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Paralelni algoritmy pro numerické geleni
hydrodynamiky laseroveho plazmatu

¥ubo?! Bednarik

1. roénik PGS, email:Lbs@centrum.sk

Katedra matematiky, Fakulta jadrova a fyzikalne in¥iniete, EVUT
kolitep: Richard Liska, Katedra fyzikalni elektroniky, Rkulta jaderna
a fyzikalni in¥enyrska, EVUT

Abstract. For solution of laser plasma hydrodynamic we introduce modeof Lagrangian equ-
ations, which includes heat conductivity and laser absorpton. We show us the discretization of
hydrodynamical equations as well as heat conductivity eqution and describe one step of the
di erence schema. Further we introduce the paralelizationand by obtained results we determine
its e ciency.

Abstrakt. Pre rielenie hydrodynamiky laserovej plazmy sa v Gvode zozimime s modelom Lag-
rangeovskych rovnic, ktory v sebe zahaoa aj tepelnt vodivesa laserovi absorpciu. Uk&d¥%eme si
diskretizaciu jak hydrodynamickych rovnic tak aj rovnice vedenia tepla a popiteme jeden cyklus
diferenénej schémy. lalej si predstavime prostriedky pre paralelizaciu a ziskanymi vysledkami
uréime jej efektivitu.

1 Formulacia ulohy

Laserova plazma, ktora vzniké pri interakcii laserového &tenia s hmotou, je typicky mo-
delovana ako stlaeitelna kvapalina prostrednictvom Eulewych rovnic s tepelnou vodi-
vVOs»0u a laserovou absorpciou. Simuléaciou vznikaju obliagtoré sa vyznaéuju vysokou
expanziou resp. kompresiou. Popis systému v Lagrangeowskysuradniciach je preto
vhodnejti ne%. klasicky Eulerovsky popis, ktory nie je vhodrpre problémy, kde nasta-
vaju vepké zmeny vo vypoetovej doméne (podrobny popis trémsnacie mé¥zeme najs» v
[6, 7]). Budeme sa teda venova» problému, ktory v Lagrangeftych suradniciach(S;t)
ma tvar

= v ®
Y=o @
% = pvs Ws Ls 3)
kde =1=, je hustota, v rychlos»,p tlak, " vnatorna energia,W je tepelny tok

a L je hustota toku energie (intenzita) laserového %iareniaednotlivé rovnice vyjadruju
postupne zakon zachovania hmotnosti (1), zakon zachovartigbnosti (2) a zakon zacho-
vania energie (3). Systém doploujeme ialej elte o stavovévwoicep= p("; ), T = T("; ),
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2 ¥. Bednarik

ktoré pre idealny plyn uva¥ujeme v tvare:

p="(C 1 (4)
_ A p.  _ ks
- z+1c,T’°"'m_u )

kde =5=3je plynova konltanta, Z stupeo ionizacie, A atbmové eislokg Boltzmanova
konltanta a m, = 1;660510 %*g atbmova hmotnostna jednotka.

Systém rovnic (1), (2), (3) rietime v dvoch krokoch. V prvom koku rielime samos-
tatne systém hydrodynamickych rovnic

d

dt = Vs (6)
dv

P (7)
dll

G - P (8)

V druhom kroku rielime samostatne rovnicu vedenia tepla scahrnutym elenom pre
laserove ¥iiarenie &

—= Ws L 9

= Ws Ls (©)

2 Diskretizacia

Systém rielime numericky diskretizaciou v ease aj v pries® prieom parcidlne derivacie
nahradzame diferenciami. Nech teda dana oblas», v nalompgade interval ha; b, je
lubovopne rozdelena bodmi; a¥x,+1 na m subintervalov, kdex; = aaxmn+1 = b Tieto
subintervaly budeme nazyvasprimarna sie»ka Primarne body de nujeme ako stredy
tychto subintervalov a znaeime postupn@&s;-,, Xs=» a¥Xm 122, Xm+1=2. Vrcholy primarnej
sie»ky tvoria tzv. dualne body ktoré oznaéujeme indexom s celoéiselnym argumentom.
Duélna sie»kabude obsahova» dualne body vnutri svojich buniek, a teda jejcholmi su
primarne body. Oznaeme ialej t éasovy krok at" = n t,n=0;1;2;::..

2.1 Diskretizacia hydrodynamickych rovnic

Najskoér zdiskretizujeme systém hydrodynamickych rovnics],(7),(8). Easové derivacie
nahradime jednoduchymi diferenciami:

a1

! 10
dt t (10)
kdef" = f (x;;t"). V rovniciach pre zakony zachovania hybnosti a energie nakypouai-
jeme elen pre umell viskozituy, de novanu vz»ahom

(

0 prevy,, Vv

o = 4
+1=2 — 3 "
2 in+1:2(vin+1 V|n) ( 1) in+1 =2 pre Vin+1 Vin <0

(11)
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Zéakon zachovania hybnosti diskretizujeme podpa schémy

n+1 n A o L N L
i tV| _ Pi+1=2 Ci+1_2m P> G 122, prei=2;mm 1 (12)
i

V.

Rychlosti v; a vy su dané okrajovymi podmienkami. Ak pozname rychlosti vo vikeych
bodoch sie»ky, potom podpa nasledujuceho vz»ahu stanovimieyb sie»ky:

n+l n N+l o4 oyn
| tXI — VI 2 VI (13)

Zéakon zachovania energie diskretizujeme podpa schémy

X

nn+l nn 1/y,N+1 n 1/,n+1 n
i+1=2  i+1=2 _ Ny s(Visy Vi) s+ V)
- (pl +1=2 q +1 :2)

t Mi+1=

s prei=1;:;m (14)

Hustota je dand pohybom sie»ky, preto¥.e hmotnos» zostavaa¥.dom ease pre ka¥idu
bunku konttantna:
nel Mi+1=2

i+1=2 — Xn+1 Xn+1 (15)
i+1 i

2.2 Diskretizacia rovnice vedenia tepla

Rovnicu vedenia tepla (9) zdiskretizujeme po prechode odstgmu (S;t) k (x;t), a tak
podua [5] ma tato rovnica po tejto transformacii tvar:

dll

5= W L (16)
kdeW = T, a je koe cient tepelnej vodivosti. Z rovnic (4) a (5) dostavare
v v T(Z+1)G
()= 51 (17)
kde vidime, %e vnutorna energia je pre ideélny plyn funkcidea teploty " = "(T). Kei¥e
pre totalnu éasovu derivaciu vnutornej energie plati
d' | _ @@T, @@
o T; )= @T@t+ @ Gt (18)
a z (17) vyplyva @"=@= 0, potom md¥seme vz»ah (16) prepisa» do tvaru
1 1
T = t( Tx)x +—Lx (19)

Parcialna derivacia"; je pre idealny plyn nezavisla na teplote a zo vz»ahu (17) ju ki
Yseme vyjadri»:
- (Z+1)g

TTAC Y
Oznaeme symbolonV; objem bunky, ktora obsahuje vnutri dualny bodx;, tj.

(20)

Vi = Xjs122 X 1= (21)
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a symbolomV,.; -, objem bunky obsahujucej primarny bodx;.; =; tj.

