

p
2�= 


1
G

X

n2 N

Z 2�q

0

"
(An + A � n ) cosnp

q (� � � ) + i (An � A � n ) sin np
q (� � � )

1 + � sin�

#

d�;

I 2 =
1=b

p
2�= 


X

n2 N

Z 2�q

0

"
(An + A � n ) cosnp

q (� � � ) + i (An � A � n ) sin np
q (� � � )

1 + � sin�

#

cos� d�:

No w notice that in tegrals

Z 2�q

0

cosn
q �

1 + � sin�
d� =

Z 2�q

0

sin n
q �

1 + � sin�
d� =

Z 2�q

0

cos� cosn
q �

1 + � sin�
d� =

Z 2�q

0

cos� sin n
q �

1 + � sin�
d�

are equal to zero, if

n
q =2 N. This can b e seen b y dividing the domain of in tegration to

pieces of length 2� , shifting all the domains to (0; 2� ) and summing the in tegrands. Using

relations from Section 4 w e �nally arriv e at

_G =
2

p
2�= 


X

n2 N
(~n2 N)

=
�
iA ne� i ~n(� + �= 2)

�
�

G � 1
G + 1

� ~n=2

;

_� =
2

p
2�= 


1
G2 � 1

X

n2 N
(~n2 N)

=
�
Ane� i ~n(� + �= 2)

�
�

G � 1
G + 1

� ~n=2

;

where ~n = np
q and = (c) is an imaginary part of a complex n um b er c. This is certainly

Hamiltonian system, with Hamilton's function giv en b y

H (�; G ) =
2

p
2�= 


X

n2 N
(~n2 N)

1
~n

=
�
Ane� i ~n(� + �= 2)

�
�

G � 1
G + 1

� ~n=2

:

Note that this series is uniformly con v ergen t.

2

F or more details consult [3] or [4 ]. The applicabilit y of the a v eraging principle is an op en problem

that will not b e discussed here. The n umerical computation is emplo y ed to c hec k our results. See b elo w.
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3.1 Example

As an example w e c ho ose a(t) = 
 + " sin 
 t , where 0 < " < 
 . Or, in other w ords, w e

tak e the �ux �( t) = � 2�" sin 
 t . It can b e computed (with the aid of relations from

Section 4), that

An =
p

2� 
 ei �
2 (n� 1)

 
"=


1 +
p

1 � ("=
 )2

! n

; n 2 N:

Therefore

H (�; G ) =
2

p

=

(

� i
1X

m=1

1
m

"

ei �
2 (q� p)� ip�

 
"=


1 +
p

1 � ("=
 )2

! q �
G � 1
G + 1

� p=2

| {z }
z(�;G )

#m )

:

This series can b e easily summed with the aid of geometric series, the desired result is

H (�; G ) =
2

p

ln j1 � z(�; G )j:

Since this is t w o dimensional time-indep enden t Hamiltonian system, it is easy to

compute in v arian t curv es, i.e. tra jectories in the phase space. Ho w ev er, it turns out that

these solutions are go o d appro ximation to the original problem only if p=q2 N. F or the

sak e of simplicit y w e con�ne ourselv es to the case 
 = b= p = q = 1 . Th us

H (�; G ) = 2 ln

�
�
�
�
�
1 � e� i� "=


1 +
p

1 � "2=
 2

| {z }
�

r
G � 1
G + 1

�
�
�
�
�
: (7)

Ob viously 0 < � < 1. Since the Hamiltonian is time indep enden t, it is conserv ed during

the time ev olution. The equation

H (�; G ) = h 2 (�1 ; ln 4)

de�nes implicitly G as a function of � . It is straigh tforw ard to compute these in v arian t

curv es, on the other hand the result is not so nice. One m ust treat cases 0 < h < ln 4
and h � 0 separately . In the latter case, the curv e m ust b e sometimes stitc hed from t w o

pieces. Summary of the results follo ws:

� h < 0 < ln 4:

G(� ) =
� 2 + (cos � +

p
cos2 � � 1 + eh)2

� 2 � (cos� +
p

cos2 � � 1 + eh)2
(8)

if � 2 [0; 2� ) suc h as cos� < 1 � eh

2 and cos� +
p

cos2 � � 1 + eh < � .

� �1 < h � 0:

G(� ) =
� 2 + (cos � +

p
cos2 � � 1 + eh)2

� 2 � (cos� +
p

cos2 � � 1 + eh)2
(9)
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if � 2 [0; 2� ) suc h as

p
1 � eh � cos� < 1 � eh

2 and cos� +
p

cos2 � � 1 + eh < � .

G(� ) =
� 2 + (cos � �

p
cos2 � � 1 + eh)2

� 2 � (cos� �
p

cos2 � � 1 + eh)2
(10)

if � 2 [0; 2� ) suc h as

p
1 � eh < cos� and cos� �

p
cos2 � � 1 + eh < � .

These in v arian t curv es are depicted in Figure 1. Note that if h = 0 then the curv e hits

line G = 1 . It seems that this is a pathological feature of the a v eraged system, i.e. the

original system do es not p osses suc h b eha viour. A t least it is not v eri�ed b y the n umerical

computation. W e see that � tends to constan t and G escap es to in�nit y . This means

that (cf. (2) and (4) ) in the course of time the particle will get arbitrarily far from and

close to the origin.

0 €€€€
p

2
p

€€€€€€€€
3p

2
2p

1

2

3

4

5

f

G

Figure 1: In v arian t curv es of the a v eraged Hamiltonian (7) giv en b y form ulae (8), (9),

and (10) . P arameter � is equal to 0:8.

W e compare the n umerical solution of (5) and (6) (where w e use sp ecial a(t) and

v alues of parameters men tioned at the b eginning of this subsection) with the in v arian t

curv es computed ab o v e. The v alue of h is computed from the initial conditions � 0 and

G0 . Choice of " and 
 is noted ab o v e eac h frame in Figure 2.
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H•••
Hf

0
,G

0
L=

H•••
Hf

,G
L

0 €€€€
p

2
p

€€€€€€€€
3p

2
2p

1

2

3

4

5

6

7

f

G

e = 1, g = 2, f 0 = 1.7,G0 = 2

0 €€€€
p

2
p

€€€€€€€€
3p

2
2p

1

2

3

4

5

6

f

G

e = 0.5,g = 3, f 0 = 1.53,G0 = 3

Figure 2: The n umerical solution (solid line) of (5) and (6) and the in v arian t curv e

(dashed) of the a v eraged Hamiltonian (7). Small dots denote the initial p oin t.
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4 Ev aluation of Auxiliary In tegrals

This section con tains the pro of of the follo wing prop osition. F or n 2 N0 and j� j < 1 it is

true that

Z 2�

0

cosnt
1 + � sint

dt = 2�
� n

p
1 � � 2(1 +

p
1 � � 2)n

cos
�n
2

; (11)

Z 2�

0

sinnt
1 + � sint

dt = � 2�
� n

p
1 � � 2(1 +

p
1 � � 2)n

sin
�n
2

; (12)

Z 2�

0

cosnt cost
1 + � sint

dt = 2�
� n� 1

(1 +
p

1 � � 2)n
sin

�n
2

; (13)

and for n 2 N Z 2�

0

sinnt cost
1 + � sint

dt = 2�
� n� 1

(1 +
p

1 � � 2)n
cos

�n
2

: (14)

F or n = 0 this is ob viously zero.

W e will c hec k the equalit y (11). The pro of of the others is analogous. F or the sak e of

brevit y denote the LHS of (11) b y sym b ol I . Using the m ultiple angle form ula for cosine,

the geometric series expansion of the denominator, and the relation

Z 2�

0
cosk t sinn t dt =

(1 + ( � 1)k)(1 + ( � 1)n )
2

B
� 1 + k

2
;
1 + n

k

�
; n; k 2 N0;

one obtains

I =
nX

k=0

cos
�
2

(n � k)
1X

m=0

(� � )m (1 + ( � 1)k)(1 + ( � 1)m+ n )
2(� 1)k

B
� 1 + k

2
;
1
2

(1 + m + n � k)
�

:

The summands with k or m + n o dd are zero. Hence w e can assume that k and m + n
are ev en. F urthermore if n is also o dd then cos(� (n � k)=2) = 0 and therefore I = 0 .

W e m ust in v estigate the case of n = 2N where N 2 N0 . After re-notation of indexes w e

clearly ha v e

I = 2
NX

k=0

�
2N
2k

�
(� 1)N � k

1X

m=0

� 2m B
� 1

2
k;

1
2

+ N + m � k
�

:

Rewriting the Beta function in terms of Gamma function and using the Gauss h yp erge-

ometric series

F (a; b; c; z) =
�( c)

�( a)�( b)

1X

m=0

�( a + m)�( b+ m)
�( c + m)

zm

m!
;

w e arriv e at

I = ( � 1)N 2� (2N )!
2N

NX

k=0

(� 1)k

(2N � 2k)!!(2k)!!
F reg(1; N � k + 1=2; N + 1; � 2);
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where F reg(a; b; c; z) = F (a; b; c; z)=�( c) is regularised h yp ergeometric function. Next

step is to tak e adv en tage of the symmetry in in terc hange of a, b and of the in tegral

represen tation of h yp ergeometric function

F (a; b; c; z) =
�( c)

�( b)�( c � b)

Z 1

0
tb� 1(1 � t)c� b� 1(1 � tz)� a dt:

It turns out that

I = �
(� 1)N +1

22N
� 2N +1 F (N + 1; N + 3=2; 2N + 2; � 2);

where the binomial theorem w as used. Final step is to lo ok in [1] and �nd relation 15.1.14:

F (a; a+ 1=2; 2a; z) = 2 2a� 1(1 � z)� 1=2(1 +
p

1 � z)1� 2a:

Hence

I = 2 � (� 1)N � 2N

p
1 � � 2(1 +

p
1 � � 2)2N

:

Com bining results for o dd and ev en n one obtains the form ula whic h w as to b e pro v ed.

F or the sak e of completeness note, that for the computation of the t w o last in tegrals one

needs form ula [1], 15.1.13

F (a; a+ 1=2; 2a + 1; z) = 2 2a(1 +
p

1 � z)� 2a:

5 Conclusion

W e studied the dynamics of the classical c harged particle placed in the homogeneous

magnetic �eld and in�uenced b y time-p erio dic Aharono v-Bohm �ux. With the aid of

the a v eraging metho d it is p ossible to compute a go o d appro ximation to the solution of

action-angel equations of motion, pro vided the ratio of the magnetic �eld strength and

the �ux frequency is a natural n um b er. In this resonan t situation the radial motion of

the particle is highly oscillatory , more precisely the particle can b e lo cated arbitrary close

to and far from origin.
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Abstract. In the article w e presen t a newly dev elop ed metho d for in v arian t picture region

detection without a priori information. The goal is to detect suc h picture regions that remain

more or less unc hanged after v arious simple transformations ha v e b een applied (suc h as c hange

of brigh tness, con trast, scale, cropping of the picture, etc.). Suc h regions can b e then used for

automatic picture iden ti�cation.

The metho d itself is based on blo c k pro cessing of the picture. The imp ortance of a blo c k

is giv en b y represen tation of individual in tensities in the blo c k. Individual blo c ks are then put

together and rated according to other criterions. The result is based on one (or more) "stable"

region(s) of the picture.

A t the end, exp erimen tal results on real data are presen ted, v erifying the functionalit y and

practical usage of the metho d.

Abstrakt. V £lánku je prezen to v ána no v ¥ vyvin utá meto da pro vyhledá v ání in v arian tníc h oblastí

obrázk· b ez apriorníc h informací. Cílem je nalézt tak o v é oblasti obrázku, které z·stá v a jí

vícemén¥ nezm¥n¥né p o aplik aci r·znýc h jedno duc hýc h transformací (zm¥na jasu, k on trastu,

m¥°ítk a, o°ízn utí obrázku, ap o d.). T ak o v é oblasti je dále moºné vyuºít pro automatic k ou iden-

ti�k aci obrázku.

Meto da samotná je zaloºena na blok o v ém zpraco v ání obrázku. Významnost bloku je dána

zastoup ením jednotlivýc h in tenzit v tom to bloku. Jednotliv é bloky jsou p oté sdruºo v án y a

oho dno cen y p o dle dal²íc h kritérií. Výsledk em je pak jedna (neb o více) "stabilníc h" oblastí

obrázku.

Na zá v ¥r jsou uv eden y výsledky na reálnýc h datec h, které p otvrzují funk £nost a praktic k ou

p ouºitelnost na vrºené meto dy .

1 In tro duction

1.1 Bac kground

Large image databases are often run on a commercial basis � bro wsing through and

viewing images is free of c harge while do wnloading and re-using them on w eb pages or in

articles is a sub ject of a fee. Ho w ev er, some users republish do wnloaded images without

pa ying the fee, whic h is a violation of cop yrigh t la w. The cop yrigh t o wner th us w an ts

to regularly scan suspicious domains or w ebsites to c hec k if there are some unauthorized

copies of their database images.

Detection of suc h illegal copies is complicated b y t w o principal di�culties � the unau-

thorized images are usually mo di�ed b efore they are republished on the w eb, and the re-

sp onse of the system m ust b e extremely fast b ecause of the enormous n um b er of database
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images. Although this problem form ulation lo oks lik e an image retriev al task, this is not

the case. In traditional image retriev al, w e w an t to �nd in the database all similar im-

ages to the query image, where similarit y is ev aluated b y colors, textures, con ten t, etc.

Here w e w an t to iden tify only the e quivalent images to the query (w e call this task image

identi�c ation ). This is wh y w e cannot apply most of standard image retriev al tec hniques.

By the term "equiv alen t images" w e understand an y pair of images whic h di�er from one

another b y the follo wing transformations.

� qualit y reduction - recompression or resize

� radiometric and color distortions - c hanges of brigh tness, con trast, color tone, con-

v ersion to gra y-scale

� cropping of the image - ma jor part still preserv ed

� lo cal c hanges - addition of logos or thin lab els

� com binations - reasonable com binations of the mo di�cations men tioned ab o v e (ho w-

ev er, their increasing complexit y will surely impact the algorithm results)

1.2 Motiv ation

W e ha v e dev elop ed a new metho d for the ab o v e men tioned image iden ti�cation. This

metho d consists of sev eral steps. The core of the iden ti�cation pro cess is an in tensit y

based sto c hastic tree, whic h needs whole (rectangular) pictures on input. If w e w an t to

o v ercome problems with some men tioned transformations (esp ecially scaling and crop-

ping) and still pro vide rectangular image, w e need to extract some "imp ortan t" part of

the picture whic h can then b e used as the required input. So, w e do an invariant pictur e

r e gion dete ction and use the b est one. In this article w e will describ e this pro cess in more

detail.

As w e ha v e already said, the problem is to crop the input picture in suc h w a y , that

it giv es as similar result to the crop of the corresp onding database picture as p ossible

(pro vided that the input picture w as created b y mo difying the original). In other w ords,

image A and transformed image A0
should giv e the same (or similar) in v arian t regions.

Otherwise w e w ouldn't b e able to iden tify the mo di�ed image prop erly .

The only restriction w e presume is that the main (most imp ortan t) part of the pic-

ture remains (it is not destro y ed b e an y men tioned transformation). In practice it is a

reasonable assumption b ecause what is usually cropp ed a w a y is bac kground or some not

v ery imp ortan t information.

Summarizing the main requiremen ts for our desired metho d:

� in v ariance to simple basic transformations suc h as c hange of brigh tness and/or

con trast, repac king (i.e. w eak noise), cropping, scaling, etc., and their com binations

� stabilit y - picture mo di�ed as describ ed ab o v e should giv e same (or at least similar)

results compared to the original
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� sp eed - the maxim um time a v ailable for one picture (ab out 0.3 Mpixel large) is only

ab out �v e seconds

It is imp ossible to dev elop a metho d exactly ful�lling all the ab o v e men tioned require-

men ts. So at �rst w e ha v e to c ho ose the imp ortance of individual requiremen ts and then

create a metho d whic h is as go o d as p ossible with resp ect to them. Not only w e deal

with a h uge amoun t of images but also w e need to pro cess sev eral images p er min ute.

Therefore, the most imp ortan t for us is the time a v ailable, th us the metho d should b e

fast in the �rst place.

There are sev eral p ossible basic approac hes to this problem. One of them is crit-

ical/signi�can t p oin t detection. In this case w e are trying to detect stable imp ortan t

p oin ts, suc h as line endings or corners. These metho ds t ypically result in man y p oin ts of

in terest but what w e need is as few stable p oin ts as p ossible, preferably only the b est one.

So, this approac h cannot b e used in our case b ecause it is v ery di�cult, if not imp ossible,

to decide what critical p oin t is the b est and w ould b e detected in the mo di�ed image in

the same w a y .

Another approac h is to detect lo cal homogeneous regions (i.e. regions with homo-

geneous in tensit y v alues). Man y metho ds solving this problem exist, an o v erview of

segmen tation metho ds can b e found in [1]. Probably the most useful approac h for us

is region gro wing. This approac h is m uc h b etter b ecause it is p ossible to decide whic h

region is b etter. W e can use size of the region, in tensit y v ariance, compactness, and so

on for this decision. Some region gro wing algorithms can b e found in [2], [3], [4], [5] or

[6].

But w e ha v e another problem � sp eed. Region gro wing metho ds generally tak e their

time and w e need fast resp onse. That's wh y w e ha v e dev elop ed a new metho d based on

homogeneous region detection whic h is more simple but still giv es reasonable results.

2 Metho d description

The presen ted metho d is a metho d for detection of stable regions of an image, i.e. regions

detected in v arian tly to some basic transformations (men tioned ab o v e).

Curren t v ersion of our metho d is in tended for gra yscale images only , though further

impro v emen ts making use of the color information can b e done and can p oten tially lead

to b etter results b ecause more information is a v ailable.

Metho d itself consists of t w o main steps: stable p oin t detection, and region extraction.

2.1 Stable p oin t detection

Our stable p oin t detection is based on lo cal homogeneous region detection through in-

tensit y v ariance lo cal minimization. The resulting p oin ts are then selected as cen ters of

gra vit y of these regions.

Finding region with minimal in tensit y v ariance is v ery time consuming. Therefore w e

apply blo c k pro cessing for this task. A t �rst w e divide the image in to o v erlapping blo c ks.

The size of these blo c ks can b e c hosen either as static (e.g. 20 pixels) or dynamically as

further describ ed in exp erimen tal section.
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On these blo c ks w e compute in tensit y v ariance. No w w e ha v e m uc h smaller matrix

with v ariance v alues whic h is m uc h faster to w ork with. W e call it stabilit y map and w e

apply thresholding on it resulting in a small binary image.

No w w e lab el di�eren t con tin uous areas of the stabilit y map. As w e need stable areas

whic h can b e detected ev en on cropp ed images, w e eliminate areas touc hing the b order

of the image. Suc h areas are either bac kground or to o unstable to b e used. Esp ecially

bac kground is t ypically presen t near the image b order and the detection of suc h area is

lik ely to b e v ery unstable.

No w w e ha v e a set of stable areas and the only thing left is to select the b est of them.

F or this decision w e use:

� the size of the area � the larger area the b etter (more stable),

� its homogeneit y � the less v ariance the b etter, w e already used this criterion in

stabilit y map creation and its thresholding,

� compactness � the more compact the area is the b etter (again more stable),

� distance from the b order � as w e already men tioned, areas nearing the b order are

lik ely to b e misdetected.

So, w e ha v e the b est stable regions. One p ossibilit y is to use it directly as �nal stable

region. The problem is w e used blo c k pro cessing for stabilit y map creation. Therefore

detected areas are accurate only on the lev el of these blo c ks. In case of t ypical blo c ks of

size ab out 20 pixels, w e can see that usage of these stable areas is v ery inaccurate on the

image lev el. That's wh y w e compute a stable p oin t as the region represen tation and then

use region extraction bac k in image domain.

The stable p oin t itself is c hosen as the cen ter of gra vit y of the b est stable area.

2.2 Region extraction

What w e need to do, is to select a region based on the detected stable p oin t with sp eci�c

requiremen ts. Certainly w e w an t it to corresp ond to the detected homogeneous area.

Using a prede�ned threshold w e select in tensit y in terv al from the input image. W e tak e

the mean in tensit y v alue computed during stable p oin t detection as the in terv al cen tre, the

range is giv en b y the threshold. No w w e extract stable region as a compact (con tin uous)

area with the stable p oin t in its in terior.

As describ ed in the motiv ation section 1.2, w e need rectangular picture as a result.

Therefore w e select �nal region as frame surrounding the detected stable area.

This frame is de�ned b y the cen ter of gra vit y and second order cen tral momen ts of the

stable area. This means w e tak e the cen ter as the cen ter of our frame and select width

and heigh t ha ving the same second order momen ts as the original region.

So, the �nal picture used for the iden ti�cation through our sto c hastic tree is the

picture cropp ed b y the ab o v e computed frame.
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(a)

(b) (c)

(d) (e)

Figure 1: (a) original picture (b) stabilit y map, (c) thresholded stabilit y , (d) b order areas

remo v ed, (e) b est regions segmen ted from the original image

3 Exp erimen tal results

In this section w e will describ e b eha vior of the metho d and then w e will sho w exp erimen tal

results on real data.

3.1 Metho d functionalit y

A t �rst w e will demonstrate functionalit y of the metho d on a sample picture. In �gure 1

y ou can see:

� (a) The original picture.

� (b) The stabilit y map, i.e. the blo c k computed v ariance. The blo c k size and shift

of an image with size m � n are computed as Bsize = 2Bshif t = 2
p

(m + n)=10, in

this case it is 20 and 10 pixels resp ectiv ely .

� (c) Thresholded stabilit y map.

� (d) Thresholded stabilit y map with marginal areas remo v ed.

� (e) Three �nal b est stable regions. These regions are segmen ted bac k from the

original image based on previously detected stable p oin ts.

Y ou can see the �nal frames in �gure 2. The b est detected frame is dra wn b y a solid

line, the t w o next frames are represen ted b y a dashed line.

3.2 Results after mo di�cations

No w w e can demonstrate ho w the metho d handles required mo di�cations. W e will do

this on the same image for more simple comparison of the ac hiev ed results. Y ou can see

b est detected regions in the image after applying sev eral mo di�cations in �gure 3. The

thic k er y ello w rectangles represen t detected regions, while the thinner green rectangles

corresp ond to exp ected lo cations of regions detected in the original image.
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Figure 2: Best stable regions

(a) (b) (c)

(d) (e) (f )

Figure 3: Best regions in mo di�ed images. (a) brigh tness and con trast, (b) white noise,

(d) added artifacts, (e) scaling, (c, f ) cropping
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T able 1: Statistical results � p ossibilit y of successful iden ti�cation

mo di�cation successfulness

original 100%

JPEG compression 86%

scaling 62%

brigh tness and con trast c hange 58%

cropping 47%

added artifacts 42%

The �rst mo di�cation is sligh t brigh tness and con trast c hange and the second is a

white noise addition. In b oth cases, the impact of the in tensit y c hanges on the results

is quite noticeable. The b est region is still detected correctly (with a small di�erence).

Ho w ev er, when the regions are further used for picture iden ti�cation, the error rate can

b e rather high.

Next mo di�cation w e can see in the �gure is some artifact addition, namely some

rectangles near the b order. W e can see that the only problem in this case arises when

originally detected regions are o v erlapping (or nearing) the artifacts. These regions are

then not detected correctly , ho w ev er, w e exp ect these artifact to app ear only near the

b order, so imp ortan t parts of the image should not b e a�ected.

Another imp ortan t transformation is scaling. In the exp erimen t w e used scaling do wn

b y the factor of 1:7. As w e can see, the impact is v ery insigni�can t, the result is nearly

the same compared to the original image. Naturally , with increasing scaling factors the

results b ecome w orse, but w e exp ect reasonable factors to app ear most often.

Last mo di�cation w e ha v e tested here is cropping, whic h is also quite imp ortan t for

us. Again, w e can see that the main problem arises when the originally detected regions

approac h or ev en exceed image b orders. So, p ositiv e iden ti�cations can b e made only if

the imp ortan t part remains inside the image. Ho w ev er, this is just what w e exp ect to

happ en.

3.3 Statistical results

W e ha v e tested the metho d on one thousand of pictures, eac h mo di�ed b y metho ds sho wn

in the previous section. W e used random co e�cien ts (suc h as scale factor, brigh tness

c hange, cropping, etc.) tak en from meaningfully restricted in terv als. Individual results

are similar to the describ ed ones, sometimes sligh tly w orse.

The statistical o v erview is sho wn in table 1. These are only v ery rough n um b ers

indicating the p ossibilit y of further successful iden ti�cation for individual mo di�cation

t yp es. It should b e men tioned that 50% is a v ery go o d result for us, as w e use the metho d

for automatic iden ti�cation. In fact, there is m uc h more imp ortan t for us to k eep the

n um b er of false alarms as lo w as p ossible, than ac hieving v ery high successful hit ratio.

As w e can see, practical results are acceptable while ful�lling required attributes.

The time needed to compute b est stable regions for one image (mo di�cation) is ab out

one second.



92 J. Kamenic ký

4 Conclusion

In the article w e ha v e presen ted a newly dev elop ed metho d for in v arian t picture region

detection. It is in tended for cases where sp eed is critical. The p erformance of the metho d

has b een demonstrated on real exp erimen ts. Qualit y of the results together with rather

fast computing time is quite promising.

Man y further mo di�cations of the metho d can b e made according to sp eci�c usage

conditions.
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Abstract. The capacit y of b one to adapt to functional mec hanical requiremen ts has b een kno wn

for more than a cen tury , and man y theoretical and exp erimen tal mo dels ha v e b een dev elop ed for

b one remo delling. Ho w ev er, these mo dels are still not able to su�cien tly predict its b eha viour.

A thermo dynamic mo del based on recen t kno wledge of bio c hemical con trol mec hanisms is pre-

sen ted. Despite the complexit y of the regulatory system of b one adaptation, the calculated

results are in v ery go o d correlation with the exp erimen tal observ ations - the inner structure of

b one can b e elucidated, sim ulation of the in�uence of dynamic loading together with bio c hemical

factors is carried out, e.g. the fundamen tal RANKL-RANK-OPG path w a y , and a comparism

b et w een mo del prediction and x-ra y pictures of h uman patien ts of the e�ect of b one adaptation

to prosthesis insertion is done.

Abstrakt. Uº více neº sto let je známá sc hopnost k osti p°izp·sob o v at se mec hanic kým p oºa-

da vk·m a téº mnoho teoretic kýc h a exp erimen tálníc h mo del· pro remo delaci k ostí b ylo vytv o°eno.

Stále v²ak nejsou t yto mo dely dostate£n¥ sc hopné p°edp o vídat její c ho v ání. Zde p°edkládáme

termo dynamic ký mo del zaloºený na sou£asnýc h znalostec h bio c hemic k ého °ízení pro cesu. Na vz-

dory v elik é sloºitosti °ídícího systém u adaptace k ostí jsou vyp o £ítané výsledky v e v elmi dobré

sho d¥ s exp erimen tálními p ozoro v áními - m ·ºeme vysv ¥tlit vnit°ní strukturu k osti, b yly pro v e-

den y sim ulace vlivu dynamic k é zát¥ºe sp olu s bio c hemic kými faktory - nap°. základního °et¥zce

RANKL-RANK-OPG - a b yla p oro vnána p°edp o v ¥

�

d mo delu adaptace k osti na vloºení totální

endoprotézy s ren tgeno vými snímky pacien t·.

1 In tro duction

Bone is biological system whic h k eeps adapting its structure to mec hanical en vironmen t.

In the 19th cen tury Julius W ollf [30 ] describ ed the fact that the in ternal trab ecular ar-

c hitecture of b one matc hes tra jectories of the mec hanical stress (tra jectorial h yp othesis).

A t the same time Wilhelm Roux suggested a quan titativ e self-regulating mec hanism of

trab ecular formation and functional adaptation. Mec hanical stim uli to lo cal cells w as

considered critical for the b one adaptation pro cess [24 ] and this in teraction w as later

describ ed b y He°t in 1970s [7 ]. In 1987, F rost [5] suggested a feedbac k mec hanism, the

�mec hanostat�, con trolling b one mass b eha viour in resp onse to mec hanical loading.

When mec hanical stresses are placed up on b one, it remo dels in order to withstand

the stresses. This pro cess ma y also b e considered to b e structural optimisation. The op-

timisation pro cess systematically , iterativ ely and con tin ually eliminates and redistributes

�
This researc h has b een supp orted b y the Gran t agency of the Czec h Republic no. 106/03/1073 and

b y the pro ject 1M06031 of Ministry of Education, Y outh and Sp orts of Czec h Republic.
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osseous material throughout the domain to obtain an optimal arrangemen t of in ternal

b on y structures.

With the dev elopmen t of computer-aided strategies and based on the kno wledge of

b one geometry , applied forces and elastic prop erties of the tissue, it ma y b e p ossible to

calculate mec hanical stress transfer inside the b one (FE-analysis). Assuming the ab o v e

men tioned structural optimisation pro cess the c hange of stress in particular compart-

men ts of the b one should further b e follo w ed b y in ternal b one densit y distribution. This

logical consequence allo ws us to think ab out mathematical mo dels that can b e used to

study functional adaptation quan titativ ely and furthermore to create the mineral b one

densit y distribution patterns [8, 29]. Similar mathematical mo dels ha v e b een built in

the past. Since they calculate just mec hanical transmission inside the b one and not con-

sidering h umoral cell-biologic factors of b one ph ysiology , they just partially corresp ond

to realit y seen in living organisms. W e realize that bio c hemical reactions are initiated

and in�uenced primary b y genetic e�ects and the external biomec hanical e�ects (stress

c hanges). The aim of follo wing mathematical mo del is to com bine the biological factors

with biomec hanical ones[11, 15, 16 ]. Suc h mo del ma y also re�ect c hanges in remo delling

b eha viour corresp onding to pathological c hanges of the b one metab olism [13, 12 ].

Biolo gy of b one r emo del ling

Bone remo delling (BR) o ccurs when the p opulations of b one cells break do wn old

b one and replace it with new b one. This reformation results in the reorien tation of

in ternal b one structure and ev en tually in c hanging the shap e of the b one, whic h means

that b one can b etter adapt to the loads that are b eing placed up on it. Loads on b one

cause mec hanical strains and ev en micro-damage generating signals that sp eci�c cells can

detect and to whic h they or other cellular p opulations resp ond. A ctually remo delling

dep ends on time-v arying straining. Because of the visco elastic prop erties of b ones, the

strains v ary not only at v arying loading but the strain c hanges con tin ue and fade as the

elastic after-e�ects at constan t loads and after unloading. In this manner, the existence

of remo delling e�ects ev en at rest can b e explained [26 ].

The signalling and subsequen t c hange in cellular phenot yp e ma y b e called activ ation

and represen ts the �rst stage of the remo delling pro cess. The aim of activ ation is to

prepare su�cien t p o ol of executiv e cells concen trated in the domain of the b one that is

to b e repaired. The original b on y structures ( Old_ B ) infracted b y the initiating biome-

c hanical stim uli are in tended to b e absorb ed and subsequen tly replaced b y the new b one

( New_ B ). The generated b one mass will b e structurally and morphologically adjusted

to new mec hanical loads. These t w o phases describ ed as resorption and formation, ac-

complish the whole pro cess of remo delling.

Biology of the b one remo delling itself is not completely understo o d in this momen t.

F rost has de�ned the minim um e�ectiv e strain neither app osition nor resorption b elo w

1500-2500 microstrains. A ccording to F rost [3], the strains ab o v e that threshold lev el

a�ect mo delling and remo delling activities in w a ys that c hange the size and con�guration

of gro wing b ones, tendons, ligamen ts and fascia to their new mec hanical usage and return

their strains to the threshold lev el. Recen tly , the con trol mec hanism b et w een resorption

and formation of b one w as describ ed, b y so called RANKL-RANK-OPG path w a y [17,

18, 19 ] and our mathematical mo del co v ers the crucial momen ts (based on c hemical
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description of b one remo delling pro cess [23]).

System of basic m ulticellular units (BMU) is widely accepted for b one remo delling

description [4, 21 ]. It represen ts lo cal p opulations of osteo cytes ( OC ), osteoblasts ( OB )

and of monon uclear precursor osteo clasts ( MCELL ). Osteo cytes are presumed to react

to mec hanical strain either piezo electrically through ionic curren ts induced when b one

is deformed or b y detecting �uid �o w in the p eriosteo cytic lacunas. They resp ond to

this strain b y sending signals that activ ate b one formation or existing b one remo v al.

During the activ ation MCELL turn to m ultin ucleated osteo clasts ( MNOC ) ha ving high

metab olic activit y . MNOC s are c harged with resorption of the old b one and the defect

is subsequen tly �lled with osteoid, non mineralised b one matrix pro duced b y activ ated

osteoblasts ( OB ) that during next 5-15 da ys b ecomes mineralised.

2 Metho ds

2.1 Thermo dynamic BR mo del

The only cells that are able to resorb b one tissue are osteo clasts (as men tioned in section

1). T o b e activ e they need to b e coupled in m ultin ucleated complex, whic h formation

can b e describ ed as follo ws:

D1 + MCELL
k � 1

� MNOC + D4; (1)

where D1 is mixture of substances that are initiating reaction with monon uclear cells

( MCELL ). MNOC is abbreviation for m ultin ucleated osteo clast and D4 is a remaining

pro duct from reaction (1).

Bone decomp osition can b e c haracterised b y follo wing c hemical reaction:

MNOC + Old_ B
k � 2

� D6 + D7; (2)

where Old_ B denotes old b one, D6 and D7 are pro ducts made during degradation of an

old b one. The end pro duct in reaction (2) is divided in to t w o parts b ecause one of them

( D7 ) participates in activ ation of osteoblast as will b e elucidated in subsequen t paragraph.

The c hain RANKL-RANK-OPG whic h is imp ortan t as the con trol mec hanism for b one

remo delling is substituted b y the concen tration lev el of the mixture of substances D1 .

Before osteoblasts ( OB ) secret collagen in hollo w ed ca vit y they need �rst to b e ac-

tiv ated. This activ ator ( Activ _ OB ) is b eing pro duced after resorption in giv en v olume

(ca vit y). Th us b eha viour of osteoblasts at sp eci�c site can b e represen ted b y follo wing

reaction sc heme:

D7 + Old_ B
k � 3

� Activ _ OB + D9 (3)

Activ _ OB + OB
k � 4

� Osteoid+ D12; (4)

where D12 is remaining substratum.

The longest p erio d in b one remo delling pro cess p ertains to mineralisation (dep osing

calcium, etc. � D13 � in to matrix) of osteoid:

D13 + Osteoid
k � 5

� New_ B + D15; (5)
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where New_ B denotes new b one formed b y remo delling pro cess and D15 is the residuum

of b one formation reaction.

These c hemical equations (1)-(5) describ e the essen tial pro cesses of b one remo delling.

There are 15 substances in v olv ed and b y using the la w of activ e mass and adding the

external �uxes, 5 di�eren tial equations describing the whole system can b e obtained:

@NMCELL

@�
= � � 1 (� 1 + NMCELL )NMCELL + J 3 + J New _ B � D 1 (6)

@NOld _ B

@�
= � (� 3 � NMCELL + NOld _ B + NActiv _ OB + NOsteoid + NNew _ B )NOld _ B � (7)

� � 3 (� 7 � NOld _ B � 2(NActiv _ OB + NOsteoid + N14 )) NOld _ B + 2 J New _ B � D 2 � D 3

@NActiv _ OB

@�
= � 3 (� 7 � NOld _ B � 2(NActiv _ OB + NOsteoid + NNew _ B )) NOld _ B � (8)

� � 4 (� 10 � NOsteoid � NNew _ B )NActiv _ OB + D3 � D 4

@NOsteoid

@�
= � 4 (� 10 � NOsteoid � NNew _ B )NActiv _ OB �

� � 5 (� 13 � NNew _ B )NOsteoid + D4 � D 5 (9)

@NNew _ B

@�
= � 5 (� 13 � NNew _ B )NOsteoid � J New _ B + D5 ; (10)

where � = t � k+2 � nB 0 ; N i = n i
nB 0

; � � = k+ �

k+2
; � i = Bi

nB 0
; D � =

l �v d(1)

k+2 n2
B 0

; J i = J i
k+2 n2

B 0

: In

other w ords � � is ratio of rate of � -th reaction to second reaction, D � is a parameter that

describ es the in�uence of dynamic loading on rate of � -th c hemical reaction, � i is a sum

of initial molar concen tration of relev an t substances and N i is a normalised concen tration

of i -th substance.

By solving these kinetic equations, time ev olution of MCELL , Old_ B , Activ _ OB ,

Osteoid, New_ B concen trations are obtained. All remaining can b e calculated (for more

details and for detailed mathematical analysis see [10]).

3 Results

It can b e sho wn thatAs w as men tioned in section the k ey role in presen ted mo del pla ys

the coupling of the dynamic loading and c hemical reaction rates

1

. Th us for the v alidation

of the mo del a follo wing sim ulation in ANSYS FE soft w are (ANSYS 10.0, Ansys inc.)

w as used: rate of deformation in eac h elemen t and consequen tly the rates of c hemical

reactions in eac h elemen t ( D � ) w ere calculated. Then with the aid of kinetic equations (6)-

(10) w e can describ e time dep endency of concen trations of eac h substance. Th us densit y

c hanges (precisely c hanges in concen tration of Old_ B , New_ B ) can b e calculated in

eac h elemen t of b one.

Hence after running sev eral iterations w e ma y sim ulate the densit y distribution through-

out the b one according to the presen ted mo del. By comparing these calculated results

with densit y distribution in living b one v alidation can b e carried out.

1

Moreo v er, reaction ma y run ev en in a case when some c hemical reactions ha v e negativ e a�nit y A � .

Then the in�uence of suc h reaction w� A � < 0 is comp ensated b y the enhanced e�ciency of the other

reactions
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Figure 1: Geometry and b oundary

conditions used for calculations. Elas-

tic constan ts dep end on b one comp o-

nen ts, esp ecially NOld _ b and NNew _ b.

Ansys program w as used to calculate strains

(sum of principal strains) and stresses in eac h

elemen t of b one during w alking. Real geome-

try w as gained from CT-scan and external forces

w ere applied as is sho wn in Fig.1.

V alues of D � parameters are deriv ed from

deformation rate tensor. Since ANSYS calcu-

lates just deformations (strains), to determine

the spheric part of deformation rate tensor d(1)

follo wing appro ximation w as used:

d(1) (I ) =
d e(1) (I )

d t
�

� e(1) (I )
� t

=
e(1) (I )

� t
; (11)

where e(1) (I ) is the trace of deformation tensor

in I -th elemen t. Pro vided that no deformation

exists at the b eginning of eac h iteration, last

equalit y in (11) is v alid. Th us � t is the time in-

terv al b et w een loaded and unloaded state. The

c hange of � t enables to include the in�uence of

frequency of the loading (e.g. the setting of the

paces) on b one remo delling whic h will later b e discussed.

The densit y in eac h elemen t can b e calculated as follo ws:

Dens(I ) = �̂ �
�
NNew _ b(I ) + NOld _ b(I )

�
; (12)

where �̂ is a reference (apparen t) densit y and NNew _ b; NOld _ b are normalised concen tra-

tions of old and new b one in I -th elemen t, resp ectiv ely .

W e are not in terested only in densit y distribution but also in withstanding to applied

load after e�ects of b one remo delling. Th us in eac h elemen t of b one material prop erties

are mo di�ed according to c hanges in densit y as p o w er to three:

Ezz(I ) =
�

Ezz old � f rac _ NOld _ b +

+ Ezz new � f rac _ NNew _ b

�
�
�

Dens(I )
�̂

� 3

;
(13)

where

f rac _ NOld _ b =
NOld _ b(I )

NNew _ b(I ) + NOld _ b(I )

and

f rac _ NNew _ b =
NNew _ b(I )

NNew _ b(I ) + NOld _ b(I )

are ratios of NOld _ b and NNew _ b in I -th elemen t, resp ectiv ely . Ezz(I ) is the Y oung mo du-

lus in direction of axis 'z' in I -th elemen t, Ezz old and Ezz new are the material prop erties

of old and new b one. W e exp ect sti�ness of b one to v ary not only with densit y but also

with the old/new b one ratio. Similarly w ere calculated Eyy , Exx , Gxy , Gyz and Gxz .
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A t �rst, the impact of mec hanic loading on densit y will b e elucidated on a single

elemen t.

Presen ted mo del calculates (molar) concen trations in considered v olume of b one. By

means of eq. (1)-(5) are describ ed c hemical reactions that are assumed to run in eac h

part of b one indep enden tly .

Figure 2: Ev olution of structure in sev eral cases of mec hanical loading - Fig. (a) - and

densit y of b one in 1 (isolated) elemen t - Fig. (b).

T o illustrate the e�ect of dynamic loading w e v aried the D � parameters of the mo del.

If no stim uli is presen t, the b one resorbs (concen tration of b oth old b one and new b one is

decreasing) and after some p erio d of time reac hes equilibrium where almost no new b one

is b eing pro duced (Fig.2a, blue line). On the other hand if prop er exercise is applied

(y et not p ossible to determine what t yp e of exercise it represen ts) �rstly a mo derate

decrease in densit y ma y b e observ ed. This decrease is so on shifted in to signi�can t rise

where formation predominates resorption. When the activit y is increased furthermore

(b y higher frequency or higher load) the stationary solution ma y b ecome unreal (negativ e

v alue of Old_ B ) - Fig.2a, blac k line. A ccording to the mo del, there is a threshold for

dynamic loading. Exceeding this threshold leads to b one fracture.

3.1 Sim ulation results

The only parameters of mathematical mo del of BR that v ary throughout the b one are

D � ; � 2 5̂ (all the other parameters are assumed to b e constan t throughout the whole

b one and indep enden t on time). In other w ords, all the calculated results here presen ted

are consequence of solely dynamic loading as a con trol factor.

On the other hand if mec hanical stim uli in giv en elemen t is small, the b one mass is

not zero. In this case the bio c hemical factors prev ails, suc h as hormones and n utrition.

As a initial state a homogeneous distribution of densit y throughout the whole b one w as

used ( Dens(I ) = �̂; 8I ). Since eac h iteration is calculated b y solving di�eren tial equation

(6)-(10) describing �thermo dynamic BR mo del�, eac h iteration is not just appro ximation



Thermo dynamic Mo del of Bone A daptation 99

of correct solution but is actually a time ev olution of b one remo delling in b one. W e are

trying to sim ulate nature - to create the b one organ from homogeneous tissue.

Eac h step sho ws densit y c hanges (impact of remo delling) in eac h part of b one. Steady

state is reac hed after a few tens of iterations, one iteration step corresp onds appro ximately

to 10 thousands strides. Approac h to a steady state is c hec k ed b y mean and maximal

densit y c hange. After 35 iterations the v alues are follo wing: max di�erence � 1e � 03
and mean di�. � 1e � 04.

Figure 3: 'Health y state' - result from ANSYS computation using thermo dynamic BR

mo del calculated from initial homogeneous densit y distribution. Notice the clear forma-

tion of cortical and cancellous b one.

The Fig.3 depicts a calculated result from initial homogeneous distribution of densit y

after 35 iterations of BR according to presen ted mo del. It refers to health y p erson -

similar as in Fig.2a, red line.

Notice the eminen t corresp ondence in Fig.4 where y ou ma y compare calculated re-

sults with the inner structure of pro ximal fem ur as it is kno wn from h uman anatom y .

BR pro cess (according to our mo del) creates cortical and cancellous b one (ev en from ho-

mogeneous distribution) ev en when only in�uence of external forces is considered. F rom

here is paten t ho w mec hanic (dynamic) loading not only signi�can tly in�uences the b one

remo delling pro cess - resorption or formation of b one in a giv en elemen t - but also de-

termines the shap e, thic kness and emplacemen t of cortical b one. See enclosed graphs of

time ev olution of Y oung mo dulus in di�eren t parts of b one, where can b e clearly seen the

formation of sp ongy and cortical b one.

The main goal for ev ery theoretical mo del in biological sciences is of course the ap-

plication and p ossibly prediction of ev olution of the particular pro cess. One of the v ery

imp ortan t applications of b one remo delling mo del is the prediction of adaptation of b one

to di�eren t mec hanical conditions. Suc h a c hange o ccurs e.g. when degenerativ e arthro-

sis disables a prop er function of join t and a surgical total replacemen t of join t is needed.

This replacemen t is done b y prosthesis made from v arious materials (mainly steel, com-

p osites,...) whic h are v ery di�eren t from b one tissue from mec hanic p oin t of view. And
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Figure 4: Cuts of a pro ximal fem ur - compare the calculated distribution of densit y in

health y case and iso v alues of v on Mises stress (probable direction of osteons in b one) with

�gure from anatomical atlas.

this of course causes a great c hanges in stress and strains magnitudes and its distribution

in b one resulting in c hanges of densit y distribution.

On Fig.5 are depicted the X-ra y pictures of h uman pro ximal fem ur righ t after op era-

tion, 6 y ears after op eration, and densit y distribution predicted b y the presen ted mo del.

Great unkno wn in the join t-replacemen t problem is ho w will the b one resp ond in terms

of remo delling to a new stress-strain �eld in b one after the replacemen t. Usually there

is considerable resorption in the vicinit y of implan t (esp ecially in pro ximal-medial and

pro ximal-lateral part of fem ur) but in some cases there is also a signi�can t dep osition of

b one in sp eci�c sites that strengthens the imp osition of prosthesis in b one. Fig.5 sho ws

one example when adequate ph ysical activit y (50-y ear-old man at the time of op eration,

appro x. 10 thousand gaits p er da y) guaran tees su�cien t b one densit y for a long time

(Fig.5b).

Our researc h group tries to giv e some insigh t in to this problematics. Despite the

complexit y , when not only p erson-sp eci�c gene expression together with diet and activit y

that he p erforms but also the c hoice of material for prosthesis, angle of insertion and

hollo w created pla ys a role, the same t yp e of resp onse � the same pattern of densit y

distribution - after mon th from op eration is obtained as in clinical observ ation - Fig.5c.
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Figure 5: The c hange of h uman b one (righ t fem ur) densit y distribution after hip join t

replacemen t. During the course of time the denser regions in the b one shift in the distal

direction to w ards the implan t tip. The b one is mark edly thic k er near the implan t tip.

a) X-ra y image immediately after op eration, b) X-ra y image 6 y ears after op eration, c)

b one densit y ev olution calculated b y our metho d.

4 Discussion

There are no w ada ys sev eral b one adaptation theories (remo delling mo dels) but v ast ma-

jorit y of them is based only on in�uence of mec hanical loading [9, 20, 25, 27, 28, 31].

These mo dels predict that b one mass will b e zero if stresses in b one are zero. This is

not in agreemen t with in vivo observ ances. When lim bs are casted (and the b one loading

is minimal), b one is r apid ly lost but it r e aches new ste ady state with lower b one density .

Notice that the b one loss is not complete. This result suggests that there are some e�ects,

e.g. hormones, n utrition, that are missing. On the other hand there are a few biological

mo dels [14] but with no in�uence of mec hanical loading, whic h is as it is kno wn v ery

imp ortan t stim uli for b one remo delling [2]. The magnitude and direction of the applied

forces used in sim ulation are common for w alking [1].

Mo del prop osed in this pap er com bine b oth - the mec hanical stim uli and also the

biological bac kground. Using FEM soft w are w e are able to calculate the densit y distri-

bution and consequen tly also material prop erties (the dep endency of E on densit y w as

exp erimen tally determined as p o w er to three [9]) throughout the whole b one. The cal-

culated pattern is in great agreemen t with the kno wledge of b one anatom y . Moreo v er,

calculated isostress lines do corresp ond to osteon direction as [6 , 22 ] claims. Using this

approac h w e ma y sim ulate di�eren t loading cases (exercise, patien ts) but also n utrition or

other biological features (and p ossibly the in�uence of sev eral hormones in v olv ed in b one

remo delling). These sim ulations (and p ossible predictions) are b eing studied no w ada ys.

As w as sho wn in this article, lo comotion or dynamic loading is crucial for correct b one

dev elopmen t and remo delling. The only parameters that w ere v arying throughout the

b one w ere D � - the e�ect of dynamical loading on rate of running c hemical reactions.
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Nev ertheless the agreemen t with structure of b one is remark able. F requency of loading

is also found as an v ery imp ortan t factor.

The limitation of �thermo dynamic BR� ' mo del is mainly caused b y the di�cult y to

adjust the di�eren t parameters. Up to no w it w ould b e uneasy to determine man y of

parameters exp erimen tally ev en though they actually are c haracterising c hemical reac-

tions (1)-(5) (and th us they ha v e a real meaning). P artial solution of this problem ma y

b e found in comparing calculated r esults for giv en set of parameters with real data from

clinical observ ation. P arameters of mo del w ere c hosen so that concen trations of all of

the substances w ere p ositiv e and so that mo del sho w ed in fundamen tal asp ects the same

b eha viour as clinically observ ed. If the presen ted thermo dynamic mo del �ts on clinical

data, it can b e used for predictions or ev en treatmen t of sk eletal disorders connected

with b one remo delling, e.g. osteop orosis, osteomalatia and in b orn sk eletal defects called

b one dysplasias. Some of these in b orn defects of lo comotor apparatus app ear to us lik e

an exp erimen t of nature and making it p ossible to study pathobiomec hanics of sk eleton

directly . Also other p ossible usage ma y b e in designing implan ts of hip join ts. Th us the

application of presen ted thermo dynamic b one remo delling mo del ma y reac h the clinically

broad domain.

This mo del w as originally in tended as a simpli�ed mo del of b one metab olism mo d-

elling. But ev en suc h a mo del, whic h do es not con tain the detailed mec hanisms of b one

remo delling con trol, giv es results that are v ery c hallenging.
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Abstract. This pap er deals with the problem of marginalization of m ultidimensional probabilit y

distributions represen ted b y a comp ositional mo del. By the p erfect one in this case. F rom

the computational p oin t of view this solution is more e�cien t than an y kno wn marginalization

pro cess for Ba y esian mo dels. This is b ecause the pro cess men tioned in the pap er in a form of

an algorithm and tak es an adv an tage of the fact that the p erfect sequence mo dels ha v e some

information enco ded; if can b e obtained from the Ba y esian net w orks b y an application of rather

computationally exp ensiv e pro cedures. One part of that algorithm is marginalization b y means

of reduction. This pap er describ e a new faster algorithm to �nd a reduction in a comp ositional

mo del.

Abstrakt. Marginalizace m ultidimenzionálníc h distribucí reprezen to v anýc h p erfektními k om-

p ozicionálními mo dely je mnohem efektivn¥j²í neº jakýk oli marginaliza£ní pro ces v ba y eso vskýc h

sítíc h. D·v o d je prost ý . Marginaliza£ní algoritm us, zmín¥ný v tom to £lánku, vyuºív á informací

zak ó do v anýc h v e struktu°e k omp ozicionálníc h mo del·, které se v ba yseo vskýc h sítíc h m usí sloºit¥

vyp o £ítat. V tom to £lánku se zab ýv áme jednou p o dsek cí marginaliza£ního algoritm u - marginal-

izací reduk cí. Je zde p°edsta v en no vý ryc hlej²í zp·sob hledání reduk cí v k omp ozicionálníc h

mo delec h.

1 In tro duction

The abilit y to represen t and pro cess m ultidimensional probabilit y distributions is a nec-

essary condition for application of probabilistic metho ds in Arti�cial In telligence. Among

the most p opular approac hes are the metho ds based on Graphical Mark o v Mo dels, e.g.,

Ba y esian Net w orks. This pap er deals with an alternativ e approac h to Graphical Mark o v

Mo dels, so called the Comp ositional Mo dels. The presen ted algorithm enables us to

e�ectiv ely compute marginal distributions from really m ultidimensional mo dels.

One p ossible solution of this task for Ba y esian Net w orks is giv en in pap ers b y R.

Shac h ter [6, 7 ]. His w ell kno wn pro cedure is based on t w o rules: no de deletion and e dge

r eversal . Roughly sp eaking, the e�ectiv eness of his algorithm is lik e the e�ectiv eness of

our algorithm without the accelerating pro cedures. This adv an tage consists in the fact

that comp ositional mo dels express explicitly some marginals, whose computation in the

�
The researc h w as partially supp orted b y Gran t Agency of the A cadem y of Sciences of ƒR under gran t

A2075302, Austrian-Czec h gran t AKTION 45p16 and Ministry of Education of the Czec h Republic under

gran ts no 1M0572 and 2C06019.
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Ba y esian net w ork ma y b e computationally exp ensiv e. One of the accelerating pro cedures

is marginalization b y means of reduction. In this pap er is presen ted an alternativ e algo-

rithm to searc h suc h reduction. This algorithm is curren tly used in a system MUDIM

1

.

2 Notation and Basic Prop erties

In this pap er w e will consider a system of �nite-v alued random v ariables with indices

from a non-empt y �nite set N . All the probabilit y distributions discussed in the pap er

will b e denoted b y Greek letters. F or K � N , � (xK ) denotes a distribution of v ariables

f X i gi 2 K .

Ha ving a distribution � (xK ) and L � K , w e will denote its corresp onding marginal

distribution either � (xL ) , or � #L
. These sym b ols are used when w e w an t to highligh t the

v ariables, for whic h the marginal distribution is de�ned.

T o describ e ho w to comp ose lo w-dimensional distributions to get a distribution of a

higher dimension w e will use the follo wing op erator of comp osition.

De�nition 1. F or arbitrary t w o distributions � (xK ) and � (xL ) their c omp osition is giv en

b y the form ula

� (xK ) . � (xL ) =

(
� (xK )� (xL )

� (xK \ L ) when � #K \ L � � #K \ L ;
unde�ned otherwise ;

where the sym b ol � (xM ) � � (xM ) denotes that � (xM ) is dominate d b y � (xM ) , whic h

means (in the considered �nite setting)

8xM 2 � i 2 M X i (� (xM ) = 0 = ) � (xM ) = 0) :

The result of the comp osition (if it is de�ned) is a new distribution. W e can iterativ ely

rep eat the application of this op erator comp osing a m ultidimensional mo del. This is wh y

these m ultidimensional distributions are called c omp ositional mo dels . T o describ e suc h

a mo del it is enough to in tro duce an ordered system of lo w-dimensional distributions

� 1; � 2; : : : ; � n . W e denote this ordered system as a gener ating se quenc e , to whic h the

op erator is applied from left to righ t:

� 1 . � 2 . � 3 . : : : . � n� 1 . � n = ( : : : (( � 1 . � 2) . � 3) . : : : . � n� 1) . � n :

Then w e sa y that a generating sequence de�nes (or represen ts) a m ultidimensional com-

p ositional mo del.

In the pro cess of marginalization w e will also need another imp ortan t op erator.

3 P erfect Sequence Mo dels

No w the atten tion will b e fo cused on marginalization of distributions giv en b y a sp ecial

sub class of generating sequences. F rom no w, w e will consider generating sequences

� 1(xK 1 ) . � 2(xK 2 ) . : : :� n (xK n ):

Therefore, whenev er distribution � j is used, w e assume it is de�ned for v ariables f X i gi 2 K j .

1

Exp erimen tal system based on Multidimensional mo dels.
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De�nition 2. W e call a generating sequence � 1; � 2; : : : ; � n p erfe ct if for all j = 2; : : : ; n

(� 1 . : : : . � j � 1) . � j = � j . (� 1 . : : : . � j � 1)

hold true.

P erfect sequences ha v e man y pleasan t prop erties, whic h are adv an tageous for m ul-

tidimensional distributions represen tation. The most imp ortan t one is expressed in the

follo wing assertion.

Theorem 3. A gener ating se quenc e � 1; � 2; : : : ; � n is p erfe ct i� al l the distributions � i ar e

mar ginal to the r epr esente d distribution, i.e., for al l i = 1; 2; : : : ; n

(� 1 . : : : . � n )#K i = � i :

No w, let us form ulate univ ersal rules whic h mak e it p ossible to decrease the dimen-

sionalit y of comp ositional mo dels b y one. By iterativ e application of these rules ma y b e

obtained an y required marginal. The pro of of the follo wing assertion, whic h holds not

only for p erfect but for all generating sequences, can b e found in [5].

Theorem 4. L et � 1; � 2; : : :; � n b e a gener ating se quenc e and

` 2 K i 1 \ K i 2 \ : : : \ K i m

for a subse quenc e (i1; i2; : : :; im ) of (1; 2; : : : ; n) such that ` 62K j for al l j 62 fi1; i2; : : :; img.

Then

(� 1 . � 2 . : : : . � n )�f `g = � 1 . � 2 . : : : . � n ;

wher e

� j = � j ; 8j 62 fi1; i2; : : :; im g;

� i 1 = � �f `g
i 1

;

� i 2 = ( � i 1 
. L i 2 � 1
� i 2 )�f `g;

� i 3 = ( � i 1 
. L i 2 � 1
� i 2 
. L i 3 � 1

� i 3 )�f `g;
.

.

.

� i m = ( � i 1 
. L i 2 � 1
� i 2 
. L i 3 � 1

: : :
. L i m � 1
� i m )�f `g;

and L i k � 1 = ( K 1 [ K 2 [ : : : [ K i k � 1) n f `g.

The iterativ e application of this theorem alw a ys leads to the desired marginal distri-

bution.

More e�ectiv e marginalizing pro cedures are, ho w ev er, based on the di�eren t prop erties

whic h reminds rather of graph's algorithms than statistical pro cesses. One of them is

denoted lik e mar ginalization by r e duction

Ho w ev er, these e�ectiv e marginalization pro cedures could b e used only in a sp ecial

case and, therefore, they are used as accelerating supplemen t only together with the

general algorithm sho wn in Theorem 4.

First, let us de�ne an auxiliary notion of a reduction of a generating sequence, whic h

will simplify form ulations in the follo wing text.
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De�nition 5. Let � 1; � 2; : : : ; � n b e a generating sequence, (j 1; j 2; : : : ; j m ) a subsequence of

f 1; 2; : : : ; ng and s 2 Z = f j 1; : : : ; j m g b e suc h that

(
[

j 2 Z

K j ) \ (
[

j 62Z

K j ) � K s:

Then s and Z determine a r e duction of generating sequence � 1; : : : ; � n (or simply that

(s; Z) is a reduction).

Theorem 6. L et s 2 Z and Z = f j 1; : : : ; j m g determine a r e duction of a p erfe ct se quenc e

� 1; � 2; : : : ; � n . Then, denoting

�L j =
[

i 2f 1;:::;j gnZ

K i ; L =
[

j 2 Z

K j

for al l j 62Z , mar ginal distribution (� 1 . � 2 . : : : . � n )#L
c an b e expr esse d

(� 1 . � 2 . : : : . � n )#L = � 1 . � 2 . : : : . � n ;

wher e

� j = � j for j 2 Z;

� j = � #K s \ �L j
s for j 62Z:

A functional algorithm based on the pro of of Theorem 6 w as presen ted in [1].

The most di�cult part of this algorithm is ho w to �nd the reduction (s; Z) . An old

solution is based on an iterativ e extension of the set Z with recoun ting W(Z; j ) in ev ery

step and testing v alidit y of reduction (s; Z) . This extension could b e time-consuming

and has to b e done regardless of e�ect. (As men tioned ab o v e, reduction b y Z do es not

ha v e to exist) Because of this, the adv an tage gained b y accelerating algorithm is w asted

b y searc hing the set Z . The p ossible solution of this situation is describ ed at the end of

the follo wing section.

4 Marginalization Algorithm

Marginalization is one of the basic op erations computing with m ultidimensional mo dels.

Considering a p erfect generating sequence � 1(xK 1 ); � 2(xK 2 ); : : : ; � n (xK n ) and a set of

indices L � (K 1 [ K 2 [ : : : [ K n ) . The marginalization algorithm p erforms computa-

tion of a generating sequence � 1(xL 1 ); : : : ; � m (xL m ) , represen ting the required marginal

distribution:

(� 1(xK 1 ) . � 2(xK 2 ) . : : : . � n (xK n ))#L = � 1(xL 1 ) . � 2(xL 2 ) . : : : . � m (xL m ):

The marginalization algorithm itself, as is implemen ted in MUDIM system, is depicted

in [1]. The algorithm consists in (cyclical) emplo ymen t of �v e pro cedures.

� T runcation of an una v ailing tail,

� Deletion of redundan t elemen ts,

� Simple marginalization [j ],
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� Marginalization b y means of reduction,

� General marginalization [j ].

First four of them try to accelerate the computation. If these pro cedures fails, the general

marginalization pro cedure will b e applied. As the reader can see from theorem 4, the

general marginalization pro cedure can b e applied an ytime but is v ery time consuming.

Therefore, accelerating pro cedures suc h as marginalization b y means of reduction are

needful.

4.1 Marginalization b y means of Reduction

The simple pro cedures could decrease dimension of the m ultidimensional distribution

either b y one, or b y more than one, but only when the v ariables to b e deleted app eared

�in the tail� of the generating sequence. A more complex algorithm - Marginalization

b y means of Reduction, whic h pro v es to b e v ery e�cien t in man y situations, esp ecially

when the n um b er of the v ariables to b e deleted is really high, is describ ed in [1]. This

algorithm is not dep enden t on the order of distributions in a generating sequence. F or

this, one has to �nd a reduction (s; Z) suc h that Z con tains all indices of the v ariables

for whic h the computed marginal distribution should b e de�ned ( L � Z ). And it is this

searc h for reduction what mak es the pro cess rather complicated. There w as published

one algorithm in the pap er [1]. Unfortunately , time demand factor of that algorithm is

v ery high and this algorithm do es not ful�l basic prop erties of accelerating pro cedures: If

p ossible, accelerate computation. If not p ossible, do not cause an y additional dela y . This

one is referred to as F ull-Scan algorithm with regards to its structure and functionalit y .

4.2 F ull-Scan algorithm

The structure of the F ull-Scan algorithm is depicted in the Figure 1. It emplo ys four

relativ ely simple pro cedures describ ed in [1]. Quite naturally , all these pro cedures w ork

with the generating sequence in question � 1(xK 1 ); � 2(xK 2 ); : : : ; � n (xK n ) (but only one of

them - Marginalization [s; Z0] - mo di�es it). T o �nd a reduction, the pro cess emplo ys

sets W(Z; j ) (de�ned b elo w) and their prop erties, whic h w ere pro v en in [2].

Ha ving a set Z � f 1; : : : ; ng and j 62Z the sym b ol W(Z; j ) denotes the follo wing

subset of indices:

W(Z; j ) =

(

s 2 Z :

 
[

i 2 Z

K i

!

\ K j � K s

)

(notice that sets W(Z; j ) dep end not only on Z and j but naturally also on the considered

generating sequence).

The basic idea of this algorithm is as follo ws: The algorithm extends set Z un til there

exists s 2
T

j 62Z
W(Z; j ) or Z = (1 ; ::; n) . Let us try to ev aluate the time complexit y of the

particular steps of this algorithm. The complexit y will b e presen t in m ultiples of jZ j of

set functions.

� W(Z; j ) : O(jZ j)
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� Extension of Z : O(jZ j2)

� Constr. of a conn. set

�Z : O(jZ j3)

� Constr. of a bridge Ẑ : O(jZ j3)

Extension of Z

Z n={ , ..., }?1
Exit

Z
Construction of a
connected set

W Z j
i Z

( , ) ?= Æ
Î
I

Marginalization
s n Z, ,..., \1{ }éë ùû

Construction of
a bridge Z

Z Z Z¬ È

Yes No

YesNo

Z n M Ki
i Z

Í Í
Î

{ , ..., }: ( )1 U

s W Z j
j Z

Î
Î

( , )IChoose

( )

Find the smallest

Figure 1: Marginalization b y means of reduction

Because w e kno w that jZ j is a function of n where n is a n um b er of distributions

in a mo del; w e can assume that O(ni ) t O(jZ j i ); i 2 N. The total complexit y of this

reduction searc h algorithm is minimally O(n3) of set functions . The space complexit y of

this algorithm has not b een computed.

4.3 DFS algorithm

Let us presen t a sligh tly mo di�ed algorithm to �nd a reduction whic h do es not disco v er

all reductions but is v ery fast. This algorithm will b e denoted as the DFS algorithm. The

time and space complexit y of F ull-Scan algorithm w ere the reason wh y DFS algorithm

w as created. The rest of marginalization algorithm remains same as it w as published in

[1].

Marginalization b y meas of reduction do es not dep end on the order of distributions in

generating sequence. Therefore, if w e ignore that order, w e can treat a m ultidimensional

mo del as a group of subsets (distributions). That is exactly ho w h yp ergraph can b e

de�ned. In other w ords, consider a generating sequence of comp ositional mo del as a h y-

p ergraph (see the de�nition and an illustration b ello w). Reduction K 5 in a mo del 3 seems

lik e a bridge in a h yp ergraph. W e can con v ert the problem of �nding a reduction (s; Z)
to the problem of searc hing for a bridge in a h yp ergraph. Ev ery bridge in a h yp ergraph

corresp onds to a reduction in corresp onding m ultidimensional mo del. Nev ertheless, there

are reductions in a m ultidimensional mo del whic h can not b e represen ted b y bridges in a

corresp onding h yp ergraph.

Let us de�ned a h yp ergraph H on n v ertices to b e an ordered pair (V; E) , where V is

the set of v ertices, with jV j = n , and E is a m ultiset of subsets(h yp eredges) of V . F or an
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Figure 2: Simple Hyp ergraph: V = f v1; v2; v3; v4; v5; v6; v7g; E = f e1 = f v1; v2; v3g; e2 =
f v2; v3g; e3 = f v3; v5; v6g; e4 = f v4gg

.

arbitrary h yp ergraph H , w e let v(H ) denote the n um b er of v ertices of H and e(H ) denote

the n um b er of h yp eredges of H . In general, w e will consider h yp ergraphs lab eled so that

if the h yp ergraph has n v ertices, they are lab eled b y the elemen ts of n̂ = 1; 2; 3; :::; n, and

if the h yp ergraph has m edges, they are lab eled b y the elemen ts of m̂ . F or simplicit y , w e

will call suc h ob jects lab ele d hyp er gr aphs .

W e de�ne a walk in a h yp ergraph to b e a sequence v0; e1; v1; :::; vn� 1; en ; vn , where for

all i , vi 2 V , e 2 E , and for eac h ei , vi � 1; vi � ei . W e de�ne a p ath in a h yp ergraph to

b e a w alk in whic h all vi are distinct and all ei are distinct. A w alk is a cycle if the w alk

con tains at least t w o edges, all ei are distinct, and all vi are distinct except v0 = vn .

A h yp ergraph is c onne cte d if for ev ery pair of v ertices v; v0
in the h yp ergraph, there

is a path starting at v and ending at v0
. The h yp ergraph in Figure 2 is not connected

in con trast to the h yp ergraph in Figure 3. More information ab out h yp ergraphs can b e

found in [4 ].
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Figure 3: Visualization of a Multidimensional Mo del

De�nition 7. A h yp eredge in connected h yp ergraph is called a bridge if the deletion of

that h yp eredge disconnects the h yp ergraph.

Whilst an e�ectiv e algorithm of searc hing for bridges in h yp ergraphs do es not exist,
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the algorithm for an articulation p oin t do es. F or that w e con v ert the h yp ergraph in to a

simple graph. W e de�ne a graph G on n v ertices to b e an ordered pair (V; E) , where V
is the set of v ertices, with jV j = n , and E is a subset E � V � V . Let connected graph

b e de�ned as usual. Exact de�nition can b e found in [3 ].

De�nition 8. A no de in a connected graph is called an articulation p oin t if the deletion

of that no de disconnects the graph.

T o con v ert the generating sequence (h yp ergraph) to a resp ectiv e graph, w e are using

the r epr esentative gr aph of hyp er gr aph de�ned b elo w.

De�nition 9. Giv en a h yp ergraph H = ( V; E) , its represen tativ e graph G = ( E � ; E �� )
is a graph whose v ertices are p oin ts e�

1; :::; e�
m represen ting the edges e1; :::; em of H, the

v ertices e�
i ; e�

j b eing adjacen t if and only if ei
T

ej 6= ; .

Because not ev ery reduction can b e represen ted b y a bridge in a h yp ergraph, the

mo di�ed algorithm do es not disco v er all reductions in a mo del. W e ma y lo ose some

reductions during the con v ersion of a reduction searc h problem to a bridge searc h problem.

Nev ertheless, our measuring of time consumption pro v es that this loss is su�cien tly

comp ensated.

Hence, considering a m ultidimensional mo del (� 1; :::; � n ) as a h yp ergraph, w e con v ert

it in to its represen tativ e graph G(V; E) as follo ws:

1. Eac h distribution is considered to b e a v ertex ( � 1; :::; � n ! V )

2. (� i ; � j ) 2 E , (K i
T

K j 6= ; ) (if t w o arbitrary distributions in the generating

sequence ha v e non-empt y in tersect, then w e join them b y an edge.)

Then, G is the represen tativ e graph of the m ultidimensional mo del (� 1; :::; � n ) .

K 1

K 2

K 3
K 4

K 5

K 6

K 7

K 8

K 9

K 10

K 11

Figure 4: Represen tativ e graph

When w e apply this con v ersion pro cedure to the mo del visible in Figure 3 w e gain the

graph as in Figure 4.

Both problems of searc hing a reduction and searc hing a bridge in the h yp ergraph

are equiv alen t in a w a y . Both bridge and articulation p oin t split a graph (h yp ergraph)

in to t w o indep enden t parts. Nev ertheless, if w e think ab out reduction as w e did, sev-

eral reductions could b e lost during the searc hing of bridges. W e consider this loss as
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unimp ortan t. After all, the reduction searc h pro cedure should serv e as an accelerating

pro cedure and therefore it should b e as fast as p ossible.

The con v ersion is justi�ed (in ligh t of reduction) b y the follo wing lemma.

Lemma 10. L et P is is an arbitr ary but �xe d articulation found in a r epr esentative gr aph

derive d fr om gener ating se quenc e. Then ther e exists a c orr esp onding r e duction (Z; s) in

gener ating se quenc e of multidimensional mo del wher e Z is given by r epr esentative gr aph.

Pro of: Let � s b e an articulation in the r epr esentative gr aph G of a m ultidimensional

mo del. By remo ving v ertex � s from graph G, the graph is split in to sev eral indep enden t

parts. Let denote them Z and the rest as n̂ n Z . Then (
S

j 2 Z
K j ) \ (

S

j 62Z
K j ) � K s holds

b ecause � s is the articulation p oin t. This form ula is consisten t with De�nition 5 and the

lemma is pro v ed. �
The whole pro cedure of marginalization b y means of reduction emplo ys three simple

steps that w e are going to describ e no w. Y ou can see that this approac h is m uc h easier

than the old one, regrettably , it is not so p o w erful.

1. The generating sequence (considered as a h yp ergraph) is read from the mo del as a

simple graph. Data are returned as an asso ciativ e arra y whic h presen ts the simple

graph as an adjacency list

2

.

2. The adjacency list is pro cessed b y standard DFS pro cedure . (That is the reason

wh y the new approac h is referred as DFS algorithm)

3. All found articulations are deleted according to Lemma 1.

The complexit y of the DFS algorithm is computed in basic functions, in con tradiction

to the previous algorithm.

� Con v ersion to simple graph: O(n)

� DFS pro cedure: O(n + m)

A total (time and space) complexit y of this algorithm is O(n + m) . It is m uc h less

then in previous algorithm.

5 Conclusions

In this pap er a sligh tly mo di�ed algorithm for marginalization in comp ositional mo dels

is describ ed. More precisely , an algorithm for mo dels whic h are represen ted b y p erfect

sequences. The algorithm is based on theoretical prop erties pro v en in sev eral assertions

published in [2]. The algorithm is curren tly realized in the system MUDIM

3

. Its e�ciency

is b eing tested on arti�cially generated data.

In T able 1 w e refer to computations with t w o mo dels constructed for arti�cially gen-

erated data. Let us stress that it w ould b e easy to construct a mo del, for whic h the

2

An adjac ency list is the represen tation of all edges or arcs in a graph as a list.

3

The system is realized in R and C language
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T able 1: Computational time in seconds

OFF DFS F ullScan

Mo del 1

marginalization

from 24 to 3

v ariables

1.67 s 0.53. s 0.95 s

Mo del 1

marginalization

from 24 to 3

v ariables

1.39 s 1.38 s 2.15 s

Mo del 2

marginalization

from 30 to 3

v ariables

> 30 s 4.21 s 4.02 s

Mo del 2

marginalization

from 30 to 3

v ariables

> 30 s 15.56 s 12.25 s

reduction substan tially decreases the computational time. Nev ertheless, on purp ose w e

are presen ting examples whic h are, in a w a y , from this p oin t of view incon v enien t. They

represen t distributions of 24 and 30 v ariables. The di�erence b et w een the �rst t w o ro ws

of T able 1 sho ws that the e�ciency of the pro cess do es not dep end only on the mo del �

probabilit y distribution, but also on whic h v ariables are to b e marginalized out. This also

explains the di�erence b et w een the 3rd and 4th ro ws. First mo del illustrates the follo w-

ing situation: Reduction exists in the �rst ro w while no reduction can b e found for the

v ariables in the second ro w. The dela y caused b y F ull-Scan algorithm is for this n um b er

of v ariables appro ximately 0; 5s. DFS algorithm do es not dela y the pro cess compared to

the sp eed when the reduction is switc hed o�. (The lo w er time is caused b y incorrectness

of measuring to ol.) The follo wing mo del observ ed this situation: DFS algorithm did not

disco v er the same reduction as the F ull-Scan algorithm. Nev ertheless, a computation is

still faster than without this accelerating pro cedure. The last ro w illustrates a similar

situation.

During the testing of the original algorithm published in [1] sev eral problems ap-

p eared. The application of the accelerating reduction pro cedure (realized b y F ull-Scan

algorithm) w as v ery time-consuming b ecause of its nature and also b ecause of the r e-

duction c ondition . With the help of h yp ergraphs another approac h w as disco v ered. The

created DFS algorithm is not as p o w erful as the original F ull-Scan algorithm but can b e

briskly p erformed b y computer.

The w a y of treating m ultidimensional mo dels as h yp ergraphs op ens new extensions
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in the theory of m ultidimensional mo dels for the future. Nev ertheless, in this pap er

h yp ergraphs are only a bridge to connect the m ultidimensional mo del to the articulation

in simple graphs. In fact, the h yp ergraphs are not used in DFS algorithm.
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Abstract. The pap er deals with steps of the non-materialized data in tegration, and fo cuses on

sc hema matc hing and sc hema mapping issues. The prop osal is for data sources on the Seman tic

W eb; the crucial assumption for the considered task is the a v ailabilit y of the on tologies describing

data to in tegrate. These on tologies are used to �nd corresp ondences b et w een source sc hemas

elemen ts, and also for found mapping expression.

Abstrakt. ƒlánek se zab ýv á úlohami, které je t°eba °e²it p°i nematerializo v ané in tegraci dat.

Zam¥°uje se na hledání k oresp ondencí mezi sc hémat y a map o v ání sc hémat. Ná vrh p°ístupu

°e²ení t¥c h to úloh na Séman tic k ém w ebu t¥ºí z dostupnýc h on tologiíc h p opisujícíc h in tegro v ané

zdro je. On tologie jsou vyuºit y jak k hledání map o v ání, tak i p°i jejic h p opisu.

1 Úv o d

In tegrace dat [1] je úloha, která se zab ýv á slou£ením dat. Jejím cílem je prezen to v at data

p o c házející z r·znýc h dato výc h zdro j· jak o jediný celek a umoºnit je zpraco v á v at, jak o

b y z jediného dato v ého zdro je opra vdu p o c házela. V p°ípad¥ tzv. nematerializo v aného

p°ístupu [25 ] b ýv á °e²ením úloh y p oskytn utí uni�k o v aného p ohledu na zdro je dat. T en to

p ohled je vyuºív án jak o no vý zdro j obsah ující v²ec hna data. V e skute£nosti jde o p ohled

virtuální a data z·stá v a jí fyzic ky uloºena v p·v o dníc h zdro jíc h.

Ab y b ylo moºné in tegraci zaloºit na vyuºití virtuálního p ohledu, neb oli ab y b ylo

moºné k dat·m p°es ten to p ohled p°istup o v at, je nezb ytné de�no v at jeho v azb y na fyzic k á

data. Proto je t°eba se v tom to p°ístupu zab ýv at sc hémat y dat. V azb y mezi p ohledem

a dat y se pak za jistí de�no v áním vztah · mezi jednotlivými £ástmi sc hématu p ohledu a

£ástmi sc hémat p·v o dníc h zdro j·. T y jsou pak dále vyuºit y p°i zpraco v ání dat, nap°íklad

p°i dotazo v ání.

Pro ces in tegrace je moºné nahlíºet jak o k olek ci n¥k olik a úloh, které sp ole£n¥ p°iná²ejí

p oºado v aný výsledek. Základní kroky p°i °e²ení in tegrace dat p omo cí virtuálního p ohledu

jsou:

� Hledáni k oresp ondencí mezi sc hémat y (sc hema matc hing) - Za p°edp okladu, ºe da-

to v é zdro je, které ma jí b ýt in tegro v án y , b yly vytv o°en y nezá visle, r·znými designéry

�
Práce b yla p o dp o°ena pro jektem 1ET100300419 program u Informa£ní sp ole£nost (Tématic k ého pro-

gram u I I Náro dního program u výzkum u v ƒR: �In teligen tní mo dely , algoritm y , meto dy a nástro je pro

vytv á°ení séman tic k ého w ebu�) a výzkumným zám¥rem A V0Z10300504 �Informatik a pro informa£ní sp o-

le£nost: Mo dely , algoritm y , aplik ace�.
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a pro r·zné ú£ely , jsou jejic h sc hémata ob ecn¥ heterogenní. Proto je d·leºitou úlo-

hou nalezení jejic h vzá jemnýc h k oresp ondencí. Problém hledání k oresp ondencí mezi

sc hémat y b ýv á ozna£o v án jak o sc hema matc hing [20], [21 ].

� Map o v ání sc hémat (sc hema mapping) - Ob vyklým zp·sob em jak vyjád°it nalezené

souvislosti mezi sc hémat y zdro j· je p ouºití tzv. map ování . Map o v ání je struktura,

nap°. mnoºina tvrzení, která p opisuje v azbu mezi elemen t y sc hématu p ohledu (ob-

vykle ozna£o v aného jak o globální sc héma) a sc hémat dato výc h zdro j· (ozna£o v a-

nýc h jak o lok ální sc hémata).

P°i tv orb ¥ map o v ání jsou vyuºív án y dv a základní p°ístup y [14 ], [3]: Glob al As View

(GA V) p°ístup, který sp o £ív á v de�no v ání globálního sc hématu jak o mnoºin y p o-

hled· nad lok álními sc hémat y , a L o c al As View (LA V) p°ístup, který de�n uje lok ální

sc héma zdro je p omo cí p ohled· nad globálním sc hématem. Je samoz°ejm¥ moºné

oba p°ístup y k om bino v at.

� Zpraco v ání dotaz· (query pro cessing) - V ytv o°ení map o v ání je st¥ºejní úloha, jejíº

výsledek má d·leºitou roli p°i p°ístupu k dat·m p omo cí dotaz·.

P°i p ouºití systém u, který in tegruje data, klade uºiv atel dotazy tv o°ené nad p osky-

to v aným p ohledem, tj. vyuºív á jeho jazyk, sc héma atd. Pro vyho dno cení dotazu

nad dat y je t°eba p·v o dní (globální) dotaz n¥jakým zp·sob em zpraco v at [18].

Tím se zab ýv a jí dv a základní p°ístup y . Prvním je query r ewriting - dotaz je dek om-

p ono v án na £ásti o dp o vída jící lok álním zdro j·m. T y jsou dále p°epsán y tak, ab y

b yly vyjád°en y v prost°edí p°íslu²ného lok álního zdro je. Nad lok álními zdro ji jsou

pak vzniklé lok ální dotazy vyho dno cen y a ze získ anýc h lok álníc h o dp o v ¥dí je op ¥t

sesta v ena globální o dp o v ¥¤, která je vrácena jak o výsledek na p·v o dní dotaz.

Druhou moºností je query answering , která nijak nesp eci�kuje, jak má b ýt daný

dotaz zpraco v án. Jejím cílem je vyuºít v²ec hn y dostupné informace k získ ání o dp o-

v ¥di na dotaz. P°íkladem m ·ºe b ýt hledání tak o výc h dat, u nic hº lze dle dostupnýc h

znalostí usuzo v at, ºe jsou hledaným výsledk em.

T en to £lánek se dále zab ýv á prvními dv ¥ma kroky in tegrace, tedy hledání k oresp on-

dencí mezi sc hémat y a jejic h p opisem p omo cí vho dné struktury . Zam¥°uje se na dato v é

zdro je Séman tic k ého w ebu.

Séman tic ký w eb [2 ], [13 ], [8] je zamý²len jak o séman tic k é roz²í°ení w ebu sou£asného.

V sou£asné dob ¥ jsou hla vními tec hnik ami p°i p opisu dat Séman tic k ého w ebu p°edev²ím:

� jazyk XML [33] pro strukturo v ání dat

� RDF(S) [30 ], [31 ] pro p opis metadat

� O WL [28] pro sp eci�k aci on tologií.

Omezení na data Séman tic k ého w ebu sp o £ív á v p oºada vku vyjád°ení dat p omo cí

RDF/XML a dostupnýc h on tologií [6] p opisující jednotliv é zdro je.