Vier=2 = Xjs1 - X (22)
Stavoveé velieinyT, p, , ", suU dané na primarnej sie»ke, tj. v bodock;,; -», veliéiny v,
L na dualnej sie»ke v bodock;. Potom easovu derivaciu teploty nahradime
e Th-
[Tt]i+1=2 — i+1=2 t i+1=2 (23)
n

kde symbol ,t = th.1 t,. Indexy pri hranatych zatvorkdch oznaeéuju body siexky.
Derivaciu poduax nahradime podobnym sp6sobom
T_rl+1 -I-_n+1
[Tulisgon = '1\/—'
i+1=2

Analogicky nahradime aj druht derivaciu, a tak naslednym dmdenim do (19) dostavame
vysledni schému:

(24)

ThL Tho 1 i 1 1 3 1 1
n " +1= t1=2 _ i+ n+ n+ i n+ n+ n n
i+1=2 T nt - Vi+1=2 Vi+1 (Ti+3=2 Ti+1=2) Vi(Ti+1=2 Ti 1=2) (Li+l I‘I)
(25)
Tato implicitna schéma predstavuje systénm 2 rovnic pre m neznz’amycl;i'irﬁlz2 pre
i =1;:;mamatvar
aT™ L, +hT L+ T L =R i=2;0m 1
kde koe cienty a;;h, ¢ a R; vyplyvaju z (25)
i t
a = ——
Vi Vi+1=2 i+1=2 T
- ) t
h = 1+ O+
Vi+1 V| Vi+1=2 i+1=2 T
¢ = i+1 nt _
Vier Visi=2 22”1
t
Ri = Tho (L L{‘)V—”" (26)
i+1=2 i+1=2 T
Zostavajuce dve rovnice
T + ol = Rg (27)
anTa ™, + TR, = Rn (28)
vyjadruju okravojé podmienky. Systém sa da zapisa» matiapako
0 10 _,, 1 O 1
bb ¢ 0 = 0 0 0 T Ry
a b o 0 0 0 Todk R,
SRR : : : : = (29)
0 0 O X ani1 bni o T,?1+11=2 Rm 1
0 0 0 0 an by T Rm

kde ako vidno ma matica systému tridiagonalny tvar, kde nendavé prvky sa nachadzaju
na diagonale a nad a pod diagonalou.
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2.3 Diferenena schéma - cyklus

Predpokladajme ialej, %e na zaéiatku prvého kroku diferemg&i schémy mame dané sta-
voveé velieiny o, Vo, "o @ po = P( 0;"0),To = T( 0;"0). Vyrielenim systému hydrody-
namickych rovnic, kde uva%ujeme okrajova podmienku pre hjos» alebo tlak, ziskame
nové hodnoty veliéin, ktoré oznaéimey, v;, 1. Zo stavovej rovnice dopoeitame

T1=T( 1;"1)

ako poeiatoené rietenie pre rovnicu vedenia tepla. Pre ideg plyn je dokonca teplota
funkciou iba vnutornej energie. Nasleduje vyrielenie rowre vedenia tepla, eim ziskame
novu teplotu T,. Easovy krok musi by» pre obidva subkroky rovnaky. Ak sa I&j zvolime
obidva podpa mentieho z nich. Finalne u¥. iba staei, kei zakliaujeme vnutornd energiu

"2="(T2 1)

a ako nové poeiatoené podmienky do Taltieho kroku vezmemedmoty 4, vy, "».

2.4 Absorpcia laseru

V nalej rovnici vedenia tepla (9) sa vyskytuje elem., ktory v sebe zahrouje energiu preda-
vanu systému v dbsledku absorpcie laserového ¥iarenia. mtd tohto elenu spoéitame
zo vz»ahu

0 pre c
L =
It pre <

kdelt = I (t) je intenzita laserového ¥iarenia popisana ialej @ je tzv. kriticka hustota,
pre ktoru plati

.=1:86 10°3

N| >

1
T2

kde je vinova da¥ka laseru v . Uva¥saujeme pritom dopad laserového ¥iarenia s
pro lom Gaussovského pulsu, tzn. pre intenzitu pou¥ijemewah

( )24ln 2
1Nty = Ik, e 7
kde | ;.. je maximalna intenzita iareniaty je posunutie maxima vzhpadom k éagu= 0
a je tirka pulsu v polovici maximalnej vy'ky (FWHM).

3 Paralelizacia

Pre urychlenie vypoetu sme sa rozhodli na! program spardlaiva», a to prostrednictvom
OpenMP. V tomto pripade sa be%iaci proces rozdeli na niekoulékien a na nich prebie-
ha paralelne vypoéet. V jazyku C je OpenMP implementované pstrednictvom direktiv
prekladaéa riadiacich samotnu paralelizaciu a mentou skimgou pomocnych funkcii, kto-
ré umo¥znuju kontrolova» a riadi» jednotlivé vidkna. Direlkty maja tvar #pragma omp
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a k tym dole¥itejtim patria#pragma omp parallel for a #pragma omp sections Vo
fortrane je to takmer take isté, rozdiel je v tom, %e direktiva pomocné funkcie maju
odlitnd syntax. Napriklad spomenuté dve direktivy maju vo drtrane tvar !$omp doa
I$omp sections .

Prva z uvedenych direktiv sa pou¥iva pre paralelizaciu cgklfor. Direktiva s prislu-
nymi parametrami vravi prekladaeu, %.e proces sa ma rozeeia viac vlakien, nasledujuci
cyklus rozdeli» na zodpovedajlci poeet éasti a potom sa op@wji». DOleité je, ako sa
pridepuje praca jednotlivym vlidknam. Mame niekopko mo¥hos

Staticky, kde sa cyklus rozdeli na niekopko blokov kontamej vepkosti a tieto bloky
sa hnei na zaeiatku pridelia jednotlivym vidknam.

Dynamicky, kde sa cyklus rozdeli opa» na niekopko blokov kamtnej vepkosti, ale
tieto sa pridepuju viaknam podpa potreby. Ktoré vidkno dokei svoj blok, dostane
ialti.

Riadene, kde sa meni aj vepkos» pridepovanych blokov.

Je dOlle¥ite tie¥s urei», ktoré premenné maju by» zdielanéiikéad data, na ktorych
pracujeme), a ktoré sukromné (napriklad iteraéna premenn&tora ma pre ka¥.dé vlakno
ind hodnotu).

Niekedy je nutné vykona» danu operaciu napriklad len jednymiaknom, alebo viacery-
mi ale odlitne. K tomuto Géelu sli¥i druhd spominané direkt #pragma omp sections
kde pre ka¥.du sekciu kddu sa da nastavi», ako sa ma spracoxa¥a zakladnych spésobov
mo%ame uvies»:

Jednotliva sekcia uréuje eas» kddu, ktory sa vykona len jednym vidknom (napr.
vstupné a vystupné operécie).

Kriticka sekcia ureuje éas» kddu, ktora sa smie vykona» maximalne jednymkg#la
nom v tom istom éase (pristup k hardwaru).

Zara¥.kanastavuje miesto, kam musia vietky vlidkna dospie» a poékaa seba.

Zoradeny kod ktory je vykonavany v rovnakom poradi ako pri sekvenenom gb-
ritme.

V niektorych pripadoch potrebujeme pozna» aktualny poeetakien pripadne éislo vlakna
a k tomu ndm OpenMP poskytuje vstavané funkci@mpget _numthreads (vrati poeet
vldkien) a ompget _thread _num(vrati éislo vlakna).

Napisany program kompilujeme vybranymi prekladaémi podpojici ‘tandard OpenMP
S pou¥sitim prislutnych prepinaeov. Pre intelovské prekiage je to prepinaéopenmp
pre tandardné GNU prekladaee, voune dostupné v ka¥idej ritigicii linuxu, prepinae
-fopenmp.

4 Vysledky

Véaélina simulacii prebiehala na poéitaéi pozostavajucelzo 4 dvojjadrovych procesorov
Intel Xeon s frekvenciou 2667 MHz a 24 GB RAM. Mohli sme tak spti» vypoeet a%s na
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8 procesoch. Uginnos» paralelizacie vypoéitame poduaeatagiiceho vz»ahu

= (30)

kdet; je doba vypoétu jednym procesom &, doba vypoetun procesmi. Pomertt—; pritom
ureuje dosiahnuté zrychlenie.

V simulécii uva¥aujeme penovy tereik, modelovany sériouestia medzier s danymi
vlastnos»ami, na ktory sprava dopada laserovy zvazok. Narébkoch y-ova os zodpo-
veda ureitej éasovej hladine a na x-ovej osi su vynalané hauy konkretnej fyzikalnej
velieiny. Uva¥.eme pokroeilejti model absorpcie laserugkidser je absorbovany nielen
v tzv. kritickom mieste, tj. mieste s kritickou hustotou, ak aj v jeho okoli. V ka¥idej
dvojici obrazkov vrchny zobrazuje simulaciu bez vedeniapk, dolny zobrazuje simula-
ciu s tepelnou vodivos»ou, prieom mdé¥seme vidie» postuprizazenie laseru (obrazok 1),
zobrazenie hustoty (obrazok 2) a zobrazenie teploty (obrék 3).

Porovnanim prvych dvoch dvojic obrazkov vidime, ¥%e laseerje absorbovany len v
mieste dopadu, ale aj hibtie v materiali. Na tretej dvojici brazkov (obrazok 3) potom
vidime vplyv rovnice vedenia tepla.