ƒlánek je £len¥n následo vn¥: Kapitola 2 p°edsta vuje ob ecn¥ úloh u hledání k oresp on-

dencí sp olu s p°ístup y , které se touto úlohou zab ýv aly . Kapitola 3 se zam¥°uje na on to-

logic ký p°ístup hledání k oresp ondence mezi sc hémat y na Séman tic k ém w ebu. V yjád°ení

map o v ání se v ¥n uje Kapitola 4.
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2 Úloha hledání k oresp ondencí mezi sc hémat y

V stup em v úloze hledání k oresp ondencí jsou dv ¥ sc hémata, mezi nimiº je t°eba nalézt

vzá jemné vztah y . T ato úloha je p°edm¥tem mnoha výzkum ·. Boh uºel v²ak je v r·znýc h

pro jektec h £i implemen tacíc h °e²ena p°edev²ím man uáln¥ [15], tzn. je zaloºena na lid-

sk ém zásah u, uºiv atel - £lo v ¥k je ten, kdo vztah y nalezne. T o s seb ou p°iná²í mnohá

omezení, je to nap°íklad £aso v ¥ náro £né, nác h ylné k c h ybám, drahé. P°irozená snaha o

zautomatizo v ání pro v ád¥né op erace má o v²em v ¥t²inou za následek p ouze tzv. kandidáty

moºnýc h k oresp ondencí a je to op ¥t £lo v ¥k, kdo m usí rozho dnout, zda nalezené moºné

k oresp ondence skute£n¥ platí.

Zp·sob y , kterými b ýv a jí k oresp ondence hledán y , lze rozd¥lit na základ¥ úro vn¥ infor-

mací, které jsou p°i p oro vná v ání sc hémat vyuºív án y:

� Na úro vni instancí - Sro vná v ací p°ístup y pracují s vlastními dat y ze zdro j·, ab y

nalezly k oresp ondence mezi jejic h sc hémat y .

� Na úro vni p ouºit ýc h p o jm · - P°ístup y pracující na této úro vni b ýv a jí lingvistic ky

zaloºené (nap°. jsou zaloºené na jménec h a texto výc h p opisec h elemen t· sc hémat).

Mohou praco v at se známým y vztah y mezi p ouºit ými p o jm y (synon yma, homon yma,

ap o d.) neb o mohou p o jm y zpraco v á v at jak o °et¥zec znak· (a vyuºív at vztah · jak o

je pre�x, su�x, k o°en ap o d.)

� Na úro vni struktury - P°i hledání k oresp ondencí (p°edev²ím mezi sc hémat y , které

ma jí sloºit¥j²í strukturu) b ýv á brána v úv ah u i vlastní struktura zdro je. K p oro v-

ná v ání struktur mohou b ýt vyuºit y nap°íklad meto dy z oblasti teorie graf·.

T yto tec hniky mohou b ýt samoz°ejm¥ k om bino v ána y . Nap°íklad p°i p oro vná v ání jed-

notlivýc h elemen t· sc hémat je moºné brát v úv ah u jak jejic h jména, dato v é t yp y , aktivní

domén y , ale i jejic h strukturu.

Moºnost existence map o v ání, k e kterém u se nalezený k andidát vztah uje, b ýv á £asto

vyjád°ena p omo cí n¥jak é funk ce, která p o dobnost p oro vná v anýc h elemen t· vyjad°uje.

Je moºné ji zaloºit na pra vd¥p o dobnosti [16], k osino v é mí°e p°íznak o výc h v ektor· [23],

neb o mí°e vyjad°ující p o £et sho dnýc h zk oumanýc h asp ekt· [27]. P ouºitá míra m ·ºe b ýt

vyuºita p°i výb ¥ru skute£nýc h k oresp ondencí z k andidát·, £ímº je moºné lidský zásah

více elimino v at. N¥kdy jsou na víc p ouºit y i dal²í tec hniky , jak o nap°íklad zp°es¬o v ání

k andidát· [7] £i mac hine learning [26].

3 Hledání k oresp ondencí mezi sc hémat y na Séman tic k ém w ebu

V prezen to v aném p°ístupu se p°edp okládá, ºe sp olu s in tegro v anými zdro ji jsou k disp o-

zici tak é on tologie, které p opisují data uloºená v e zdro jíc h. P omo cí nic h jsou vyv ozo v án y

p oºado v ané k oresp ondence mezi jednotlivými elemen t y sc hémat. Jelik oº je p°ístup orien-

to v án na Séman tic ký w eb, p°edp okládá, ºe on tologie zdro j· jsou vyjád°en y v jazyce O WL

[28].

V ob ecném p°ípad¥ m ·ºe jeden elemen t k oresp ondo v at s jedním neb o více jinými ele-

men t y , m ·ºe k oresp ondo v at s k om binací elemen t·, neb o nem usí k oresp ondo v at s ºádným
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jiným elemen tem. V této souvislosti se ob vykle p°i hledání k oresp ondencí p ouºív á p o jem

kar dinalita , která pro ur£itou k oresp ondenci vyjad°uje, k olik elemen t· map o v anýc h sc hé-

mat do vztah u vstupuje. Kardinalita k oresp ondence m ·ºe b ýt 1:1, 1:N, N:1, N:M. Ov²em

v ¥t²ina existujícíc h p°ístup· vyuºív á k ardinalit 1:1 or 1:N.

Prezen to v aný p°ístup uv aºuje vztah y následujícíc h k ardinalit:

� 1:1 - p°i vzá jemném p oro vná v ání dv ou sc hémat. T en to p°ípad vyjad°uje, ºe elemen t

jednoho sc hématu je v e vztah u s jedním elemen tem druhého sc hématu.

� 1:N - p°i p oro vná v ání jednoho sc hématu s více dal²ími sc hémat y . T en to p°ípad je

moºné vid¥t jak o mnoºin u k oresp ondencí k ardinalit 1:1. Kardinalit y 1:N se £asto

vyuºív á v in tegrci dat pro vyjád°ení k oresp ondencí mezi sc hématem globálního vir-

tuálního p ohledu a sc hémat y lok álníc h zdro j·.

P o jetí k oresp ondence p°i p oro vná v ání sc hémat je formalizo v áno následo vn¥:

� K oresp ondence k ardinalit y 1:1 je tvrzení:

"1 � " 2

kde

"1 je elemen t jednoho sc hématu

"2 je elemen t druhého sc hématu

� je vztah mezi "1 a "2 , který vyjad°uje jejic h vzá jemnou k oresp ondenci.

� K oresp ondence k ardinalit y 1:N je mnoºina tvrzení k ardinalit 1:1:

f "1 � i " i g

kde

"1 je elemen t jednoho sc hématu

" i je elemen t druhého sc hématu

� i je vztah mezi "1 a " i , který vyjad°uje jejic h vzá jemnou k oresp ondenci.

V ztahem � mohou b ýt následující druh y k oresp ondencí:

� Is-a hierarc hic ký vztah (tj. jeden elemen t je ob ecn¥j²í neº druhý , neb o naopak).

T en to druh je ozna£en jak o � , resp. � .

� Ekviv alence mezi elemen t y .

T en to druh je ozna£en jak o =.

� Disjunktnost , tj. mezi elemen t y není ºádná souvislost.
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3.1 Hledání k oresp ondencí v p°ípad¥ sdílené on tologie

V nejjedno du²²ím p°ípad¥ je p opis v²ec h zdro j· dostupný v jediné on tologii. T ato on tolo-

gie je lok álními zdro ji sdílena a p okrýv á p opis v²ec h lok álníc h dat. V ztah y mezi elemen t y

jednotlivýc h sc hémat mohou b ýt nalezen y p°ímo v této on tologii.

Pro to je p ouºito pra vidlo:

Sémantický vztah mezi p ojmy de�novaný v ontolo gii implikuje stejný vztah mezi ele-

menty schemat, kter é jsou t¥mito p ojmy ozna£ ené.

Uv aºujeme-li d°ív e zmín¥né t yp y k oresp ondencí, je moºné p°ístup zaloºit na is-a hi-

er ar chii de�no v ané sdílenou on tologií. Jsou-li p oro vná v ána dv ¥ sc hémata, pro k aºdý ele-

men t jednoho sc hématu a k aºdý elemen t druhého sc hématu je jejic h vztah hledán v této

on tologii. Je-li mezi nimi vztah nelezen, je p°íslu²ná k oresp ondence i mezi uv aºo v anými

elemen t y .

N¥které vztah y nem usí b ýt v on tologii vyjád°en y p°ímo, ale je moºné je z on tologie

získ at vyuºitím tranzitivit y is-a vztah u. Je-li nap°íklad p ouºit p°ístup k on tologii jak o

grafu s t°ídami p opisujícími jednotliv é p o jm y jak o uzly a s orien to v anými hranami vyja-

°ujícími existenci is-a vztah u, nalezenou k oresp ondenci neznamená p ouze existující hrana,

ale tak é p°íslu²n¥ zna£ená cesta.

V p°ípad¥, ºe jsou elemen t y disjun tkní, znamená to, ºe b y v is-a hierarc hii nem¥la b ýt

ºádná cesta a není tedy n utné n¥jaký vztah hledat. V praxi v ede tato situace k e stejném u

efektu, jak o kdyº je vztah hledán, ale ºádný není nalezen. Ov²em je vho dné tuto informaci

o disjunktnosti dále uc ho v á v at, protoºe m ·ºe b ýt dále vyuºita p°i roz²i°o v ání p°ístupu

nap°íklad o dal²í usuzo v a v ání ap o d.

V²ec hn y k oresp ondence, které jsou ze sdílené on tologie získ án y , jsou p°ijat y . Není na

n¥ nahlíºeno nejprv e jak o na k andidát y , neb o´ zde není ºádný o dhad k oresp ondencí -

v²ec hn y z nic h jsou v dané on tologii de�no v án y . T en to krok tedy nevyºaduje ºádný zásah

(lidsk ého) uºiv atele.

3.2 Ob ecný p°ípad hledání k oresp ondencí zaloºený na on tologiíc h

Ob ecn¥ nem usí b ýt on tologie, která b y p opiso v ala v²ec hna zpraco v á v aná data, dostupná.

N¥které zdro je mohou sdílet n¥které p o jm y , a v²ak sdílení v²ec h p o jm · v²emi zdro ji nelze

p°edp okládat. Je t°eba praco v at ob ecn¥ s více on tologiemi.

Slou£ením v²ec h on tologií, které p opisují in tegro v ané dato v é zdro je, získ áme �no v ou�

sdílenou on tologii, a tak je ten to ob ecný p°ípad p°ev eden na p°edc hozí. Slou£o v áním

on tologií se zab ýv á °ada výzkum · z oblastí on tology alignmen t a on tology merging a je

tedy pro toto moºné vyuºít n¥kterou ze známýc h meto d.

V souvislosti s on tologemi, p o jm y alignmen t a merging sp olu úzce souvisí [10]. Pro

oba jsou tak é relev an tní úloh y hledání k oresp ondencí (matc hing) a map o v ání (mapping).

Ontolo gy alignment ob vykle ozna£uje stano v ení binárníc h vztah · mezi dv ¥ma on tologiemi.

T o umoº¬ uje de�no v at zp·sob, jak t yto on tologie slou£it. Výsledk em ontolo gy mer ging je

no v á in tegro v aná on tologie.

Meto dy on tology alignmen t a on tology merging jsou, p o dobn¥ jak o meto dy p°i p o-

ro vná v ání sc hémat, pro v ozo v án y na n¥k olik a úro vníc h: instanc e (nap°. sro vnání mnoºin y

instancí p opiso v aného p o jm u), element (nap°. lexik ální tec hniky) a struktur a (nap°. gra-

fo v é tec hniky), a tak é vyuºív a jí nejen séman tic k é, ale i syn taktic k é p°ístup y .
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V ob ou oblastec h lze na jít i p o dobnost s p ouºív ání k andidát·. Meto dy vyºadují lidsk ou

in terak ci neb o jsou zaloºen y na heuristik ác h z p°edc hozíc h rozho dn utí. A £ k oliv p°i o dv o-

zo v ání vztah · sc hémat ze sdílené on tologie ºádní k andidáti nevznik a jí a k oresp ondence

jsou p°ímo ur£en y , v ob ecném p°ípad¥ mohou vznik at prá v ¥ p°i vyuºív ání existujícíc h

meto d p°i °e²ení p o dúloh y jak sdílenou on tologii na jít.

Je patrné, ºe meto dy pro hledání k oresp ondencí v on tology merging a on tology alig-

nmen t jsou zaloºen y na p o dobnýc h princip ec h jak o meto dy pro hledání k oresp ondencí

mezi sc hémat y . D·v o dem toho je, ºe on tologie a dato v á sc hémat y sp olu úzce souvisí.

Hla vním d·v o dem je ú£el, k e kterém u jsou p ouºit y . On tologie jsou vytv á°en y , ab y p opi-

so v aly p o jm y p ouºív ané v n¥jak é oblasti, zatímco sc hémata jsou vytv á°ena, ab y mo de-

lo v ala n¥jak á k onkrétní data. Sp eciáln¥ pro sc hémata vyuºív a jící séman tic ký mo del není

£asto patrný rozdíl a není z°ejmý zp·sob, jak iden ti�k o v at, která reprezen tace je sc héma

a která je on tologie. V praxi ma jí £asto sc hémata i on tologie dob°e de�no v ané p ouºité

p o jm y . Protoºe sc hémata ob ecn¥ nep oskytují explicitní séman tiku pro data, p ouºív a jí se

p°i hledání k oresp ondencí tec hniky , p omo cí nic hº se o dhaduje význam uºív anýc h p o jm ·.

P°edp okládáme-li, ºe dato v é zdro je jsou p opsán y v dostupnýc h on tologiíc h, p ouºití tak o-

výc h tec hnik není n utné, neb o´ p ot°ebnou informaci máme.

Meto dymi pro on tology merging, jeº je nap°íklad moºné p°i hledání sdílené on tologie

p ouºít, se zab ýv á mnoho výzkumnýc h pro jekt·:

� Chimaera [12] - Systém Chimaera p oskytuje nástro j pro slu£o v ání on tologií. Je zalo-

ºen na on tologic k ém editoru On tolingua [9]. Uv aºuje p ouze hierarc hic ký is-a vztah.

Chimaera je in teraktivní nástro j, který vyºaduje in terak ci uºiv atele: generuje se-

znam p o jm · (k andidát· pro vztah), coº p omáhá uºiv ateli p°i ur£o v ání p o jm · k e

slou£ení. Chimaera p onec há v á rozho dn utí pln¥ na uºiv ateli, sám nenabízí ºádné

ná vrh y .

� PR OMPT [17] - PR OMPT je algoritm us pro semiautomatic k é slou£ení on tologií.

Pro v ádí n¥které ak ce automatic ky . T ak é determin uje moºné nek onzistence plynoucí

z uºiv atelo výc h rozho dn utí a nabízí, jak je vy°e²it.

PR OMPT nejprv e vytv o°í iniciální seznam pro k oresp ondence zaloºený na p o jmec h.

Následuje cyklus výb ¥ru k andidát· uºiv atelem a automatic ky pro v ád¥nýc h ak cí -

algoritm us vyuºív á dato v é t yp y , lingvistic k é tec hniky a is-a hierarc hii.

Algoritm us PR OMPT b yl implemen to v án jak o roz²í°ení on tologic k ého editoru Protégé-

2000 [29 ].

� F CA-MER GE [22] - F CA-MER GE je meto da pro slu£o v ání on tologií, která nabízí

strukturální p opis. Pro zdro jo v é on tologie extrah uje instance z relev an tníc h texto-

výc h dokumen t· dané domén y a aplikuje tec hniky zpraco v ání p°irozeného jazyk a.

P o extrak ci instancí, jsou p ouºit y tec hniky F CA (F ormal Concept Analysis) [19] a je

získ án strukturální výsledek F CA-MER GE. Extrak ce instancí a F CA-MER GE algo-

ritm us jsou pln¥ automatic k é. V ygenero v aný výsledek je transformo v án do slou£ené

on tologie se zásahem uºiv atele.

� HCONE [11 ] - P°ístup HCONE vyuºív á W ordNet [32 ], externí informa£ní zdro j.

HCONE z W ordNetu získ á v á lexik ální informace. Lingvistic k é a strukturální infor-

mace o on tologiíc h jsou získ án y p omo cí meto dy LSI - Laten t Seman tics Indexing
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[5]. Jednotliv é k oncept y jsou aso cio v án y s jejic h neformálními, lidsky orien to vynými

in terpretacemi z W ordNetu.

Meto da p°ekládá formální de�nice p o jm · do b ¥ºného slo vníku, které pak vy²et°uje

s vyuºitím deskrip £ní logiky . Cílem je o v ¥°it map o v ání mezi on tologiemi a na jít mi-

nimální mnoºin u axiom · pro výslednou slou£enou on tologii. Není pln¥ automatic ký ,

lidský zásah je n utný v p o £áte£níc h fázíc h pro cesu.

4 Map o v ání na Séman tic k ém w ebu

Výsledek úloh y hledání vzá jemnýc h vztah · mezi sc hémat y , tedy nalezené k oresp ondence,

se £asto ozna£uje jak o map o v ání. Ob ecn¥ m ·ºe map o v ání p°edsta v o v at lib o v olná struk-

tura. K vyjád°ení map o v ání lze p ouºít o d jedno duc hýc h 1-1 map o v acíc h pra videl vyja-

d°ujícíc h p°ímou k oresp ondenci mezi elemen t y , p°es map o v ání k onceptu na dotaz neb o

p ohled [4], aº p o p omo cné map o v ací struktury (nap°íklad referen£ní mo del v [24 ]). R·zné

pro jekt y ob vykle p ouºív a jí vlastní p o jetí map o v ání.

Krom¥ nap°íklad p ouºív ání map o v acíc h pra videl jak o tvrzení pro elemen t y globálníc h

a lok álníc h sc hémat, které jsou orien to v án y na k onkrétní °e²enou úloh u, je moºné vyuºít

sloºit¥j²í a dok once standardizo v anou strukturu, jenº b y p okrýv ala v²ec hna map o v ání. K

p opisu map o v ání mezi elemen t y sc hématu globálního p ohledu a sc hémat lok álníc h zdro j·

bude slouºit ontolo gie O WL .

Uºití on tologie pro map o v ání p°iná²í moºnost zno vup ouºití tak é v jinýc h úlohác h £i

situacíc h. Je tak é moºné p°i o dv ozo v ání dal²íc h k oresp ondencí, nap°íklad p°i in tegro v ání

dal²ího zdro je, vyuºít map o v ání v on tologii jak o dal²í on tologii, která in tegro v ané zdro je

p opisuje. T ak je moºné dále vyuºív at jiº jednou zji²t¥né skute£nosti. Na víc, bude-li v

budoucn u t°eba zac h ytit i dal²í t yp y vztah · mezi elemen t y , m ·ºe b ýt on tologie dále

vyuºita, neb o´ je sc hopna zac h ytit r·zné t yp y vztah ·.

K p opisu map o v ání bude v zá vislosti na t ypu vztah u vyuºit o dp o vída jící [28 ] k on-

strukt. Abstraktním mec hanismem pro seskup o v ání p opiso v anýc h zdro j· v O WL je t°ída

(class). Zdro jem je na w ebu jak ák oli iden ti�k o v atelná en tita. Proto bude p o jetí owl:Class

p ouºito pro k oresp ondenci elemen t·:

� Is-a hierarc hic ký vztah, tj. "1 � "2 , lze vyjád°it p omo cí p o dt°íd.

P°íslu²ným rysem O WL je rdfs:subClassOf , který umoº¬ uje vyjád°it, ºe extenze

p opisu jedné t°ídy je p o dmnoºinou extenze p opisu jiné t°ídy .

� V ztah ekviv alence , tj. "1 = "2 , lze v O WL vyjád°it s owl:equivalentClass .

owl:equivalentClass umoº¬ uje vyjád°it, ºe dv ¥ t°ídy ma jí stejnou extenzi.

V tom to p°ípad¥ m ·ºe b ýt tak é p ouºit rdfs:subClassOf tak, ºe de�n ujeme "1

jak o p o dt°ídu t°ídy "2 a sou£asn¥ "2 jak o p o dt°ídu t°ídy "1 , °ík áme, ºe "1 a "2 jsou

ekviv alen tní t°ídy .

� Disjunktnost (neb oli tvrzení, ºe extenze p opisu jedné t°ídy nemá ºádné sp ole£né

prvky s extenzí p opisu jiné t°ídy) lze vyjád°it p omo cí owl:disjointWith .
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K vyjád°ení map o v ání slouºí on tologie O WL. Zdro jem, ze kterého je map o v ání získ á-

v áno je on tologie sdílená zdro ji, tak é on tologie O WL. Daná sdílená on tologie je�nadon tologií�

hledané on tologie v tom význam u, ºe p opisuje v²ec hn y t°ídy a jejic h vztah y obsaºené v

map o v ání.

5 Shrn utí a zá v ¥r

Hledání k oresp ondencí mazi sc hémat y (sc hema matc hing) je st¥ºejní £ástí in tegra£ního

pro cesu. Jeho výsledk em je map o v ání, které je dále vyuºív áno p°i zpraco v á v ání in tegro-

v anýc h dat. P°i hledání vztah · je moºné vyuºít r·znýc h tec hnik zaloºenýc h na r·znýc h

informacíc h o datec h. Jsou-li dostupné on tologie zdro j·, je moºné o dv o dit hledané k ore-

sp ondence tak é z nic h.

D·leºitou otázk ou je tak é zp·sob, jak nalezené map o v ání zaznamenat. V p opsaném

p°ístupu je k tom uto vyuºita on tologie O WL. T o p°iná²í moºnost map o v ání sdílet £i

zno vu p ouºív at. Na víc map o v ání, které je vyjád°eno p omo cí standardizo v ané struktury

m ·ºe b ýt dále vyuºív áno i v jinýc h situacíc h a lze jej zpraco v á v at r·znými nástro ji. Pro

toto map o v ání je nap°íklad moºné p ouºív at meto dy vyvin uté pro zpraco v á v ání on tologií.

Je-li k disp ozici jediná on tologie, která p opisuje data v in tegro v anýc h dato výc h zdro-

jíc h, lze map o v ání v p o dstat¥ snadno získ at p°ímo z této on tologie. V ob ecném p°ípad¥,

kdy je pro p opis dat vyuºito více on tologií, jsou t yto on tologie in tegro v án y . Výsledk em

in tegrace on tologií je sdílená on tologie a úloha je p°ev edena na p°edc hozí p°ípad. Tím to

zp·sob em je úloha hledání k oresp ondencí mezi sc hémat y p°ev edena na úloh u slu£o v ání

on tologií, pro kterou je moºné vyuºít n¥kterou z dostupnýc h meto d.

Map o v ání sc hémat zaloºené na on tologiíc h je p o dúlohou celého pro cesu in tegrace. V

budoucn u je proto pláno v áno zam¥°it se tak é na následující fázi, tj. vyuºití map o v ání pro

zpraco v ání dotaz·.
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Abstract. This con tribution deals with n umerical solution of the Gra y-Scott (GS) mo del. W e

in tro duce t w o n umerical sc hemes for the 2D GS mo del based on the metho d of lines. T o p erform

spatial discretization w e use FDM in �rst case and FEM in the second case. Resulting systems

of ODEs are solv ed using the Runge-Kutta-Merson metho d. W e presen t some of our n umerical

sim ulations.

Abstrakt. V tom to p°ísp ¥vku se v ¥n ujeme n umeric k ého °e²ení Gra y o v a-Scotto v a (GS) mo delu.

P°edsta vujeme dv ¥ n umeric k á sc hémata pro 2D GS mo del zaloºená na meto d¥ p°ímek. K pros-

toro v é diskretizaci p ouºív áme v prvním p°ípad¥ FDM, v e druhém FEM. V zniklé systém y ODEs

°e²íme meto dou Runge-Kutta-Merson. Uv ádíme výsledky n umeric kýc h sim ulací.

1 In tro duction

Reaction-di�usion systems are a class of systems of partial di�eren tial equations of

parab olic t yp e. It includes mathematical mo dels describing v arious phenomena in the

�eld of ph ysics, biology and c hemistry . Gra y-Scott mo del is one of these mo dels. It w as

�rst in tro duced in 1985 in an article b y P . Gra y and S. K. Scott. It is a mathematical

description of auto catalytic c hemical reaction

U + 2V ���! 3V

V ���! P (1)

and can b e written in this form

@u
@t

= ar 2u � uv2 + F (1 � u);

@v
@t

= br 2v + uv2 � (F + k)v: (2)

Here u , v are unkno wn functions represen ting concen trations of c hemical substances U ,

V . P arameter F denotes the rate at whic h the c hemical substance U is b eing added

during the c hemical reaction, F + k is the rate of V ! P transformation and a, b are

constan ts c haracterizing the en vironmen t where the c hemical reaction tak es place (see

[2, 3 , 6]).
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2 Problem form ulation

Assume that 
 � (0; L) � (0; L) is an op en square represen ting the square reactor where

the c hemical reaction (1) tak es place, @
 is its b oundary and � is its outer normal.

Then initial-b oundary v alue problem for the Gra y-Scott mo del w e solv e is a system (2)

of t w o partial di�eren tial equations with initial conditions and zero Neumann b oundary

conditions

@u
@t

= ar 2u � uv2 + F (1 � u);

@v
@t

= br 2v + uv2 � (F + k)v in 
 � (0; T);

u(�; 0) = uini ;

v(�; 0) = vini ;
@u
@�

j@
 = 0;

@v
@�

j@
 = 0: (3)

3 Numerical sc hemes

W e use t w o n umerical sc hemes to solv e initial b oundary v alue problem (3). Both of them

are based on the metho d of lines. F or spatial discretization w e used �nite di�erence

metho d (FDM) in the �rst case and �nite elemen ts metho d (FEM) in the second case.

W e use structured n umerical grids (see Fig. 1). T o solv e resulting systems of ordinary

di�eren tial equations Runge-Kutta-Merson metho d is used.

FDM grid FEM grid

Figure 1: Numerical grids w e used for our n umerical sim ulations.

3.1 FDM based n umerical sc heme

Let h b e mesh size suc h that h = L
N � 1 for some N 2 N+

. W e de�ne n umerical grid as a

set

! h = f (ih; jh ) j i = 1; : : : ; N � 2; j = 1; : : : ; N � 2g;

! h = f (ih; jh ) j i = 0; : : : ; N � 1; j = 0; : : : ; N � 1g:
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F or function u : R2 ! R w e de�ne a pro jection on ! h as uij = u (ih; jh ) . W e in tro duce

�nite di�erences

ux1 ;ij =
ui +1 ;j � ui;j

h
; ux1 ;ij =

ui;j � ui � 1;j

h

ux2 ;ij =
ui;j +1 � ui;j

h
; ux2 ;ij =

ui;j � ui;j � 1

h
;

and de�ne appro ximation � h of the Laplace op erator � as follo ws

� huij = ux1x1 ;ij + ux2x2 ;ij :

Then semi-discrete sc heme has the follo wing form

d
dt

uij (t) =
a
h2

� huij + F (1 � uij ) � uij v2
ij ;

d
dt

vij (t) =
b
h2

� hvij � (F + k)vij + uij v2
ij ; (4)

plus corresp onding initial and b oundary conditions.

3.2 FEM based n umerical sc heme

T o induce the semi-discrete sc heme w e b egin with v ariation form ulation of the problem

(3). Let

' 1(x); ' 2(x) 2 C1
0 (
) ;

 1(t);  2(t) 2 C1
0 (0; T)

are test functions and

f 1(u; v) = F (1 � u) � uv2;

f 2(u; v) = � (F + k)v + uv2

denote righ t-hand sides of di�eren tial equations (2). Using standard approac h (see [1])

w e induce w eak form ulation of the problem

d
dt

(u; ' 1) + a(r u; r ' 1) = ( f 1; ' 1);

d
dt

(v; ' 2) + b(r v; r ' 2) = ( f 2; ' 2);

u(�; 0) = uini ;

v(�; 0) = vini ; (5)

with solution u , v from the Sob olev space W (1)
2 (
) . W e are lo oking for Galerkin appro x-

imation

uh(t) =
NX

i =1

� i (t)� i ;

vh(t) =
NX

i =1

� i (t)� i
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of this w eak solution in the �nite dimensional space Sh � W (1)
2 (
) , where � 1; : : : ; � N

are its basis functions. F unctions � i , � i are real functions whic h w e get using common

tec hnique as solutions of initial v alue problems. Cho osing basis functions � i in the form

of p yramidal functions

� i (Pj ) = � ij for all grid no des Pj ;

and using mass-lumping w e can rewrite the problem for �nding functions � i , � i in the

follo wing form

d
dt

uij (t) =
2a
3h2

[ui +1 ;j + ui +1 ;j +1 + ui;j � 1 + ui;j +1 + ui � 1;j +

+ ui � 1;j +1 � 6uij ] + F (1 � uij ) � uij v2
ij

d
dt

vij (t) =
2b
3h2

[vi +1 ;j + vi +1 ;j +1 + vi;j � 1 + vi;j +1 + vi � 1;j +

+ vi � 1;j +1 � 6vij ] � (F + k)vij + uij v2
ij (6)

plus corresp onding initial and b oundary conditions.

F or details on induction of presen ted semi-discrete sc hemes w e refer reader to [5].

4 Numerical exp erimen ts

4.1 EOC measuremen ts

T o determine the order of con v ergence of our n umerical algorithm based on the FDM

based semi-discrete sc heme (4) w e use exp erimen tal order of con v ergence (EOC). F or our

measuremen ts w e used form ula

k v � vh2 k
k v � vh1 k

=
�

h2
h1

� �

;

where v is n umerical solution computed on the grid of size 2000� 2000 and substitutes

the analytical solution, vh2 , vh1 are n umerical solutions computed on courser grids with

mesh sizes h2, h1 and � is the EOC co e�cien t. W e presen t some of our measuremen ts for

di�eren t GS mo del parameter v alues and initial conditions (see T ab. 1, T ab. 2, T ab. 3).

A ccording to the presen ted results, the question ab out the EOC do not ha v e easy answ er.

Our results v ary b et w een the v alues of 1 and 2. More researc h in to this problem is needed

including EOC measuremen t for the FEM based n umerical algorithm.

4.2 Comparison of FDM and FEM

W e p erformed a series of computations to compare our n umerical sc hemes. A ccording to

our results the GS mo del is v ery sensitiv e on the n umerical sc heme used for n umerical

sim ulation. FEM based sc heme (6) pro vides results less dep enden t on the n umerical grid

size (see Fig. 2). Here, spatial distributions of c hemical V concen tration o v er the domain


 are visualized. Ligh ter color means higher concen tration. F or concen trations u , v of

c hemicals U , V a relation u = 1 � v applies in eac h p oin t of the domain 
 .
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Nx � Ny h EOC L2 EOC L1

100x100 0.0050505 - -

150x150 0.0033557 1.6479179 1.6364127

200x200 0.0025125 1.8042298 1.5663398

250x250 0.0020080 1.9112146 1.7531840

300x300 0.0016722 1.9725610 1.8660718

350x350 0.0014326 2.0089377 1.8995297

400x400 0.0012531 2.0336490 1.9882238

T able 1: T able of EOC co e�cien ts.

Nx � Ny h EOC L2 EOC L1

100x100 0.0101010 - -

150x150 0.0067114 0.8225371 0.5550153

200x200 0.0050251 0.9222231 0.7584173

250x250 0.0040160 0.9995422 0.9052681

300x300 0.0033444 1.0667171 1.0124643

350x350 0.0028653 1.1237827 1.0727512

400x400 0.0025062 1.1754085 1.1689477

T able 2: T able of EOC co e�cien ts.

Nx � Ny h EOC L2 EOC L1

100x100 0.0050505 - -

150x150 0.0033557 2.0466270 1.0203486

200x200 0.0025125 2.0460521 0.9659226

250x250 0.0020080 2.0512043 1.1006299

300x300 0.0016722 1.9143909 0.9491632

350x350 0.0014326 1.5423185 1.0946135

400x400 0.0012531 1.5552072 0.9893100

T able 3: T able of EOC co e�cien ts.
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FDM, 100� 100, t = 1000 FEM, 100� 116, t = 1000

FDM, 150� 150, t = 1000 FEM, 150� 174, t = 1000

FDM, 200� 200, t = 1000 FEM, 200� 230, t = 1000

FDM, 400� 400, t = 1000 FEM, 400� 462, t = 1000

Figure 2: Dep endence of n umerical solution on n umerical sc heme and grid size. GS mo del

parameter v alues: a = 2e� 5, b= 1e� 5, F = 0:024, k = 0:054, L = 1:0.
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a = 1e � 5, b = 1e � 6 a = 1e � 6, b = 1e � 7 a = 1e � 6, b = 1e � 7
F = 2e � 1, k = 7e � 3, F = 1 :5e � 1, k = 9e � 3, F = 8e � 4, k = 1e � 2,

L = 0 :5, t = 2000 L = 0 :5, t = 700 L = 0 :5, t = 1900

a = 1e � 6, b = 1e � 7 a = 1e � 6, b = 1e � 7 a = 1e � 6, b = 1e � 7
F = 8e � 4, k = 2e � 2, F = 2e � 3, k = 2e � 2, F = 4e � 3, k = 2e � 2,

L = 0 :5, t = 980 L = 0 :5, t = 2080 L = 0 :5, t = 5000

a = 1e � 6, b = 1e � 7 a = 1e � 6, b = 1e � 7 a = 1e � 5, b = 1e � 7
F = 7e � 3, k = 3e � 2, F = 3e � 2, k = 4e � 2, F = 1e � 3, k = 8e � 3,

L = 0 :5, t = 940 L = 0 :5, t = 4940 L = 0 :5, t = 2000

Figure 3: Results demonstrating div ersit y of solutions of the GS mo del computed using

FDM based n umerical sc heme (4) and grid size 400� 400 for di�eren t parameter v alue

com binations.
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FDM, 400� 400, t = 0 FDM, 400� 400, t = 0 FEM, 400� 462, t = 0

FDM, 400� 400, t = 250 FDM, 400� 400, t = 250 FEM, 400� 462, t = 250

FDM, 400� 400, t = 500 FDM, 400� 400, t = 500 FEM, 400� 462, t = 500

FDM, 400� 400, t = 1000 FDM, 400� 400, t = 1000 FEM, 400� 462, t = 1000

FDM, 400� 400, t = 4000 FDM, 400� 400, t = 4000 FEM, 400� 462, t = 4000

Figure 4: F or some parameter v alue com binations solutions are b ecoming more and more

similar ev en when using di�eren t initial conditions. GS mo del parameter v alues: a =
1e � 5, b = 1e � 6, F = 1e � 3, k = 4e � 2, L = 0:5. FEM used to v erify results ( 3rd

column).
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4.3 Div ersit y of solutions

On the Fig. 3 and the Fig. 4 w e presen t some of our n umerical results. The meaning

of images is the same as in the previous text. These results demonstrate the div ersit y of

GS mo del solutions and some in teresting phenomena w e found. W e can see that patterns

are c hanging from geometrically simple ones to those whic h are m uc h more complex.
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Abstract. In this w ork w e analyze and analytically describ e the sp eci�c statistical c hanges

brough t in to the co v ariance structure of signal b y the in terp olation pro cess. W e sho w that

in terp olated signals and their deriv ativ es con tain sp eci�c detectable p erio dic prop erties. Based

on this, w e prop ose a blind, e�cien t and automatic metho d capable to �nd traces of resampling

and in terp olation. The prop osed metho d can b e v ery useful in man y areas, esp ecially in image

securit y and authen tication. F or instance, when t w o or more images are spliced together, to

create high qualit y and consisten t image forgeries, almost alw a ys geometric transformations

suc h as scaling, rotation or sk ewing are needed. These pro cedures, t ypically , are based on

a resampling and in terp olation step. By ha ving a capable metho d of detecting the traces of

resampling, w e can signi�can tly reduce the successful usage of suc h forgeries.

Abstrakt. T en to p°ísp ¥v ek se zab ýv á statistic kými zm¥nami p°iná²enými do signálu in terp o-

la£ním pro cesem. Analytic ky uk áºeme, ºe in terp olo v ané signály , obsah ují sp eci�c k é detek o-

v atelné p erio dic k é vlastnosti. Dále p°edsta víme efektivní slep ou meto du, která dok áºe detek o v at

v digitálním signálu a jeho deriv acíc h stop y p o p°evzork o v ání a in terp olace. T ato meto da m uºe

b ýt v elmi uºite£ná v oblasti o v ¥°ení pra v osti digitálníc h fotogra�í. Kdyº jsou v e fotomon táºi

dv a £i více snímku nak om bino v ané na vzá jem, k vytv o°ení jednoho kv alitního pad¥lku, jsou sk oro

vºdy p ot°ebné geometric k é transformace jak o je zm¥na rozm¥ru £i rotace. T yto op erace jsou

ob vykle zaloºen y na p°evzork o v ání a in terp olaci. Proto, nabízená meto da m uºe b ýt efektivní v e

sniºo v ání úsp e²ného zneuºív ání tohoto t ypu pad¥lku.

1 In tro duction

Despite of imp ortance, massiv e usage

1

and history

2

of in terp olation, to our kno wledge,

there exist only a few published w orks concerned with the sp eci�c and detectable sta-

tistical c hanges brough t in to the signal b y this pro cess. In this pap er w e analytically

describ e sp eci�c p erio dic prop erties presence in the co v ariance structure of in terp olated

signals and their n th deriv ativ es. Without the detailed kno wledge of ho w the statistics

of the signal is c hanged b y the in terp olation pro cess, applications based on statistical ap-

1

F or instance, almost ev ery image resizing or rotation op eration requires an in terp olation pro cess

(nearest neigh b or, linear, cubic, etc.).

2

In terp olation has a long history and probably started to b eing used as early as 2000BC b y ancien t

Bab ylonian mathematicians. F or instance, it had an imp ortan t role in astronom y whic h in those da ys

w as all ab out time k eeping and making predictions concerning astronomical ev en ts [1].
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proac hes w orking with resampled/in terp olated signals or with their deriv ativ es can yield

miscalculations and unexp ected results.

F urthermore, w e prop ose a blind, e�cien t and automatic metho d capable to detect the

traces of resampling and in terp olation. The metho d is based on a deriv ativ e op erator and

radon transformation. The kno wledge whether the giv en signal or some of its p ortions

ha v e b een resampled can pla y an essen tial role in man y �elds, esp ecially in image securit y

and authen tication.

When t w o or more images are spliced together (for an example, see Figure 1), to cre-

ate high qualit y and consisten t image forgeries, almost alw a ys geometric transformations

suc h as scaling, rotation or sk ewing are needed. Geometric transformations t ypically

require a resampling and in terp olation step. Therefore, b y ha ving sophisticated resam-

pling/in terp olation detectors, altered images con taining resampled p ortions can b e easily

iden ti�ed and their successful usage signi�can tly reduced.

Existing digital forgery detection metho ds are divided in to activ e [2, 3 ], and passiv e

(blind) [6, 7, 4, 5, 8] approac hes. The passiv e (blind) approac h is regarded as the new

direction. In con trast to activ e approac hes, passiv e approac hes do not need an y explicit

priori information ab out the image. They w ork in the absence of an y digital w atermark

or signature. P assiv e approac hes ha v e not y et b een thoroughly researc hed b y man y .

Di�eren t metho ds for iden tifying eac h t yp e of forgery m ust b e dev elop ed. Then, b y

fusing the results from eac h analysis, a decisiv e conclusion ma y b e dra wn.

Figure 1: An example of image forgery based on resampling and in terp olation. Sho wn

are: source image (a), source image (b), tamp ered image (c). In (d) is sho wn the adjusted

di�erence b et w een image (a) and the tamp ered image (c). The tamp ered image has b een

created b y splicing source image (a) with a resized part of source image (b). This part

has b een resized b y scaling factor 1.30 using the bicubic in terp olation.
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In this w ork, w e study and analytically describ e the p erio dic prop erties of the co v ari-

ance structure of in terp olated signals and their deriv ativ es. Using the theory w e bring

the main con tribution of this pap er whic h is a fast, blind and e�cien t metho d capable to

detect traces of arbitrary a�ne transformation. The metho d can b e used for estimating

the scaling factors or rotation angles as w ell as sk ewing factors. The core of our metho d

is a radon transformation applied to the deriv ativ e of the in v estigated signal. W e brie�y

extend the theory for t w o-dimensional cases as w ell. Also w e analyze and sho w p erio dic

patterns of in terp olation b y an application of T a ylor series to the in terp olated signals.

2 Basic Notations and Preliminaries

First, a prop er mathematical mo del sim ulating the acquisition system is required. P eri-

o dic prop erties of in terp olation can b e e�ectiv ely studied b y using the follo wing simple,

linear and sto c hastic mo del and assumptions:

f (x) = ( u � h)(x) + n(x) (1)

where f , u , h , � , and n are the measured image, original image, system PSF, con v olution

op erator, and random v ariable represen ting the in�uence of noise sources statistically

indep enden t from the signal part of the image. F or simplicit y without loss of generalit y

w e assume that Ef (u � h)(x)g = 0 and Ef n(x)g = 0 . The co v ariance of (1) can b e sho wn

to b e Rf (x1; x2) = Ef (f (x1) � f (x1))( f (x2) � f (x2))g = Covf n(x1); n(x2)g = Rn (x1; x2) ,

where Rf is the co v ariance matrix of measured image f (x) , and Rn is the co v ariance of

random pro cess n(x) .