1
- S —
s
L —
=

Obrazok 1: Simulacia absorpcie laseru, zobrazenie laserarny obrazok bez vedenia tep-
la, dolny s vedenim tepla.

W B
R R L U T

Obrazok 2: Simulacia absorpcie laseru, zobrazenie hustohorny obrazok bez vedenia
tepla, dolny s vedenim tepla.

v
w
== e, T —
e
=
——

Obrazok 3: Simulacia absorpcie laseru, zobrazenie teplotyorny obrazok bez vedenia
tepla, dolny s vedenim tepla.
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Dobu vypoétu ako aj zrychlenie a efektivitu pri pou%aiti sigy zlo¥.enej z 250 buniek
vidime v tabupke 2. V prvom stapci mame poéet procesov (resf@kien), na ktorych bol
vypoéet spusteny. V druhom a tre»om stapci sl zaznamenanénesané doby vypoétu.
Druhy stapec zobrazuje skutoenl dobu vypoetu, tj. odkedy sgpoeet spustil a%s po jeho
skonéenie, za»ial €o v tre»om stapci sa nachadza éas pro&esty je suétom éasov na
jednotlivych viaknach. V poslednych dvoch stapcoch sa naalza zrychlenie a dosiahnuta
efektivita, ktora je poeitana pomocou vz»ahu (30). Nizka doota tejto efektivity je
sp6sobena okrem nizkeho poetu buniek aj tym, ¥%e v celkovepeloypoetu je zahrnuta
aj doba neparalelizovanych vypoetov.

| Procesy| Eas | Eas procesu| Zrychlenie | Efektivita |

1 320 319 1 1

2 235 333 1,36 68.1 %
4 209 382 1,53 38.2 %
8 193 416 1,65 20.7 %

Tabupka 1: Vysledok paralelizacie na sie»ke s 250 bunkamelkava doba vypoétu.

Ak sa zameriame iba na dobu paralelizovanej easti vypoetupikkrétne o hydrodyna-
mickl eas», mé6¥seme pozorova» leptie vysledky (vii. tabugkaVypoeet ope» prebiehal
na oblasti s 250 bunkami. Vysledky obidvoch tabuliek spolu &ltimi simulaciami pre
125, 500 a 1000 buniek vidime na obrazku 4. M6¥%eme pozord¥@zvy*ujucim sa poetom
buniek sa zvyluje aj efektivita paralelizacie.

| Procesy| Eas | Eas procesu| Zrychlenie | Efektivita |

1 199 199 1 100 %
2 113 211 1.76 88,3 %
4 69,8 241 2.85 71.3 %
8 38,8 258 5.12 64.0 %

Tabupka 2: Vysledok paralelizacie na sietke s 250 bunkamioba vypoétu paralelizovanej
hydrodynamickej easti vypoetu.

5 Zaver

Zoznamili sme sa s modelom Lagrangeovskych rovnic pre rigigehydrodynamiky lasero-
vej plazmy, ktory v sebe zahrouje aj tepelni vodivos» a lasei absorpciu. ialej sme si
ukazali diskretizaciu a predstavili prostriedky pre paratlizaciu tohto problému. Ziskany-
mi vysledkami sme skumali efektivitu paralelizacie a overi %e pre dany poéet procesov
(resp. vlakien) sa efektivita zvyluje so zvy'ujucim sa poeim buniek na sieti.

INizky poéet buniek je zvoleny zamerne. Pre vysoké poéty buak a maly poéet procesov (vlakien)
vychadza efektivita veumi vysoka. My sme vlak chceli ukdzakde sa nachadza spodnda hranica poétu
buniek, tak aby mala paralelizicia elte zmysel.
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Abstract. The goal of this contribution is to describe the transport of colloids in the porous
media. This work includes equation describing the ow eld, transport of colloids and deposition
of colloids in the porous media. Then there is a numerical disretisation of the system of
eqguations describing the colloid transport with known ow eld by means of the upwind scheme.

Abstrakt. Hlavnim cilem tohto pgispivku je popis transportu koloidu v poréznim prostgedi.
Tato prace obsahuje rovnici popisujici proudové pole, trasport koloidu a jejich ukladani v
poréznim prostgedi. Déle je v praci obsa¥ena numerickd diskizace tohoto systému rovnic
popisujiciho transport koloidu pgi znamém proudovém poli 2 pou¥4iti upwindového schématu.

1 Introduction

This contribution is a review of colloidal transport in poraus media. The Contribution

contains equations describing this complicated but impoaint system. Colloids are small
particles with at least one dimension less than 100 nm. Exangs of colloids are bacteria
or viruses. Colloids have many usages. One of reasons fodging colloidal the transport

in the porous media is that colloids are able under certain nditions to make contaminant

transport in porous media faster. One case was measured faa®ple in Los Alamos,

where Pu transport was measured and Pu particles reached 02imes farther than was

predicted by classical transport model. Colloids stimulatd this phenomenon [5].

2 The physical model

This section presents equations describing the colloidatansport in porous media [1].

2.1 Flow eld

To describe the transport of colloidal particles in the poras media three equations are
necessary. The rst is describing the ow eld and we will cal it the ow equation. We
can write it in this form:
S @h— r (Krh)y Q; (1)
S @t_ ’
where Ss is the speci ¢ storage,t is time, h is the hydraulic head,K is the hydraulic
conductivity and Q is the pumping or recharge rate. After time the water ow in the

11
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porous media comes to the steady state. Then is possible toasare the hydraulic head
and use the Darcy law to obtain the Darcy velocityq:

g= Krh: (2)

2.2 Colloid transport equation

This equation can be derived from the mass balance of collsidver the REV (repre-
sentative element volume). There are three main mechanisnsentrolling the colloidal

transport: hydrodynamic dispersion, advection and colldi deposition and release. This
can be described by the generalized advection dispersioruaton:

@cC_ @S
@t_r (Drc) r (VC) T@t’

where C is the mass concentration of colloids in agueous phase,

3)

colloid mass captured by solid matrix

S= . . ;
total mass of solid matrix

D is particle hydrodynamic dispersion tensorV is particle velocity tensor," is the
porosity and % is the bulk density of porous media. Because the colloid p&le size is
much smaller than the pore size, it is possible to také like interstitial uid velocity. In
two dimensions it is possible to take

Dij = Vi +( L T%"‘Dd-rij;
whereD is the Stokes-Einstein di usivity, V;V; are components of the interstitial velocity,
L is the longitudinal dispersivity, 7 is the transverse dispersivity and T is the tortuosity
of porous medium. Further we will use the equivalent of (1), aere the unknown is the
particle number concentrationn:

@n—r (Drn) r (V n) f—

@,
@t a2 @f )

TN

where is the speci c surface coverage, de ned as

a total cross-section area of deposited colloids
interstitial surface area of the porous media solid matrix

f is speci c surface area

_ interstitial surface area
porous medium pore volumeé

and a, is radius of colloidal particles.
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2.3 Colloid deposition and release

Let be the percentage part of the solid matrix with favorable catitions for colloid
deposition. This can be for example areas with iron oxides @s surface. These surfaces
are typically positive charged and colloids are typically egatively charged. Deposition
on the surfaces is usually irreversible. On the re¢1 ) of the solid matrix surface are
unfavorable conditions for the colloidal deposition. Degsition takes place on both parts,
but di erence in rates can be huge. For particle surface corsge rate we can adopt this
patch wise model:
@ = @ +(1 @; (5)
@t @t @t
where ; is favorable surface fraction and, is unfavorable surface fraction. For there
rates exists partial di erential equations:

%ft: askdep;an( ) Kaett tR(¢); 6)
%ut: agznkdep;unB( u)  Kaetu uR( u); (7)

whereKgep is the colloid deposition rate constantKge: is the colloid release rate constant,
B( ) is the dynamic blocking function andR( ) is dynamic release function. Colloid
deposition rate coe cient kqep can be expressed by means of single collector e ciency

"V "V
Kdep = 4 = Z , (8)

whereV is the uid advection velocity, " is porosity and  is the favorable single collector
removal e ciency.