W e will denote b y f k a discrete signal represen ting the samples of f (x) at the lo cations

k� x , f k = f (k� x ) , where � x 2 R +
, is the sampling step and k 2 N 0 . F urthermore, w e

assume that the sampling pro cess satis�es the Nyquist criteria. Note that inheren t to

men tioned assumptions is that f (x) is bandlimited and all deriv ativ es exist at all p oin ts.

W e assume f (x) is bandlimited to � 1
2� x

.

F or the sak e of simplicit y w e in tro duce the op erator Dn f�g , n 2 N 0 , whic h is de�ned

in the follo wing w a y: Dn f f g(x) = f (x) for n = 0 and Dn f f g(x) = @n f (x)
@xn for n 2 N .

In other w ords, D0f f g(x) is iden tical to f (x) and Dn f f g(x) , where n > 0, is the n th

deriv ativ e of f (x) . In discrete signals deriv ativ e is t ypically appro ximated b y computing

the �nite di�erence b et w een adjacen t samples.

3 P erio dic Prop erties of In terp olation

There are t w o basic steps in geometric transformations. In the �rst step a spatial trans-

formation of the ph ysical rearrangemen t of pixels in the image is done. The second step

is called the in terp olation step. Here pixels in tensit y v alues of the transformed image

are assigned using a constructed lo w-pass in terp olation �lter, w . T o compute signal v al-

ues at arbitrary lo cations, as the w ord in terp olation signi�es

3

discrete samples of f k are

m ultiplied with the prop er �lter w eigh ts when con v olving them with w .

3

The w ord "in terp olation" originates from the Latin w ord "in ter", meaning "b et w een", and v erb

"p olare", meaning "to p olish" [1 ].
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F ollo wing the sampling theory , if the Nyquist criterion is satis�ed, the sp ectrum F (! )
do not o v erlap in the F ourier domain. The original signal f (x) can b e reconstructed

p erfectly from its samples f k using the optimal sinc in terp olator. The sinc function

is hard to implemen t in practice b ecause of its in�nite exten t. Th us, man y di�eren t

simpler in terp olation k ernels of b ounded supp ort ha v e b een in v estigated and prop osed

so far [10, 11]. W e will b e concerned mainly with follo wing lo w-order piecewise lo cal

p olynomials: nearest-neigh b or, linear, cubic and truncated sinc. These p olynomials are

used extensiv ely b ecause of their simplicit y and implemen tation unassuming prop erties.

Com bining the deriv ativ e theorem with the con v olution theorem leads to the conclu-

sion that b y con v olution of f k with a deriv ativ e k ernel Dn f wg, it is p ossible to reconstruct

the n th deriv ativ e of f (x) . W e denote the result of in terp olation op eration b y f w(x) , re-

sp ectiv ely b y Df f wg(x) . F ormally ,

Dn f f wg(x) =
1X

k= �1

f kDn f wg(
x

� x
� k)

(2)

As p oin ted out in [12], it is easy to sho w that the co v ariance function of an in terp olated

image or its deriv ativ e is giv en b y:

RD n f f w g(x; x + � ) =
1X

k1= �1

1X

k2= �1

Dn f wg(
x

� x
� k1)Dn f wg(

x + �
� x

� k2)Rf (k1; k2)

If w e assume band-limited white noise then the v ariance of Dn f f wg, varfD n f f wg(x)g,

as a function of the p osition x can b e represen ted in the follo wing w a y:

varfD n f f wg(x)g = RD n f f w g(x; x) = � 2
1X

k= �1

Dn f wg(
x

� x
� k)2

(3)

where � 2 = Rn (k1; k2) . Similarly , the co v ariance can b e represen ted lik e:

RD n f f w g(x; x + � ) = � 2
1X

k= �1

Dn f wg(
x

� x
� k)Dn f wg(

x + �
� x

� k)

No w, w e can notice that

varfD n f f wg(x)g = varfD n f f wg(x + #� x )g; # 2 Z (4)

Th us, varfD n f f wg(x)g is p erio dic o v er x with p erio d � x (as aforemen tioned, � x is

the sampling step). W e v erify this in the follo wing w a y:

varfD n f f wg(x + #� x )g = � 2
1X

k= �1

Dn f wg(
x + #� x

� x
� k)2

= � 2
1X

k= �1

Dn f wg(
x

� x
� (k � #))2 = varfD n f f wg(x)g
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In other w ords w e ha v e sho wn that in terp olation brings in to the signal and their

deriv ativ es a sp eci�c p erio dicit y . This p erio dicit y is dep endan t on the in terp olation k ernel

used. Sev eral widely used in terp olation k ernels will b e studied in the next section.

Similarly , it can b e sho wn that the co v ariance of f w
, RD n f f w g(x; x + � ) , is p erio dic as

w ell. The p erio dicit y is apparen t for o�set � = #� x ; # 2 Z .

RD n f f w g(x; x + � ) = RD n f f w g(x; x + #� x )

Before going on, it can b e in teresting to ha v e a lo ok on application of T a ylor series on

Dn f f wg(x) . By assuming that the �rst (m + 1) deriv ativ es of f (x) exist, w e can rewrite

Equation (2) as follo wing:

Dn f f wg(x) =
1X

k= �1

n mX

m=0

Dm f f g(x)
m!

(k� x � x)m + Rm+1 (x; k� x )
o

Dn f wg(
x

� x
� k) (5)

By de�ning

~Tm (x) =
1X

k= �1

(k� x � x)m

m!
Dn f wg(

x
� x

� k)

~Rm+1 (x; k� x ) =
1X

k= �1

Rm+1 (x; k� x )Dn f w(
x

� x
� k)g

w e can rewrite (5) as:

Dn f f w(x)g =
mX

m=0

~Tm (x)Dn f f g(x) + ~Rm+1 (x; k� x )

No w, b y analyzing

~Tm (x) w e can notice that it is p erio dic with p erio d � x as w ell:

~Tm (x + #� x ) =
1X

k= �1

(k� x � (x + #� x ))m

m!
� Dn f wg(

x + #� x

� x
� k)

=
1X

k= �1

(� x (k � #) � x)m

m!
� Dn f wg(

x
� x

� (k � #)) = ~Tm (x)

3.1 Multidimensional Extension

The theory studied in this section can b e analogously extended for the m ultidimensional

cases. If w e assume that f s is a constan t v ariance t w o-dimensional signal with v ariance

one and # 2 Z , then the Equations (3) and (4) b ecomes:

varfD n f f wg(x; y)g =
1X

k= �1

1X

l= �1

Dn f wg(
x

� x
� k;

y
� y

� l )2
(6)

varfD n f f wg(x; y)g = varfD n f f wg(x + #� x ; y + #� y)g (7)
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3.2 In terp olation Kernels

As it is apparen t from Equation (3) di�eren t in terp olators, see Figure 2, c hange the

statistical structure of the signal in di�eren t w a ys. The nearest neigh b or in terp olator

is a zero-degree k ernel and the simplest of all piecewise, lo cal p olynomials. Its v ariance

function is a constan t function. Note that deriv ativ es of the nearest neigh b or p olynomial

are zero. Therefore, signals in terp olated b y this in terp olator can b e easily recognized b y

applying a deriv ativ e op erator to them.

Figure 2: Sev eral p opular in terp olation k ernels : (a) nearest-neigh b or, (b) linear, (c)

Catm ull-Rom cubic, (d) truncated sinc (N=6).

Figure 3 sho ws p erio dic v ariance functions generated via Equation (3) with � = 1 for

linear in terp olation and linear �rst and second deriv ativ e �lter. The linear in terp olation

is a �rst-degree mem b er of piecewise, lo cal p olynomials. It results in an in terp olated

signal whic h is con tin uous, but its �rst deriv ativ e is discon tin uous. In Figure 4 the gener-

ated p erio dic v ariance functions for Catm ull-Rom cubic in terp olation and cubic �rst and

second order deriv ativ e in terp olation �lter ( � = 1 ) are illustrated. Cubic in terp olation

is a v ery frequen tly used in terp olation tec hnique and has b een widely studied. It uses

a third-order in terp olation p olynomial as k ernel. In Figure 5 the v ariance functions for

truncated sinc (with 6 supp orting p oin ts) in terp olation and deriv ativ e in terp olation �lter

( � = 1 ) are sho wn.

4 Detection of P erio dic Prop erties of Resampled Images

The prop osed metho d is based on a few main steps: R OI selection, signal deriv ativ e

computation, radon transformation and searc h for p erio dicit y . Eac h step is explained

separately in the follo wing sections.

4.1 Region of In terest Selection

In general, a t ypical image, f (x; y) , consists of sev eral consisten t regions. T o in v estigate

if an y of these regions has b een resampled w e select this region b y a blo c k of R � R pixels

(w e denote this blo c k b y b(x; y) ) and apply the metho d to this image subset. If w e are

not able to de�ne an y R OI in the giv en image or there is a need to �nd all resampled
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Figure 3: The p erio dic v ariance of the linear and linear �rst and second deriv ativ e �lter.

Figure 4: The p erio dic v ariance of the cubic and cubic �rst and second deriv ativ e �lter.

Figure 5: The p erio dic v ariance of the truncated sinc and �rst and second deriv ativ e

truncated sinc �lter ( N = 6 ).

regions, the image can b e tiled b y o v erlapping blo c ks, bi (x; y) , of R� R pixels. Blo c ks can

b e horizon tally slid b y N; N 2 N pixels righ t w ards starting with the upp er left corner

and ending with the b ottom righ t corner. Eac h blo c k can b e analyzed b y the metho d

separately . In our exp erimen ts R is mostly set to 128 pixels.

4.2 Signal Deriv ativ e Computation

T o emphasize the p erio dic prop erties presence in an in terp olated image, the n th deriv ativ e

of b(x; y) , D n f b(x; y)g, is computed. The deriv ativ e op erator is applied to the ro ws of

b(x; y) . In our exp erimen ts the deriv ativ e order, n , is set to 2. Similar results can b e

ac hiev ed b y other deriv ativ e orders or using a laplace op erator as w ell as Gab or �lters.
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4.3 Radon T ransformation

T o �nd traces of a�ne transform w e apply the radon transformation to jD n f b(x; y)gj .

Radon transformation computes pro jections of jD n f b(x; y)gj along sp eci�ed directions

determined b y angle � . A pro jection of jD n f b(x; y)gj is a line in tegral in a certain direc-

tion. By assuming that

�
x0

y0

�
=

�
cos� sin�

� sin � cos�

� �
x
y

�

it is p ossible to represen t the radon transform in the follo wing w a y:

� � (x0) =

1Z

�1

D n f b(x; y)g � (x0cos� � y0sin�; x 0sin� + y0cos� )dy0:

The prop osed metho d computes the radon transformation at angles from 0 to 180�
,

in 1�
incremen ts. Hence, the output of this section is 180 one-dimensional v ectors.

4.4 Searc h for P erio dicit y

The radon transformation step results in 180 v ectors, � � . If the in v estigated image has

b een in terp olated, t ypically some of the auto-co v ariance sequences of � � con tain a sp eci�c

strong p erio dicit y . As men tioned previously , our goal is only to determine if the image

b eing in v estigated has undergone a geometric transformation. Therefore w e fo cus only on

the strongest p erio dic patterns presence in auto-co v ariance sequences R� � (k) . This can

e�ect that when the analyzed image has undergone sev eral geometric transformations,

our metho d ma y not detect all particular transformations presence in this signal, but

only those what ha v e the clearest and strongest p erio dic prop erties.

T o exhibit and detect the searc hed p erio dicit y , the magnitudes of the F ast F ourier

transformation of the auto co v ariance sequences are computed and all plotted together,

j FFT (R� � )j . This is the main output of the prop osed metho d. In order to easily �nd

strong p eaks signifying in terp olation, a deriv ativ e �lter of order one is applied to v ectors

� � b efore computing the j FFT (R� � )j . If the analyzed signal con tains in terp olation, p eaks

in the sp ectrum are mostly clear and cannot b e missed. The sp ectrum of suc h a signal has

totally di�eren t prop erties compared to non-in terp olated signals. T o automatically detect

in terp olation p eaks, w e apply a simple p eak detector searc hing for the lo cal maxim um.

4.5 Exp erimen tal Results

Figure 6 sho ws sev eral outputs of the presen ted metho d applied to di�eren t TIFF format

images that ha v e undergone v arious transformations. The size of the in v estigated region

in all cases is 128� 128 pixels (denoted b y a blac k b o x). As it is apparen t, p eaks signifying

in terp olation are clearly detectable. Note that the w a y in whic h w e pro cess the outputs

of the presen ted metho d do es not prop ose a description of all concrete transformation

whic h the in v estigated image has undergone. F or example, in Figure 6(c), only p eaks

represen ting the scaling transformation are visible.
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Figure 6: (a) Sk ewing factor= 0:3 (bicubic); (b) scaling factor 1:3; rotation anlge= 10�

(bicubic); (c) scaling factor 1:2; sk ewing factor in x-direction= 0:2; sk ewing factor in y-

direction= 0:4 (bicubic).

5 Discussion

Results obtained sho w that it is p ossible in a simple and fast w a y to �nd traces of

geometric transformation when a lo w order in terp olation p olynomial has b een used. But,

please note that not all resampling factors bring detectable c hanges in the co v ariance

structure of the signal. F or instance, the scaling factor 0:5 do es not in tro duce an y p erio dic

correlation in to the signal.

The prop osed metho d w orks w ell for lo w order in terp olation p olynomials: nearest

neigh b or, linear or cubic. These in terp olators ha v e a strong detectable e�ect on the

co v ariance structure of the signal. The detection p erformance decreases as the order of

in terp olation p olynomial increases. Di�eren t in terp olation orders in tro duce correlations

of v arying degrees b et w een neigh b oring samples. These correlations b ecome more di�cult

to detect as eac h in terp olated sample v alue is obtained as a function of more samples.

Note that when the ideal sinc in terp olator is used, the co v ariance structure of the signal

do es not c hange and therefore this in terp olator is not detectable. Also, it m ust b e noted

that the presen ted metho d is highly sensitiv e to noise.

By applying the prop osed metho d to JPEG compressed images, the detection p er-

formance decreases. Exp erimen ts sho w that the presen ted metho d w orks w ell for JPEG

compression qualit y of 96 - 100. But, generally , obtained results are based on image

prop erties and distribution.

It m ust b e men tioned that obtained results can b e a�ected b y spatial correlations

presence in the signal. The b est results are obtained b y applying the metho d to an

in terp olated white noise signal (the auto correlation of a white noise signal ha v e a strong

p eak at x = 0 and is close to 0 elsewhere).
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Abstract. Irrev ersible thermo dynamics is used to in v estigate the dep endency of maxim um p os-

sible e�ciency of energy con v ersion in a p olymer electrolyte mem brane fuel cell (PEMF C) on

mem brane w ater con ten t. The imp ortance and plausibilit y of c hoice of the v alue of a prop or-

tional parameter in a linear mo del describing sw elling of Na�on 117 mem branes is examined.

An exp erimen t for sim ultaneous in-situ measuremen t of all transp ort parameters is describ ed.

Abstrakt. P omo cí termo dynamiky nero vno v áºnýc h sta v· bude vy²et°o v ána zá vislost maximální

ú£innosti k on v erze energie v paliv o v ém £lánku s p olymeric k ou mem bránou (PEMF C) na ob-

sah u v o dy v mem brán¥. Záro v e¬ bude an ylyzo v ána d·leºitost sprá vné v olb y m ultiplik ativního

parametru v lineárním mo delu pro p opis ob jemo výc h zm¥n mem brán z Na�on u 117. Dále

bude p opsán exp erimen t pro sou£asné stano v ení v²ec h transp ortníc h parametr· v e funk £ním

paliv o v ém £lánku.

1 In tro duction

1.1 Mo del equations and transp ort parameters

In [17], a simple isothermal, di�usion-t yp e mo del of a h ydrogen p olymer-electrolyte mem-

brane (PEM) fuel cell w as in tro duced. The mo del w as based on mass balance equations

for H 2 O and H 3 O

+
,

@c
H 2 O

@t
= � 4r

a

+ 6r
c

� divj
H 2 O

;
@c

H 3 O

+

@t
= 4r

a

� 4r
c

� divj
H 3 O

+ ; (1)

where c
H 2 O

and c
H 3 O

+
are concen trations of the resp ectiv e sp ecies, j

H 2 O

and j
H 3 O

+
are

molar �ux densities of the resp ectiv e sp ecies, ra is the ano de reaction rate, and r c is the

catho de reaction rate. The molar �ux densities can b e expressed as linear com binations

of gradien ts of the sp ecies' electro c hemical p oten tials:

j
H 2 O

= � L
ww

r �
H 2 O

� L
w e

r �
H 3 O

+ ; (2)

j
H 3 O

+ = � L
ew

r �
H 2 O

� L
ee

r �
H 3 O

+ ; (3)

where � � denotes the electro c hemical p oten tial of a sp ecies � , and L
ww

, L
w e

, L
ew

, and

L
ee

denote phenomenological transp ort co e�cien ts. It follo ws from Onsager recipro cit y

relations that the "cross" co e�cien ts are equal to eac h other, i. e.

L
ew

= L
w e

; (4)
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whic h reduces the n um b er of unkno wn transp ort parameters in our mo del to three. Note

that all of them are of the same ph ysical dimensions (mol

2
J

� 1
m

� 1
s

� 1
). If w e neglect the

e�ect of concen tration c hanges of H 3 O

+
, and assume that the reaction mixture b eha v es

as an ideal solution, w e can write:

j
H 2 O

= � L
ww

RT
c

H 2 O

r c
H 2 O

� L
w e

F r �; (5)

j
H 3 O

+ = � L
ew

RT
c

H 2 O

r c
H 2 O

� L
ee

F r �; (6)

where R is the univ ersal gas constan t, T is the temp erature, F is the F arada y constan t

and � is the electrostatic p oten tial. F rom Ohm's la w and the ob vious fact that curren t

densit y j = F j
H 3 O

+
, it follo ws that

L
ee

=
�

F 2
; (7)

where � is conductivit y . This can easily b e seen b y putting r c
H 2 O

= 0 in (6). No w, let

us eliminate r � from (5) , (6) . Th us w e get

j
H 2 O

= � L
ww

RT
c

H 2 O

r c
H 2 O

�
L

w e

L
ee

�
� L

ew

RT
c

H 2 O

r c
H 2 O

� j
H 3 O

+

�
=

= � L
ww

RT
c

H 2 O

r c
H 2 O

+
L

w e

L
ee

j
F

+
L

w e

L
ew

L
ee

RT
c

H 2 O

r c
H 2 O

:
(8)

This equation sa ys that w ater transp ort through the cell is a sup erp osition of t w o phe-

nomena, namely di�usion and electro-osmotic drag,

j
H 2 O

= � D
H 2 O

r c
H 2 O

+
n d

F
j ; (9)

with di�usion co e�cien t D
H 2 O

and electro-osmotic drag co e�cien t n d

. These t w o co ef-

�cien ts can b e related to the phenomenological co e�cien ts b y comparing eqs. (8) and

(9):

D
H 2 O

=
�

L
ww

�
L

w e

L
ew

L
ee

�
RT
c

H 2 O

; n d =
L

w e

L
ee

: (10)

Note that v ery often, the last term in eq. (8) is neglected. Suc h step yields a more

straigh tforw ard expression for the di�usion co e�cien t,

D
H 2 O

= L
ww

RT
c

H 2 O

; (11)

and is acceptable since usually L
w e

� L
ee

.

The electro-osmotic drag co e�cien t has a ph ysical meaning of the a v erage n um b er

of w ater molecules dragged p er H 3 O

+
ion mo v ed b y electric �eld through the cell. Note

that

L
w e

= L
ee

n d =
�

F 2
n d : (12)
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As w as sho wn in [17], there is a relation b et w een e�ciency of energy con v ersion and the

transp ort parameters or, more precisely , the degree of coupling: The maxim um p ossible

e�ciency of the con v ersion of c hemical energy in to electrical energy in a h ydrogen-o xygen

fuel cell is

�
max

=

 
1 �

p
1 � q2

q

! 2

; (13)

where the degree of coupling b et w een di�usion and migration is de�ned as

q =
L

w ep
L

ww

L
ee

: (14)

Since the ma jorit y of exp erimen tators presen ts their results in terms of conductivit y ,

di�usion co e�cien t and electro-osmotic drag co e�cien t instead of the phenomenological

co e�cien ts L
ww

, L
w e

, L
ee

, one has to con v ert their v alues b y using the form ulas (11) , (12)

and (7) in order to calculate q and �
max

. The only di�cult y in doing this is to calculate

c
H 2 O

.

1.2 W ater concen tration in the mem brane and mem brane w ater con ten t

Most commonly , PEM fuel cell mem branes are made of a p er�uorosulfonic acid kno wn

as Na�on. F rom no w on, w e shall consider exclusiv ely mem branes made of Na�on 117.

Let us recall that, generally , the transp ort parameters do not dep end on driving forces (i.

e., r �
H 2 O

and r �
H 3 O

+
), but they do dep end on state v ariables (i. e., the values of �

H 2 O

and �
H 3 O

+
). In practice, ho w ev er, transp ort parameters of Na�on fuel cell mem branes

are considered to b e functions of the so-called mem brane w ater con ten t � , whic h is the

a v erage n um b er of w ater molecules p er sulfonic acid site. In other w ords,

� =
c

H 2 O

c
SO

�
3

: (15)

F or mem branes in the dry state, the concen tration of sulfonic acid sites can b e calculated

as

cdry

SO

�
3

=
� dry

m

M
m

; (16)

where � dry

m

is densit y of the mem brane in its dry state, and M
m

is the e�ectiv e molar

mass (or equiv alen t w eigh t) of the mem brane. F or Na�on 117, � dry

m

= 1980 kg/m

3
and

M
m

= 1100 g/mol, th us cdry

SO

�
3

= 1800 mol/m

3
.

The simplest option is to assume that c
SO

�
3

= cdry

SO

�
3

whic h results in the form ula

c
H 2 O

= �c dry

SO

�
3

: (17)

This simpli�ed relation w as used e. g. in [3].

1

Its problem lies in the assumption that

the mem brane retains a constan t v olume regardless of the amoun t of w ater it con tains

1

Note that an incorrect v alue of cdry

SO

�
3

= 200 mol/m

3
w as rep orted in [3 ].
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(i. e., �
m

= � dry

m

). A real mem brane, ho w ev er, will increase its v olume with rising w ater

con ten t. This phenomenon is kno wn as mem brane sw elling. In [24], the follo wing linear

form ula w as prop osed for its description:

V = V dry (1 + s� ); (18)

where V is v olume of the sw ollen mem brane, V dry

is v olume of the same mem brane

when it con tains no w ater, and s is a prop ortional constan t. The corresp onding relation

b et w een c
H 2 O

and � can b e deriv ed as follo ws: F rom (18) , (21) , and (16) w e obtain

1 + s� =
V

V dry

=
cdry

SO

�
3

c
SO

�
3

=
� dry

m

M
m

c
H 2 O

�

=
� dry

m

M
m

�
c

H 2 O

; (19)

whic h can easily b e rearanged in to the follo wing form that w as presen ted e. g. in [16]:

c
H 2 O

=
� dry

m

M
m

�
1 + s�

: (20)

Clearly , (17) can b e obtained from (20) b y putting s = 0 . Th us, the only question

that remains to b e solv ed is to determine the correct v alue of s. Let us brie�y review the

existing results on s. F rom the measured thic kness of dry and fully h ydrated Na�on 117

mem branes, the authors of [24 ] determined s to ha v e a v alue of 0.0126. Correctness of this

v alue w as called in to question in [16]. Exp erimen tal results encourage this scepticism.

F or Na�on 117, the follo wing v alues w ere rep orted [2]: c
SO

�
3

= 1290 mol/m

3
for � = 13 ,

and c
SO

�
3

= 1050 mol/m

3
for � = 21 . Since clearly

V
V dry

=
cdry

SO

�
3

c
SO

�
3

; (21)

w e can easily calculate the corresp onding s from (18), whic h giv es s = 0:0304 for � = 13 ,

and s = 0:0340 for � = 21 . A similar v alue of s = 0:0324 w as deriv ed theoretically in

[27].

2 Results and discussion

All in all, w e ha v e at least three di�eren t v alues of s to c ho ose from (i. e., 0, 0.0126,

and � 0:03). In order to examine whic h one is the most plausible one as w ell as to what

exten t w ould the results obtained for di�eren t v alues of s di�er, w e decided to calculate

the dep endency of the degree of coupling q and the maxim um e�ciency �
max

for v arious

exp erimen tal data sets b y using the three v alues 0, 0.0126, and 0.0324. W e tried to gather

as m uc h exp erimen tal data as p ossible, but it turned out that it w as rather di�cult to

�nd suitable exp erimen tal data sets. More precisely , w e encoun tered the follo wing t w o

problems considering exp erimen tal data on transp ort parameters:

1. There are not man y researc h groups that measured all three transp ort parameters.
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2. Ev en those who measured all three transp ort parameters did not do so at the same

conditions and for the same v alues of � .

T o mitigate the �rst issue and obtain more v ariet y of data sets, w e used b esides data

of Kreuer et al. (Refs. [11 ], [6]) and Za w o dzinski et al. (Refs. [31], [29]) also those

presen ted b y v an Bussel et al. (Ref. [3]), although in their w ork no original data on the

electro-osmotic drag co e�cien t w ere published and data from [29] w ere used instead. The

second problem w as addressed as follo ws: F or those v alues of � where only t w o transp ort

co e�cien ts had b een measured, the missing co e�cien t w as calculated b y means of in ter-

and extrap olation. The p ossible di�erence b et w een other conditions under whic h the

individual transp ort co e�cien ts w ere measured w as neglected.

The obtained dep endencies of �
max

on � are sho wn in Figs. 1, 2, 3. W e can see that the

c hoice of s has a signi�can t impact on the resulting dep endency . Since rep orted e�ciencies

of real fuel cells are certainly higher than 50 p ercen t, w e can conclude that the c hoice

of s = 0:0324 giv es results that corresp ond with the ph ysical realit y the most. Quite

surprising is the dramatical di�erence among the shap es of the dep endencies obtained

from the individual data sets. In terestingly , the data of v an Bussel et al. (Fig. 3) giv e the

closest results to what one w ould exp ect: F or lo w mem brane w ater con ten ts the e�ciency

is p o or, while go o d mem brane h ydration results in b etter fuel cell p erformance. The

data of Za w o dzinski et al. (Fig. 2) con�rm the fact that the mem brane m ust b e w ell-

h ydrated in order to obtain reasonable p erformance, but the corresp onding dep endency

is not monotonously increasing. A cause migh t lie in the p ossible inaccuracy of the

electro-osmotic drag co e�cien t v alues for lo w er w ater con ten ts (these v alues come from

another exp erimen t [29]). The most surprising result � a conca v e dep endency � w as

obtained from the data of Kreuer et al. (Fig. 1). Ho w ev er, their data w ere rather sparse

and extrap olation had to b e used to a greater exten t in this case, so reliabilit y of this

dep endency is questionable.

3 An application: In-situ measuremen t of the electro-osmotic

drag co e�cien t

As indicated ab o v e, there is a lac k of exp erimen tal data sets of all three transp ort param-

eters in existing literature. F urthermore, the ma jorit y of them comes from measuremen ts

of the mem brane prop erties under arti�cial conditions. Th us, it is desirable to �nd a

metho d that w ould b e able to measure all three transp ort parameters sim ultaneously

and in-situ, i. e., in a w orking fuel cell. W e giv e a description of suc h exp erimen t based

on the irrev ersible-thermo dynamical approac h dev elop ed ab o v e.

First, let us notice that in-situ measuremen t of conductivit y is p ossible and has b een

p erformed [28]. Therefore, w e can restrict ourselv es on measuremen t of di�usion and

electro-osmotic drag co e�cien ts. Second, a metho d for in-situ measuremen t of the so-

called e�ectiv e drag co e�cien t is also a v ailable [8]. The e�ectiv e (or net) drag co e�cien t is

the ratio of w ater and proton �uxes through the mem brane. It immediately follo ws from

this de�nition that the e�ectiv e drag co e�cien t coincides with the "classical" electro-

osmotic drag co e�cien t n d

if and only if the concen tration gradien t of w ater in the

mem brane is zero � cf. (9). Using the relation (9) , w e are able to determine � D
H 2 O
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max

v ersus mem brane w ater con ten t � according to

Na�on 117 data of Kreuer et al. [11], [6].
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v ersus mem brane w ater con ten t � according to

Na�on 117 data of v an Bussel et al. [3].

and

n d

F b y measuring w ater �ux through the cell in resp onse to kno wn v alues of w ater

concen tration gradien t and curren t densit y . The only issue to solv e is ho w to measure

the w ater �ux j
H 2 O

and the concen tration gradien t r c
H 2 O

.

In [8], j
H 2 O

w as determined b y means of condensing the w ater at the exit of the cell

gas c hannels in a cold trap and w eighing. F or further details, the reader is referred to

Ref. [8 ].

T o determine the w ater concen tration gradien t, the comp osition of gas samples ob-

tained from catho de and ano de c hannels of the fuel cell should b e analyzed. One could

also think of the follo wing simpli�cation: If w e assume that all gas comp onen ts within

the fuel cell ob ey the ideal gas la w, w e can write

RT
c

H 2 O

r c
H 2 O

=
RT
c

H 2 O

r
p

H 2 O

RT
=

r p
H 2 O

c
H 2 O

; (22)

where p
H 2 O

is the partial pressure of w ater, whic h could b e appro ximed with satura-

tion pressure corresp onding to cell temp erature. The applicabilit y of this appro ximation

should b e examined, ho w ev er, in case that actual partial pressure could not b e measured,

it migh t b e used as the �rst attempt.

Once the v alues of the transp ort parameters � , n d

, and D
H 2 O

w ere determined, w e

can also determine the corresp onding w ater con ten t � b y means of measuring the cell

op en circuit v oltage. Since the e�ciency of a real fuel cell is the ratio of the actual op en

circuit v oltage U OC

and the rev ersible op en circuit v oltage

U OC

rev

= �
�

r

G
2F

;
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�
r

G b eing the Gibbs energy of the electro c hemical reaction o ccuring within the cell [15],

w e can equate this ratio to the maxim um e�ciency of energy con v ersion (13) , whic h yields

U OC

U OC

rev

=

 
1 �

p
1 � q2

q

! 2

: (23)

F rom this form ula w e can calculate q, and then express L
ww

from the de�nition of the

degree of coupling (14) . Finally , w e obtain c
H 2 O

from (11) and the corresp onding � from

(20).

4 Conclusion

A v ailable exp erimen tal data on transp ort co e�cien ts together with irrev ersible thermo dy-

namics w ere used to examine plausibilit y of c hoice of the v alue of a prop ortional parameter

in a linear mo del describing sw elling of Na�on 117 mem branes. The result con�rms pre-

viously rep orted empirical data of Beattie et al. [2] as w ell as theoretical considerations

of W eb er and Newman [27]. F urthermore, the dep endency of maxim um p ossible e�-

ciency of energy con v ersion on mem brane w ater con ten t w as in v estigated. Surprisingly ,

qualitativ ely di�eren t results w ere obtained for di�eren t exp erimen tal data sets. Finally ,

an exp erimen t for sim ultaneous in-situ measuremen t of all transp ort parameters w as de-

scrib ed. Since data on transp ort co e�cien ts a v ailable in the literature are rather sparse

and con tradictory , this exp erimen t could help to deep en the corresp onding kno wledge.
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Abstract. The pap er resumes a logical framew ork for form ulating preferences and prop oses their

em b edding in to relational algebra through a single pr efer enc e op er ator parameterized b y a set of

user preferences of sixteen v arious kinds, inclusiv e of c eteris p aribus preferences, and returning

only the most preferred subsets of its argumen t relation. Most imp ortan tly , con�icting set of

preferences is p ermitted and preferences b et w een sets of elemen ts can b e expressed.

F ormal foundation for algebraic optimization, applying heuristics lik e push pr efer enc e , also is

pro vided: abstract prop erties of the preference op erator and a v ariet y of algebraic la ws describing

its in teraction with other relational algebra op erators are presen ted.

Abstrakt. P°ísp ¥v ek shrn uje logic k é p°ístup y k vyjad°o v ání preferencí a na vrh uje jejic h za£len¥ní

do rela£ní algebry p omo cí jediného pr efer en£ního op er átoru parametrizo v aného mnoºinou aº ²est-

nácti r·znýc h druh · preferencí, v £etn¥ preferencí c eteris p aribus , a vracejícího nejprefero v an¥j²í

p o dmnoºin y relace, která je v jeho argumen tu. P o dstatné je, ºe k oncept zahrn uje preference,

které mohou b ýt na vzá jem v k on�iktu a umoº¬ uje reprezen to v at i preference mezi mnoºinami.

Na vrºen y jsou tak é základní princip y algebraic k é optimalizace jak o je nap°. propago v ání pref-

eren£ního op erátoru výrazem rela£ní algebry sm¥rem k e vstupním relacím. P o dobné heuristic k é

meto dy vyc házejí z algebraic kýc h vztah · op erací rela£ní algebry � v tom to p°ípad¥ preferen£ního

op erátoru, které jsou tak é prezen to v án y .

1 In tro duction

If users ha v e requiremen ts that are to b e satis�ed completely , their database queries are

c haracterized b y har d c onstr aints , deliv ering exactly the required ob jects if they exist and

otherwise empt y result. This is ho w traditional database query languages treat all the

requiremen ts on the data. Ho w ev er, requiremen ts can b e understo o d also in the sense of

wishes: in case they are not satis�ed, database users are usually prepared to accept w orse

alternativ es and their database query is c haracterized b y soft c onstr aints . Requiremen ts

of the latter t yp e are called preferences.

Building on a logical framew ork for form ulating preferences and their em b edding in to

relational algebra (RA) through a single pr efer enc e op er ator , in tro duced in [10 ] to com bat

the empty r esult and the �o o ding e�e cts , this pap er presen ts an approac h to algebraic

�
This has b een supp orted b y the pro ject 1ET100300419 of the Program Information So ciet y (of the

Thematic Program I I of the National Researc h Program of the Czec h Republic) �In telligen t Mo dels,

Algorithms, Metho ds and T o ols for the Seman tic W eb Realization" and b y the Institutional Researc h

Plan A V0Z10300504 �Computer Science for the Information So ciet y: Mo dels, Algorithms, Applications".
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optimization of relational queries with v arious kinds of preferences. The preference op er-

ator selects from its argumen t relation the b est-matching alternatives with regard to user

preferences, but nothing worse .

1

Preferences are sp eci�ed using a prop ositional logic no-

tation and their seman tics is related to that of a disjunctiv e logic program. The language

for expressing preferences i) is declarativ e, ii) includes v arious kinds of preferences, iii) is

ric h enough to express preferences b et w een sets of elemen ts, iv) and has an in tuitiv e, w ell

de�ned seman tics allo wing for con�icting preferences.

In Sect. 2, the ab o v e men tioned framew ork for form ulating preferences and in Sect. 3

an approac h to their em b edding in to RA are revisited. Presen ting a v ariet y of algebraic

la ws that describ e in teraction with other RA op erators to pro vide a formal foundation

for algebraic optimization, Sect. 4 pro vides the main con tribution of this pap er. A brief

o v erview of related w ork in Sect. 5 and conclusions in Sect. 6 end this pap er. All the

non trivial pro ofs are giv en.

T o impro v e the readabilit y , � (x; y) ^ : � (y; x) and � (x; y)^ � (y; x) is substituted

b y � (x; y) and = ( x; y) , resp ectiv ely .

2 User Preferences

A user preference is expressed b y a preference statemen t, e.g. � a is preferred to b", or

sym b olically b y an appropriate preference form ula. Preference form ulas comprise a simple

declarativ e language for expressing preferences. T o capture its declarativ e asp ects, mo del-

theoretic seman tics is de�ned: considering a set of states of a�aires S and a set W = 2S

of all its subsets � w orlds, if M = hW; �i is an order � on W suc h that w � w0
holds for

some w ords w; w0
from W , then M is termed a pr efer enc e mo del of w > w 0

� a preference

of the w orld w o v er the w orld w0
, whic h w e express sym b olically as M j = w > w 0

.

The basic di�eren tiation b et w een preferences is based on notions of optimism and

p essimism. De�ning a-w orld as a w orld in whic h a o ccurs, if w e are optimistic ab out a
and p essimistic ab out b for example, w e exp ect some a-w orld to precede at least one b-

w orld in eac h preference mo del of a preference statemen t � a is preferred to b�. This kind of

preference is called opp ortunistic . By con trast, if w e are p essimistic ab out a and optimistic

ab out b, w e exp ect ev ery a-w orld to precede eac h b-w orld in eac h preference mo del of

a preference statemen t � a is preferred to b�. This kind of preference is called c ar eful .

Alternativ ely , w e migh t b e optimistic or p essimistic ab out b oth a and b. Then w e exp ect

some a w orld to precede eac h b-w orld or eac h a-w orld to precede some b-w orld in eac h

preference mo del of a preference statemen t � a is preferred to b�. This kind of preference

is called lo c al ly optimistic or lo c al ly p essimistic , resp ectiv ely . Lo cally optimistic, lo cally

p essimistic, opp ortunistic and careful preferences are sym b olically expressed b y preference

form ulas of the form: a M > M b, a m> m b, a M > m b, and a m> M b, resp ectiv ely .

Also, w e distinguish b et w een strict and non-strict preferences. F or example, if w
precedes w0

strictly in a preference mo del, then w e strictly prefer w to w0
.

In addition, w e distinguish b et w een preferences with and without c eteris p aribus pro-

viso � a notion in tro duced b y v on W righ t [11] and generalized b y Do yle and W ellman

1

A similar concept w as prop osed indep enden tly b y Kieÿling et al. [6, 7 ] and Chomic ki et al. [2] and,

in a more restricted form, b y Börzsön yi et al. [1] (for more detail refer to Sect. 5).
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[3] b y means of con textual equiv alence relation � an equiv alence relation on W .

2

F or ex-

ample, a preference mo del of a preference statemen t � a is c ar eful ly preferred to b c eteris

p aribus " is suc h an order on W that a-w orlds precede b-w orlds in the same con textual

equiv alence class. Sp eci�cally , the preference statemen t �I prefer pla ying tenis to pla ying

golf ceteris paribus" migh t express b y means of an con textual equiv alence that I prefer

pla ying tenis to pla ying golf only if the con text of w eather is the same, i.e., it is not true

that I prefer pla ying tenis in strong winds to pla ying golf during a sunn y da y .

Next, w e revisit the basic de�nitions in tro ducing syn tax and mo del-theoretic seman tics

of the language for expressing user preferences:

De�nition 1 (Language) . Giv en a �nite set of prop ositional v ariables p; q; : : :, the set L0

of pr op ositional formulas and the set L of pr efer enc e formulas is de�ned as the smallest

set satisfying the follo wing:

L0 3 ';  : p j (' ^  ) j : '

L 3 � ; 	 : ' x> y  j ' x� y  j : � j (� ^ 	) for x; y 2 f m; M g

If w e iden tify prop ositional v ariables with tuples o v er a relation sc hema R , then the

elemen ts of L are termed pr efer enc e formulas over R . A relation instance I (R) , i.e., a set

of tuples o v er R , creates a world w , an elemen t of a set W .

The preference mo del is de�ned so that an y set of (p ossibly con�icting) preferences is

consisten t: the partial pre-order, i.e., a binary relation whic h is re�exiv e and transitiv e,

in the de�nition of the preference mo del, enables to express some kind of con�ict b y

incomparabilit y:

De�nition 2 (Preference mo del) . A preference mo del M = hW; �i o v er a relation sc hema

R is a couple in whic h W is a set of w orlds, relation instances of R , and � is a p artial

pr e-or der o v er W , the pr efer enc e r elation o v er R .

A set of user preferences of v arious kinds can b y represen ted sym b olically b y a pr ef-

er enc e sp e ci�c ation , whic h corresp onds to an appropriate complex preference form ula in

the ab o v e de�ned language.

De�nition 3 (Preference sp eci�cation) . Let R b e a relation sc hema and P� a set of pref-

erence form ulas o v er R of the form f ' i �  i : i = 1; : : : ; ng. A preference sp eci�cation

P o v er R is a tuple hP� j� 2 f x> y; x � y jx; y 2 f m; M ggi , and M is its mo del, i.e., a

pr efer enc e sp e ci�c ation mo del , i� it mo dels all elemen ts P� of the tuple:

M j = P� () 8 (' i �  i ) 2 P � : M j = ' i �  i :

3 Preference Op erator

T o em b ed preferences in to R QL, the pr efer enc e op er ator ! P returning only the b est sets

of tuples in the sense of user preferences P is de�ned:

2

As it has b een sho wn [5] that an y preference with con textual equiv alence sp eci�cation can b e ex-

pressed b y a set of preferences without con textual sp eci�cation, w e can restrict ourselv es only to prefer-

ences without ceteris paribus pro viso.
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De�nition 4 (Preference op erator) . If R is a relation sc hema, P a preference sp eci�cation

o v er R , and M the set of its mo dels; then the preference op erator ! P is de�ned for all

instances I (R) of R as follo ws:

! P (I (R)) = f w 2 W j w � I (R) ^ 9M k = hW; � k i 2 M s.t. 8w0 2 W :

w0 � I (R)^ � k (w0; w) ) � k (w; w0)g :

Remark 5 (Preference op erator notation) . T o b e precise, w e should write ! P (2I (R)) instead

of ! P (I (R)) . Th us it mak es sense to write ! P (f a; b; cg) , where the argumen t of preference

op erator is a set of elemen ts a; b, and c.