2.4 Dynamic blocking and release function88( ), R( )

Dynamic blocking functions characterize particle deposan [4]. When is the collector at
the beginning particle free has blocking function valu8( ) = 1. As deposited particles
blocking the surface more and mor®( ) decreases and when at maximum attainable
surface coverage = max (Jamming limit) itis B( ) = 0. We will present two models of
this function here.

2.4.1 Langmuirian dynamic blocking function
This blocking function is a linear approximation:
1
B()=1 —:
max

This model was made for point size particles. For larger (hé size) particles linear
description is not su cient. For this reason we will show nonlinear blocking function
here: the RSA model.
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2.4.2 RSA dynamic blocking function

For colloidal particles depositing on the oppositely chargl collector surface these condi-
tions for use of RSA model are given:

attachment is irreversible as long as conditions do not chge
surface di usion is negligible

particle-particle contact is prohibited

For low and moderate surface coverage the function has thisrin:

P~ 2 3
6 3 40 176
B()=1 4;,—+— 11— + 32 1

max max 3 max

where ; is the hard sphere jamming limit. For coverage approaching,ax ( > 0;8 max)

1 3
B()= & "‘i*)g,;

2m?2

max

wherem is the jamming limit slope.

2.4.3 Dynamic release function

Dynamic release function describes the probability of colld release from the porous
media surface covered by retained colloids [1]. This funeti should in general depend
on colloid the residence time and the retained colloid conteation. Because the colloid
release is not well understood we will uge( ) = 1. Then equations (6) and (7) represent
rst order kinetics release function.

3 Solved equation

This section shows solved equation, initial and boundary oditions. By substituting
equations describing the colloid deposition and release),($6) and (7) to (4), we obtain
the following expression:

D= O V) (@ BB A ) @Bl )
p

@t
(( K det;f fR( f)+(1 )kdep;u uR( u)): (9)

Now we assume thatk ( ) = 1 (rst order kinetics release mechanism) and use the
following notations:

f .
a—Fz)a
Ka( r; u)= aplkaepsB( )+ kdepuB( u)l; (11)

Kr( fi u) = k det;f f +(1 )kdep;u u- (12)

(10)
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After application of these assumptions the following equatn is obtained:

@n: Ka(f; u)n+Kr(f; u):
@t
Now we will complete this system of equations by means of edquas:(1), (2), (6) and

(7):

r (Drn)r (V n)

(13)

h
SS%t: r (Krh) Q; (14)
g= Kr h;
v=2
nl
%ft: af)kdep;an( f) kdet;f fi (15)
%ut: al;z)kdep;unB( u) kdet;u fe (16)

To solve this system, we will need boundary and initial contions for each equation
(13),(14),(15) and (16).
Let us have rectangular domain oriented in directions of axix, where lower boundary is
denoted 4, right 5, upper zandleft 4 (g. (1)).
For concentration equation (13) will have initial conditian given by some functiomg(x)
and boundary conditions will describe sources of colloidsp there are some functions

For equation describing the ow eld (14), we will have somenitial hydrodynamic head
e.,g. h(x) = hq for t = 0, Dirichlet boundary condition on , and 4 e.,g. h(x;t) = h;(x)
onx 2 ;t> Ofori =2;4and zero Neumann boundary conditions on, and 4 e.,g.
@£§ =0onx2 i5t> 0.

For equations (15) and (16) there are initially no depositedolloids so (y = , = 0)
@j (x

and then there are zero dispersive ux boundary conditionof t > O e.,g. =5 =0 on
x2 pzand &% =0onx2 4 fort> Oandj = fiu .

4 Numerical solution

Now we discuss how numerically solve the system above [1], [3]. Let us suppose that
the ow eld is time independent and that the ow eld is given . In this case it will not
have to solve equation (14) and we will know velocity . If the ow eld is not known it
is necessary to solve equation (14) in each time step, likestrone. For known ow eld
we have to solve three coupled equations (13),(15) and (16)thvinitial and boundary
conditions given in the previous chapter. First thing to dom numerical solution is the
numerical grid. We will use triangulation on our domain . It is called the primary
grid. On the primary grid we will construct the dual grid. We will connect midpoints of
triangle with all its sites in each triangle from primary grd. In this way we will obtain a
polygon around each node from the primary grid (on the boundg of the domain (@ ),
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1

Figure 1: The domain .

polygons are incomplete). For primary mesh node we will call this polygonB; exclusive
subdomain of nodd. B; consists of several abscissae and each of abscissa belangaé
abscissa connecting nodewith his neighborm. For each couple, m there two abscissae,
we will denote them@B,,. The middle point of the abscissa@B,, is denoted @B,
(g. 2). Time step will be denoted by upperscriptk. By j"somethind'j is denoted the
area or the length of "something" (for examplq'@E;mj is the length of absciss&® I$m ).

The coupled system of equations is solved as follows. Firstet number concentration
n based on the coverage at old time level is computed. Then newrfeice coverage is
computed.

We will show how to solve equation (13). First we will integree this equation over
domain

Z Z

%':_}_ Ka( t; u)n Ke( #5 u) ds = [r (Drn)r (V n)]ds: (17)

Now we will use Gauss formula on the right hand side of the equean (17):
Z Z Z
[r (Drn) r (V n)]dS= (Dr n) ngdl (V n) ngdl (18)
@ @
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Figure 2: The exclusive subdomain for node
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where@ is boundary of andng is the normal vector to@ But the mass balance has
to be satis ed not only on the whole domain but also on each exclusive subdomai;
which belongs to the primary mesh nodée

z z z
@n, Kalei W)y Kelii W) 4o (Drn) ngsdl (V) ngsdl (19)
B, @t @8 @8

Now we will approximate the left hand side of (19).

@n Ka( f u)n Kr( fi u)

— + dSs
Bj @t n #
n<*t t nk N Ka( £ h;i)n!( Ke( i &) iBij (20)
Approximation of the rst therm on the right hand side of (19):
z x Z
(Dr n) nggdl = (Dr n) Nod dl
@B mi @8 " _
X" h i (21)

(D( @8, )(r N*( @4, ) Neg, I@Bni :

m;l

where (r n)¥) is the approximation ofr n from concentration values from time stefk.
Approximation of the second therm on the right hand side of @)

Z x Z
(V n) nggdl = (V( @d ) M) Ny J@B,j; (22)
@B mil  @Bn ’ ‘
where upwind value is given as:
(
, _ n< for nga V(gs )>0
Mimi = nk for n@%m V( @%m) 0 (23)

The approximation (22) is called the rst order upwind schere and helps us to avoid
oscillations in the solution, but su ers of the numerical diusion. To obtain smaller
numerical di usion without oscillations higher order upwind scheme with limiter (without
limiters, there are small oscillations in the solution) carbe used.

Values ofBX on the boundary@ are taken from the boundary conditions. ; and
for the rsttime step can be ¢ and , taken from the initial condition for them. Than we
will give approximations (20), (21) and (22) together, ndn‘** and obtain the explicit
scheme.

We can use explicit scheme for equations (15) and (16) to olmarom known surface
coverage from old time step f and calculated number concentratiom** to obtain new
particle coverage [*! for favorable casd = f and unfavorable casé = u:

K= K+ apkaepinf T B( ) Kaegs 5 12 fu (24)

where [, Kaep:i, Kaerii are values of £, Kgepy, Keets in the nodei.
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5 Conclusion

In this contribution a summary of equations describing thedaloid transport was presented
and discretization of equations by means of rst order upwith scheme was derived.

Future work will be focused on behavior of colloids in the pous media and especially
of nanocolloids.
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Abstract. Whenever you have to deal with a device that is generating daa either based on
external triggering events or that is constantly delivering realtively huge amounts of somehow
acquired data and has no means to store them locally in itselfor longer periods of time or
just the possibility to deliver them on request, there are just two things you can do about it

to handle the device in a proper way. Either you have to run on ahard-real-time operating

system, or you stick with the classical time-sharing OS, buthave to have a mechanism that
would do the best possible e ort to service the data under gien circumstances to prevent any
losses. And this is the point where the Q-Buf engine takes plee.