3.1 Basic Prop erties.

The follo wing prop ositions are essen tial for in v estigation of algebraic prop erties describing

in teraction of the preference op erator with other RA op erations:

Prop osition 6. Given a r elation schema R and a pr efer enc e sp e ci�c ation P over R , for

al l instanc es I (R) of R the fol lowing pr op erties hold:

! P (I (R)) � 2I (R) ;

! P (! P (I (R))) = ! P (I (R)) ;

! Pempty (I (R)) = 2 I (R) ;

wher e Pempty is the empty pr efer enc e sp e ci�c ation, i.e., c ontaining no pr efer enc e.

Preference op erator is not monotone or antimonotone with resp ect to its relation

argumen t. Ho w ev er, partial an timonotonicit y holds:

Prop osition 7 (P artial an timonotonicit y) . Given a r elation schema R and a pr efer enc e

sp e ci�c ation P over R , for al l instanc es I (R); I 0(R) of R the fol lowing pr op erty holds:

I (R) � I 0(R) ) 2I (R) \ ! P (I 0(R)) � ! P (I (R)) :

Pr o of. Assume w 2 2I (R) \ ! P (I 0(R)) . It follo ws that w � I (R) and from the de�nition

(Def. 4) of preference op erator w � I 0(R) ^ 9M k 2 M s.t. 8w0 2 W : w0 � I 0(R)^ � k

(w0; w) )� k (w; w0) . As I (R) � I 0(R) , w e can conclude that 9M k 2 M s.t. 8w0 2
W : w0 � I (R)^ � k (w0; w) )� k (w; w0) , whic h together with w � I (R) implies w 2
! P (I (R)) .

The follo wing theorem enables to reduce cardinalit y of an argumen t relation of the

preference op erator without c hanging the return v alue:

Theorem 8 (Reduction) . Given a r elation schema R , a pr efer enc e sp e ci�c ation P over R ,

for al l instanc es I (R); I 0(R) of R the fol lowing pr op erty holds:

I (R) � I 0(R) ^ ! P (I 0(R)) � 2I (R) ) ! P (I (R)) = ! P (I 0(R)) :
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Pr o of. � : Assume w 2 ! P (I (R)) . Then, it follo ws from the de�nition of the prefer-

ence op erator w � I (R) ^ 9M k 2 M s.t. 8w0 2 W : w0 � I (R)^ � k (w0; w) )� k

(w; w0) . The assumption ! P (I 0(R)) � 2I (R)
implies 8w0 2 2I 0(R) � 2I (R) : : � k

(w0; w) , and w e can conclude 9M k 2 M s.t. 8w0 2 W : w0 � I 0(R)^ � k

(w0; w) )� k (w; w0) , whic h together with the assumption I (R) � I 0(R) implies

w 2 ! P (I 0(R)) .

� : Immediately follo ws from Prop. 7.

The follo wing theorem ensures that the empt y query result e�ect is successfully elim-

inated:

Theorem 9 (Non-emptiness) . Given a r elation schema R , a pr efer enc e sp e ci�c ation P
over R , then for every �nite, nonempty instanc e I (R) of R , ! P (I (R)) is nonempty.

3.2 Multidimensional Comp osition.

In m ultidimensional comp osition, w e ha v e a n um b er of preference sp eci�cations de�ned

o v er sev eral relation sc hemas, and w e de�ne preference sp eci�cation o v er the Cartesian

pro duct of those relations: the most common w a ys are P areto and lexicographic comp o-

sition.

De�nition 10 (P areto and lexicographic comp osition) . Giv en t w o relation sc hemas R1 and

R2 , preference sp eci�cations P1 o v er R1 and P2 o v er R2 , and their sets of mo dels M 1 and

M 2 , the Par eto c omp osition P(P1; P2) and the lexic o gr aphic c omp osition L(P1; P2) of P1

and P2 is a preference sp eci�cation P0 o v er the Cartesian pro duct R1 � R2 , whose set of

mo dels M 0 is de�ned as:

8M m = hW1 � W2; � m i 2 M 0; 9M k = hW1; � k i 2 M 1; 9M l = hW2; � l i 2 M 2 s.t.

8w1; w0
1 2 W1; 8w2; w0

2 2 W2 :� m (w1 � w2; w0
1 � w0

2) � � k (w1; w0
1) ^ � l (w2; w0

2)

and

8w1; w0
1 2 W1; 8w2; w0

2 2 W2 :

� m (w1 � w2; w0
1 � w0

2) � � k (w1; w0
1) _ (= k (w1; w0

1)^ � l (w2; w0
2)) ;

resp ectiv ely .

4 Algebraic Optimization

As the preference op erator extends RA, the optimization of queries with preferences can

b e realized as an extension of a classical relational query optimization. Most imp ortan tly ,

w e can inherit all w ell kno wn la ws from RA, whic h, together with algebraic la ws go v ern-

ing the comm utativit y and distributivit y of the preference op erator with resp ect to RA

op erations, constitute a formal foundation for rewriting queries with preferences using

the standard strategies ( push sele ction , push pr oje ction ) aiming at reducing the sizes of

in termediate relations.
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4.1 Comm uting with Selection

The follo wing theorem iden ti�es a su�cien t condition under whic h the preference op erator

comm utes with RA selection:

Theorem 11 (Comm uting with selection) . Given a r elation schema R , a pr efer enc e sp e c-

i�c ation P over R , the set of its pr efer enc e mo dels M , and a sele ction c ondition ' over

R , if the formula

8M k = hW; � k i 2 M ; 8w; w0 2 W : � k (w0; w) ^ w = � ' (w) ) w0 = � ' (w0)

is valid, then for any r elation instanc e I (R) of R :

! P (� ' (I (R))) = � ' (! P (I (R)))
def

= f w 2 ! P (I (R)) j� ' (w) = wg :

Pr o of. Observ e that:

w 2 ! P (� ' (I (R))) � w � I (R) ^ � ' (w) = w^

: (8M k 2 M ; 9w0 : (w0 � I (R) ^ � ' (w0) = w0^ � k (w0; w)) :

w 2 � ' (! P (I (R))) � w � I (R) ^ � ' (w) = w^

: (8M k 2 M ; 9w0 : (w0 � I (R)^ � k (w0; w)) ;

Ob viously , the second form ula implies the �rst. T o see that the opp osite implication also

holds, w e assume w 62� ' (! P (I (R))) and pro v e that than also w 62! P (� ' (I (R))) . There

are three cases when w 62� ' (! P (I (R))) . If w * I (R) or � ' (w) 6= w , it is immediately

clear that w 62! P (� ' (I (R))) . In the third case, 8M k 2 M ; 9w0 : (w0 � I (R)^ � k (w0; w) .

Ho w ev er, due to assumption of the theorem, 8M k 2 M ; 9w0 : (w0 � I (R) ^ � ' (w0) =
w0̂ � k (w0; w) , whic h completes the pro of.

4.2 Comm uting with Pro jection

The follo wing theorem iden ti�es su�cien t conditions under whic h the preference op erator

comm utes with RA pro jection. T o prepare the ground for the theorem, some de�nitions

ha v e to b e in tro duced:

De�nition 12 (Restriction of a preference relation) . Giv en a relation sc hema R , a set of

attributes X of R , and a preference relation � o v er R , the restriction � X (� ) of � to X
is a preference relation � X o v er � X (R) de�ned using the follo wing form ula:

� X (wX ; w0
X ) � 8 w; w0 2 W : � X (w) = wX ^ � X (w0) = w0

X ) � (w; w0) :

De�nition 13 (Restriction of the preference mo del) . Giv en a relation sc hema R , a set of

relation attributes X of R , and a preference mo del M = hW; �i o v er R , the restriction

� X (M ) of M to X is a preference mo del M X = hWX ; � X i o v er � X (R) where WX =
f � X (w) j w 2 Wg.
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De�nition 14 (Restriction of the preference op erator) . Giv en a relation sc hema R , a set

of attributes X of R , a preference sp eci�cation P o v er R , and the set M X of its mo dels

restricted to X , the restriction � X (! P ) of the preference op erator ! P to X is the preference

op erator ! X
P de�ned as follo ws:

! X
P (� X (I (R))) = f wX 2 WX j wX � � X (I (R)) ^ 9M X 2 M X s.t.

8w0
X 2 WX : w0

X � � X (I (R))^ � X (w0
X ; wX ) ) � X (wX ; w0

X )g :

Theorem 15 (Comm uting with pro jection) . Given a r elation schema R , a set of attributes

X of R , a pr efer enc e sp e ci�c ation P over R , and the set of its pr efer enc e mo dels M , if

the fol lowing formulae

8M k 2 M ; 8w1; w2; w3 2 W :

� X (w1) = � X (w2) ^ � X (w1) 6= � X (w3)^ � k (w1; w3) ) � k (w2; w3) ;

8M k 2 M ; 8w1; w3; w4 2 W :

� X (w3) = � X (w4) ^ � X (w1) 6= � X (w3)^ � k (w1; w3) ) � k (w1; w4)

ar e valid, then for any r elation instanc e I (R) of R :

! X
P (� X (I (R))) = � X (! P (I (R)))

def

= f � X (w) j w 2 ! P (I (R))g :

Pr o of. W e pro v e: � X (w) 62! X
P (� X (I (R))) () � X (w) 62� X (! P (I (R))) .

) : Assume � X (w3) 62! X
P (� X (I (R))) . The case � X (w3) * � X (I (R)) is trivial. Other-

wise, it m ust b e the case that 8M X 2 M X ; 9wX s.t. wX � � X (I (R)) and � X

(wX ; � X (w3)) , whic h implies 8M k 2 M ; 8w1; w4 2 W : � X (w1) = wX ^ � X (w4) =
� X (w3) )� k (w1; w4) and th us � X (w3) 62� X (! P (I (R))) .

( : Assume � X (w3) 62� X (! P (I (R))) . Then 8M k 2 M and 8w4 � I (R) s.t. � X (w4) =
� X (w3) , there is w1 � I (R) s.t. � k (w1; w4) and � X (w1) 6= � X (w4) . F rom the

assumption of the theorem, it follo ws that 8w2; w4 � I (R) : � X (w2) = � X (w1) ^
� X (w4) = � X (w3) )� k (w2; w4) , whic h implies � X (� k)( � X (w1); � X (w3)) and th us

� X (w3) 62! X
P (� X (I (R))) .

4.3 Distributing o v er Cartesian Pro duct

F or preference op erator to distribute o v er the Cartesian pro duct of t w o relations, the

preference sp eci�cation, whic h is the parametr of the preference op erator, needs to b e

decomp osed in to the preference sp eci�cations that will distribute in to the argumen t re-

lations:

Theorem 16 (Distributing o v er Cartesian pro duct) . Given two r elation schemas R1 and

R2 , and pr efer enc e sp e ci�c ations P1 over R1 and P2 over R2 , for any two r elation in-

stanc es I (R1) and I (R2) of R1 and R2 , the fol lowing pr op erty holds:

! P0 (I (R1) � I (R2)) = ! P1 (I (R1)) � ! P2 (I (R2))
def

=

f w1 � w2 j w1 2 ! P1 (I (R1)) ^ w2 2 ! P2 (I (R2))g ;

wher e P0 = P(P1; P2) is a Par eto c omp osition of P1 and P2 .
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Pr o of. W e pro v e:

w1 � w2 62! P0 (I (R1) � I (R2)) () w1 � w2 62! P1 (I (R1)) � ! P2 (I (R2)) :

) : Assume w1 � w2 62! P0 (I (R1) � I (R2)) . Then 8M m 2 M 0 , mo dels of P0 , there

are w0
1 � I (R1); w0

2 � I (R2) s.t. � m (w0
1 � w0

2; w1 � w2) . Consequen tly , 8M k 2
M 1; 8M l 2 M 2 , mo dels of P1 and P2 , there are w0

1 � I (R1); w0
2 � I (R2) s.t.

� k (w0
1; w1) or � l (w0

2; w2) , whic h implies w1 62! P1 (I (R1)) or w2 62! P2 (I (R2)) and

th us w1 � w2 62! P1 (I (R1)) � ! P2 (I (R2)) .

( : Assume w1 � w2 62! P1 (I (R1)) � ! P2 (I (R2)) . Then w1 62! P1 (I (R1)) or w2 62
! P2 (I (R2)) . Assume the �rst. Then 8M k 2 M 1 , mo dels of P1 , there m ust b e

w0
1 � I (R1) s.t. � k (w0

1; w1) . Consequen tly , 8M m 2 M 0 , mo dels of P0 , 9w0
1 �

I (R1) :� m (w0
1 � w2; w1 � w2) , whic h implies w1 � w2 62! P0 (I (R1) � I (R2)) . The

second case is symmetric.

F or lexicographic comp osition, w e obtain the same prop ert y as for P areto comp osition:

Theorem 17 (Distributing o v er Cartesian pro duct) . Given two r elation schemas R1 and

R2 , and pr efer enc e sp e ci�c ations P1 over R1 and P2 over R2 , for any two r elation in-

stanc es I (R1) and I (R2) of R1 and R2 , the fol lowing pr op erty holds:

! P0 (I (R1) � I (R2)) = ! P1 (I (R1)) � ! P2 (I (R2))
def

=

f w1 � w2 j w1 2 ! P1 (I (R1)) ^ w2 2 ! P2 (I (R2))g ;

wher e P0 = L(P1; P2) is a lexic o gr aphic c omp osition of P1 and P2 .

Pr o of. W e pro v e:

w1 � w2 62! P0 (I (R1) � I (R2)) () w1 � w2 62! P1 (I (R1)) � ! P2 (I (R2)) :

) : Assume w1 � w2 62! P0 (I (R1) � I (R2)) . Then 8M m 2 M 0 , mo dels of P0 , there

are w0
1 � I (R1); w0

2 � I (R2) s.t. � m (w0
1 � w0

2; w1 � w2) . Consequen tly , 8M k 2
M 1; 8M l 2 M 2 , mo dels of P1 and P2 , there are w0

1 � I (R1); w0
2 � I (R2) s.t.

� k (w0
1; w1) or = k (w0

1; w1)^ � l (w0
2; w2) , whic h implies w1 62! P1 (I (R1)) or w2 62

! P2 (I (R2)) and th us w1 � w2 62! P1 (I (R1)) � ! P2 (I (R2)) .

( : Assume w1 � w2 62! P1 (I (R1)) � ! P2 (I (R2)) . Then w1 62! P1 (I (R1)) or w2 62
! P2 (I (R2)) . Assume the �rst. Then 8M k 2 M 1 , mo dels of P1 , there m ust b e

w0
1 � I (R1) s.t. � k (w0

1; w1) . Consequen tly , 8M m 2 M 0 , mo dels of P0 , there m ust

b e w0
1 s.t. � m (w0

1 � w2; w1 � w2) , whic h implies w1 � w2 62! P0 (I (R1) � I (R2)) .

The second case is symmetric.

Both Theorem 16 and Theorem 17 mak e it p ossible to deriv e the transformation rule

that pushes preference op erator with a one-dimensional preference sp eci�cation do wn the

appropriate argumen t of the Cartesian pro duct:

Corollary 18. Given two r elation schemas R1 and R2 , a pr efer enc e sp e ci�c ations P1 over

R1 , and an empty pr efer enc e sp e ci�c ation P2 over R2 , for any two r elation instanc es

I (R1) and I (R2) of R1 and R2 , the fol lowing pr op erty holds:

! P0 (I (R1) � I (R2)) = ! P1 (I (R1)) � 2I (R2 ) def

= f w1 � w2 j w1 2 ! P1 (I (R1)) ^ w2 � I (R2)g ;

wher e P0 = P(P1; P2) is a Par eto of lexic o gr aphic c omp osition of P1 and P2 .
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Pr o of. F ollo ws from previous theorems and from the equalit y ! P
empt y

(I (R)) = 2 I (R)
.

4.4 Distributing o v er Union

The follo wing theorem sho ws ho w the preference op erator distributes o v er the union of

t w o relations:

Theorem 19 (Distributing o v er union) . Given two c omp atible r elation schemas

3 R and S,

and a pr efer enc e sp e ci�c ation P over R (and S), if the fol lowing formula

! P (I (R) [ I (S)) � 2I (R) [ 2I (S)

is valid for r elation instanc es I (R) and I (S) of R and S, then the fol lowing pr op erty

holds:

! P (I (R) [ I (S)) = ! P (! P (I (R)) [ ! P (I (S))) :

Pr o of. Ob viously , ! P (I (R)) [ ! P (I (S)) � 2I (R)[ I (S)
. If w e sho w that ! P (I (R) [ I (S)) �

! P (I (R)) [ ! P (I (S)) , the theorem immediately follo ws from Theorem 8.

Indeed, if w 2 ! P (I (R) [ I (S)) , then it follo ws from the de�nition of the preference

op erator w � I (R) [ I (S) ^9M k 2 M s.t. 8w0 2 W : w0 � I (R) [ I (S)^ � k (w0; w) )� k

(w; w0) . As w e kno w that w � I (R) _ w � I (S) from the assumption of the theorem, w e

can conclude w 2 ! P (I (R)) [ ! P (I (S)) .

4.5 Distributing o v er Di�erence

Only in the trivial case, the preference op erator can b e distributed o v er di�erence:

Theorem 20 (Distributing o v er di�erence) . Given two c omp atible r elation schemas R and

S, and a pr efer enc e sp e ci�c ation P over R (and S), for any two r elation instanc es I (R)
and I (S) of R and S, the fol lowing pr op erty holds:

! P (I (R) � I (S)) = ! P (I (R)) � ! P (I (S))

i� the pr efer enc e sp e ci�c ation P is empty.

4.6 Push Preference

The question arises ho w to in tegrate the ab o v e algebraic la ws in to the classical, w ell-

kno wn hill-clim bing algorithm. In particular, w e w an t to add heuristic strategy of push

pr efer enc e , whic h is based on the assumption that early application of the preference

op erator reduces in termediate results. Indeed, the Theorem 8 pro vides a formal evidence

that it is correct to pass exactly all the tuples that ha v e b een included in an y w orld

returned b y the preference op erator to the next op erator in the op erator tree. This leads

to a b etter p erformance in subsequen t op erators.

3

W e call t w o relation sc hemas c omp atible if they ha v e the same n um b er of attributes and the corre-

sp onding attributes ha v e iden tical domains.
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5 Related W ork

The study of preferences in the con text of database queries has b een originated b y Lacroix

and La v ency [8]. They , ho w ev er, ha v en't addressed the issue of algebraic optimization.

Nev ertheless, only at the turn of the millennium this area attracted broader in ter-

est again. Kieÿling [6 ] and Chomic ki et al. [2] ha v e pursued indep enden tly a similar,

qualitative approac h within whic h preferences b et w een tuples are sp eci�ed directly , us-

ing binary pr efer enc e r elations . They ha v e de�ned an op erator returning only the b est

preference matc hes. Ho w ev er, they , b y con trast to the approac h presen ted in this pap er,

don't consider preferences b et w een sets of elemen ts and are concerned only with one t yp e

of preference. Moreo v er, the relation to a preference logic unfortunately is unclear. On

the other hand, b oth Chomic ki et. al. [2] and Kieÿling [7, 4] ha v e laid the foundation for

preference query optimization that extends established query optimization tec hniques.

A sp ecial case of the same em b edding represen ts skyline op er ator in tro duced b y

Börzsön yi et al. [1]. Some examples of p ossible rewritings for skyline queries are giv en

but no general rewriting rules are form ulated.

In [9], actual v alues of an arbitrary attribute w ere allo w ed to b e partially ordered

according to user preferences. A ccordingly , RA op erations, aggregation functions and

arithmetic w ere rede�ned. Ho w ev er, some of their prop erties w ere lost, and the the query

optimization issues w ere not discussed.

6 Conclusions

W e build on the framew ork of em b edding preferences in to R QL through the preference

op erator that is parameterized b y user preferences expressed in a declarativ e, logical

language con taining sixteen kinds of preferences and that returns the most preferred

sets of tuples of its argumen t relation. Most imp ortan tly , the language is suitable for

expressing preferences b et w een sets of elemen ts and its seman tics allo ws for con�icting

preferences.

The main con tribution of the pap er consists in presen ting basic prop erties of the pref-

erence op erator and a n um b er of algebraic la ws describing its in teraction with other RA

op erators. P articularly , su�cien t conditions for comm uting the preference op erator with

RA selection or pro jection and for distributing o v er Cartesian pro duct, set union, and

set di�erence ha v e b een iden ti�ed. Th us k ey rules for rewriting the preference queries

using the standard algebraic optimization strategies lik e push pr efer enc e or push pr oje c-

tion ha v e b een established. Moreo v er, a new optimization strategy of push pr efer enc e

has b een suggested.

F uture w ork directions include iden tifying further algebraic prop erties and �nding the

b est p ossible ordering of transformations for optimization of RA statemen ts with the

preference op erator. Also, expressiv eness and complexit y issues ha v e to b e addressed in

detail.
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Abstract. This pap er deals with the n umerical sim ulation of dislo cation dynamics. Dislo cations

are describ ed b y means of the ev olution of a family of closed and op en smo oth curv es � t : S1 !
R2

, t = 0. The curv es are driv en b y the normal v elo cit y � whic h is the function of curv ature

� and the p osition v ector x 2 � t
. In this case the equation is de�ned this w a y: � = � � + F .

The equation is solv ed using direct approac h b y t w o n umerical sc hemes, ie. semi-implicit and

semi-discrete, b oth are compared with analytical solution. Results of the dislo cation dynamics

sim ulation are presen ted.

Abstrakt. T en to £lánek se zab ýv á n umeric k ou sim ulací dislok a£ní dynamiky . Dislok ace jsou p o-

psán y p omo cí £aso v ého výv o je mnoºin y uza v°enýc h a otev°enýc h hladkýc h k°iv ek � t : S1 ! R2
,

t = 0. Výv o j k°iv ek je o vliv¬o v án normálo v ou ryc hlostí � , jenº je funk cí k°iv osti � a p oloho v ého

v ektoru x 2 � t
. V tom to p°ípad¥ má ro vnice tv ar � = � � + F . Ro vnice je °e²ena p°ímou meto-

dou p omo cí dv ou r·znýc h n umeric kýc h sc hémat, semi-implicitním a semi-diskrétním. Ob ¥ tato

sc hémata jsou p oro vnána s analytic kým °e²ením. Výsledky sim ulace dislok a£ní dynamiky jsou

tak é uv eden y .

1 Úv o d

V o dv ¥tví výzkum u materiál· a p evnýc h látek se dislok ace de�n ují jak o p oruc ha £i ne-

pra videlnost v krystalo v é m°íºce materiálu. P°ítomnost dislok ací v materiálu výrazn¥

o vliv¬ uje mnohé z jeho vlastností, a proto je v elmi d·leºité vyvinout vho dný matema-

tic ký mo del. Z matematic k ého hledisk a jsou dislok ace de�no v án y jak o hladk é uza v°ené

neb o otev°ené ro vinné k°ivky , které se vyvíjejí v £ase. Uk ázk a dislok ace v materiálu je

znázorn¥na na obrázku 1.

2 Matematic ký mo del

K°ivky , které se v £ase vyvíjejí, je moºné matematic ky p opsat n¥k olik a zp·sob y . Jednou

z moºností je p°ístup meto dou L evel Set [1, 2, 3], kdy výsledná k°ivk a je n ulo v ou hladinou

plo c h y . Dal²í moºností je meto da fázo v ého p ole (Phase Field) [4] a nak onec i p°ímá

(parametric k á) meto da [5, 6], kdy je k°ivk a parametrizo v ána b ¥ºným zp·sob em. V tom to

£lánku se budeme zab ýv at prá v ¥ touto meto dou.

�
T ato práce b yla p o dp o°ena gran tem £. MSM 6840770010, pro jekt £. LC06052 Ne£aso v a cen tra pro

mathematic k é mo delo v ání.
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Obrázek 1: Dislok ace v nerezo v é o celi, zdro j: Wikip edia.org

2.1 Ro vnice

P°i p ouºití parametric k ého p°ístupu p opí²eme dislok a£ní k°ivku �( t) p omo cí hladk é

£aso v ¥ zá vislé v ektoro v é funk ce X (S; I )

X : S � I ! R2;

kde S = h0; 1i je p evný in terv al pro parametrizaci k°ivky a I = h0; Ti je £aso vý in terv al.

Dislok a£ní k°ivk a �( t) je pak dána jak o

�( t) = f X (u; t); u 2 Sg;

kde u je parametr a t 2 h0; Ti je £as.

Mnoºina t¥c h to k°iv ek m usí spl¬o v at ro vnici pro £aso vý výv o j, která je ob ecn¥ zadána

jak o � = � (�; x ) , kde � je normálo v á ryc hlost výv o je k°ivky . Normálo v á ryc hlost je ob ecn¥

funk cí k°iv osti � a p oloho v ého v ektoru x . V na²em p°ípad¥ má tato ro vnice jedno duc hou

p o dobu

� = � � + F; (1)

kde F vyjad°uje externí sílu aplik o v anou v e sm¥ru normály k e k°iv ce.

2.2 Odv ození diferenciální ro vnice

Pro o dv ození diferenciální ro vnice je t°eba de�no v at n¥k olik základníc h p o jm ·. M¥jme

hladk ou k°ivku x : S1 ! R2
. Jednotk o vý te£ný v ektor

~T lze de�no v at jak o

~T = @ux=j@uxj .

Jednotk o vý normálo vý v ektor

~N je k olmý na te£ný v ektor a platí

~N ~T = 0 . K°iv ost k°ivky

je dána vzorcem

� =
@ux?

j@uxj
�

@2
ux

j@2
uxj

= ~N �
@2

ux
j@2

uxj
:

Normálo v á ryc hlost je de�no v ána jak o deriv ace x p o dle £asu t v e sm¥ru normály .

Nyní lze zapsat ro vnici (1) jak o

@x
@t

= �
@2

ux
j@2

uxj
+ F

@ux
j@uxj

: (2)
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2.3 Numeric k é sc héma

Pro °e²ení diferenciální ro vnice (2) jsou p ouºita dv ¥ n umeric k á sc hémata: semi-implicitní

a semi-diskrétní. P ouºití dv ou sc hémat je z d·v o du moºnosti p oro vnání výsledk· a zji²t¥ní

jejic h p°esností.

Pro °e²ení ro vnice p omo cí semi-diskrétního sc hématu je p ouºita Runge-Kutto v a meto da

£tvrtého °ádu s automatic k ou v olb ou £aso v ého kroku. Pro diskretizaci deriv ací v prostoru

jsou p ouºit y st°edo v é diference ro vn¥º £tvrtého °ádu. První deriv ace je diskretizo v ána

takto:

@x
@u

�
�

x1
j � 2 � 8x1

j � 1 + 8x1
j +1 � x1

j +2

12h
;
x2

j � 2 � 8x2
j � 1 + 8x2

j +1 � x2
j +2

12h

�
;

a druhá deriv ace takto:

@2x
@u2

�
�

� x1
j � 2 + 16x1

j � 1 � 30x1
j + 16x1

j +1 � x1
j +2

12h2
;
� x2

j � 2 + 16x2
j � 1 � 30x2

j + 16x2
j +1 � x2

j +2

12h2

�
:

Náhrady deriv ací ozna£íme xu pro první deriv aci a xuu pro druhou.

Ro vnice (2) pro semi-diskrétní sc héma má tv ar

dxj

dt
=

xuuj

Q2(xuj )
+ F

x?
uj

Q(xuj )
; j = 1; � � � ; m � 1; t 2 (0; T); (3)

kde Q(x; y) =
p

x2 + y2 + "2
a x?

uj je k olmý v ektor k xuj . ƒlen " je do ro vnice p°idán

proto, ab y p°i °e²ení nedo c házelo k uk on£ení výp o £tu p°i dosaºení singularit y .

P ouºív á se i semi-implicitní sc héma °e²ené p°ímým °e²i£em. V tom to p°ípad¥ jsou

p ouºit y jedno du²²í prostoro v é diference. První deriv ace je diskretizo v ána p omo cí zp ¥tné

diference

@x
@u

�
�

x1
j � x1

j � 1

h
;
x2

j � x2
j � 1

h

�

a druhá deriv ace je diskretizo v ána takto:

@2x
@u2

�
�

x1
j +1 � 2x1

j + x1
j � 1

h2
;
x2

j +1 � 2x2
j + x2

j � 1

h2

�
:

Ro vnice (2) pro semi-implicitní sc héma má tv ar

xk+1
j � �

xk+1
uuj

Q2(xk
uj )

= xk
j + �F

x? k
uj

Q(xk
uj )

; j = 1; � � � ; m � 1; k = 0; � � � ; NT � 1; (4)

kde Q(x; y) a x?
uj ma jí stejný význam jak o pro semi-diskrétní sc héma. Struktura matice

pro jedn u k omp onen tu xk+1
má tv ar

0

B
B
B
B
@

1 � 2t
h2Q2

� t
h2Q2 0 � � �

� t
h2Q2

.

.

.

.

.

.

.

.

.

0
.

.

.

.

.

.

.

.

.

1

C
C
C
C
A

.
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3 Výsledky n umeric k é sim ulace

V této k apitole budou prezen to v án y výsledky n umeric k é sim ulace p omo cí vý²e uv e-

denýc h n umeric kýc h sc hémat. Let y pro v ¥°ený °e²i£ pro semi-diskrétní sc héma p ouºív á

Runge-Kutto vu meto du £tvrtého °ádu a je napsán a pro ryc hlost o dlad¥n v jazyce F ortran.

•e²i£ pro semi-implicitní sc héma je napsán v jazyce C, zatím v²ak není tak so�stik o v aný .

Na jeho výv o ji se stále pracuje.

3.1 T esto v ání na uza v°enýc h k°ivk ác h

K o v ¥°ení, zda je zv olený p°ístup k °e²ení ro vnice vho dný , b ylo n utno pro v ést testo v ání

s r·znými p o £áte£ními p o dmínk ami. Výsledky b yly p oté p oro vnán y bu¤ s analytic kým

°e²ením neb o s výsledky dostupnými v literatu°e [6, 7, 8 ].
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(a) F = 0 , t 2 (0; 0:495), h = 1 =200
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-1 -0.5  0  0.5  1

(b) t 2 (0; 0:184), h = 1 =200, F = 10 pro jxj <
0:35, F = � 5 pro jxj > 0:35

Obrázek 2: ƒaso vý výv o j uza v°enýc h k°iv ek

Nejjedno du²²í p°ípad pro o v ¥°ení °e²ení ro vnice (2) je zv olit p o £áte£ní p o dmínku jak o

jednotk o vý kruh se st°edem v p o £átku sou°adnic a jak o externí sílu zv olit 0, tj. ºádnou

externí sílu. Sim ulace tohoto p°ípadu je vid¥t na obrázku 2(a). Bez externí síly se kruh

p ostupn¥ zmen²uje a nak onec z·stane p ouze jeden b o d. Pro ten to p°ípad je tak é moºné

zjistit analytic k é °e²ení, které je dané vzorcem

r =
p

1 � 2t; (5)

kde r je p olom¥r zmen²ujícího se kruh u a t je £as. P oro vnání n umeric k ého výp o £tu a

analytic k ého °e²ení je uv edeno níºe. P°i zv olení externí síly ro vné k°iv osti si kruh zac ho v á

sv ou v elik ost a v £ase se pak nebude vyvíjet.
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Na obrázku 2(b) je zobrazena k omplik o v an¥j²í situace, kdy externí síla F není v pro-

storu k onstan tní, ale pro b o dy jxj < 0:35 je F = 10 , pro ostatní je F = � 5. V zhledem k

vy²²í k°iv osti v záh yb ec h je ale síla F = 10 p°ek onána a tv ar se p ostupn¥ transform uje

na kruh, který se dále rozpíná.
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(a) Semi-diskrétní (3), h = 1 =200
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(b) Semi-diskrétní (3), h = 1 =400
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(c) Semi-implicitní (4), h = 1 =200
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(d) Semi-implicitní (4), h = 1 =400

Obrázek 3: Ch yba sc hémat v·£i analytic k ém u °e²ení

3.2 Ov ¥°ení n umeric k ého °e²ení

Jak jiº b ylo zmín¥no, ro vnici (2) je moºné pro jisté p°ípady p o £áte£níc h p o dmínek °e²it i

analytic ky . Jedním z t¥c h to p°ípad· je p o £áte£ní p o dmínk a v e tv aru kruh u s jednotk o vým

p olom¥rem. •e²ení je pak dáno vzorcem (5). Ob ¥ p ouºitá n umeric k á sc hémata (3) (4) b yla

p oro vnána s tím to °e²ením. Ch yba je daná rozdílem analytic k ého °e²ení a n umeric k ého,

tj. ranalyt � rnumer .
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Výsledky pro semi-diskrétní sc héma zac h ycují grafy 3(a) a 3(b). Je vid¥t, ºe se zmen-

²ením v elik osti h se tak é sníºí v elik osti c h yb y . Díky p ouºití meto dy £tvrtého °ádu a tak é

diferencí téhoº °ádu se dosáhlo dobré p°esnosti v °ádu 10� 7
pro h = 1=200, resp. 10� 9

pro h = 1=400.

Semi-implicitní °e²i£ zatím nedosah uje tak o výc h p°esností jak o semi-diskrétní °e²i£. V

grafec h 3(c) a 3(d) je zobrazen rozdíl analytic k ého a n umeric k ého °e²ení pro stejnou situaci

jak o v p°edc hozím p°ípad¥. Op ¥t zde do c hází k r·stu p°esnosti p°i sniºo v ání v elik osti h ,

tj. p°esnost je v °ádu 10� 3
pro h = 1=200, resp. 10� 4

pro h = 1=400.

3.3 Dislok a£ní dynamik a

Hla vním cílem této meto dy bude sim ulace dislok a£ní dynamiky . Dislok a£ní k°ivky v

materiálu se r·zn¥ vyvíjejí, kmita jí m¥ní sv ou top ologii a p o dobn¥. Následující sim ulace

ma jí o v ¥°it, zda meto da m ·ºe b ýt p ouºita pro ten to ú£el.

-2

-1.5

-1

-0.5

 0

 0.5

 1

 1.5

 2

-2 -1.5 -1 -0.5  0  0.5  1  1.5  2

(a) Dislok a£ní k°ivk a expanduje ( F = � 3)
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(b) K°ivk a se stáhne a expanduje na dru-

hou stran u.

Obrázek 4: Výv o j dislok a£ní k°ivky s prom¥nliv ou externí silou F

Obrázek 4 ilustruje pr·b ¥h dislok a£ní k°ivky v £ase. Na k°ivku p·sobí externí síla

F = � 3, coº zp·sobí expanzi nahoru. V £ase t = 0; 54 se zm¥ní sm¥r síly F = 3 . K°ivk a

se vrací do p·v o dního sta vu a prokmitne na druhou stran u. V materiálu se ob jevuje prá v ¥

p o dobné c ho v ání, ale je o vlivn¥no více faktory .

P°i ev oluci dislok a£ní k°ivky se m ·ºe stát, ºe se ob jeví bariéra, která brání v jejím

výv o ji. P o dle v elik osti síly se m ·ºe stát, ºe k°ivk a bu¤ bariéru p°ek oná neb o z·stane v

této barié°e uzam£ena. Obrázek 5 ilustruje prá v ¥ tuto situaci. Dislok a£ní k°ivk a expanduje

za p·sob ení externí síly F = � 3, dokud nedosáhne bariéry tv o°ené prostoro v ou zm¥nou

externí síly F v y = 1:7. T ato bariéra o v²em není dost silná ( jF j = 9 ), ab y k°ivku udrºela,

protoºe na k oncíc h je v elmi vysok á k°iv ost, a tím pádem i vysok á síla p·sobící proti externí
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Obrázek 5: Dislok a£ní k°ivk a p°ek oná bariéru tv o°enou prostoro v ¥ prom¥nnou externí

silou.

síle. K°ivk a se uv olní a p okra£uje dál v expanzi. T ato sim ulace se o dehrá v á v £aso v ém

in terv alu t 2 (0; 2:1). V reálném p°ípad¥ b y se p o dotkn utí r·znýc h £ástí k°ivky m¥la

k°ivk a rozd¥lit na více £ástí, které se pak vyvíjejí dále. T oto zatím sou£asný matematic ký

mo del nedo v oluje.
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(a) Expanze k°ivky
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(b) Ná vrat k°ivky zp ¥t

Obrázek 6: Prostoro v ¥ prom¥nná externí síla F s vysok ou ho dnotou

Kdyº je externí síla p°íli² silná, tak nedo v olí k°iv ce p okra£o v at v e výv o ji. K°ivk a je

tedy drºena mezi dv ¥ma b o dy a expanduje do stran. Bariéra je op ¥t v y = 1:7 a ho dnota

externí síly v ní je jF j = 35 . Obrázek 6(a) zobrazuje expanzi k°ivky a její zac h ycení p°i

F = � 3 a v £ase t 2 (0; 1:5). Obrázek 6(b) zobrazuje ná vrat k°ivky zp ¥t p°i F = 3 v £ase

t 2 (1:5; 3). K°ivk a je o v²em zadrºena v barié°e a nem ·ºe se vrátit do p·v o dního sta vu.

T ato sim ulace má demonstro v at výv o j dislok a£ní k°ivky v materiálu, kdy zac h ycena v

tzv. k análu.
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Obrázek 7: Výv o j k°ivky v k análu

Výv o j k°ivky v k análu je znázorn¥n na obrázku 7. P omo cí externí síly jsou zde vy-

tv o°en y nek one£n¥ dlouhé bariéry , p°es které se dislok ace nem ·ºe dostat. V yvíjí se tedy

p ouze do stran. V reálném p°ípad¥ b y pak m¥la dislok ace kmitat prá v ¥ v tom to k análu.

4 Zá v ¥r

Mo delo v ání dislok a£ní dynamiky je pro praxi v elmi d·leºité, protoºe dislok ace ma jí

v elký vliv na v ¥t²in u vlastností materiálu. Dislok ace je moºné mo delo v at p omo cí v £ase

se vyvíjejícíc h hladkýc h k°iv ek. V tom to £lánku je uv eden matematic ký mo del pro °e²ení

p omo cí parametric k ého p°ístupu a na vrºena dv ¥ n umeric k á sc hémata pro °e²ení ro vnice

na p o £íta£i. Výsledky jsou p oro vnán y bu¤ s analytic kým °e²ením neb o s výsledky v

literatu°e. Uv eden y jsou tak é sim ulace demonstrující výv o j k°iv ek p o dobný realným dis-

lok acím, ale t y zatím pln¥ neo dp o vída jí, protoºe do mo delu není implemen to v ána vho dná

fyzik a.
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Abstract. This pap er describ es t w o v arian ts of the tree-structured self-organising map (TS-

SOM) algorithm that are used in t w o di�eren t image-bro wsing and retriev al systems, GalSOM

and PicSOM. It studies ho w metho ds used to optimise GalSOM w ork in PicSOM and mak es

some suggestions on parameter optimisation based on the results of heuristic analysis.

Abstrakt. T en to £lánek p opisuje dv ¥ v arian t y algoritm u samo organizující se map y se stromo v ou

strukturou, které jsou p ouºit y v e dv ou r·znýc h systémec h prohlíºení a vyhledá v ání obrazu,

GalSOM a PicSOM. Studuje jak meto dy p ouºitív ané k optimalizaci GalSOM pracují v systém u

PicSOM a na vrh uje n¥k olik moºností jak optimalizo v at jeho parametry na základ¥ výsledk·

heuristic k é analýzy .

1 In tro duction

In our previous w orkshop pap er [10], w e describ ed the tree-structured v arian t of the

w ell-kno wn self-organising map (SOM) algorithm, and some of the problems that can

o ccur when using it for m ulti-resolution visualisation tasks. In this pap er w e analyse a

v arian t of the tree-structured self-organising map and explore some asp ects of the task

of optimising its parameters.

Self-organising maps are a t yp e of arti�cial neural net w ork that uses unsup ervised

learning. They w ere dev elop ed b y K ohonen [2] in the eigh ties and ha v e since b een em-

plo y ed successfully in a n um b er of applications; in particular they ha v e b een used for

cluster analysis and visualising high-dimensional data.

In an e�ort to sp eed up large SOM and acquire mappings at di�eren t resolutions,

hierarc hical v arian ts w ere dev elop ed. These include the Multi-La y er SOM [1 ], the Ev olv-

ing T ree [7] and most imp ortan tly , the T ree-Structured Self-Organising Map (TS-SOM)

[3, 4], whic h this pap er describ es in detail. One of the b est-kno wn applications to use

TS-SOM is PicSOM [5, 6 ], whic h uses m ultiple TS-SOM to facilitate con ten t-based image

retriev al.

Incorp orating TS-SOM in to the GalSOM image bro wser led to an impro v emen t of

the algorithm with multi-r esolution c orr e ction as describ ed in [8]. In this pap er w e apply

the results from exp erimen ts with GalSOM to the PicSOM in an attempt to optimise

it. More general information ab out using TS-SOM for image bro wsing and data analysis

with GalSOM is discussed in [9, 11].

�
In co op eration with J. Laaksonen, M. K osk ela and M. Sjöb erg of The L ab or atory of Computer and

Information Scienc e, Helsinki University of T e chnolo gy.
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2 Algorithms

In this section w e describ e the SOM and TS-SOM algorithms. Because the t w o primary

applications of the TS-SOM, GalSOM and PicSOM, implemen t it di�eren tly , they are

describ ed separately in sections 2.2 and 2.3.

2.1 SOM

The self-organisation pro cess is ac hiev ed as follo ws:

1. Initialise the co deb o ok v ectors nij (0) at random (usually b y setting them to ran-

domly c hosen input v ectors).

2. Select a random input i (t) and �nd the b est matc hing neuron (BMN) nbest(t) (i.e.

the neuron with the closest co deb o ok v ector). Ev ery input sample has the same

probabilit y of b eing selected.

3. Mo v e the BMN and its top ological neigh b ours within a certain neigh b ourho o d dis-

tance to w ards the selected input v ector. Units lo cated top ologically further from

BMN are mo v ed less.

nij (t + 1) = nij (t) + � (t) � � (i; j; t ) � [i (t) � n(t)]; (1)

where

� (t) : N0 ! < 0; 1> monotonously decreasing, (2)

� (i; j; t ) : N0 � N0 � N0 ! < 0; 1>;

� decreases monotonously with the top ological distance of nij from nbest and with

t . The top ological distance is the length of the shortest path from one neuron to

the other in the graph (grid) that represen ts the net w ork's top ology .

4. Pro ceed to iteration t + 1 . Rep eat 2 and 3 iterativ ely , reducing the prop ortion of

the distance mo v ed � and the neigh b ourho o d distance � eac h iteration, un til they

reac h a certain predetermined threshold.

As a result the co deb o ok v ectors will b e attracted to large clusters of input v ectors

as these will ha v e a higher probabilit y of b eing selected than sparsely p opulated areas

of input space. � and � m ust b e selected with care if the algorithm is to ac hiev e go o d

results [12].

2.1.1 Neigh b ourho o d function

F unction � in (2) is called the neighb ourho o d function . It determines ho w m uc h and ho w

distan t (from the BMN) neurons will b e a�ected at a giv en momen t during the adaptation

pro cess. T ypically , it will apply a neighb ourho o d kernel to the top ology of the net w ork

surrounding the BMN to determine ho w m uc h neurons within a the curren t top ological

radius should b e a�ected.

By default, GalSOM uses a triangular neigh b ourho o d k ernel, whic h is de�ned as

follo ws.
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�
T ri

(t) =
�

1 � d=r(t) d � r (t)
0 d � r (t)

; (3)

where d is the top ological distance of a neuron from the BMN and r (t) is the neigh-

b ourho o d radius at time t .

2.2 TS-SOM (GalSOM)

One w a y w e can sim ultaneously analyse input space with high and lo w input ratios is

to use a tree-structured self-organising map (TS-SOM), [3, 4]. This is a hierarc hical

structure of SOMs of exp onen tially increasing size. Eac h lev el of the TS-SOM adapts

separately , but in the lo w er lev els, the searc h for the b est-matc hing neuron is limited to

those hierarc hically connected to the BMN of the previous la y er. See �gure 1.

2.2.1 The basic algorithm

The algorithm w orks as follo ws:

1. P erform one iteration of the SOM algorithm on the top la y er.

2. P erform one iteration of the SOM algorithm on the next la y er, but limit the searc h

for the BMN to the neurons lo cated under the winning neuron of the previous la y er.

3. Rep eat 2 un til all la y ers ha v e b een up dated.

4. Rep eat 1 to 3 un til the SOM thresholds ha v e b een met.

The adv an tages of suc h a structure are ob vious. Instead of p erforming a full-searc h

for the BMN at the lo w er la y ers, w e restrict ourselv es to a constan t n um b er of neurons

p er giv en la y er, th us greatly increasing the adaptation sp eed. The complexit y of the

algorithm is O(logN) , where N is the n um b er of neurons on the b ottom la y er [4]. Also,

due to the hierarc hical structuring, all the SOM will b e orien tated similarly in input space

and the TS-SOM as a whole ma y b e considered a m ulti-resolution mapping of the giv en

data set. See �gure 2.

Unfortunately , reducing the scop e when searc hing for the BMN will often return

sub optimal results, i.e. �nding neurons that are further from the input than the closest

one. As sho wn in m y detailed analysis [8], this e�ect increases with eac h subsequen t la y er

causing the lo w er high NI-ratio la y ers to return p o or results.

2.2.2 Wide-searc h TS-SOM

The unfortunate prop ert y of the TS-SOM to propagate errors to the lo w er la y ers is caused

b y inputs b ordering b et w een t w o neurons on a higher la y er, whic h gradually b ecome

more and more p o orly quan ti�ed as the searc h for the BMN b ecomes more and more

restricted. As noted in [6], b etter results ma y b e ac hiev ed b y allo wing searc hing for the

BMN in a wider scop e, whic h includes neurons adjacen t to those directly under a higher

la y er (�gure 3). This is further corrob orated b y m y exp erimen ts in [8], where I sho w that

wide-searc hing is sup erior to the standard TS-SOM in almost all resp ects.
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Figure 1: A 3-la y er TS-SOM with 4 neurons at the top la y er and 64 at the b ottom.

Figure 2: 4 la y ers of a TS-SOM sho w colour distribution of an input space of images at

di�eren t resolutions.
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Figure 3: Wide-searc h for the BMN in neigh b ouring neurons.

2.2.3 Multi-resolution correction

One unfortunate side e�ect of the wide-searc h impro v emen t of the TS-SOM algorithm is

that the separate la y ers b ecome unsync hronised. This degrades the qualit y of the TS-

SOM as a m ulti-resolution mapping. In [8] w e describ e a simple and e�ectiv e metho d for

rectifying this problem and remo ving the desync hronising e�ect. It should b e noted that

go o d sync hronisation also impro v es the qualit y of the searc h for the BMN and brings the

TS-SOM closer to the qualit y of the standard full-searc h metho ds. Ho w ev er, as w e will

sho w later on, this pr op erty only applies to the GalSOM variant of the TS-SOM .

2.3 TS-SOM (PicSOM)

The PicSOM system [5] w as originally dev elop ed for the task of con ten t-based image

retriev al using query b y pictorial example [6 ]. The data is mapp ed to m ultiple SOM,

eac h of whic h maps a di�eren t represen tation of it using di�eren t feature v ectors.

The user is presen ted with a n um b er of images from the database, whic h he lab els

either p ositiv e (similar to the target image) or negativ e. This feedbac k is plotted to the

BMN of eac h TS-SOM and a �v alue map� of eac h is up dated � the unit on the map

that corresp onds to the BMN for p ositiv ely-lab elled images has its v alue increased, while

that corresp onding to the negativ ely-lab elled ones is decreased. A con v olution �lter and

normalisation is then applied to the v alue-maps to generalise the results. A new set of

images lo cated at the no des that score highest on the v alue-maps is then presen ted to

the user, and the pro cess is rep eated un til the target image has b een found.

The user feedbac k can b e replaced with annotated training samples and used for
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learning to detect high-lev el features and classes using the m ultiple mappings of lo w-lev el

features.

Only the b ottom lev els of the TS-SOM are used, so the algorithm is optimised to w ards

getting the b est result on them. The only purp ose of the other lev els is to sp eed up

the searc h pro cess. F or this reason, the TS-SOM structure used b y PicSOM is sligh tly

di�eren t than the ones that GalSOM uses, as w ere describ ed in section 2.2.

In a PicSOM TS-SOM, eac h no de is hierarc hically connected to an area of 4� 4 no des

on the subsequen t lev el. Th us, eac h map lev el con tains 16 times as man y no des as the

previous one, causing the size to increase with great rapidit y . PicSOM uses wide-searc hing

similar to that describ ed in section 2.2.2, but the searc h is restricted to the 10� 10 area

b eneath a no de rather than just the immediate neigh b ours of the descendan ts.

The second ma jor di�erence is that the lev els of the TS-SOM are adapted one at

a time, starting from the top lev el. Eac h subsequen t lev el has its neurons initiated b y

extrap olating the p osition of those on the previous lev el according to the hierarc hical

connections. This is to impro v e the p erformance on the lo w er lev els p er giv en n um b er of

iterations b y reusing information gained from the iterations made on the higher ones.

3 Exp erimen ts

W e ha v e conducted a n um b er of exp erimen ts studying and comparing the TS-SOM meth-

o ds used in GalSOM and PicSOM.

3.1 MR C with PicSOM

In this exp erimen t w e compared the basic PicSOM algorithm with v arian ts using the

m ulti-resolution correction as describ ed in section 2.2.3. F our di�eren t v arian ts w ere

used.

1. 100 runs

1

using the default PicSOM con�guration.

2. As in 1, but with MR C p erformed after all runs ha v e b een completed.

3. MR C is p erformed t wice, once ev ery 50 runs.

4. MR C is p erformed after ev ery run.

In 3 and 4 the runs follo wing eac h MR C b egin at the top lev el again.

T able 1 sho ws the a v erage quan tisation error (A QE) and tree searc h qualit y (TSQ) of

the 4 v arian ts on eac h lev el of 4-lev el TS-SOM. As can b e seen, v arian ts 2-4 ha v e a higher

A QE on the more imp ortan t lo w er lev els, but an impro v ed result on the higher ones.

TSQ is de�ned as the p ercen tage of BMN lo cated using tree searc h that are the same

as BMN lo cated using a full searc h on a giv en lev el of the map. As can b e seen, MR C

reduces the TSQ on all lev els except the top ones, where tree searc h is equiv alen t to full

searc h.

1

A run consists of one iteration p erformed for eac h input.
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MR C test

Measure A QE TSQ

Lev el 1. 2. 3. 4. 1. 2. 3. 4.

1 197,213 189,362 188,764 190,869 1 1 1 1

2 159,151 153,726 153,878 159,857 0,951545 0,900166 0,901104 0,928091

3 128,144 113,595 113,772 126,069 0,914735 0,811203 0,813411 0,709161

4 72,9938 85,7821 85,6351 101,604 0,941446 0,812583 0,812804 0,707726

T able 1: MR C used in v arian ts 2-4 reduces A QE on the lo w er lev els of the TS-SOM, but

increases it on the higher ones. It reduces TSQ on all lev els except the top ones.

MR C test - HLF

Measure 1. 2. 3. 4.

A vgprec 0,1472 0,1444 0,1325 0,1409

W. a vgprec 0,0112 0,0112 0,0102 0,0109

A priori a vgprec 16,3233 16,2401 14,2412 16,3332

T able 2: MR C decreases the a v erage precision regardless of whether it is w eigh ted in

fa v our of small or large classes.

T able 2 sho ws the a v erage, the w eigh ted a v erage, and the a priori a v erage aver age

pr e cision (a vgprec) for lo cating ob jects con taining queried high-lev el features (HLF) of

34 classes. These classes includes suc h HLF as p e ople , water , buildings and cr owds .

Because eac h class had a di�eren t n um b er of ob jects for training and testing, it w as

necessary to examine whether small classes with few ob jects w ere not sk ewing the results.

This w as done with the weighte d aver age , where the a vgprec of eac h class w as w eigh ted

b y the n um b er of ob jects it con tained.

Ho w ev er, b ecause ob jects in small classes ha v e a m uc h lo w er a priori probabilit y of

b eing lo cated in a large database, a higher a vgprec ma y b e considered a greater ac hiev e-

men t. The a priori avgpr e c of class i is calculated b y dividing its a vgprec b y its a priori

probabilit y Pi , whic h is de�ned as follo ws.

Pi = Oi =N; (4)

where Oi is the n um b er of ob jects in class i and N is the total n um b er of ob jects in

the en tire database. Unfortunately , this measure is more susceptible to noise than the

other t w o as it magni�es the results of small classes.

As can b e seen from the results in table 2, v arian t 1 scored the b est in all three

di�eren t measures.

MR C essen tially damages the lo w er-lev el mappings, whic h w ere pro duced using a

static p ositioning of the higher ones. Because the lo w er lev els w ere pro duced recycling

the iterations of the higher lev els as w ell as their o wn, they are m uc h more �nely tuned.

MR C recycles this �ne-tuning when it corrects the p ositions of the higher lev els. Ho w ev er,

in non-visualisation tasks that only use the lo w est lev el of the PicSOM TS-SOM (suc h

as HLF detection), MR C pro vides no b ene�t at all.
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T ri test - impro v emen t %

Lev el A QE TSQ

1 4,36 0

2 2,50 0,0035

3 2,52 0,0176

4 8,48 0,0375

T able 3: Using a triangular neigh b ourho o d k ernel impro v es A QE and TSQ on all lev els

of the TS-SOM.

MR C test - HLF

Measure Rect T ri

A vgprec 0,1190 0,1281

W. a vgprec 0,0092 0,0098

A priori a vgprec 14,5450 15,1471

T able 4: Using a triangular neigh b ourho o d k ernel impro v es HLF detection.

3.2 T riangular neigh b ourho o d k ernel

The default con�guration of PicSOM uses a rectangular neigh b ourho o d k ernel (see section

2.1.1). In this exp erimen t w e replaced it with a triangular one and compared the results.

T able 3 sho ws the p ercen tage of impro v emen t to a v erage A QE and TSQ of 7 separate

tests using di�eren t features, whic h this mo di�cation ac hiev ed. As can b e seen, using a

triangular k ernel impro v ed the map qualit y of eac h lev el of the TS-SOM. This also applies

to eac h separate feature as w ell as the a v erage score.

T able 4 compares the HLF test results of rectangular and triangular neigh b ourho o d

k ernels using the a v erage of the same 7 features. The a vgprec (using the same three

measures as in the previous exp erimen t) w as on a v erage b etter in eac h case, although for

one or t w o features the a priori a vgprec decreased sligh tly .

Ov erall it ma y b e concluded that the triangular outp erforms the rectangular neigh-

b ourho o d k ernel.

3.3 Con v olution radius

During the con v olution phase of the PicSOM algorithm, a triangular k ernel of radius C
(not to b e confused with the neigh b ourho o d k ernel in the previous section) is used to

generalise the input from training data or user feedbac k (see section 2.3). The default

v alue of C is 9 (i.e. the v alues on the v alue map of neurons within a top ological range

of 9 from the BMN of p ositiv e or negativ e hits will b e mo di�ed in prop ortion to their

distance).

The graph in �gure 4 sho ws the a vgprec of eac h of the 34 classes examined at v alues

of C ranging from 1 (the con v olution do es not a�ect the v alue map) to 20. In most cases,

the a vgprec starts v ery lo w and rapidly increases to a maxim um v alue, after whic h it

slo wly b egins to decrease.

There are a few exceptions to this general rule. The plotted v alues that decrease
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Figure 4: Dep endence of a v erage precision on con v olution radius for 34 di�eren t classes.

monotonically with the increasing v alue of C b elong to v ery small classes with v ery

similar ob jects. These classes do not b ene�t from the generalisation that con v olution

pro duces. Also, there are t w o high-scoring classes that remain more or less constan t.

These are the classes, fac e and p erson , whic h are primarily dep enden t on a feature that

registers successful face-detection. This pro duces a high degree of separabilit y , whic h

diminishes the in�uence of con v olution.

When the optimal v alue of C is selected for eac h class, instead of the default v alue

of 9, the a vgprec w as impro v ed b y 4:7%. Ho w ev er, when these optimised v alues of C
w ere emplo y ed with subsets and sup ersets of the training data, the resulting a vgprec

w as lo w er than with the default v alue. The optimisation of the con v olution parameter

w as e�ectually o v er-learning. It w as observ ed that when using a constan t v alue of C
for all classes, the subset exp erimen t scored highest for higher v alues, while the sup erset

did b etter with lo w er ones. It ma y b e concluded from this that sparser data requires a

greater degree of generalisation. Also, based on the general trend of most classes, it can

b e noted that higher v alues of C o�er less risk, as they increase the c hances of a v oiding

the steep rise prior to the p eak.

4 Conclusions

In this pap er w e describ ed in detail the di�erence b et w een t w o v arian ts of the TS-SOM

algorithm used in the pro jects GalSOM and PicSOM. Metho ds used for optimising Gal-
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SOM w ere applied to PicSOM with mixed success. MR C, whic h had previously b een used

successfully to impro v e the qualit y of GalSOM mappings w as found to b e unsuitable for

PicSOM. Con v ersely , triangular neigh b ourho o d k ernels w ere found to impro v e PicSOM's

results signi�can tly . Finally , exp erimen ts with the con v olution parameter of PicSOM

sho w ed that optimisation on a class-b y-class basis for high-lev el feature detection results

in o v er-learning. The analysis also suggests that higher v alues of the parameter will ha v e

more stable, alb eit sub optimal results.
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Abstract. W e describ e b eha vior of the burning air-coal mixture in p o w er plan t furnace, using the

Na vier-Stok es equations for gas and particle phases, accompanied b y a turbulence mo del. The

undergoing c hemical reactions are describ ed b y the Arrhenian kinetics (reaction rate prop ortional

to exp
�
� E

RT

�
; where T is temp erature). W e also consider the heat transfer via conduction and

radiation. The system of PDEs is discretized using the �nite v olume metho d (FVM) and an

adv ection upstream splitting metho d as the Riemann solv er. The resulting ODEs are solv ed

using the 4th-order Runge-Kutta metho d. Sample sim ulation results for t ypical p o w er pro duction

lev els are presen ted.

Abstrakt. P opisujeme c ho v ání ho°ící sm¥si prá²k o v ého o uhlí a vzduc h u v elektrárensk ém k otli

p omo cí Na vier-Stok eso výc h ro vnic pro plynnou a p evnou fázi sp olu s mo delem turbulence. Mo-

delo v aní c hemic kýc h reak cí se p opisuje tzv. Arrhenio vsk ou kinetik ou (ryc hlost reak ce je um¥rná

exp
�
� E

RT

�
; kde T je teplota). Dále uv aºujeme p°enos tepla v edením a radiací. Systém parciál-

níc h diferenciálníc h ro vnic je diskretizo v ám meto dami k one£nýc h ob jem · a "adv ection upstream

splitting". Výsledný systém ob y£ejnýc h diferenciálníc h ro vnic je °e²en meto dou Runge-Kutt y-

Merson 4. °ádu. Jsou prezen to v án y výsledky sim ulací pro t ypic ký výk on elektrárn y .

1 Úv o d

Hla vním cílem zk oumání ho°ení a vytv o°ení mo delu ho°ení je jeho p ouºití k výv o ji °í-

dícíc h systém · pro industriální aplik ace (stá v a jící mo del p ouºív á parametry z k otle K5

v Otrok o vicíc h). Dal²ím d·v o dem je optimalizace pro duk ce o xid· dusíku, jejic hº tv orba

je siln¥ o vlivn¥na teplotním pro�lem, p°ítomností spalo v acího vzduc h u a paliv a, m ·ºe

b ýt tedy k on trolo v ána vho dnou distribucí uhelného prá²ku a sekundárního vzduc h u na

ho°ácíc h.

Spalo v ací k omora je ob vykle £tv erco v ého pr·°ezu s n¥k olik a patry ho°ák· (viz Obrá-

zek 1), které mohou b ýt umíst¥n y na st¥nác h neb o v rozíc h. V na²em p°ípad¥ je k omora

�
T ato práce je £áste£n¥ p o dp o°ena gran tem "Applied Mathematics in T ec hnical and Ph ysical Sciences"

MSM 6840770010 Ministerstv a ²k olství, mládeºe a t¥lo výc ho vy ƒesk é Republiky a gran tem "A dv anced

Con trol and Optimization for P o w er Generation" £íslo 1H-PK/22 Ministerstv a pr·m yslu a ob c ho du ƒesk é

Republiky .

y
Sp olupraco v ali Jind°ic h Mak o vi£ k a, Mic hal Bene² and Vladimír Ha vlena
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30m vysok á a 7 metr· ²irok á, ho°áky jsou v e £t y°ec h patrec h.

Rozm¥ry spalo v ací k omory a p o £et ho°ák· je dán energetic-

kými p oºada vky . V na²em p°ípad¥ výk on k otle £iní 90 MW,

sp olu s parogenerátorem pro dukuje aº 100 tun stla£ené p°e-

h°áté páry za ho din u. Ho°áky se ob vykle nac házejí v e sp o dní

£ásti k omory . Do nic h je p°iv ád¥na sm¥s primárního vzduc h u

a uhelného prá²ku, p°edeh°átého na ur£itou teplotu, dále pak

sekundárního vzduc h u a nak onec nad p osledním patrem je p°i-

v eden vzduc h doho°ív ací. Jak sm¥s ho°í p°ená²í £ást tepla do

plá²t¥ k omory , který obsah uje trubky z v o dou, zb ytek tepla

o dc hází sp olu se spalinami do horní £ásti k otle, jenº obsah uje

r·zné k o v ek £ní plo c h y (oh°ív áky vzduc h u a v o dy , výparník, p°e-

h°ív ák) a kde do c hází k dal²ím u p°enosu tepla (viz nap°íklad

Obrázek 1: Sc héma k otle

[4]). Nejv ¥t²í snahou b ylo namo delo v ání pro ces· v oblasti, kde do c hází k ho°ení a k tv orb ¥

o xid· dusíku sp olu s p°esn¥j²ím fyzik álním mo delem samotného ho°ení a jev· které ho

dopro v ázejí.

2 Matematic ký mo del

Matematic ký mo del ho°ení je zaloºen na Na vier-Stok es ro vnicíc h pro reak £ní sm¥s, kde

uhelné £áste£ ky jsou p o v aºo v án y za jedn u z k omp onen t (jina£í p°ístup je zaloºen na

vlastníc h ro vnicíc h pro uhelné £ástice a spalin y [1]). T en to p°ístup b yl zv olen neb o´ zjed-

no du²uje mo del v p°ípad¥ uv áºení turbulence a o dstra¬ uje n¥k olik empiric kýc h vztah · a

k onstan t.

Stá v a jící mo del zahrn uje nasledující k omp onen t y sm¥si:

� c hemic k é látky u£astnící se p°i tv orb ¥ o xid· dusíku: dusík ( N2 ), kyslík ( O2 ), o xid

dusnat ý ( NO) , ky ano v o dík ( HCN ), amoniak ( NH3 ) a v o da ( H2O)

� p evná (c har) a t¥k a v á (v olatile) £ást uhelné £ástice

Plynná fáze je p opsána následujícími ro vnicemi.

Zák on zac ho v ání hmot y pro k aºdou k omp onen tu (je p ouºito Einsteino v o suma£ní pra vi-

dlo):

@
@t

(�Y i ) +
@

@xj
(�Y i uj ) = r ~Ji + Ri ; (1)

kde � je h ustota spalin, Yi hmotnostní k oncen trace k omp onen t y a uj jsou sloºky ryc hlosti

spalin. ƒlen y na pra v é stran¥ p opisují laminarní a turbulen tní difuzi a tv orbu £i zánik

k omp onen t y v c hemic kýc h reak cíc h.

Vý²e uv edené ro vnice jsou dopln¥n y ro vnicí k on tiniut y:

@�
@t

+
@(�u j )

@xj
= 0: (2)
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Ro vnicí zac ho v ání momen tu h ybnosti:

@
@t

(�u i ) +
@

@xj
(�u i uj ) = �

@p
@xi

+
@

@xj

�
� e�

�
@ui
@xj

+
@uj
@xi

�
2
3

� ij
@ul
x l

��
+ gi ; (3)

kde ~g= [ g1; g2; g3] je p·sob ení vn¥j²í síly na tekutin u, v na²em p°ípad¥ gra vitace. Efektivní

k o e�cien t dynamic k é visk ozit y � e� je p omo cí mo delu turbulence vyjád°en jak o:

� e� = � + � t = � + �C �
k2

�
;

kde � je laminarní dynamic k á visk ozita, k turbulen tní kinetic k á energie a � ryc hlost di-

sipace k . K onstan t y jak o C� , a dal²í aditivní k onstan t y zmín¥né p ozd¥ji v textu, m usí

b ýt ur£en y empiric ky pro daný problém, v na²em p°ípad¥ uºív áme C� = 0:09, coº dá v á

usp ok o jiv é výsledky . V²ec hn y empiric k é k onstan t y pro mo del turbulence jsou p°evzat y z

[13].

P oslední ro vnice p opisuje zac ho v ání energie:

@
@t

(�h ) +
@

@xj
(�u j h) = � ncoal

dmcoal

dt
hcomb

+ qr + qc + qs; (4)

kde £len y na pra v é stran¥ jsou p o °ad¥, spalné teplo, p°enos tepla radiací, v edením a £len

p opisující vznik £i zánik tepla. ƒlen y jsou mo delo v án y následo vn¥:

� qc = r � (� r T) ;

p°enos tepla v edením, který je p opsán F ouriero vým zák onem v edením tepla a

� qr = r �
�
cT3r T

�
;

pro p°enos tepla sáláním (radiací). P°enos tepla radiací je pln¥ p opsán in tegro-diferenciálními

ro vnicemi, které je v elmi výp o £etn¥ nákladné °e²it. Nicmén¥, spalin y lze p o v aºo v at za op-

tic ky h ust ý materiál a lze aplik o v at p°ibliºný mo del radiace, tzv. Rosseland·v mo del

[13].

ƒlen p opisující zánik tepla je nen ulo vý jen na hranici k omory a p opisuje vým¥n u tepla

se zdmi k omory v edením a sáláním

qs = A(Tgas � Twall ) + B(T4
gas � T4

wall );

kde A a B jsou k onstan t y za visející na vlastnostec h rozhraní mezi mo delo v anou oblastí a

jejím ok olí.

Hmotnostní zm¥na uhelnýc h £ástic je p opsána jednokrok o v ou Arhenio vsk ou kinetik ou,

zvlá²´ pro p evnou a t¥k a v ou £ást � t¥k a v á sloºk a ho°í mnohem ryc hleji nez p evná.

dmp

dt
= � Avm�

p [O2]� exp
�

�
Ev

RTp

�
;
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kde mp je hmotnost ho°la vin y , Av; Ev jsou empiric k é k onstan t y , [O2] k oncen trace kyslíku

a Tp je teplota £ástice.

Vý²e uv edené ro vnice jsou dopln¥n y sta v o v ou ro vnicí

p = ( � � 1)� gas

�
egas �

1
2

v2
gas

�
:

Zde, � je P oissono v a k onstatna a egas je celk o v á energie na jednotku hmotnosti.

Mo del turbulence je standartní k - � mo del, který p opisuje výv o j turbulence p omo cí

dv ou ro vnic � ro vnice turbulen tní kinetic k é energie

@
@t

(�k ) +
@

@xj
(�ku j ) =

@
@xj

��
� +

� t

� k

�
@k
@xj

�

+ Gk � ��; (5)

a ro vnice ryc hlosti disipace turbulen tní kinetic k é energie

@
@t

(�� ) +
@

@xj
(��u j ) =

@
@xj

��
� +

� t

� �

�
@�
@xj

�

+ C1�
�
k

Gk � C2� �
� 2

k
: (6)

K onstan t y m usí b yt zji²t¥n y empiric ky a v na²em p°ípad¥ uºív áme: C1� = 1:44, C2� = 1:92,

� k = 1:0, � � = 1:3.

Pro duk ci turbulence Gk , lze o dv o dit z Reynoldso v a pro cesu zpr·m¥ro v ání a zapsán

v e tv aru �uktujícíc h £ástí ryc hlostí nab ýv á tv aru

Gk = � j l
@uj
@xl

= � � u0
j u

0
l
@uj
@xl

;

kde � j l je Reynolds·v tenzor nap ¥tí. A v²ak �uktuace u0
j a u0

l jsou b ¥hem výp o £tu neznámé.

P o p ouºití h yp otézy Boussinesqa, ºe Reynoldso v o nap ¥tí je úm¥rné st°ední ryc hlosti de-

formace

Sij =
1
2

�
@ui
@xj

+
@uj
@xi

�
;

lze zapsat pro duk ci v uza v°ené form¥

Gk = � tS2; S = (2 Sj l Sj l )1=2:

Difuze látek sestá v á ze dv ou pro ces· � laminárníc h a turbulen tníc h a difuzní £len v

ro vnici (1) m ·ºeme napsat jak o

~Ji = �
�

�D i;m +
� t

Sct

�
r Yi :

První £len je laminární difuze, druhý turbulen tní. Jelik oº turbulen tní £len ob ecn¥ p°ev a-

ºuje nad laminárním a D i;m je obtíºné zjistit, je laminární £len vypu²t¥n. Sct je turbulen tní

Sc hmidto v o £íslo a p okládáme Sct = 0:7.

K p opisu p evné fáze £ástic (zvlá²t¥ pak celk o v ém u p o vrc h u £ástic) p ot°ebujeme je²t¥

p opsat p o £etní h ustotu £ástic:

@ncoal

@t
+

@(ncoalucoal)
@x1

+
@(ncoalvcoal)

@x2
= 0: (7)
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3 Zjedno du²ený mo del tv orb y NOx

T en to mo del b yl vypraco v án tak ab y p°ibliºn¥ p opiso v al mnoºství o xid· dusíku p°i spa-

lo v ání uhlí v k otli. P°esný mec hanism us ho°ení uhlí je v elik ce k omplik o v aný a obsah uje

sp oust y c hemic kýc h látek a ro vnic, proto je p ouºit zjedno du²ený mo del, který p ostih uje

jen nejd·leºitej²í reak ce a látky jenº ma jí vliv na k one£nou k oncen traci o xdi· dusíku v e

spalinác h.

V naprosté v ¥t²in¥ p°ípad· zna£ením NOx rozumíme skupin u o xidu dusnatého (NO)

a o xidu dusi£itého (NO 2 ). T yto plyn y siln¥ zne£i²´ují ºiv otní prost°edí a p o dílejí se na

vzniku kyselýc h de²´·. Jsou znám y dv ¥ hla vní cest y jak mohou p°i spalo v ání NOxy vzni-

k at. První jsou znám y p o d názv em T ermální NOxy neb o Zeldovi£ ovy NOxy a vznik a jí o xi-

dací atmosféric k ého dusíku p°i vysokýc h teplotác h. Druhé jsou nazýv án y Palivové NOxy ,

p o vstá v a jící p°i spalo v ání paliv a, které samo o sob ¥ obsah uje dusík v ázaný v palivu. P o-

kud se da°í drºet teplot y v k otli na hladinác h niº²íc h neº jsou p ot°ebné pro zahá jení

reak cí, p°i kterýc h vznik a jí T ermální NOxy , jsou P aliv o v é NOxy hla vním zdro jem imisí

o xidu dusík·.

Jsou znám y i dal²í mec hanism y vzniku NOx· ( Pr omptní NOx (F enimor e) neb o me-

c hanism us s o xidem dusným jak o mezipro duktem). P°ísp ev ek t¥c h to mec hanizm · je v

p°ípad¥ spalo v ání uhlí za normálníc h p o dmínek zanedbatelný a neb yl v mo delu uv aºo-

v án.

3.1 T ermální NO

Mec hanism us vzniku termálníc h NOx· funguje p ouze p°i vysokýc h teplotác h (ok olo 1800K)

a je p opsán t°emi reak £ními ro vnicemi p oprv é zv e°ejn¥nými Zeldo vi£em [5 ] a roz²í°enýc h

Bo wmanem [6]

O + N 2
k1 ! N + NO

N + O 2
k2 ! O + NO

N + OH k3 ! H + NO

T yto ro vnice mohou b ¥ºet ob ¥ma sm¥ry a jejic h ryc hlostní k onstan t y jsou z databáze [7].

K výp o £tu k oncen trace NO m usíme znát k oncen traci radik ál· O, OH a N o kterém

pro zjedno du²ení p°edp okládáme, ºe je v e kv azistabilním sta vu. V e skute£nosti je formace

N limitujícím faktorem pro duk ce termálníc h NOx·, díky v elmi vysok é aktiv a£ní energii

molekuly dusíku (za v²e m ·ºe tro jná v azba mezi atom y dusíku). T edy zm¥na k oncen trace

NO je p opsána ro vnicí

d[NO]
dt

= 2k+
1 � [O] � [N2] �

1 � k �
1 k �

2 [NO] 2

k+
1 [N2 ]k+

2 [O2 ]

1 + k �
1 �[NO]

k+
2 [O2 ]+ k+

3 [OH]

:

Za jist ýc h p o dmínek se molekula kyslíku ²t¥pí a rek om bin uje cyklic ky .

O2
K 1 ! O + O ;
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coº vyjad°uje následující sta v £áste£né ro vno v áh y

[O] = K 1 � [O2]1=2 � T1=2:

Pro radik ál OH máme p o dobnou £áste£nou ro vno v áh u

O + H 2O
K 2 ! OH + OH

s p°iblíºením

[OH] = K 2 � [O]1=2 � [H2O]1=2 � T � 0:57:

Ro vno v áºné k onstan t y K 1 a K 2 jsou

K 1 = 36:64� exp
�

� 27123
T

�
;

K 2 = 2:129� 102 � exp
�

� 4595
T

�
:

3.2 P aliv o vý NO

Analýza sloºení uhlí uk azuje, ºe dusík até látky jsou v n¥m více £i mén¥ zastoup en y , ob-

vykle aº do desítk ek hmotnostníc h pro cen t. P okud je uhlí zah°ív áno, t yto látky p°ec házejí

v jisté mezipro dukt y a následn¥ na NO. Samo uhlí je tedy významným zdro jem o xid·

dusíku. P okud je £ástice uhlí zah°ív ána, p°edp okládáme, ºe dusík até slou£enin y se rozd¥lí

mezi p evnou a t¥k a v ou £ást. Mnoho prací b ez op o dstatn¥ní uv ádí, ºe p olo vina v ázaného

dusíku p°ejde do p evné £ásti a p olo vina do t¥k a v é. Jelik oº k tom u není ºádný d·v o d,

za v ádíme parametr � , který p opisuje distribuci v ázaného dusíku mezi p evnou a t¥k a v ou

£ást.

mN
vol = � � mN

tot ;

mN
char = (1 � � ) � mN

tot ;

kde � 2< 0; 1 > , mN
tot je celk o v é mnoºství v ázaného dusíku, mN

vol je mnoºství dusíku v

t¥k a v é £ásti a mN
char v p evné £ásti.

Jak jiº b ylo zmín¥no, dusík p°ec hází v imise skrze mezipro dukt y , kterými jsou ob vykle

amoniak NH3 a ky ano v o dík HCN .

Dále je t°eba rozli²it £t y°i r·zné reak £ní cest y (viz [9, 10 ]). Ab y pro ces tv orb y imisí

mohl b ýt co nejvíce k omplexní je n utné za v ést t°i dal²í parametry (p o dobné � ):

� � je distribuce mN
tot mezi HCN a NH3 .

� 
 je distribuce mN
HCN mezi první a druhou reak £ní cestou.

� � je distribuce mN
NH 3

mezi t°etí a £tvrtou reak £ní cestou.

� �; 
; � 2 h0; 1i :

Nap°íklad, mnoºství dusíku v p evné £ásti vstupující do druhé reak £ní cest y , m ·ºeme

napsat jak o

mN
P2;char = mN

tot � � � (1 � 
 ) � (1 � � ):

P ¥t ob ecnýc h reak cí p opisujícíc h vznik aneb o zánik NO b ylo p ouºito p°i mo delo v ání

spalo v ání.
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3.2.1 NO, HCN, NH 3 reak ce

V zhledem k [11], ryc hlostní k onstan t y reak cí

HCN + O 2
R1�! NO + : : :

NH3 + O 2
R2�! NO + : : :

HCN + NO R3�! N2 + : : :

NH3 + NO R4�! N2 + : : :

jsou dán y ro vnicemi

R1 = 1:0 � 1010 � X HCN � X a
O2

� exp
�

� 33732:5
T

�
;

R2 = 4:0 � 106 � X NH 3 � X a
O2

� exp
�

� 16111:0
T

�
;

R3 = � 3:0 � 1012 � X HCN � X NO � exp
�

� 30208:2
T

�
;

R4 = � 1:8 � 108 � X NH 3 � X NO � exp
�

� 13593:7
T

�
;

kde X je molární zlomek a a °ád reak ce kyslíku.

3.2.2 Heterogení reduk ce NO na p evné £ásti

Na p evné £ásti do c hází k následujícím u adsorb £ním u pro cesu

Char + NO R5�! N2 + : : :

Levy [12] uºil p o vrc h p ór· v p evné £ásti (BET) k vyjád°ení zániku NO

SNO
ads = k5 � cs � ABET � MNO � pNO ;

kde k5 = 2:27� 10� 3 � exp
�

� 17168:33
T

�
je ryc hlostní k onstan ta, SNO

ads je zdro jo vý £len NO, cs

je k oncen trace £ástic, ABET je plo c ha p ór· a pNO je parciální tlak NO.

Celk o vý zdro jo vý £len pro NO, který vznikne sumací v²ec h zdro jo výc h £len · uv ede-

nýc h vý²e, je p osléze p ouºit v transp ortní ro vnici, stejn¥ tak pro ostatní látky . Dále je

p°edp okládáno, ºe dusík jak z t¥k a v é tak p evné £ásti p°ec hází na mezipro dukt y ryc hle a

b ezezb ytku.

4 Numeric k é °e²ení

K n umeric k ém u °e²ení ro vnic b yla p ouºita meto da k one£nýc h ob jem ·. Na lev é a pra v é

stran y v ro vnicíc h (1), (2), (3), (4), (5), (6), (7), b yla aplik o v ána meto da �adv ection

upstream splitting� (viz [2]) k apro ximaci tok· a meto da duálníc h ob jem · k apro ximaci

druhýc h deriv ací. Detailní p opis °e²i£e lze nalézt v [4].
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5 Výsledky sim ulací

Nyní jsou uv eden y výsledky sim ulací spalo v aní v k otli, sp olu s p oro vnáním dv ou mo del·.

Hla vní rozdíl mezi prvním a druhým mo delem je vylep²ení fyzik ální £ásti(termofyzik ální

k onstan t y nahrazen y funk cemi) a d·kladn¥j²í mo del turbulence (p°idán y n¥které dal²í

£len y , ob vykle zanedbá v ané). Hla vní rozdíl je o v²em v e výp o £tu celé spalo v ací k omory

(druhý mo del) a ne jen její p olo vin y (první mo del), coº se pro jeví v symetrii °e²ení.

T eplotní pro�ly a výstupní k oncen trace o xidu dusíku se vícemén¥ sho dují z ho dnotami

nam¥°enými v otrok o vic k é teplárn¥. V e v²ec h p°ípadec h je v pro v ozu 8 ho°ák·, tj. 4 na

k aºdé st¥n¥ k otle.

Obrázek 2: T eplotní pro�l � tok spalin: 18 kg/s, první mo del

Obrázek 3: T eplotní pro�l � tok spalin: 28 kg/s, první mo del

Obrázek 4: NOx pro�l � tok spalin: 48 kg/s, první mo del
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Obrázek 5: T eplotní pro�l � mnoºství paliv a: 5.63 kgf/s, druhý mo del

Obrázek 6: T eplotní pro�l � mnoºství paliv a : 5.63 kg/s, druhý mo del

Obrázek 7: NOx pro�l � mnoºství paliv a : 5.63 kg/s, druhý mo del

Obrázek 8: Proudnice � mnoºství paliv a : 5.63 kg/s, druhý mo del
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6 Shrn utí

Byl vytv o°en matematic ký mo del, který apro xim uje sloºité pro cesy ho°ení v pr·m yslo v ém

k otli. T en to mo del se uk ázal b ýti p°ijatelný jak z hledisk a výp o £etního tak fyzik álního.

Jak o dal²í, bude snaha p ouºití stá v a jícího mo delu k výp o £tu mnohem k omplik o v an¥j²ího

�uidního k otle s dv o jím druhem paliv a a cirkulací materiálu.

P o d¥k o v ání

V elmi o ce¬ ujeme p omo c o d pro jektu HPC-Europa, a vyjíme£nou o c hotu praco vník· z

sup erp o £íta£o v ého cen tra CINECA z italsk é Boloni, kde b yla dok on£ena práce na paralelní

v erzi °e²i£e. T ato práce na paralelní v erzi b yla £ástí pro jektu HPC-EUR OP A (RI I3-CT-

2003-506079), s p o dp orou Europ ean Comm unit y � Researc h Infrastructure A ction a

programem FP6 "Structuring the Europ ean Researc h Area".
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Abstract. Classi�er com bining is a succesful metho d for impro ving the qualit y of classi�cation.

In this pap er, w e in tro duce the concept of con�dence of classi�cation and de�ne t w o con�dence

measures � the lo cal accuracy and the lo cal div ersit y . W e prop ose algorithms for classi�er ag-

gregation whic h utilize the concept of con�dence. W e then compare the p erformance of these

algorithms with sev eral state-of-the-art classi�er com bining tec hniques. Results of these b enc h-

mark tests sho w that b y incorp orating con�dence in to classi�er aggregation algorithms, the

state-of-the-art metho ds can b e impro v ed.