Abstrakt. Kdykoliv méate co do éinini se zagizenim, které bui generuje dta na zakladi externi
triggerovanych udalosti nebo které konstantni produkuje relativni velké mno¥sstvi nijakym
zpusobem ziskanych dat a nemé& ¥adnou mo¥nost tato data v sgwi delti dobu skladovat éi je
zkratka zaslat v¥%dy jen na po%adani, pak jsou jen dvi mo¥zniogik zagizeni spravnym zpusobem
obslou%iit. Bui bi¥set pod hard-real-time operaénim systénme nebo zustat na klasickém time-
sharing OS, ale pak je tgeba mit k dispozici mechanismus, ktg se bude sna¥it obslou¥iit toto
zagizeni nejleptim mo¥nym zpusobem za danych podminek tay pokud mo¥ano pgedelel
jakymkoliv ztratam dat. A to je pravi to misto, pro které byl k onstruovan Q-Buf engine.

1 Introduction

In project INDECS [1] we collect raw data signals from the pd#on sensitive detectors
(PSD) using an ADLink PCI-9812 data acquisition card [2]. Upuntil now, the data
had to be collected under RTLinux hard-real-time operatingystem, so that we miss as
little of the incoming neutron events as possible. Partiall also because of the nowadays
relatively slow and old PC hardware where the data acquisdn card was installed (PlI
400 MHz).

Using the free (or also called Open) variant of the RTLinux [Bdoes have its advantages
in data acquisition, since it provides a true hard-real-tire OS below the classical time-
sharing variant of Linux kernel. However, it also has its dnabacks.

For a long time there have only been free RTLinux patches fohe old 2.4 variant of
the Linux kernel, but no recent Linux distribution uses thee types of kernel. And even
when you do manage to compile such a kernel on any recent distrtion, it lacks a lot
of features (drivers for recent hardware, security patchesnd so on). Recently a free

This work has been supported by grants MSM6840770040 and MPQ@ontract IMPULS No. FI-
IM3/136.
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RTLinux patch for the 2.6.9 Linux kernel appeared. But 2.6.9s also a history today. So,
keeping up-to-date with current linux kernels is always a biof a problem when you want
to use RTLinux.

Another task, that was there to face (this time not related toproject INDECS), was to
write a reliable driver for the DAKEL's DTR devices used for @ta acquisition from and
transmission to multiple ultrasound probes. Unlike the PGI9812 DAQ card, which uses
about 10 times higher sampling rates, but just one short disete burst on each detected
neutron event, this is a true continuously streaming devicand loosing samples would be
perhaps even more unacceptable than in case of the PSD in mai INDECS.

Nonetheless, there was another obstacle related to this piaular driver. The DTR
device requires very fast and huge hard disks at its dispos@a store all the streaming
data and that means recent computer hardware and for that atsrecent drivers. So, going
for the free RTLinux solution was not the best option to choas not withstanding the
additional licensing di culties that might (or migt not) ma tter in this case.

Q-Buf kernel streaming engine was created to solve these tpmblems. It is just a
module of the standard 2.6 Linux kernel [4] maintained compiale with all of the up-to-
date 2.6 kernels (at the time of writing this article, the mosrecent is the 2.6.26 kernel)
and perhaps one day we manage to include it directly into thenux kernel source tree,
so that it would be kept compatible with all the kernel change automatically.

2 Concept
There are several simple ideas behind the concept of the QfBangine:

First of all, whenever there are some incoming data availailreceive them as soon
as possible, without any unnecessary delays.

Try all available options before giving up on the data.

Try keeping some extra memory reserves if possible, so thaiwdon't get caught
in a situation, where there is no memory available immediallg, when it is needed
the most.

Try to keep the obtained data as long as necessary before thgeu-space application
processes them.

If it is about memory consumption, this device has the absaie priority. Meaning
that it is allowed to consume all memory available, no mattehow much the other
processes on the system may su er because of that. However,prevent the total
consumption of all memory which would probably result in a dtaps of the system,
this consumption is limited by an arbitrary preset value.

This idea together with the previous one is generally congded a bad and at least
impolite behaviour among kernel-space code. However, aatetl above, the data
generated by the device that is using the Q-Buf engine are dered so valuable,
that they outweight almost every other data with which they may possibly compete
for memory space, and thus, such a behaviour is well justi ed
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Figure 1: Block schematics of the Q-Buf engine data ow.

Keep the interface to the driver using the Q-Buf engine simpland let the driver
implement only the necessary parts of the whole mechanisnhat are di erent for

each device.

Clean up the claimed resources when the device is not going®eed them anymore,
so that even if the device consumed a lot of resources, the teys may operate
smoothly again when the device no longer needs them.

On the other hand, while the device is still transfering, it my be wise to keep the
resources it consumed so far, because there is a high probghbihat it would need
them again soon, and freeing and acquiring them again laterowmid consume the
valuable time, and thus, increase the odds of loosing data.

With all these ideas in mind, the concept of static and dynanai streaming bu ers was
introduced.

2.1 Buers

The basic structures for data transfer within the Q-Buf engie are referred to as Bu ers.
Bu ers carry reference to the actual data bu er, referenced a custom structure of the
driver, should the driver have some information bound to théu er (usually some struc-
ture related to the actual data transfer over the appropria¢ bus), position of the carried
data in the stream, and several other information related tdhe bu er and the data

within.
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Careful thought must be taken when allocating the data bu es. We want it to be
able to both do the DMA transfers to and/or from the device andbe able to do memory
mapping into user-space. The rst condition requires a cormgent continuous block of
memory for each bu er, since lots of the devices (such as mostSB host controllers,
for example) cannot do scatter{gather (or so calledrectored 1/0) DMA. The second
condition requires us to have the data bu ers alligned to pags in both size and memory
position, because memory mapping can be done only by entirages and exposing any
area not dedicated to the actual data bu er would be a potengl security risk.

Since most systems use pages of 4 Ki size, the above means that we would have
to have transfers quantized by the multiples of that size. Heever, that is not always the
best option. The transfer packets for the appropriate bus wslly have di erent size, not
necessarily even size of power of 2. This problem is solved dllocating space for the
bu er that would comply to the two constraints mentioned in the previous paragraph,
but the actual bu er would use only a subregion of the allocad area.

Considering that that would be a fair waste of memory, had theacket size been
signi cantly smaller than the page size, we allow multiple @nsequent transfer packets
per bu er. The choice of the number of packets per bu er can behosen by the driver
that uses the Q-Buf for the particular device. In fact the usge of the whole bu er area
is left up to the driver, the Q-Buf engine just supports slicig the bu ers into smaller
areas for data exchange and the driver decides what slicirgghest suitable for the device.
There may even be an unused area at the end of the buer, if theuker size is not
divisible by the packet size or if there is arti cially less jckages assigned for one bu er
than the maximum possible. And while the bus transfers needohbe reliable in some
cases, some packets may even deliver no data, so, there maygaps between some data
within a bu er. To make it short, Q-Buf also supports subdividing the occupied bu er
space by discrete sparse data blocks.

Another problem of the conditions mentioned three paragrdys before is that allocat-
ing memory areas consisting of more than one consequent meynpage may stress the
memory allocator quite a lot due to the memory fragmentatiore ect. That means, that
allocating a bu er may take relatively a lot of time, if the memory is too fragmented,
and it may even not succeed at all because of it. Let alone if wensider that the data
bu er should be in the DMA region of that particular device, which for some devices
may not even be the entire area of physical memory, but juststsubsection. For example
devices with a 32-bit (or less) DMA controller on a 64-bit syem with more than 4 GB
of physical system memory.

2.2 Dynamic Bu ers

The one thing, in which the Q-Buf engine even has a slight adutage over the true
hard-real-time approach is the fact, that it is allowed to dbcate new bu ers even after
initialization and while the transfer is running.

The de ning quality of a hard-real-time operating system isthat it guarantees the
maximal response time to external events (that means even ihe worst case scenario).
Simply put, if you have a code that is servicing some externalent, let's say an interrupt,

1Or more. The page can be as much as 4 MB in size depending on havdre and system con guration.
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and you run that code as a real-time thread, then the real-tim OS guarantees (and this
word is essential) you that it would be scheduled to run withi certain very short and

well de ned period of time from the point where the interruptoccured in time, no matter

what the rest of the system does at the moment or is just aboubtdo.

However, that comes at a price. The real-time threads are wetimited in what are
they allowed to do (at least in the RTLinux, but other real-time OSes have it similarly).
One of the major restrictions is, that a real-time thread camot allocate new memory
while it is running. Only during the initialization of that t hread.