Abstrakt. K om bino v ání klasi�k átor· je úsp ¥²ná meto da pro zvý²ení kv alit y klasi�k ace. V tom to

£lánku za v edeme k oncept sp olehliv osti klasi�k ace a de�n ujeme dv ¥ míry sp olehliv osti klasi�k ace

� lok ální p°esnost a lok ální div erzitu. V ytv o°íme algoritm y pro agregaci klasi�k átor·, které

vyuºív a jí k oncept sp olehliv osti klasi�k ace. P oté p oro vnáme t yto algoritm y s n¥k olik a standardn¥

p ouºív anými p°ístup y k e k om bino v ání klasi�k átor·. Výsledky t¥c h to test· uk azují, ºe standardní

algoritm y pro agregaci klasi�k átor· se da jí za v edením sp olehliv osti klasi�k ace vylep²it.

1 In tro duction

Classi�er com bining is a succesful metho d for impro ving the qualit y of classi�cation, based

on using man y classi�ers and com bining their outputs, instead of using just one classi�er.

The literature sho ws that a team of m ultiple classi�ers can p erform the classi�cation task

b etter than an y of the individual classi�ers. Ho w ev er, to ac hiev e this, the classi�er outputs

ha v e to b e com bined wisely . F or this purp ose, man y metho ds ha v e b een in tro duced in

the literature. These can b e group ed in to classi�er selection and classi�er aggregation.

In classi�er selection, some rule is used to determine whic h classi�er to use for the

curren t pattern; only this �exp ert� classi�er is then used for the �nal prediction, and the

rest of the team is discarded. In classi�er aggregation, outputs of all the classi�ers are

aggregated in to the �nal decision.

Common dra wbac k of classi�er aggregation metho ds is that they are glob al , i.e., they

do not adapt themselv es to the particular patterns to classify . In other w ords, the com-

bination is sp eci�ed during a training phase, prior to classifying a test pattern. A t ypical

example is that if w e use the w eigh ted mean aggregation rule, the w eigh ts of the indi-

vidual classi�ers are usually based on the classi�ers' accuracies. Although it is true that

�
The researc h rep orted in this pap er w as partially supp orted b y the Program �Information So ciet y�

under pro ject 1ET100300517.
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if a classi�er has high accuracy , its w eigh t should b e higher, still, for the cur ent p attern ,

some other classi�er could b e more suitable.

While classi�er selection metho ds use some tec hniques to determine whic h classi�er

is lo c al ly b etter than the others, suc h algorithms select only one classi�er, discarding

m uc h p oten tialy useful information, th us reducing the robustness compared to classi�er

aggregation.

In this pap er, w e try to incorp orate the strong p oin ts of classi�er selection tec hniques

in to classi�er aggregation metho ds. This will enable us to create no v el metho ds for

classi�er aggregation, whic h can pro vide b etter results than state-of-the-art metho ds for

classi�er com bining.

W e in tro duce the concept of c on�denc e of classi�cation, whic h can b e used b oth as a

criterium for classi�er selection, and for impro ving classi�er aggregation. W e de�ne t w o

con�dence measures, and prop ose algorithms for classi�er aggregation whic h utilize the

concept of con�dence. W e then sho w that these algorithms outp erform commonly used

metho ds for classi�er com bining on three b enc hmark datasets.

The pap er is structured as follo ws: Section 2 deals with basic asp ects of classi�er

com bining, namely Section 2.1 con tains reference to the literature ab out ensem ble meth-

o ds, Sections 2.2 and 2.3 describ e the di�erences b et w een classi�er selection and classi�er

aggregation. Section 3 in tro duces the concept of con�dence of classi�cation. Section 4

con tains exp erimen ts � Section 4.1 describ es algorithms used in the exp erimen ts, and in

Section 4.2, the results of the exp erimen ts are discussed. Finally , Section 5 then summa-

rizes the pap er.

2 Classi�er Com bining

Throughout the rest of the pap er, w e use the follo wing notation. Let X � R n
b e a

n -dimensional fe atur e sp ac e , an elemen t ~x 2 X of this space is called p attern , and let

C1; : : : ; CN � X b e disjoin t sets called classes . The goal of classi�cation is to determine

to whic h class a giv en pattern b elongs. W e call a classi�er an y mapping � from the

follo wing:

� p ossibilistic classi�er � � : X ! [0; 1]N , where � (~x) = ( � 1; : : : ; � N ) are de gr e es of

classi�c ation to eac h class.

� normalize d p ossibilistic classi�er � � : X ! [0; 1]N , where � (~x) = ( � 1; : : : ; � N ) ,P
i � i = 1 .

� crisp classi�er � � : X ! f 1; : : : ; Ng, where � (~x) is the predicted class lab el of

pattern ~x. Crisp classi�er can also b e de�ned as a sp ecial case of a normalized

p ossibilistic classi�er, suc h that one degree of mem b ership is equal to 1, and the

others are equal to 0.

Normalized p ossibilistic classi�ers are sometimes called pr ob abilistic [11]. Ho w ev er,

they do not need to b e based on probablilit y theory , so w e will call them normalized

p ossibilistic. Other t yp es of classi�ers, suc h as r ank classi�er [13], can b e de�ned, but w e

deal with crisp and p ossibilistic classi�ers only in the rest of the pap er. The con v ersion
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of a p ossibilistic classi�er � p to a crisp classi�er � c is called har dening :

� c(~x) = arg max i =1 ;:::;N f � i g; (1)

where � p(~x) = ( � 1; : : : ; � N ) .

In classi�er com bining, w e create a team of classi�ers, let eac h of the classi�ers predict

indep enden tly , and then com bine the classi�ers' outputs in to one �nal prediction. This

com bined classi�er can p erform its classi�cation task b etter than an y of the individual

classi�ers in the team. Metho ds whic h use more or less this idea can b e found under man y

names in the literature � classi�er c ombining , classi�er aggr e gation , classi�er fusion ,

classi�er sele ction , mixtur e of exp erts , classi�er ensembles , etc. Basically , there are t w o

main approac hes to classi�er com bining:

� classi�er sele ction , where w e use some rule to determine whic h classi�er to use for

the curren t pattern; only this �exp ert� classi�er is then used for the �nal prediction

� classi�er aggr e gation , where all the classi�ers in the team are used for the �nal

decision

Classi�er com bining consists of t w o steps � �rst, w e create a team of classi�ers, and

then w e adopt some strategy to com bine the classi�ers' outputs in to the �nal decision.

The former step is common for b oth classi�er selection and aggregation (algorithms for

creating a team of classi�ers are descib ed in Sec. 2.1), while for the latter step, di�eren t

algorithms are needed (these are describ ed in Sec. 2.2 and 2.3).

2.1 Ensem ble Metho ds

If the team of classi�ers consists only of classi�ers of the same t yp e, whic h di�er only in

their parameters, dimensionalit y , or training sets, the team is usually called an ensemble

of classi�ers. That is wh y the metho ds whic h create a team of classi�ers are sometimes

called ensemble metho ds . The restriction to classi�ers of the same t yp e is not essen tial,

but it ensures that the outputs of the classi�ers are consisten t.

W ell-kno wn metho ds for ensem ble creation are b agging [4], b o osting [7], error correc-

tion co des [10], or multiple fe atur e subset (MFS) metho ds [3]. These metho ds try to

create an ensem ble of classi�ers whic h are b oth ac cur ate and diverse .

2.2 Classi�er Selection

Crisp classi�ers are not m uc h appropriate for classi�er com bining, b ecause they do not

pro vide information ab out degree of classi�cation to eac h class. F or these classi�ers, only

simple tec hniques lik e v oting or single b est selection can b e used. That's the reason wh y

w e restrict to p ossibilistic classi�ers in this pap er. In the rest of the pap er, w e supp ose

that w e ha v e constructed an ensem ble (� 1; : : : ; � r ) of r p ossibilistic classi�ers using some

of the metho ds describ ed in Sec. 2.1.

Classi�er selection algorithms [15 , 2, 14 ] use some criterion to determine whic h classi-

�er is most suitable for the curren t pattern, and the output of this classi�er is tak en as the

�nal result. The criterion for selection can b e some global prop ert y of the ensem ble, as in

single b est sele ction (SBS), or some lo cal prop ert y , as in dynamic b est sele ction (DBS).
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In SBS, the criterion for selection is usually the v alidation error rate of the individual

classi�ers. The classi�er with the lo w est v alidation error rate is used for prediction of all

the patterns (i.e. the other classi�ers are en tirely discarded). In DBS, the classi�er opti-

mizing some lo cal criterion (for example lo cal accuracy of the classi�er in neigh b orho o d

of the curren t pattern) is selected for the prediction.

2.3 Classi�er Aggregation

F or classi�er aggregation, the output of the ensem ble (� 1; : : : ; � r ) for input pattern ~x can

b e structured to a r � N matrix, called de cision pr o�le (DP):

DP (~x) =

0

B
B
B
@

� 1(~x)
� 2(~x)

.

.

.

� r (~x)

1

C
C
C
A

=

0

B
B
B
@

� 1;1 � 1;2 : : : � 1;N

� 2;1 � 2;2 : : : � 2;N
.

.

.

� r; 1 � r; 2 : : : � r;N

1

C
C
C
A

(2)

The i � th ro w of DP (~x) is an output of the corresp onding classi�er � i , and the j � th

column con tains the degrees of classi�cation of ~x to the corresp onding class Cj giv en b y

all the classi�ers.

Man y metho ds for aggregating the ensem ble of classi�ers in to one �nal classi�er ha v e

b een rep orted in the literature. A go o d o v erview of the commonly used aggregation

metho ds can b e found in [11]. These metho ds comprise simple arithmetic rules (sum,

pro duct, maxim um, minim um, a v erage, w eigh ted a v erage, see [11, 8]), fuzzy in tegral

[11, 9], Dempster-Shafer fusion [11 , 1], second-lev el classi�ers [11 ], decision templates

[11], and man y others.

In this pap er, w e in tro duce the concept of c on�denc e of classi�cation, whic h can b e

used b oth as a criterion for classi�er selection, and for impro ving classi�er aggregation.

The concept of con�dence is describ ed in the next section.

3 Con�dence Classi�ers

The classi�ers de�ned in Sec. 2 (b oth crisp and p ossibilistic) giv e us information ab out

the evidenc e of classi�cation (i.e., degrees of classi�cation) of the curren t pattern ~x. This

is all w e need to kno w if w e are classifying patterns using a single classi�er. Ho w ev er, in

classi�er com bining, w e ha v e a team of classi�ers, and the information ab out �ho w can

w e trust the output of classi�er � i � could b e v ery useful. F or this purp ose, w e in tro duce

a concept of c on�denc e of classi�cation.

The concept of con�dence is not new to classi�er com bining � in classi�er selection,

the criteria for selection can b e view ed as some con�dence measures. In w eigh ted mean

classi�er aggregation, the individual classi�ers' error rates (whic h can again b e view ed

as some con�dence measure) are used to adapt the w eigh ts of the individual classi�ers

etc. In this pap er, w e try to generalize di�eren t metho ds whic h use this approac h, and

incorp orate all of them in to the concept of con�dence. This enables us to create general

algorithms for classi�er aggregation, whic h use some prop erties of classi�er selection,

impro ving b oth classi�er aggregation and classi�er selection. This is what mak es the

approac h no v el.
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Supp ose w e ha v e a classi�er � , and a pattern ~x to classify . The con�dence of classi�-

cation of the pattern ~x using classi�er � is a real n um b er in the unit in terv al [0; 1], and

w e mo del it b y a mapping � � : X ! [0; 1]. The mapping � � will b e called c on�denc e

me asur e , and the tuple (�; � � ) will b e called c on�denc e classi�er .

The con�dence of classi�cation � � (~x) can b e an y prop ert y estimating the degree to

whic h w e can trust the output of � for curren t pattern ~x. In this pap er, w e will use the

follo wing t w o con�dence measures:

� lo c al ac cur acy with parameter k � LA( k )

LA( k ) is commonly used criterion for classi�er selection [14 ]. The con�dence of

classi�cation of ~x using � is de�ned as the estimate of lo cal accuracy of � near ~x.

Let Nk(~x) denote the set of k nearest neigh b ors from the training (or v alidation)

set, closest to ~x under Euclidean metric. Then � LA (k)
� (~x) is de�ned as the ratio of

the n um b er of patterns from Nk(~x) classi�ed correctly b y � , to the n um b er of all

patterns from Nk(~x) .

� lo c al diversity with parameter k � LD( k )

Diversity of an ensem ble is a measure indicating ho w di�eren t are the classi�ers in

the ensem ble. If the div ersit y of an ensem ble is to o lo w, classi�er com bining fails to

impro v e the classi�cation. Sev eral metho ds for measuring div ersit y of an ensem ble

ha v e b een prop osed in the literature, see for example [12], but none of these is

generally accepted.

F or our exp erimen ts, w e used the double-fault div ersit y measure [12 ], computed on

neigh b ors of pattern ~x. The double-fault div ersit y measure expresses the similarit y

of the classi�ers' misclassi�cations. Let � i ; � j b e t w o di�eren t classi�ers from the

ensem ble (� 1; : : : ; � r ) , and let Nk(~x) b e the set of k nearest neigh b ors from the

training (or v alidation) set, closest to ~x under Euclidean metric. Then w e de�ne

DF ij as the ratio of the n um b er of patterns from Nk(~x) classi�ed incorrectly b y

b oth classi�ers � i and � j (so-called double-faults), to the n um b er of all patterns

from Nk(~x) . DF ij v aries from 0 (no double-faults) to 1 (b oth classi�ers misclassify

all the patterns), and holds information ab out some degree of similarit y of the

t w o classi�ers. Let DF i = 1
r � 1

P r
j =1; j 6= i DF ij b e the a v erage of DF ij . The lo w er the

DF i , the higher the con�dence of classi�cation, therefore w e de�ne the con�dence of

classi�cation of ~x using the i � th classi�er from the ensem ble as � LD (k)
� i

(~x) = 1 � DF i .

Of course, instead of the lo cal accuracy , an y other measure of qualit y of classi�cation

could b e used (precision, sensitivit y , etc.), and for lo cal div ersit y , an y other div ersit y

measure could b e used (Q-statistics, en trop y-based div ersit y measures, etc.).

State-of-the-art metho ds for classi�er com bining do not use b oth evidence and con-

�dence of classi�cation hea vily . In classi�er selection, con�dence is used to select a

classi�er, and the evidence of other classi�ers is discarded. Simple algorithms for clas-

si�er aggregation (mean v alue, pro duct, maxim um, minim um, etc.) use the evidence of

classi�cation only , and they disregard the con�dence. A dv anced classi�er aggregation

metho ds (w eigh ted mean, fuzzy in tegral, etc.) incorp orate con�dence in to aggregation,

but only global con�dence measures (i.e., measures indep enden t on the curren t pattern,

e.g. based on v alidation accuracy of the classi�ers) are commonly used.
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Ho w ev er, b y incorp orating lo cal con�dence measures (lik e LA or LD) in to algorithms

for classi�er aggregation, p erformance of the algorithms could b e impro v ed. T o sho w this,

w e mo dify state-of-the-art metho ds for classi�er aggregation, so that they use the con�-

dence of classi�cation, and study the resulting metho ds' p erformances on three datasets �

the Phoneme, Balance, and Satimage datasets. The details are giv en in the next section.

4 Exp erimen ts

T o sho w that the concept of con�dence of classi�cation can impro v e state-of-the-art meth-

o ds for classi�er com bining, w e dev elop ed simple algorithms for classi�er aggregation

(W eigh ted Mean V alue using Con�dence, Filtered Mean V alue, Filtered W eigh ted Mean

V alue), and compared them to other metho ds (Mean V alue, W eigh ted Mean V alue, Dy-

namic Best Selection), on three datasets from the UCI rep ository [5] � the Phoneme,

Balance, and Satimage datasets.

The algorithms used in the exp erimen ts are describ ed in the next section.

4.1 Algorithm Description

Let (� 1; : : : ; � r ) b e a team of classi�ers, (2) the output of the team for a pattern ~x. F or

com bining the outputs of the individual classi�ers, w e used the follo wing algorithms:

1. Dynamic Best Sele ction � DBS

DBS is a classi�er selection algorithm. F rom the team (� 1; : : : ; � r ) , the classi�er

with the maximal con�dence � max is selected for prediction. If there is more than

one classi�er with con�dence � max , a random one among them is selected.

2. Me an V alue � MV

MV is a classi�er aggregation metho d. MV computes mean v alue of degree of

classi�cation to eac h class, i.e. the aggregated degree of classi�cation to class Cj

is de�ned as the a v erage of the degrees of classi�cation to class Cj through all the

classi�ers in the team:

� j =
1
r

rX

i =1

� i;j : (3)

3. W eighte d Me an V alue � WMV

WMV computes w eigh ted mean of the degrees of classi�cation to class Cj through

all the classi�ers in the team:

� j =
P r

i =1 ! i � i;jP r
i =1 ! i

: (4)

The w eigh ts ! 1; : : : ; ! r are de�ned as training accuracies of the classi�ers in the

team.

4. W eighte d Me an V alue using Con�denc e � WMV C

WMV C is a mo di�cation of WMV, the di�erence b eing that the w eigh ts ! 1; : : : ; ! r

are not training accuracies of the classi�ers, but the con�dences of classi�cations

instead, i.e. ! i = � � i (~x) .
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5. Filter e d Me an V alue � FMV

FMV is a mo di�cation of MV, the di�erence b eing that prior to computing the

mean v alue, classi�ers with con�dence of classi�cation of the curren t pattern lo w er

than some threshold T are discarded. If T = 0 , FMV coincides with MV. If there

are no classi�ers with con�dence higher than T (i.e., all the classi�ers w ould b e

discarded), T is lo w ered to the v alue of maximal con�dence in the team.

6. Filter e d W eighte d Me an V alue � FWMV

FWMV is a mo di�cation of WMV, suc h that prior to computing the w eigh ted mean,

classi�ers with con�dence lo w er than T are discarded in the same w a y as in FMV.

In addition to the metho ds ab o v e, the data w as classi�ed b y the single, non-com bined

classi�er (for comparing the b ene�ts of classi�er com bining) � this classi�er will b e de-

noted NC, and will b e used as a reference classi�er.

4.2 Exp erimen tal Results

F or the exp erimen ts, w e used an ensem ble of classi�ers (� 1; : : : ; � r ) , constructed using the

Multiple F eature Subset metho d, i.e., w e created classi�ers with all p ossible com binations

of features (all 1-D classi�ers, all 2-D classifers, etc.). The ensem ble (� 1; : : : ; � r ) consisted

of Ba y esian classi�ers [6].

The com bination of the ensem ble w as done using the algorithms describ ed in the

previous section. As con�dence measures for WMV C, FMV, and FWMV, w e used LA( 20)

and LD( 20). The v alue of the threshold T for FMV and FWMV w as set exp erimen tally .

All the algorithms w ere implemen ted using the Ja v a programming language. The results

of the testing are sho wn in Fig. 1-3. W e measured mean error rate and standard deviation

of error rate from 10-fold crossv alidation.

The b est results w ere obtained for the Phoneme dataset � for this dataset, the algo-

rithms whic h used the con�dence of classi�cation (WMV C, FMV, FWMV, DBS) sho wn

dramatic impro v emen t to the other com bination strategies (MV, WMV). The lo cal ac-

curacy con�dence measure sho wn b etter p erformance than the lo cal div ersit y con�dence

measure.

F or the Balance dataset, the MV, WMV, and WMV C algorithms w ere w orse than

the NC classi�er � suggesting that the ensem ble of classi�ers w as designed p o orly . Still,

the FMV and FWMV sho w sligh t impro v emen t to the NC classi�er, particularly for the

lo cal div ersit y con�dence measure � ho w ev er, this impro v emen t is small, and (due to high

standard deviation) probably insigni�can t.

In the case of the Satimage dataset, the classi�cation w as impro v ed b est b y the FMV

and FWMV algorithms using the lo cal accuracy div ersit y measure. F or the lo cal div ersit y

con�dence measure, the results w ere comparable to the NC classi�er, except for the DBS

algorithm, whic h p erformed w orse than the NC classi�er.

In general, w e can summarize the that the FMV and FWMV algorithms sho wn b est

p erformance. The DBS selection algorithm p erformed w ell most of the time, but it is quite

unstable � for the Phoneme and Satimage datasets, when the lo cal accuracy con�dence

measure w as replaced b y the lo cal div ersit y con�dence measure, the p erformance of DBS

fell rapidly , while the results for FMV and FWMV w ere still comparable. This is due to
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Figure 1: Mean � standard deviation of the test error rate for the Phoneme dataset.

Figure 2: Mean � standard deviation of the test error for the Balance dataset.

the fact that DBS selects just one classi�er, while for the classi�er aggregation algorithms,

the output is a consensus of sev eral classi�ers.

When w e compare the t w o con�dence measures (lo cal accuracy and lo cal div ersit y

using the double-fault div ersit y measure), w e can roughly sa y that the lo cal accuracy

measure giv es b etter results. In addition, the time complexit y of computing the div ersit y

of an ensem ble is higher than computing the accuracy of a single classi�er. These facts

and �gures fa v orize the lo cal accuracy measure.

5 Summary

In this pap er, w e in tro duced the concept of con�dence of classi�cation, whic h can b e

used b oth as a criterium for classi�er selection, and for mo difying classi�er aggregation

metho ds. W e de�ned t w o con�dence measures (the lo cal accuracy and the lo cal div er-

sit y), and in tro duced simple algorithms for classi�er aggregation whic h use the concept

of con�dence of classi�cation � the Filtered Mean V alue, Filtered W eigh ted Mean V alue,

and W eigh ted Mean V alue using Con�dence algorithms. Exp erimen tal results sho w ed

that ev en suc h simple mo di�cations of state-of-the-art classi�er aggregation algorithms
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Figure 3: Mean � standard deviation of the test error rate for the Satimage dataset.

can yield impro v emen ts in the classi�cation.

Moreo v er, the concept of con�dence of classi�cation can b e incorp orated in to man y

classi�er com bining tec hniques, p ossibly resulting in v ery successful metho ds. In addition,

other con�dence measures than those rep orted in this article can b e used to further

impro v e the algorithms. Apart from general con�dence measures, based on common

attributes of classi�ers (lik e accuracy , div ersit y , etc.), measures whic h consider the sp eci�c

t yp e of the classi�er (e.g. con�dence based on the sum of distances to neigh b ors of the

curren t pattern for k -NN classi�ers) could b e dev elop ed. These issues are topics of our

future researc h.

References

[1] M. R. Ahmadzadeh and M. P etrou. Use of Dempster-Shafer the ory to c ombine

classi�ers which use di�er ent class b oundaries. P attern Anal. Appl. 6 (2003), 41�46.

[2] M. Aksela. Comparison of classi�er selection metho ds for impro ving committee

p erformance. In 'Multiple Classi�er Systems', 84�93, (2003).

[3] S. D. Ba y . Ne ar est neighb or classi�c ation fr om multiple fe atur e subsets . In telligen t

Data Analysis 3 (1999), 191�209.

[4] L. Breiman. Bagging pr e dictors . Mac hine Learning 24 (1996), 123�140.

[5] C. B. D.J. Newman, S. Hettic h and C. Merz. UCI rep ository of mac hine learning

databases, (1998). www.ics.uci.edu/ � mlearn/MLRep ository .h tml.

[6] R. O. Duda, P . E. Hart, and D. G. Stork. Pattern Classi�c ation (2nd Edition) .

Wiley-In terscience, (2000).

[7] Y. F reund and R. E. Sc hapire. Exp erimen ts with a new b o osting algorithm. In

'In ternational Conference on Mac hine Learning', 148�156, (1996).



210 D. ’tefk a

[8] J. Kittler, M. Hatef, R. P . W. Duin, and J. Matas. On c ombining classi�ers . IEEE

T rans. P attern Anal. Mac h. In tell. 20 (1998), 226�239.

[9] L. I. Kunc hev a. F uzzy versus nonfuzzy in c ombining classi�ers designe d by b o osting .

IEEE T ransactions on F uzzy Systems 11 (2003), 729�741.

[10] L. I. Kunc hev a. Using diversity me asur es for gener ating err or-c orr e cting output c o des

in classi�er ensembles . P attern Recogn. Lett. 26 (2005), 83�90.

[11] L. I. Kunc hev a, J. C. Bezdek, and R. P . W. Duin. De cision templates for multiple

classi�er fusion: an exp erimental c omp arison. P attern Recognition 34 (2001), 299�

314.

[12] L. I. Kunc hev a and C. J. Whitak er. Me asur es of diversity in classi�er ensembles .

Mac hine Learning 51 (2003), 181�207.

[13] O. Melnik, Y. V ardi, and C.-H. Zhang. Mixe d gr oup r anks: Pr efer enc e and c on�denc e

in classi�er c ombination. IEEE T rans. P attern Anal. Mac h. In tell. 26 (2004), 973�

981.

[14] K. W o o ds, J. W. Philip Kegelmey er, and K. Bo wy er. Combination of multiple clas-

si�ers using lo c al ac cur acy estimates . IEEE T rans. P attern Anal. Mac h. In tell. 19

(1997), 405�410.

[15] X. Zh u, X. W u, and Y. Y ang. Dynamic classi�er selection for e�ectiv e mining from

noisy data streams. In 'ICDM '04: Pro ceedings of the F ourth IEEE In ternational

Conference on Data Mining (ICDM'04)', 305�312, W ashington, DC, USA, (2004).

IEEE Computer So ciet y .



V znik vlastníc h ho dnot jak o následek lok ální

p erturbace p erio dic k ého kv an to v ého grafu
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Abstract. W e will determine the sp ectrum of the Hamiltonian of an in�nite p erio dic quan tum

graph formed b y joined circles with � -couplings with a general parameter � 2 R in the p oin ts

of con tact. W e will sho w that the Hamiltonian of suc h system has a band sp ectrum. After that,

w e will consider a b ending deformation of the c hain and examine its in�uence on the sp ectrum.

It will b e sho wn that as a result new eigen v alues app ear in the sp ectral gaps. W e will describ e

these eigen v alues and determine their n um b er.

Abstrakt. Obsahem práce je vy²et°ení sp ektra hamiltonián u nek one£ného p erio dic k ého kv an to-

v ého grafu tv o°eného na vzá jem se dot ýk a jícími kruh y s � -v azbami s ob ecným parametrem � 2 R
v místec h dot yku. Nejprv e uk áºeme, ºe hamiltonián tak o v ého systém u má páso v é sp ektrum. P oté

uv áºíme tv aro v ou deformaci sp o £ív a jící v oh ybu °etízku a vy²et°íme její vliv na sp ektrum. Uk á-

ºeme, ºe d·sledk em je vznik vlastníc h ho dnot v e sp ektrálníc h mezerác h, t yto vlastní ho dnot y

p opí²eme a ur£íme jejic h p o £et.

1 Úv o d

P o d p o jmem kvantový gr af rozumíme usp o°ádanou dv o jici (� ; H ) , kde � je metric ký graf

(neorien to v aný graf s metrik ou) a H je hamiltonián na � , tj. samosdruºený diferenciální

op erátor 2.°ádu p·sobící na funk ce na hranác h grafu jak o záp orn¥ vzatá druhá deriv ace

(viz [3]). T yto matematic k é ob jekt y slouºí jak o p°irozené mo dely pro graf·m p o dobné

struktury o rozm¥rec h v °ádu nanometr· vytv o°ené z r·znýc h materiál·, £asto p olo v o-

di£·. T ec hnologic ký p okrok v p osledníc h dek ádác h, jenº umoºnil výrobu mikrosk opic kýc h

struktur tohoto t ypu a tím jejic h praktic k ou vyuºitelnost, otev°el teorii kv an to výc h graf·

²irok é aplik a£ní moºnosti. Proto b yl k oncem osmdesát ýc h let min ulého století v této

oblasti zahá jen in tenzivn¥j²í výzkum, v e kterém matematic k á fyzik a p okra£uje do dnes.

Stále se v²ak jedná o relativn¥ no v ou teorii s mnoha nezo dp o v ¥zenými otázk ami. Jedním

z problém ·, který dosud není ob ecn¥ vy°e²en, je otázk a, jak se ob ecn¥ pro jevuje lok ální

p erturbace p erio dic k ého kv an to v ého grafu na jeho sp ektru. P an uje p°esv ¥d£ení, ºe d·-

sledk em je vºdy vznik vlastníc h ho dnot, ale d·k az tohoto tvrzení neb yl dosud p°edloºen,

stejn¥ tak zatím nikdo nenalezl protip°íklad. K hlub²ím u p orozum¥ní problém u a k ob je-

v ení cest y , jak jej ob ecn¥ vy°e²it, m ·ºe nap omo ci studium k onkrétníc h p°íklad·. Snahou

tedy je prozk oumat vliv lok álníc h p erturbací na sp ektrum v n¥k olik a mo delec h a p okusit

se vyp ozoro v at sp ole£né rysy zm¥n, k e kterým v e sp ektru do²lo.

T ato práce si klade za cíl p°isp ¥t k hledání o dp o v ¥di k onkrétním p°íkladem. Jedná se

o nek one£ný °etízek tv o°ený vzá jemn¥ se dot ýk a jícími krouºky o jednotk o v ém p olom¥ru

211
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s � -v azbami v místec h dot yku krouºk· (viz obr. 1). P°ip ome¬me na tom to míst¥, ºe � -

v azb ou v e vrc holu kv an to v ého grafu se rozumí v azba vyjád°ená následujícími okra jo vými

p o dmínk ami:

 j (0) =  k(0) =:  (0) ; j; k 2 n̂ ;
nX

j =1

 0
j (0) = � (0) ;

kde n̂ = f 1; 2; : : : ; ng je mnoºina index· hran vyc házejícíc h z uv aºo v aného vrc holu a

� 2 R [ f + 1g je tzv. parametr v azb y .

Obrázek 1: Nep erturb o v aný graf

Nejprv e nalezneme sp ektrum hamiltonián u v olné b ezspino v é £ástice na uv aºo v aném

nek one£ném °etízku, a p oté uv áºíme p erturbaci sp o £ív a jící v oh ybu °etízku v jednom

míst¥ (ro vinnost grafu z·stane zac ho v ána) o úhel # , viz obrázek 2. U p erturb o v aného

grafu vy²et°íme sp ektrum hamiltonián u a p opí²eme jeho vztah k e sp ektru p·v o dního

systém u.

Obrázek 2: P erturb o v aný systém

2 Sp ektrum nek one£ného p erio dic k ého systém u

P·v o dní, nep erturb o v aný kv an to vý graf je p erio dic kým systémem, proto k výp o £tu jeho

sp ektra vyuºijeme meto du Flo queto v a rozkladu (viz [4]). Uv aºujme jedn u elemen tární

bu¬ku (viz obr. 3) s vlno vými funk cemi ozna£enými zp·sob em nazna£eným na obrázku.
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Obrázek 3: Elemen tární bu¬k a p erio dic k ého systém u

P°edp okládejme, ºe £ástice na grafu má energii E . Protoºe vlastní funk ce m usí b ýt v

tak o v ém p°ípad¥ lineární k om binací funk cí ei
p

Ex
a e� i

p
Ex

. P°itom není p o dstatné, zda je

energie nezáp orná, aneb o záp orná: pro E = � � 2
( � > 0) sta£í p oloºit

p
E = i � . Máme

tedy

 1(x) = C+
1 ei

p
Ex + C �

1 e� i
p

Ex ; x 2 [� �= 2; 0]

 2(x) = C+
2 ei

p
Ex + C �

2 e� i
p

Ex ; x 2 [0; �= 2]

' 1(x) = D +
1 ei

p
Ex + D �

1 e� i
p

Ex ; x 2 [� �= 2; 0]

' 2(x) = D +
2 ei

p
Ex + D �

2 e� i
p

Ex ; x 2 [0; �= 2]

(1)

V míst¥ dot yku krouºk· je p°edepsána � -v azba s parametrem � , tj.

 1(0) =  2(0) = ' 1(0) = ' 2(0)

�  0
1(0) +  0

2(0) � ' 0
1(0) + ' 0

2(0) = � �  1(0)

K p ouºití Flo queto v a rozkladu p°edp okládejme, ºe vlno v é funk ce spl¬ ují následující p o d-

mínky:

 2(�= 2) = eik  1(� �= 2)  0
2(�= 2) = eik  0

1(� �= 2)

' 2(�= 2) = eik ' 1(� �= 2) ' 0
2(�= 2) = eik ' 0

1(� �= 2)

pro n¥jak é (lib o v olné) k 2 [0; 2� ) .

P o vyuºití p°edpis· (1) a úpra v ác h ob drºíme ro vnosti

C+
j � sin

p
E� = D +

j � sin
p

E� ; C �
j � sin

p
E� = D �

j � sin
p

E� ;

z nic hº plyne, ºe pro

p
E =2 N0 je C+

j = C �
j a D +

j = D �
j . P o v aºujme n yní ten to p°edp oklad

za spln¥ný s tím, ºe singulární p°ípad

p
E 2 N0 vy²et°íme nak onec.

P o eliminaci dal²íc h prom¥nnýc h do jdeme k ro vnici druhého stupn¥ pro eik
,

e2ik � eik

�
2 cos

p
E� +

�

2
p

E
sin

p
E�

�
+ 1 = 0 ; (2)

která má reálné k o e�cien t y a jejíº diskriminan t je ur£en výrazem

D =
�

2 cos
p

E� +
�

2
p

E
sin

p
E�

� 2

� 4 :
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Úk olem je ur£it, pro jak é ho dnot y E existuje k 2 [0; 2� ) tak o v é, ab y b yla spln¥na ro v-

nice (2), neb oli pro jak é E má (2) jak oºto ro vnice o neznámé e2ik
alesp o¬ jeden k o°en o

absolutní ho dnot¥ 1. P o v²imn¥me si, ºe sou£in k aºdé dv o jice k o°en · (2) , b ez ohledu na

ho dnotu

p
E , je vºdy ro v en 1, neb o´ jsou si ro vn y k o e�cien t y u kv adratic k ého a lineárního

£len u. T o o v²em znamená, ºe bu¤to jsou oba k o°en y k omplexní jednotky , aneb o má jeden

z nic h absolutní ho dnotu v ¥t²í neº jedna, zatímco druhý men²í neº jedna. Je z°ejmé, ºe

kladný diskriminan t o dp o vídá první situaci a nekladný té druhé. Dostá v áme tak zá v ¥r:

V¥ta 1. Je-li E � 0 a

p
E =2 N0 , p ak

p
E 2 � (H ) pr áv¥ tehdy, je-li spln¥na p o dmínka

�
�
�
�
�
cos

p
E� +

�
4

�
sin

p
E�

p
E

�
�
�
�
�

� 1 : (3)

V ra´me se je²t¥ k situaci, kdy

p
E 2 N0 . Jak si lze lehce p°edsta vit, lze zk onstruo v at

funk ci s nosi£em na p ouhém jednom krouºku tak, ab y b yla vlastní funk cí hamiltonián u:

sta£í zv olit na horní p·lkruºnici funk ci sin
p

Ex ( x 2 [0; � ]) a na dolní p·lkruºnici funk ci

� sin
p

Ex ( x 2 [0; � ]). T o o v²em znamená, ºe ho dnot y n2
pro n 2 N0 pat°í do b o do v ého

sp ektra.

V yslo vme c harakteristiku sp ektrálníc h pás· ur£enýc h p o dmínk ou (3) :

T vrzení 2. � Je-li � > 0, p ak v kaºdém intervalu [n2; (n +1) 2] ( n 2 N0 ) je pr áv¥ je den

sp ektr ální p ás, jehoº levý kr ajní b o d leºí uvnit° tohoto intervalu a pr avý kr ajní b o d

splývá s ho dnotou (n + 1) 2
,

� je-li � < 0, p ak v kaºdém intervalu [n2; (n + 1) 2] ( n 2 N0 ) je pr áv¥ je den sp ektr ální

p ás, jehoº levý kr ajní b o d splývá s ho dnotou n2
a pr avý kr ajní b o d leºí uvnit° tohoto

intervalu,

� je-li � = 0 , p ak p o dmínku (3) spl¬uje kaºdé

p
E � 0, te dy ve sp ektru leºí v²e chna

nezáp orná £ísla.

Vidíme tedy , ºe prá v ¥ jeden z kra jníc h b o d· k aºdého sp ektrálního pásu, totiº druhá

mo cnina celého £ísla, o dp o vídá vlastní ho dnot¥ hamiltonián u.

P oznamenejme, ºe p o dmínk a (3), jiº jsme ob drºeli, je p o dobná o dp o vída jící p o dmínce

z Kronig-P enney o v a mo delu se vzdáleností in terak cí � , jediný rozdíl je v k o e�cien tu u

sin u: zde máme

�
4 , zatímco v K-P mo delu

�
2 (viz nap°. [1]). T o znamená, ºe sp ektrální

pásy uv aºo v aného �°etízku� s � -v azbami s parametrem � ma jí kra jní b o dy stejné jak o t y

u K-P mo delu se vzdáleností mezi in terak cemi ro vnou � a parametrem in terak ce �= 2.

P o dstatný rozdíl mezi ob ¥ma mo dely v²ak sp o £ív á v tom, ºe K-P mo del má prázdné

b o do v é sp ektrum.

V y°e²me je²t¥ otázku, jak vypadá záp orná £ást sp ektra. Ozna£me

p
E = i � pro � > 0

a s vyuºitím známýc h vztah · pro goniometric k é funk ce k omplexníc h argumen t· p°epi²me

nero vnost (3) do p o dob y �
�
�
�cosh�� +

�
4

�
sinh��

�

�
�
�
� � 1 :

Pro E < 0 je vºdy sin(
p

E) 6= 0 , takºe zde o dpadá problém, na který jsme narazili u

nezáp ornýc h energií. Jedno du²e lze dok ázat následující tvrzení:
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T vrzení 3. � Je-li � � 0, p ak záp orné sp ektrum je pr ázdné,

� je-li � 2 [� 8=�; 0), p ak záp orné sp ektrum je r ovno intervalu [� � 2
1; 0], kde � 1 je

je diné °e²ení r ovnic e

�
�cosh�� + �

4 � sinh ��
�

�
� = 1 ,

� Je-li � < � 8=� , p ak záp orné sp ektrum je r ovno intervalu [� � 2
1; � � 2

2], kde � 1;2 jsou

je diná dv¥ kladná °e²ení

�
�cosh�� + �

4 � sinh ��
�

�
� = 1 , � 1 > � 2 .

3 P erturb o v aný systém

P°edp okládejme n yní, ºe p·v o dn¥ ro vný , nek one£ný °etízek v jednom míst¥ mo di�kujeme

zp·sob em dle obrázku 2. Úhel oh ybu # budeme uv aºo v at lib o v olný v in terv alu (0; � ) , b y´

pro # � 2�= 3 je deformace nazna£ená na obrázku praktic ky nepro v editelný . T eoretic kým

úv ahám v²ak nic nebrání, neb o´ oh yb je moºné ekviv alen tn¥ nahradit deformací n ultého

krouºku.

Uv aºo v anou p erturbací sice systém ztrácí p·v o dní p erio dicitu, ale stále si zac ho v á v á

ur£itou symetrii, která umoº¬ uje výp o £et sp ektra mírn¥ zjedno du²it. Vidíme, ºe p ertu-

rb o v aný systém je symetric ký v·£i ose, která je do obrázku 2 zakreslena £erc ho v anou

£arou. Rozloºíme vlno v ou funk ci na sou£et dv ou funk cí: jedné, která je �sudá� v·£i této

ose, a druhé, která je vzhledem k ní �lic há�. Hamiltonián systém u pak p o dobným zp·-

sob em rozloºíme na direktní sou£et op erátoru H +
, který p·sobí na sudou sloºku vlno v é

funk ce, a H �
, který p·sobí na lic hou sloºku. Sp ektrum op erátoru H = H + � H �

je pak

dáno jak o sjedno cení sp ekter H +
a H �

.

V e²k eré sloºky vlno v é funk ce (v e sm yslu funk ce na v²ec h hranác h grafu) budou dán y

jak o lineární k om binace funk cí ei
p

Ex
a e� i

p
Ex

, tak jak o v p°ípad¥ nep erturb o v aného sys-

tém u, je v²ak vho dné za v ést no v é zna£ení. Krouºky budeme indexo v at celými £ísly , p°i-

£emº za v edeme úmluvu, ºe krouºek, jímº pro c hází osa soum¥rnosti, bude ozna£en £íslem

0. Protoºe se budeme zab ýv at funk cemi symetric kými v·£i ose, sta£í studo v at situaci na

pra v é £ásti systém u, která je na obrázku zakreslena v o doro vn¥. Vlno v ou funk ci na k aº-

dém krouºku rozd¥líme na funk ci na horní p·lkruºni-ci a na funk ci na dolní p·lkruºnici

a ozna£íme je p o °ad¥  j a ' j , kde j vyjad°uje index krouºku. Máme tedy

 j (x) = C+
j ei

p
Ex + C �

j e� i
p

Ex ; x 2 [0; � ]

' j (x) = D +
j ei

p
Ex + D �

j e� i
p

Ex ; x 2 [0; � ]
(4)

pro j 2 N. Je d·leºité p oznamenat, ºe v p°ípad¥ j = 0 sice platí stejný p°edpis, ale

prom¥nné probíha jí jiné in terv aly , tj.

 0(x) = C+
0 ei

p
Ex + C �

0 e� i
p

Ex ; x 2
�

� � #
2

; �
�

' 0(x) = D +
0 ei

p
Ex + D �

0 e� i
p

Ex ; x 2
�

� + #
2

; �
�

(5)

Protoºe v b o dec h dot yku jsou p°edepsán y � -v azb y s parametrem � , platí

 j (0) = ' j (0)  j (� ) = ' j (� ) (6)
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a

 j (0) =  j � 1(� ) (7)

 0
j (0) + ' 0

j (0) �  0
j � 1(� ) � ' 0

j � 1(� ) = � �  j (0) (8)

Dosazením (4) do (6) a elemen tární úpra v ou získ áme p o dmínky

C+
j � sin

p
E� = D +

j � sin
p

E� a C �
j � sin

p
E� = D �

j � sin
p

E� ;

takºe pro

p
E =2 N0 m usí platit C+

j = D +
j a C �

j = D �
j . (P°ípad

p
E 2 N0 lze ok omen-

to v at ob dobn¥ jak o v p°ípad¥ nek one£ného lineárního °etízku a do jít tak k zá v ¥ru, ºe

druhé mo cnin y celýc h £ísel jsou vlastními ho dnotami.) V yuºijeme-li dok ázané ro vnosti k

úpra v ¥ (7) a (8) , dostaneme ro vnici

�
C+

j

C �
j

�
=

0

@

�
1 + �

4i
p

E

�
ei

p
E� �

4i
p

E
e� i

p
E�

� �
4i

p
E

ei
p

E�
�

1 � �
4i

p
E

�
e� i

p
E�

1

A

| {z }
M

�
�

C+
j � 1

C �
j � 1

�
(9)

platnou pro v²ec hna j � 2. Z ní ok amºit¥ plyne, ºe pro v²ec hna j � 2 je

�
C+

j

C �
j

�
= M j � 1 �

�
C+

1

C �
1

�
; (10)

o dkud vyplýv á asymptotic k é c ho v ání p osloupnosti absolutníc h ho dnot v ektor· (C+
j ; C�

j )T
:

Nec h´ je (C+
1 ; C�

1 )T
vlastním v ektorem matice M . P ak platí:

� p°íslu²í-li (C+
1 ; C�

1 )T
vlastním u £íslu v absolutní ho dnot¥ men²ím u neº 1, pak



 (C+
j ; C�

j )T





exp onenciáln¥ klesá,

� p°íslu²í-li (C+
1 ; C�

1 )T
vlastním u £íslu v absolutní ho dnot¥ men²ím u neº 1, pak



 (C+
j ; C�

j )T





exp onenciáln¥ roste,

� p°íslu²í-li (C+
1 ; C�

1 )T
vlastním u £íslu v absolutní ho dnot¥ men²ím u neº 1, pak



 (C+
j ; C�

j )T





nezá visí na j .

V ob ou p°ípadec h, jak u op erátoru H +
, tak i H �

, je absolutní ho dnota vlno v é funk ce na j -

tém i (- j )-tém krouºku p°ímo ur£ena k onstan tami C+
j a C �

j . T y jsou zase, dle vzorce (10) ,

dán y v ektorem (C+
1 ; C�

1 )T
. Uv ¥domíme si, ºe p okud b y rozklad v ektoru (C+

1 ; C�
1 )T

do

vlastníc h p o dprostor· M obsaho v al nen ulo v ou sloºku p°íslu²ející vlastním u £íslu M s

absolutní ho dnotou v ¥t²í neº 1, norma v ektoru (C+
j ; C�

j )T
b y asymptotic ky exp onenciáln¥

rostla. Je eviden tní, ºe v tak o v ém p°ípad¥ b y k onstan t y C �
j nemohly ur£o v at vlastní funk ci

ani zob ecn¥nou vlastní funk ci H +
, resp. H �

.

Stejn¥ tak lze nahlédnout, ºe skládá-li se v ektor (C+
1 ; C�

1 )T
jen z vlastníc h v ektor· M

p°íslu²ejícíc h vlastním £ísl·m o absolutní ho dnot¥ men²í neº (resp. neb o ro vné) 1, pak je

k onstan tami C �
j ur£ena vlastní (resp. zob ecn¥ná vlastní) funk ce, tj. o dp o vída jící ho dnota

E pat°í do b o do v ého (resp. sp o jitého) sp ektra.

U ob ou op erátor· H +
i H �

nejprv e ur£íme, jak vypadá v ektor (C+
1 ; C�

1 )T
, a p oté roz-

ho dneme, pro jak é ho dnot y

p
E m ·ºe b ýt vlastním v ektorem M p°íslu²ejícím vlastním u
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£íslu o absolutní ho dnot¥ men²í neº 1, ev en tuáln¥ ro vné 1. Charakteristic kým p olynomem

matice M je

� 2 � � � 2 �
�

cos
p

E� +
�

4
p

E
sin

p
E�

�
+ 1 ;

coº je p olynom s reálnými k o e�cien t y . P o dobnými úv ahami jak o v k apitole v ¥no v ané

nep erturb o v aném u systém u dostá v áme, ºe M má vlastní £íslo v absolutní ho dnot¥ men²í

neº jedna tehdy a jen tehdy , je-li diskriminan t tohoto p olynom u kladný , coº je ekviv alen tní

p o dmínce �
�
�
�cos

p
E� +

�

4
p

E
sin

p
E�

�
�
�
� > 1;

a vlastní £íslo v absolutní ho dnot¥ ro vné 1, p okud

�
�
�
�cos

p
E� +

�

4
p

E
sin

p
E�

�
�
�
� � 1 ;

P oro vnáním s p o dmínk ou (3) vidíme, ºe sp ektrální pásy se p o p erturbaci zac ho v á v a jí

(coº ostatn¥ plyne i z toho, ºe hamiltonián p erturb o v aného systém u má k one£né indexy

defektu, a tedy nedo c hází k e zm¥n¥ esenciálního sp ektra, viz [2 ]), a dále, ºe p°ípadné no v ¥

vzniklé vlastní ho dnot y hamiltonián u mohou leºet jen v e sp ektrálníc h mezerác h.

V zhledem k tom u, ºe v p°ípad¥ kladného diskriminan tu jsou vlastní £ísla dána p°ed-

pisem

� 1;2 = cos
p

E� +
�

4
p

E
sin

p
E� �

s �
cos

p
E� +

�

4
p

E
sin

p
E�

� 2

� 1 ;

platí, ºe je-li diskriminan t kladný , je p°íslu²ným vlastním £íslem v absolutní ho dnot¥

men²ím neº jedna

� � 2 pro cos
p

E� + �
4
p

E
sin

p
E� > 1,

� � 1 pro cos
p

E� + �
4
p

E
sin

p
E� < � 1.

3.1 Sp ektrum H +

Op erátor H +
o dp o vídá sudé sloºce vlno v é funk ce, uv aºo v áno v e sm yslu symetrie v·£i ose.

Sudost je vyjád°ena následujícími okra jo vými p o dmínk ami v b o dec h A a B (viz obr. 2):

 0
0

�
� � #

2

�
= 0 ; ' 0

0

�
� + #

2

�
= 0 :

V míst¥ dot yku n ultého a prvního krouºku (ozn. C) je � -v azba s parametrem � :

 0(� ) = ' 0(� ) =  1(0) (11)

 0
1(0) + ' 0

1(0) �  0
0(� ) � ' 0

0(� ) = � �  0(� ) (12)
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Dosadíme-li n yní za jednotliv é funk ce z (4) a (5) a p ouºijeme-li uº známý vztah ' 0
1(0) =

 0
1(0) , získ áme v ektor (C+

1 ; C�
1 )T

(aº na jeho násob ení k onstan tou):

�
C+

1

C �
1

�
=

0

@
1 + i

�
sin

p
E�

cos
p

E� +cos
p

E#
� �

2
p

E

�

1 � i
�

sin
p

E�
cos

p
E� +cos

p
E#

� �
2
p

E

�

1

A :

Ab y

p
E 2 � p(H + ) , m usí b ýt v ektor (C+

1 ; C�
1 )T

násobk em vlastního v ektoru M p°íslu-

²ejícího vlastním u £íslu v absolutní ho dnot¥ men²ím u neº 1. •e²ením této p o dmínky

dostaneme ro vnost

cos
p

E# = � cos
p

E� +
sin2

p
E�

�
4
p

E
sin

p
E� �

r �
cos

p
E� + �

4
p

E
sin

p
E�

� 2
� 1

; (13)

kde znaménk o v e jmeno v ateli je ro vno znaménku cos
p

E� + �
4
p

E
sin

p
E� .

Ozna£me výraz na pra v é stran¥ sym b olem f (
p

E) . Bez d·k azu n yní uv edeme násle-

dující d·leºité tvrzení o funk ci f :

T vrzení 4. V kaºdém intervalu, v n¥mº j cosx� + �
4x sinx� j � 1, je funkc e f ost°e mono-

tonní a pr obíhá interval [� 1; 1].

Na lev é stran¥ ro vnosti (13) sto jí výraz cos
p

E# , kde # je úhel oh ybu, leºící v in terv alu

(0; � ) . Jelik oº # < � , je délk a in terv alu, v e kterém funk ce cosx# prob ¥hne in terv al [� 1; 1],

v ¥t²í neº 1. Na druhou stran u, jak uº víme, je délk a sp ektrálníc h mezer men²í neº 1. S

ohledem na p oslední T vrzení tak s p ouºitím v ¥t y o st°ední ho dnot¥ dostá v áme, ºe v

k aºdém uzá v ¥ru sp ektrální mezery existuje prá v ¥ jeden b o d, v n¥mº nastá v á ro vnost.

Bu¤ tedy vznikne jedna vlastní ho dnota v e sp ektrální meze°e, aneb o ro vnost nastane na

hranici sp ektrálního pásu b ez vzniku vlastní ho dnot y .

Prozk oumejme je²t¥ záp ornou £ást sp ektra. Pro

p
E = i � ( � > 0) získ á v á ro vnost (13)

p o dobu

cosh�# = � cosh�� �
sinh2 ��

�
4� sinh�� �

q �
cosh�� + �

4� sinh��
� 2

� 1
; (14)

kde op ¥t horní znaménk o o dp o vídá cosh�� + �
4� sinh�� > 1, dolní znaménk o o dp o vídá

cosh�� + �
4� sinh�� < � 1.

Ozna£íme-li výraz na pra v é stran¥ sym b olem f � (� ) , m ·ºeme vyslo vit následující p o-

mo cné tvrzení, které ok amºit¥ implikuje c ho v ání sp ektra op erátoru H +
:

T vrzení 5. � Je-li � � 0, p ak f � (� ) < � cosh(�� ) pr o v²e chna � > 0 a � 2 (0; � ) .

� Je-li � < 0, p ak platí:

� pr o cosh�� + �
4� sinh�� < � 1 je f � (� ) < � cosh�# pr o v²e chna � > 0 a

# 2 (0; � ) ,

� pr o cosh�� + �
4� sinh�� > 1 a zár ove¬ � � tgh�� < � �= 2 je funkc e f � (� ) ost°e

r ostoucí a pr obíhá interval (1; + 1 ) ,
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� pr o � � tgh�� > � �= 2 je f � (� ) < � cosh�# pr o v²e chna � > 0 a # 2 (0; � ) .

D·sledek 6. � Je-li � � 0, p ak H +
nemá záp orné vlastní ho dnoty.

� Je-li � < 0, p ak H +
má pr áv¥ je dnu vlastní ho dnotu, kter á leºí nalevo o d záp orného

sp ektr álního p ásu a zár ove¬ napr avo o d záp orn¥ vzaté druhé mo cniny °e²ení r ovnic e

� � tgh�� = � �= 2.

3.2 Sp ektrum H �

P ostup p°i vy²et°o v ání sp ektra op erátoru H �
o dp o vída jícího sudé sloºce vlno v é funk ce

je zcela analogic ký p ostupu, jaký b yl p ouºit u op erátoru H +
. Jediným rozdílem jsou

okra jo v é p o dmínky na n ultém krouºku, které jsou dán y:

 0

�
� � #

2

�
= 0 ; ' 0

�
� + #

2

�
= 0 :

Jak lze snadno uk ázat, sp ektrální p o dmínk a je vyjád°ená ro vností

� cos
p

E# = � cos
p

E� +
sin2

p
E�

�
4
p

E
sin

p
E� �

r �
cos

p
E� + �

4
p

E
sin

p
E�

� 2
� 1

;

tedy rozdíl oproti o dp o vída jící p o dmínce u op erátoru H +
sp o £ív á v opa£ném znaménku

u k osin u na lev é stran¥. Cho v ání výrazu napra v o uº známe (viz T vrzení 4), ro vnou tedy

m ·ºeme p opsat kladnou £ást b o do v ého sp ektra H �
:

T vrzení 7. V kaºdé sp ektr ální meze°e op er átoru H �
existuje bu¤ pr áv¥ je dna vlastní ho d-

nota, aneb o ºádná, p°i£ emº druhá moºnost nastává v p°íp ad¥, kdy zár ove¬ platí

j cos
p

E� + �
4
p

E
sin

p
E� j = 1 .

Záp orná £ást b o do v ého sp ektra H �
je ur£ena p o dmínk ou

� cosh�# = � cosh�� �
sinh2 ��

�
4� sinh�� �

q �
cosh�� + �

4� sinh��
� 2

� 1
;

kde

p
E = i � 2

pro � 2 R+
. Nyní sta£í jen vyuºít uº vyslo v ené tvrzení 4. Z n¥j ok amºit¥

plyne, ºe v p osledním vztah u nikdy nenastá v á ro vnost, tedy op erátor H �
nemá ºádné

záp orné vlastní ho dnot y .

3.3 Shrn utí: sp ektrum H = H + � H �

V p°edc hozíc h k apitolác h jsme uk ázali, ºe uv aºo v aná p erturbace má za následek vznik

vlastníc h ho dnot uvnit° sp ektrálníc h mezer nep erturb o v aného systém u. Uv edli jsme, ºe

k aºdé k omp onen t¥, tj. jak op erátoru H +
, tak i H �

, m ·ºe v k aºdé meze°e pat°it jedna

neb o ºádná vlastní ho dnota. T aktéº jsme vysv ¥tlili, ºe situace, kdy op erátor H +
neb o

H �
nemá uvnit° sp ektrální mezery vlastní ho dnotu, o dp o vídá prá v ¥ tom u, ºe p oloha
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p°íslu²ného b o du padne do hranice sp ektrálního pásu. Na druhou stran u, vzhledem k

ryc hlosti r·stu resp. p oklesu funk ce cos(
p

E#) , která je b ez ohledu na v olbu # vºdy niº²í

neº ryc hlost r·stu a p oklesu funk ce ozna£ené sym b olem f (
p

E) , je snadno z°ejmé, ºe

nem ·ºe do jít k tom u, ab y v jedné sp ektrální meze°e takto vymizely ob ¥ vlastní ho dnot y .

Dále je t°eba p o dotknout, ºe není vylou£en p°ípad, kdy op erátor·m H +
a H �

v

dané sp ektrální meze°e p°íslu²í tatáº vlastní ho dnota. V tak o v ém p°ípad¥ do c hází k e

zdv o jnásob ení její násobnosti. P°ímým výp o £tem lze mimo c ho dem uk ázat, ºe vlastními

ho dnotami tohoto t ypu mohou b ýt jen °e²ení ro vnice

p
E � tg

p
E� =

�
2

:

Shr¬me tedy výsledek výp o £tu do v ¥t y .

V¥ta 8. � Bo dy sp ektr a nep erturb ovaného systému i jejich char akter se zachovávají i

v p erturb ovaném systému.

� Perturb ovaný systém má navíc vlastní ho dnoty ve sp ektr álních mezer ách, p°i£ emº:

� na kladné p olo ose je v kaºdé sp ektr ální meze°e bu¤ je dna vlastní ho dnota o ná-

sobnosti 1, neb o dv¥ vlastní ho dnoty o násobnosti 1, neb o je dna vlastní ho dnota

o násobnosti 2,

� je-li p ar ametr � -vazby záp orný, p ak se navíc na záp orné p olo ose vlevo o d p o-

sle dního sp ektr álního p ásu nachází je dna vlastní ho dnota o násobnosti 1.
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Abstract. The curv ature e�ect on a quan tum dot with impurit y is in v estigated. The mo del is

considered on the Lobac hevsky plane. The con�nemen t and impurit y p oten tials are c hosen so

that the mo del is explicitly solv able. The Green function as w ell as the Krein Q -function are

computed.

Abstrakt. ƒlánek p o jedná v á o vlivu k°iv osti na kv an to v ou te£ ku s ne£istotou. K onkrétn¥ uv aºu-

jeme kv an to v ou te£ ku v Lobac hevsk ého ro vin¥. V azebný p otenciál a p otenciál pro ne£istotu

v olíme tak, ºe výsledný mo del je °e²itelný . Získ áme tak explicitní vyjád°ení pro Greeno vu a

Kreino vu Q -funk ci.

1 In tro duction

Ph ysically , quan tum dots are nanostructures with a c harge carriers con�nemen t in all

space directions. They ha v e an atom-lik e energy sp ectrum whic h can b e mo di�ed b y

adjusting geometric parameters of the dots as w ell as b y the presence of an impurit y .

Th us the study of these dep endencies ma y b e of in terest from the p oin t of view of the

nanoscopic ph ysics.

A detailed analysis of three-dimensional quan tum dots with a short-range impurit y in

the Euclidean space can b e found in [4]. Therein, the harmonic oscillator p oten tial w as

used to in tro duce the con�nemen t, and the impurit y w as mo deled b y a p oin t in teraction

( � -p oten tial). The starting p oin t of the analysis w as deriv ation of a form ula for the Green

function of the unp erturb ed Hamiltonian (i.e., in the impurit y free case), and application

of the Krein resolv en t form ula join tly with the notion of the Krein Q-function.

In the presen t pap er, w e mak e use of the same metho d to in v estigate quan tum dots

with impurit y in the Lobac hevsky plane. W e will in tro duce an appropriate Hamiltonian

in a manner quite analogous to that of [4] and deriv e an explicit form ula for the corre-

sp onding Green function. In this sense, our mo del is solv able, and so its prop erties ma y

b e of in terest also from the mathematical p oin t of view.

During the computations to follo w, the spheroidal functions app ear naturally . Unfor-

tunately , the notation in the literature concerned with this t yp e of sp ecial functions is not

y et uniform (see, e.g., [2] and [8]). This is wh y w e supply , for the reader's con v enience,

�
in co-op eration with V. Geyler from Mordo vian State Univ ersit y , Saransk, Russia
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a short app endix comprising basic de�nitions and results related to spheroidal functions

whic h are necessary for our approac h.

2 A quan tum dot with impurit y in the Lobac hevsky plane

2.1 The mo del

Denote b y (%; �) , 0 < % < 1 , 0 � � < 2� , the geo desic p olar co ordinates on the

Lobac hevsky plane. Then the metric tensor is diagonal and reads

(gij ) = diag
�

1; a2 sinh2 %
a

�

where a, 0 < a < 1 , denotes the so called curv ature radius whic h is related to the

scalar curv ature b y the form ula R = � 2=a2
. F urthermore, the v olume form equals

dV = asinh(�=a)d� ^ d� . The Hamiltonian for a free particle of mass m = 1=2 tak es the

form

H 0 = �
�

� LB +
1

4a2

�
= �

1
p

g
@

@xi
p

ggij @
@xj

�
1

4a2

where � LB is the Laplace-Beltrami op erator and g = det gij . W e ha v e set ~ = 1 .

The c hoice of a p oten tial mo deling the con�nemen t is am biguous. W e naturally

require that the p oten tial tak es the standard form of the quan tum dot p oten tial in the

�at limit ( a ! 1 ). This is to sa y that, in the limiting case, it b ecomes the p oten tial of

the isotropic harmonic oscillator V = 1
4! 2� 2

. Ho w ev er, this condition clearly do es not

sp ecify the p oten tial uniquely . Ha ving the freedom of c hoice let us discuss the follo wing

t w o p ossibilities:

a) Va(� ) = 1
4 a2! 2 tanh2 �

a ; (1)

b) Ua(� ) = 1
4 a2! 2 sinh2 �

a : (2)

P oten tial Va is the same as that prop osed in [9 ] for the classical harmonic oscillator on

the Lobac hevsky plane. With this c hoice, it has b een demonstrated in [9] that the mo del

is sup erin tegrable, i.e., there exist three functionally indep enden t constan ts of motion.

Let us remark that this p oten tial is b ounded, and so it represen ts a b ounded p erturbation

to the free Hamiltonian. On the other hand, the p oten tial Ua is un b ounded. Moreo v er,

as sho wn b elo w, the stationary Sc hrö dinger equation for this p oten tial leads, after the

partial w a v e decomp osition, to the di�eren tial equation of spheroidal functions. The

curren t pap er concen trates exclusiv ely on case b).

The impurit y is mo deled b y a � -p oten tial whic h is in tro duced with the aid of self-

adjoin t extensions and is determined b y b oundary conditions at the base p oin t. W e

restrict ourselv es to the case when the impurit y is lo cated in the cen tre of the dot ( � = 0 ).

Th us w e start from the follo wing symmetric op erator:

H = �
�

@2

@%2
+

1
a

coth
� %

a

� @
@%

+
1
a2

sinh� 2
� %

a

� @2

@�2
+

1
4a2

�
+

1
4

a2! 2 sinh2
� �

a

�
;

Dom(H ) = C1
0 ((0; 1 ) � S1) � L2

�
(0; 1 ) � S1; a sinh

� %
a

�
d%d�

�
:

(3)
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2.2 P artial w a v e decomp osition

Substituting � = cosh(%=a) w e obtain

H =
1
a2

�
(1 � � 2)

@2

@�2
� 2�

@
@�

+ (1 � � 2)� 1 @2

@�2
+

a4! 2

4
(� 2 � 1) �

1
4

�
=:

1
a2

~H;

Dom(H ) = C1
0 ((1; 1 ) � S1) � L2

�
(1; 1 ) � S1; a2d� d�

�
:

(4)

Using the rotational symmetry whic h amoun ts to a F ourier transform in the v ariable � ,

~H ma y b e decomp osed in to a direct sum as follo ws

~H =
1M

m= �1

~Hm ;

~Hm = �
@
@�

�
(� 2 � 1)

@
@�

�
+

m2

� 2 � 1
+

a4! 2

4
(� 2 � 1) �

1
4

;

Dom( ~Hm ) = C1
0 (1; 1 ) � L2((1; 1 ); d� ):

Note that

~Hm is a Sturm-Liouville op erator.

Prop osition 1.

~Hm is essential ly self-adjoint for m 6= 0 ,

~H0 has defe ct indic es (1; 1).

Pr o of. The op erator

~Hm is symmetric and semib ounded, and so the defect indices are

equal. If w e set

� = jmj; 4� = �
a4! 2

4
; � = � z �

1
4

;

then the eigen v alue equation

~Hm  = z (5)

tak es the standard form of the di�eren tial equation of spheroidal functions:

(1 � � 2)
@2 
@�2

� 2�
@ 
@�

+
�
� + 4 � (1 � � 2) � � 2(1 � � 2)� 1

�
 = 0: (6)

A ccording to c hapter 3.12, Satz 5 in [8], for � = m 2 N0 a fundamen tal system

f y
I

; y
I I

g of solutions to equation (5) exists suc h that

y
I

(� ) = (1 � � )m=2 P 1(1 � � ); P 1(0) = 1 ;

y
I I

(� ) = (1 � � )� m=2P 2(1 � � ) + Am y
I

(� ) log (1 � � );

where, for j� � 1j < 2, P 1; P 2 are analytic functions in � , � , � ; and Am is a p olynomial

in � and � of total order m with resp ect to � and

p
� ; A0 = � 1=2.

Supp ose that z 2 C n R. F or m = 0 , ev ery solutions to (5) is square in tegrable near

1; while for m 6= 0 , y
I

is the only one solution, up to a factor, whic h is square in tegrable

in a neigh b ourho o d of 1. On the other hand, b y a classical analysis due to W eyl, there

exists exactly one linearly indep enden t solution to (5) whic h is square in tegrable in a

neigh b ourho o d of 1 , see Theorem XI I I.6.14 in [7]. In the case of m = 0 this ob viously

implies that the defect indices are (1; 1). If m 6= 0 then, b y Theorem XI I I.2.30 in [7 ], the

op erator

~Hm is essen tially self-adjoin t.
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De�ne the maximal op erator asso ciated to the formal di�eren tial expression

L = �
@
@�

�
(� 2 � 1)

@
@�

�
+

a4! 2

4
(� 2 � 1) �

1
4

as follo ws

Dom(Hmax ) =
�

f 2 L2((1; 1 ); d� ) : f; f 0 2 AC((1; 1 ));

�
@
@�

�
(� 2 � 1)

@f
@�

�
+

a4! 2

4
(� 2 � 1)f 2 L2((1; 1 ); d� )

�
;

Hmax f = Lf:

A ccording to Theorem 8.22 in [10], Hmax = ~H y
0 .

Prop osition 2. L et � 2 (�1 ; 1 ]. The op er ator

~H0(� ) de�ne d by the formulae

Dom( ~H0(� )) = f f 2 Dom(Hmax ) : f 1 = �f 0g; ~H0(� )f = Hmax f;

wher e

f 0 := � 4�a 2 lim
� ! 1+

f (� )
log (� � 1)

; f 1 := lim
� ! 1+

f (� ) +
1

4�a 2
f 0 log (� � 1);

is a self-adjoint extension of

~H0 . Ther e ar e no other self-adjoint extensions of

~H0 .

Pr o of. The metho ds to treat � lik e p oten tials are no w w ell established [1]. Here w e follo w

an approac h describ ed in [5], and w e refer to this source also for the terminology and

notations. Near the p oin t � = 1 , eac h f 2 Dom(Hmax ) has the asymptotic b eha viour

f (� ) = f 0 F (�; 1) + f 1 + o(1) as � ! 1+

where f 0; f 1 2 C and F (�; � 0) is the div ergen t part of the Green function for the F riedric hs

extension of

~H0 . By form ula (13) whic h is deriv ed b elo w, F (�; 1) = � 1=(4�a 2) log(� � 1).

Prop osition 1.37 in [5] states that (C; � 1; � 2) , with � 1f = f 0 and � 2f = f 1 , is a b oundary

triple for Hmax .

A ccording to theorem 1.12 in [5], there is a one-to-one corresp ondence b et w een all self-

adjoin t linear relations � in C and all self-adjoin t extensions of

~H0 giv en b y �  ! ~H0(� )
where

~H0(� ) is the restriction of Hmax to the domain of v ectors f 2 Dom(Hmax ) satisfying

(� 1f; � 2f ) 2 �: (7)

Ev ery self-adjoin t relation in C is of the form � = Cv � C2
for some v 2 R2

, v 6= 0 . If

(with some abuse of notation) v = (1 ; � ) , � 2 R, then relation (7) means that f 1 = �f 0 . If

v = (0 ; 1) then (7) means that f 0 = 0 whic h ma y b e iden ti�ed with the case of � = 1 , and

then the corresp onding self-adjoin t extension is nothing but the F riedric hs extension.
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2.3 The Green function

Let us consider the F riedric hs extension of the op erator

~H in L2 ((1; 1 ) � S1; d� d� ) whic h

w as in tro duced in (4). The resulting self-adjoin t op erator is in fact the Hamiltonian for

the impurit y free case. The corresp onding Green function Gz is the generalised k ernel of

the Hamiltonian, and it should ob ey the equation

( ~H � z)Gz(�; � ; � 0; � 0) = � (� � � 0)� (� � � 0) =
1

2�

1X

m= �1

� (� � � 0)eim (� � � 0) :

If w e supp ose Gz to b e of the form

Gz(�; � ; � 0; � 0) =
1

2�

1X

m= �1

Gm
z (�; � 0)eim (� � � 0) ; (8)

then, for all m 2 Z ,

( ~Hm � z)Gm
z (�; � 0) = � (� � � 0): (9)

Let us consider an arbitrary �xed � 0
, and set

� = m; 4� = �
a4! 2

4
; � = � z �

1
4

:

Then for all � 6= � 0
equation (9) tak es the standard form of the di�eren tial equation of

spheroidal functions (6). As one can see from the follo wing asymptotic form ulae

S� (3)
� (�; � ) =

1
2

� � 1=2� � 1ei (2� 1=2 � � ��= 2� �= 2)[1 + O(j� j � 1)];

for � � < arg(� 1=2� ) < 2�;
(10)

S� (4)
� (�; � ) =

1
2

� � 1=2� � 1e� i (2� 1=2 � � ��= 2� �= 2)[1 + O(j� j � 1)];

for � 2� < arg(� 1=2� ) < �;

the solution whic h is square in tegrable near in�nit y equals Sjmj(3)
� (�; � a4! 2=16). F urther-

more, the solution whic h is square in tegrable near � = 1 equals P sjmj
� (�; � a4! 2=16) as

one ma y v erify with the aid of the asymptotic form ula

Pm
� (� ) �

�( � + m + 1)
2m=2 m! �( � � m + 1)

(� � 1)m=2
as � ! 1+; for m 2 N0:

W e conclude that the m th partial Green function equals

Gm
z (�; � 0) = �

1

(� 2 � 1)W (P sjmj
� ; Sjmj(3)

� )
P sjmj

�

�
� < ; �

a4! 2

16

�
Sjmj(3)

�

�
� > ; �

a4! 2

16

�
; (11)

where the sym b ol W (P sjmj
� ; Sjmj(3)

� ) denotes the wronskian, and � < , � > are resp ectiv ely

the smaller and the greater of � and � 0
. By the general Sturm-Liouville theory , the

factor (� 2 � 1)W(P sjmj
� ; Sjmj(3)

� ) is constan t. Since Gm
z = G� m

z decomp osition (8) ma y b e

simpli�ed,

Gz(�; � ; � 0; � 0) =
1

2�
G0

z (�; � 0) +
1
�

1X

m=1

Gm
z (�; � 0) cos [m(� � � 0)]: (12)
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2.4 The Krein Q-function

The Krein Q-function pla ys a crucial role in the sp ectral analysis of impurities. It is

de�ned at a p oin t of the con�guration space as the regularised Green function ev aluated

at this p oin t. Here w e deal with the impurit y lo cated in the cen tre of the dot ( � = 1 , �
arbitrary), and so, b y de�nition,

Q(z) := Greg
z (1; 0; 1; 0):

Due to the rotational symmetry ,

Gz(� ) := Gz(�; � ; 1; 0) = Gz(�; � ; 1; � ) = Gz(�; 0; 1; 0) =
1

2�
G0

z (�; 1);

and hence

( ~H0 � z)Gz(� ) = 0 ; for � 2 (1; 1 ):

Let us note that from the explicit form ula (11), one can deduce that the co e�cien ts

Gm
z (�; 1) in the series in (12) v anish for m = 1; 2; 3; : : :. The solution to this equation is

Gz(� ) / S0(3)
�

�
�; �

a4! 2

16

�
:

The constan t of prop ortionalit y can b e determined with the aid the follo wing theorem

whic h w e repro duce from [6 ].

Theorem 3. L et d(x; y) denote the ge o desic distanc e b etwe en p oints x; y of a two-dimensional

manifold X of b ounde d ge ometry. L et

U 2 P (X ) :=
n

U : U+ := max( U;0) 2 Lp0
loc(X ); U� := max( � U;0) 2

nX

i =1

Lpi (X )
o

for an arbitr ary n 2 N and 2 � pi � 1 . Then the Gr e en function GU of the Schr ö dinger

op er ator HU = � � LB + U has the same on-diagonal singularity as that for the L aplac e-

Beltr ami op er ator itself, i.e.,

GU (� ; x; y) =
1

2�
log

1
d(x; y)

+ Greg
U (� ; x; y)

wher e Greg
U is c ontinuous on X � X .

Let us denote b y GH
z and QH (z) the Green function and the Krein Q-function for the

F riedric hs extension of H , resp ectiv ely . Since

~H = a2H and ( ~H � z)Gz = � , w e ha v e

GH
z (�; � ; � 0; � 0) = a2Ga2z(�; � ; � 0; � 0); QH (z) = a2Q(a2z):

One ma y v erify that

logd(�; 0;~0) = log � = log( aarg cosh� ) =
1
2

log(� � 1) + log(
p

2a) + O(� � 1)
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as � ! 0+ or, equiv alen tly , � ! 1+ . Finally , for the div ergen t part F (�; � 0) of the Green

function Gz w e obtain the expression

F (�; 1) = �
1

4�a 2
log(� � 1): (13)

F rom the ab o v e discussion, it follo ws that the Krein Q-function dep ends on the co e�cien ts

� , � in the asymptotic expansion

S0(3)
�

�
�; �

a4! 2

16

�
= � log(� � 1) + � + o(1) as � ! 1+; (14)

and equals

Q(z) = �
�

4�a 2�
: (15)

T o determine � , � w e need relation

S0(3)
� =

1
i cos(�� )

�
S0(1)

� � � 1 + i e� i�� S0(1)
�

�
:

for the radial spheroidal function of the third kind. F orm ulae

S� (1)
� (�; � ) = � � 1 sin[(� � � )� ]e� i� (� + � +1) K �

� (� )Qs�
� � � 1(�; � );

Sm(1)
n (�; � ) = K m

n (� )P sm
n (�; � );

imply that

S0(1)
� (�; � ) =

sin(�� )
�

e� i� (� +1) K 0
� (� )Qs0

� � � 1(�; � );

S0(1)
� � � 1(�; � ) =

sin(�� )
�

ei�� K 0
� � � 1(� )Qs0

� (�; � );

S0(1)
n (�; � ) = K 0

n (� )P s0
n (�; � );

S0(1)
� n� 1(�; � ) = K 0

� n� 1(� )P s0
� n� 1(�; � ):

(16)

Here � 2 C n Z; n 2 Z .

Applying the symmetry relation for the expansion co e�cien ts of the spheroidal func-

tions (for those expansions see [2])

a�
�;r (� ) = a�

� � � 1;� r (� ) =
(� � � + 1) 2r

(� + � + 1) 2r
a� �

�;r (� );

w e deriv e that

Qs0
� � � 1(�; � ) =

1X

r = �1

(� )r a0
� � � 1;r (� )Q0

� � � 1+2 r (� )

=
1X

r = �1

(� )r a0
�;r (� )Q0

� � � 1� 2r (� ):
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Using the asymptotic form ulae (see [2 ])

Q0
� (� ) = �

1
2

log
� � 1

2
+ 	(1) � 	( � + 1) + O ((� � 1) log(� � 1)) ;

P0
n (� ) = 1 + O ((� � 1)) ; as � ! 1+;

the series expansions

P s�
� (�; � ) =

1X

r = �1

(� )r a�
�;r (� )P �

� +2 r (� );

Qs�
� (�; � ) =

1X

r = �1

(� )r a�
�;r (� )Q�

� +2 r (� )

and form ulae (16) , w e deduce that, as � ! 1+ ,

S0(1)
� (�; � ) � �

sin(�� )
�

e� i� (� +1) K 0
� (� )

�
�
s0

� (� )� 1

�
1
2

log
� � 1

2
� 	(1) + � cot(�� )

�
+ 	 s� (� )

�
;

S0(1)
� � � 1(�; � ) � �

sin(�� )
�

ei�� K 0
� � � 1(� )

�
�
s0

� (� )� 1

�
1
2

log
� � 1

2
� 	(1)

�
+ 	 s� (� )

�
;

S0(1)
n (�; � ) � K 0

n (� )s0
n (� )� 1;

S0(1)
� n� 1(�; � ) � K 0

� n� 1(� )s0
� n� 1(� )� 1 = K 0

� n� 1(� )s0
n (� )� 1;

where the co e�cien ts s�
n(� ) stand for s�

� (� ) =
� P 1

r = �1 (� 1)r a�
�;r (� )

� � 1
,

	 s� (� ) :=
1X

r = �1

(� )r a0
�;r (� )	( � + 1 + 2 r );

and where w e ha v e made use of the follo wing relation for the digamma function: 	( � z) =
	( z + 1) + � cot(�z ) .

W e conclude that

S0(3)
� (�; � ) � � log(� � 1) + � + O ((� � 1) log(� � 1)) as � ! 1+;

where

� =
i tan(�� )
2�s 0

� (� )

�
ei�� K 0

� � � 1(� ) � e� i� (2� +3 =2)K 0
� (� )

�
;

� = �
�
� log 2� 2	(1) + 2	 s� (� )s0

� (� )
�

+ e � 2i�� s0
� (� )� 1K 0

� (� ):

F or the in teger v alues � = n 2 Z it holds

S0(3)
n (�; � ) � s0

n (� )� 1
�
K 0

n (� ) � i (� )nK 0
� n� 1(� )

�
as � ! 1 + :
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The substitution for � , � in to (15) yields

Q(z) = �
1

4�a 2

�
� log 2� 2	(1) + 2 	 s�

�
�

a4! 2

16

�
s0

�

�
�

a4! 2

16

��

+
1

2a2 tan(�� )

 

ei� (3� +3 =2) K 0
� � � 1(�

a4 ! 2

16 )

K 0
� (� a4 ! 2

16 )
� 1

! � 1
(17)

where � is c hosen so that

� 0
�

�
�

a4! 2

16

�
= � z �

1
4

: (18)

2.5 The sp ectrum of a quan tum dot with impurit y

The Green function of the Hamiltonian describing a quan tum dot with impurit y is giv en

b y the Krein resolv en t form ula

GH (� )
z (�; � ; � 0; � 0) = GH

z (�; � ; � 0; � 0) �
1

QH (z) � �
GH

z (�; 0; 1; 0)GH
z (1; 0; � 0; 0):

The parameter � := a2� 2 (�1 ; 1 ] determines the corresp onding self-adjoin t extension

H (� ) of H . In the ph ysical in terpretation, this parameter is related to the strength of

the � in teraction. Recall that the v alue � = 1 corresp onds to the F riedric hs extension

of H represen ting the case with no impurit y . This fact is also apparen t from the Krein

resolv en t form ula.

As is w ell kno wn (see, for example, [3]), for the con�nemen t p oten tial tends to in�nit y

as � ! 1 , the resolv en t of H (1 ) is compact and the sp ectrum of H (1 ) is discrete.

The same is also true for H (� ) for an y � 2 R since, b y the Krein resolv en t form ula, the

resolv en ts for H (� ) and H (1 ) di�er b y a rank one op erator. Moreo v er, the m ultiplicities

of eigen v alues of H (� ) and H (1 ) ma y di�er at most b y � 1 (see [10, Section 8.3]).

A more detailed analysis giv en in [4] can b e carried o v er to our case almost literally .

Denote b y � the set of p oles of the function QH (z) dep ending on the sp ectral parameter

z. Note that � is a subset of spec(H (1 )) . Consider the equation

QH (z) = �: (19)

Theorem 4. The sp e ctrum of H (� ) is discr ete and c onsists of four noninterse cting p arts

S1 , S2 , S3 , S4 describ e d as fol lows:

1. S1 is the set of al l solutions to e quation (19) which do not b elong to the sp e ctrum of

H (1 ) . The multiplicity of al l these eigenvalues in the sp e ctrum of H (� ) e quals 1.

2. S2 is the set of al l � 2 � that ar e multiple eigenvalues of H (1 ) . If the multiplicity

of such an eigenvalue � in spec(H (1 )) e quals k then its multiplicity in the sp e ctrum

of H (� ) e quals k � 1.

3. S3 c onsists of al l � 2 spec(H (1 )) n � that ar e not solutions to e quation (19). the

multiplicities of such an eigenvalue � in spec(H (1 )) and spec(H (� )) ar e e qual.
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4. S4 c onsists of al l � 2 spec(H (1 )) n � that ar e solutions to e quation (19). If the

multiplicity of such an eigenvalue � in spec(H (1 )) e quals k then its multiplicity in

the sp e ctrum of H (� ) e quals k + 1 .

Hence the eigen v alues of H (� ) , � 2 R, di�eren t from those of the unp erturb ed Hamil-

tonian H (1 ) are solutions to (19). As far as w e see it, this equation can b e solv ed only

n umerically . W e ha v e p ostp oned a systematic n umerical analysis of equation (19) to a

subsequen t w ork. Note that the Krein Q-function (17) is in fact a function of � , and

hence dep endence (18) of the sp ectral parameter z on � is fundamen tal.

3 Conclusion

W e ha v e prop osed a Hamiltonian describing a quan tum dot in the Lobac hevsky plane to

whic h w e added an impurit y mo deled b y a � p oten tial. F orm ulae for the corresp onding

Q- and Green functions ha v e b een deriv ed. F urther analysis of the energy sp ectrum ma y

b e accomplished for some concrete v alues of the in v olv ed parameters (b y whic h w e mean

the curv ature a and the oscillator frequency ! ) with the aid of n umerical metho ds.
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