The reason for that is that it is a non-deterministic operatn. System needs to run
through the page tables and nd an appropriate number of frephysical pages which it
then maps into the virtual space of that thread. That by itsef may take some time, if
there is a lot of pages and high memory fragmentation. But winethere is not enough
physical memory available, system has to move some pagesiat swap space, suspend
the thread, wait until the transfer is done, and then acquirghose pages that have been
freed that way. This is totally unacceptable to be done in a @-time thread, since it is
not possible to predict in advacnce how long shall that takend it may take a lot.

This results in the necessity to preallocate all the bu ershat the real-time thread is
going to use for data transfer before the thread is launcheda there can be no more
added later. If it then turns out that the preallocated bu ers are insu cient because the
application that does the processing fails to catch up (pedps because of the hard drive
where the data are stored or for whatever other reason), youay possibly loose dat&.
Problem is to determine how many bu ers are going to be necesy. If we preallocate
too little, we loose data. If we preallocate too much, we mayalre blocked too much of
the physical memory and that may slow down the whole systemgsii cantly.

In standard time-sharing OS, we don't have this problem. Wean allocate as much
as we want to and almost any time we want to. So we use it. But torpvent loosing data
for the same reason why real-time thread cannot allocate bars, we try to preallocate.
The Q-Buf engine launches another parallel thread, whichlacates several bu ers when
there is less than some threshold empty bu ers available. Bo the threshold and the
amount of preallocated bu ers at a time can be preset. As thisuns in parallel, it can do
the dirty job for the main thread without delaying it and though increasing the chance
of loosing data. Also the higher the threshold is set, the mertime the thread has to
preallocate the bu ers before they run out.

Bu ers that the Q-Buf engine allocates this way we refer to aslynamic bu ers and
they receive special treatment. These bu ers can compensator a lot of throubles that
the driver of the device we are talking about might otherwisdhave. We restrict the
amount of physical memory that the bu ers can occupy all togéer to prevent system
crashdown by running completely out of physical memory.

2.3 Buer Queues

Bu ers are organized in bu er queues. Each bu er queue is impmented by a standard
doubly-linked list with a sentinel node. Every bu er that is put to active duty has to be

2Though this situation should also be handled by a real-time hread to be guaranteed to make it in
time. But that also brings in other restrictions.
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linked in exactly one bu er queue at a time depending on its auent status.

2.3.1 Empty Static Bu er Queue

Empty Static bu er queue holds the so called static bu ers wien they are not used.
Static bu ers are the bu ers that are allocated at the time when the Q-Buf engine is
initialized for the specic device. These bu ers live in thesystem for as long as the
device exists. They do the most of the work. If an empty bu erg needed, static bu er
is always preferred to the dynamic one.

2.3.2 Empty Dynamic Bu er Queue

Empty Dynamic bu er queue contains all the dynamic bu ers wren they are not used.
Unlike Empty Static bu er queue, this bu er queue is initialized empty and is populated
with bu ers only when there is not enough bu ers in the systemto do the job. All the
dynamic bu ers in this queue live only as long as the device igpened by at least one
application. As soon as the device is closed, all the dynanba ers are released.

Reason for this behaviour is in that we do not want to block thememory occupied
by the dynamic bu ers for longer than necessary, but on the dier hand when at some
point more bu ers were necessary, there is a good chance, thahile the transfer is
still running, those bu ers shall be needed again. Releaginthe dynamic bu ers after
the device is closed seems to be a reasonable compromise é&twmemory usage and
complexity of the mechanism that handles the living periodfahe dynamic bu ers.

If this prooves to be insu cient, other methods may be introcuced. Such as for in-
stance checking the time from the last usage of a dynamic bu.eIf one would not be
used longer than some threshold period, it shall be freed. Bhwould be even better
with respect to the memory consumption, but it has an unneceary and not completely
insigni cant processing overhead, which is the reason whyis currently not used. How-
ever, at least for the moment, the currently used method seeanto be su cient for the
task.

2.3.3 Link Bu er Queue

Link bu er queue contains the bu ers that are currently transferring data to or from
the device or those that are scheduled for the transfer by theystem already. While the
transfer is running, this bu er queue must never get empty. flit does then it means that
either there is not enough empty bu ers available to handleite incoming data (in case
of data reception) or the application is unable to deliver da as quickly as needed (in
case of data transmission). Either way this means troublejtber we loose data or the
transmitted stream will have discontinuities.

2.3.4 Full Bu er Queue

Bu ers in the Full bu er queue are lled with data and are wait ing for further processing.
Either they can go for transfer in case of transmitting diretton, or to user application in
case of receiving direction.
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2.3.5 Processed Bu er Queue

Processed bu er queue holds bu ers that are currently direty or indirectly mapped to
the user.

24 O sets

Initially bu ers were meant to be mapped into user-space dactly one by one. Nontheless,
Preliminary tests indicated that this would cause very fregent switching between user-
space and kernel-space, and thus, bring a signi cant overde delaying the user-space
processing. The smaller the bu ers the higher the overheadBut we should not have
very big bu ers if we are to pursue the data in something clost® real time.® This e ect
was observed when dealing with the streaming DAKEL DTR deve

To make things more exible, a structure calledo set was introduced to the process.
This structure is used to memory map the data bu ers into the ger-space and it can
contain and thus map more bu ers at once. The number of bu erss limited by some
upper threshold, which can again be preset, and the considéon on the correct value of
this threshold should account for the size of each bu er anche data rate of the device.

The main idea behind this was to let the amount of data be deterined by the time
when the user-space application asks for it. If the procesgiof the data does not take too
much time relative to the acquired data ow, then the applicaion can allow to ask for the
data more often and it gets just few bu ers each time, becaudbere would be no more
available at the time. However when the processing takes neotime either regularly or
occasionally due to some external unexpected delays, theng between subsequent data
requests from the user-space application would be relatiyelong and the driver may
accumulate more bu ers in that period, so the application wold get more of thent at
one request, so that the data are processed quicker.

Bu ers within one o set are mapped at the same time, which alg means that they are
released at the same time as well. Until all of the data are pcessed, all bu ers within
the o set remain mapped, and though, occupied. That is alsoatessary to account for.

Before the bu ers within an o set are mapped into the user-spce, the data areas of
all the contained bu ers are concatenated together and canebsliced by the driver into
sparse subblocks. The application is then provided with a mpaof the areas where the
data are. The advantage of this approach is that when the datareas are lled completely
with acquired data for each bu er, the application sees it asne continuous block of data.
But when that is not true for some reason, the application knes where the data can be
found, but it has to be aware of that fact and not just blindly read everything.

2.4.1 O set Queues

All o sets are also dynamically allocated resources, thatra stored in special o set queues.
There are just two of them. One for the o sets that are currerly in use® and one for

3In this case not refering to the real-time OS, but rather to acual human sensed perspective of
watching the data as they are received, which is usually desgd.

4Up to the upper threshold, of course.

SMeaning that they contain bu ers and provide a user-space maping.
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the o sets that are currently unused. Each o set structure fas its de ned o set in the
device-spack from which it can then be mapped into the user-space memory.

2.5 Application Interface

To make the usage of a device that is using the Q-Buf engine gilar, there are two
userspace interfaces that can be used to handle the data.

First there is the mmap(2) interface to fully use the potenail of the Q-Buf engine.
This interface allows to directly access the DMA bu ers of tle device. However to
know where to map them from and how the data are organized withthese areas, the
appliaction has to use the special ioctl(2) call with the IOCL _MMAP command for the
device prior to the mmap(2) to get the speci c information. t is a bit more complicated
to deal with it, but on the other hand, it is the most e ective way, since there is no
unnecessary overhead of copying the data in the kernel-spaand that may be signi cant,
since there can be great amounts of data transferred.

To let the device be operated easily perhaps by common applions and system
commands (likecp(1), dd(1), etc.) a standard read(2)/write(2) interface was also adakto
the Q-Buf interface. But the luxury of usage by the common agjzations and continuous
data stream is paid by the possibly signi cant overhead of asther copy from the bu ers
of the Q-Buf engine to the user-space bu ers of the applicatn.

3 Conclusion

The described Q-Buf engine seems to ful Il the expectationand it makes the servicing

of the DAKEL's DTR devices and the PCI-9812 DAQ card for projet INDECS possible

even without the hard-real-time OS. The rst case is alreadyeing successfully used in
the real applications of physics for quite some time. The l&r case is still in early testing,

but the preliminary results look very promissing.
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Abstract. In order to investigate e ects of the dynamic capillary pressure-saturation relationship
used in the modelling of ow in porous medium with material discontinuities, a one-dimensional
fully implicit numerical scheme is proposed and its validity is discussed by means of semi-
analytical solutions developed by McWhorter and Sunada andby the authors. The numerical
scheme is used to simulate experimental procedure using thmeasured dataset for the sand
and uid properties. Results of the simulation using di ere nt models for dynamic e ect term
in capillary pressure - saturation relationship are preseted and discussed.

Abstrakt. V elanku je prezentovan jednorozmirny model dvoufazového emisivého a nestlaéitel-
ného proudini ktery je pou%it na zkoumani vlivu dynamickéhoefektu pro model kapilarniho
tlaku v zavislosti na saturaci v poréznim prostgedi. Navr3e® numerické schéma je plni implic-
itni v éase a je porovnano se semi-analytickym gelenim McWintera a Sunady. Takto ovigeny
numericky model je pou%ait k simulaci laboratornich experirantu s cilem posoudit vliv ruznych
modelu pro koe cient dynamického efektu na geleni jednoramirné ulohy.

1 Background

This manuscript focuses on the dynamic phenomena in the cHary pressure - saturation
relationship that has been examined in various papers in thEast decades. The main ob-
jective is to propose a numerical scheme that implements tliynamic capillary pressure
- saturation relationship for heterogeneous porous media.

Fundamental constitutive quantities used in modelling of ow in porous media are
described in the following subsections. Thorough de nities, descriptions, and examples
can be found in [7], [17], [1], [16], or [2].

1.1 Wettability

As two immiscible phases are present in the porous media, a mszus of uid- uid
interface is formed as a result of the presence of the solidgse (sand grains). The
interaction between adhesive and cohesive forces withinethuids leads to the specic
angle# between the solid surface and the uid- uid interface. The wettability of uid is

then determined as:
completely wetting, partially wetting, non-wetting.

29
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1.2 Saturation

The uid distribution in immiscible multiphase ow in porou s media is described by
the saturation S [ ]. It indicates the volumetric portion of void space within the pores
occupied by the uid phase , hence,S is always betvrseerﬁ) and 1. The sum of saturations
S of all uids present in the porous media isl, i.e., S =1.

Since not all volume of the uid phase can be displaced in theuttiphase ow from a
porous medium due to hysteretic e ects, the -phase residual saturation quantityS, [ ]
is introduced. It expresses the minimal saturation of the pse that will retain in the
porous medium due to adhesion e ects with respect to the sdlmatrix. Therefore, the
e ective saturation S° [ ] that describes only volumetric portions of displaceable il
phases is introduced as

st= — P . (1)

1.3 Capillary pressure

Following the standard de nitions in literature, the capillary pressurep. [ML 1] on the
pore scale is de ned as the di erence between the non-wettjrphase pressurg, [ML 1]
and the wetting phase pressure, [ML 1], i.e.,

Pc= Pn Pw: (2)

The capillary pressure function has been commonly consiéeras a function of wetting
phase saturation only and it has been widely used in model emjions in literature, see
for instance [20], [11], [8], or [9].

1.4 Dynamic capillary pressure

The classical capillary pressure - saturation relationghs such as [4] or [23] has been used
in almost all mathematical studies on modelling of porous ndé&a ow in the past decades.
Recently, theoretical studies [15], [14], [6], [12], [13B], as well as the empirical approach
in [22] have produced new aspects in the two-phase ow thees. The most important
result is that the classical capillary pressure - saturatio relationship holds only in the
state of thermodynamic equilibrium. Therefore, the classal approach cannot be used
in the modelling of capillarity when the uid content is in motion. Consequently, a new
capillary pressure - saturation relationship is proposechithe following form:

Pe:=Pn Pw = P5° %: 3)

wherept?is the capillary pressure - saturation relationship in eglibriumand [ML T 1,
the dynamic e ect coe cient, is a material property of the system.
Early in 1978, Stau er [22] proposed a linear dependence iB)(and proposed the

following de nition of
sw_o Pa (@)

K wg
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where s =0:1[ ] denotes a scaling parameter,,, [ML 1T !]is the wetting phase dy-
namic viscosity, [ ]is the porosity of the material,K [L?] is the intrinsic permeability,

w [ML 3] is the wetting phase density andg [LT ?] is the gravitational acceleration
constant. Both and py are the Brooks and Corey parameters ([4]) that can be experi-
mentally estimated. Thus, the coe cient g can be calculated for a given porous medium
and wetting uid.

The Stau er model for the dynamic e ect coe cient was obtained by correlating
experimental data. The values ofs vary between s = 2:7 10 Pasand 5 =7:7 10* Pas,
see [17, page 27]. However, other researchers suggest thatmagnitude of should be
in the order of 10 10° Pas, [5], or, on the other hand, it should be also in the order
of 10 10 Pasas estimated in [14].

Recently, a more general nonlinear dependence= (S,) is assumed to be more
relevant in modelling of realistic two-phase ow displaceent [21]. In this manuscript,
both constant and linear model will be used in numerical sintations.

2 Mathematical model

A mathematical model describing the two-phase ow in a onediensional domain is
presented in this section. The aim is to investigate how thenclusion of the dynamic
capillary pressure relationship (3) instead of the classitrelationships in thermodynamic
equilibrium in uences solution of the two-phase ow systenof equations (5).

2.1 Governing equations

The governing two-phase ow equations in one-dimensionalochain [O; L] are given by
the py Sy formulation [1]:

@S_ @ K @ :
@t @x —ki @)gpw + 1 Pe) g . (5)
S Saturation [ ], p  Pressure[ML 1T ?],
Density [ML 3], Dynamic viscosity [ML T 1,
g Gravitational acceleration[LT 2], Porosity [ ],
K Intrinsic conductivity [L?], k.  Relative permeability [ ],

whereS,, + S, =1, , isthe Kronecker symbol, and 2 f w;ng. The wetting uid (wa-
ter) and non-wetting (air, NAPL1) uid are indexed by w and n, respectively. The initial
and boundary conditions for (5) are given separatedly for ea experimental problem.

2.2 Discrete problem

A standard nite di erence discretization technique is usé in order to determine approxi-
mate discrete solutionSk;, pk,; of the problem (5), generally de ned ag = f (k t;i x),
wherei =0;1;:::;m,m x=L,andk=0;1;:::.

INon-Aqueous Phase Liquid
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Since the nonlinear problem (5) involves the dynamic capalty pressure function de-
ned in (3) that includes time derivative of S,, an implicit numerical scheme is proposed
in the following form:

skt sk uktt Ukt

= (6)

t X

where 2 f w;ng and the discrete Darcy velocitiess are given as follows

k+1 k+1 k+1 k+1
= S (s, PP BB )
X {z X }
|
skt gk
R

and SK!1  is the saturation taken from the upwind direction with respet to gradient of

;upw

the phase potential , i.e.

8
S Sk, f 0.
S;upw = :

skt if <o

The numerical scheme is solved using the Newton-Raphsonrégon method. The
Jacobi matrix used in the Newton iteration method is block tidiagonal.

3 Numerical experiments

3.1 Validation of numerical scheme

The numerical scheme (6) is validated using the McWhorter @hSunada semi-analytical
solution [18], [19], [24], [9], and [10]. A special con gutian of the problem (5) is assumed
in order to obtain such a semi-analytical solution. Neithegravity nor dynamic e ect is
considered and tlb—:‘_in ow boundary condition atx = 0 consists of a time-dependent input
ux uw(t;0)= A= t, [7], [9], and [10]..

In Figure 1, the numerical solution is compared to the semiralytical solution ob-
tained for the same sand and uid properties. As the numeridagrid gets ner, the
agreement of the numerical solution with respect to the serainalytical solution is ap-
parent. However, estimation of the error of convergence (EX) cannot be used in this
case because the semi-analytical solution cannot be obtathwith a su cient precison
for ner grids Hence, only graphical representations are levant.

3.2 Column experiment

The dynamic e ect coe cient = (Sw) was estimated as a result of a laboratory
experiment held in CESEP, Colorado School of Mines for a givesand. In this section,
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Figure 1: Numerical solution and semi-analytical solutiomt time t = 1000 s.

the experimental setup is approximated by the one-dimensial problem (5) and the
experimental dataset is used in numerical simulations.

The laboratory experiment consists of a single, verticallplaced, 10 cm long tube
lled with sand. Initially, the column is ushed with water s uch that no air phase is
present inside. Then, a series of drainage and imbibition p&riments is proceeded and
values of the capillary pressure and the saturation of air armeasured by probes in the
middle of the column. As a result, two models of = (S,) were estimated : constant

(Sw) = C and linear (Sy)=C@1 Su).

The numerical scheme is used to simulate drainage of the cmln with exponentially
decreasing out ow of water atx = 10 cm for three di erent models for capillary pressure:
static capillary pressure ( = 0), constant, and then linear model for dynamic capillary
pressure. The numerical solutions plotted versus time in ghmiddle of the column are
shown in Figure (2).

As expected, the saturation pro les does not exhibit large icerences between the
models of dynamic e ect term. On the contrary, the capillarypressure temporal pro le
for the constant model for dynamic e ect term has completly derent history than that
of static capillary pressure or linear model for dynamic e@ term. As a result of this
observation, the constant model for dynamic e ect gives smjcantly di erent results with
respect to temporal monotonicity than the linear model or tle static capillary pressure.
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Figure 2: Numerical solutions of the column drainage simuian. Values of saturation
and capillary pressure in the middle of the column are plotteversus time.
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4 Conclusion and future work

This manuscript presents recently obtained numerical sinlations using the non-classical
dynamic capillary pressure in simulating two-phase incommgssible ow in porous medium.
Two main models for dynamic e ect term = (S,,) were used in order to determine
their in uence on a two-phase ow drainage problem.

As a result of the numerical simulation, the temporal pro leof capillary pressure in
the middle of the column is signi cantly di erent for the constant model of than for the
linear model of or the static capillary pressure, but the di erences betweaetemporal
pro les of air saturation were small.

These results indicate, that the dynamic e ect may not be somportant in drainage
problems in homogeneous porous media. On the other hand, itagnbe of great im-
portance in the highly heterogeneous media where the cagpiity governs ow through
material interfaces.
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Abstract. This paper describes a method for seamless enlargement origag of di cult colour
textures containing both regular periodic and stochastic @mponents. Such textures cannot be
modeled using neither simple tiling nor using purely stochatic models. However these tex-
tures are often required for realistic appearance visualition. The principle of our near-regular
texture synthesis and editing method is to automatically recognize and separate periodic and
random components of the corresponding texture. The regulatexture part is modeled us-
ing the roller method, while the random part is synthesized fom its estimated exceptionally
e cient Markov random eld based representation. Both inde pendently enlarged texture com-
ponents from the original measured texture are combined in lhe resulting synthetic near-regular
texture. In the editing application both enlarged texture components can be from di erent mea-
surements. The presented texture synthesis method allowsatge texture compression and it is
simultaneously extremely fast due to complete separation bthe analytical step of the algo-
rithm from the texture synthesis part. The method is universal and easily viable in a graphical
hardware for purpose of real-time rendering of any type of nar-regular static textures.

Abstrakt. Elanek popisuje metodu pro zvittovani nebo editaci slo%itgh barevnych textur,
které obsahuji pravidelnou periodickou i stochastickou 9%ku. Tyto textury nelze modelovat
ani jednoduchym dla%adicovanim, ani eisti stochastickymi mdely. Ovlem jsou éasto potgeba
pro realistickou visualizaci. Princip popisované metody po syntézu a editaci textur je zalo¥sen
na automatickém rozpoznani a oddileni periodické a nahodnélo¥.ky textury. Pravidelnd east je
pak modelovana metodou Roller, zatimco ndhodna slo¥ka mddem vyu¥iivajicim reprezentaci
pomoci Markovskych nahodnych poli. Obi nezavisle zvittenéslo¥ky textury jsou pak zkom-
binovany ve vyslednou syntetickou texturu. Pgi aplikacicheditace textury Ize zvitlené slo¥aky
kombinovat z ruznych texturnich migeni. Prezentovand metaa pro syntézu textur umo¥ouje
vysokou kompresi a souéesni je extrémni rychla, a to diky korpletni separaci analytické é4sti
algoritmu od easti syntézy. Metoda je univerzalni a je mo¥ngimplementovat v gra ckém hard-
ware za Ueelem renderingu libovolnych statickych periodiko-stochastickych textur v realném
ease.

1 Introduction

Physically correct virtual models require object surfacesovered with realistic nature-
like colour textures to enhance realism in virtual scenes.olmake virtual worlds realistic
detailed scene models must be built. Satisfactory modelsgugre not only complex 3D
shapes accorded with the captured scene, but also lifelikel@ur and texture. This will

increase signi cantly the realism of the synthetic scene gerated. Textures provide useful
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cues to a subject navigating in such a VR environment, and tlyealso aid in the accurate
detailed reconstruction of the environment.

We de ne near-regular textures as textures containing glab, possibly imperfect, reg-
ular structures as well as irregular stochastic structuresimultaneously. This is more
ambitious de nition than to view [8] a near-regular textures as a statistical distortion of
a regular texture. Our de nition comprises types | and Il fran the near-regular texture
categorization [8] while their type Ill is stochastic textue. Near regular textures are
di cult to synthesize, however, these textures are ubiquibus in man-made environments
such as buildings, wallpapers, oors, tiles, fabric but evesome fully natural textures such
as honeycomb, sand dunes or waves belong to this texture aaiey. These textures can
be either smooth or rough (also referred as the bidirectiohtexture function - BTF [3]).
The rough textures which have rugged surfaces do not obey thambert law and their
re ectance is illumination and view angle dependent. Bothypes of such near-regular
textures occur in virtual scenes models.

The purpose of any synthetic texture is to reproduce a givenigitized texture image
so that ideally both natural and synthetic texture will be visually indiscernible. However
modeling of an existing measured real texture is a very chatiging and di cult task,
due to unlimited variety of possible surfaces, illuminatio and viewing conditions simul-
taneously with the strong discriminative functionality of the human visual system. The
related texture modeling approaches may be divided primdyiinto intelligent sampling
and model-based-analysis and synthesis, but no ideal methfor texture synthesis exists.
Each of the existing approaches or texture models has its ahtages and limitations.

Neither model-based or simple sampling algorithm alone caatisfactorily solve the
di cult problem of near-regular texture modeling. Existing work [10, 7, 8, 12, 2, 9,
1, 11] usually tries to overcome this problem by user assidtenodeling of the regular
structures and then relies on regular tiling. However Lin el. [2] experimentally observed
that several of these general purpose sampling algorithnaslifto preserve the structural
regularity on more than 40% of their tested regular textures

The presented fully automatic method proposes to combine eahtages of both basic
texture modeling approaches by factorizing a texture intoaictors that bene t best from
each of these two basic di erent modeling concepts. The pgiple of the method is to
separate regular and stochastic parts of the texture, to esrige both parts separately and
to combine these results (texture enlargement) or resultsdm several di erent textures
(texture editing) into the required resulting texture. The proposed solution is not only
fully automatic, very fast due to strict separation of the amlytical and very e cient
synthesis steps, but it also allows signi cant data compregon. Due to its stochastic
modeling it completely eliminates visible repetitions (catrary to all mentioned tiling
approaches) because there are never two identical tiles.nglly the method can be easily
used to near-regular texture editing by either combining taure parts from di erent
measurement or by changing stochastic model parameters.

The following section describes an automatic separation thfe regular and stochastic
texture parts. Section 3 is devoted to the regular part modelg using our simple sampling
approach based on the repetition of a double toroidal tile caed from the original regular
part texture measurement, while the subsequent section 4 des our fast Markov random
eld model of the stochastic texture part. The overall algoithm results are reported in
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Figure 1: Presented method schema. the resulting toroidal tile.

the section 5, followed by conclusions in the last section.

2 Periodic and Non-Periodic Texture Separation

We can legitimately assume that the near-regular input texires have distinct amplitude
spectrum parts for both periodic and random components. O#rwise the method would
not be able to separate both texture parts. The overall schearof the method is illustrated
in Fig.1 and detailed in the corresponding following sectis. Periodic and non-periodic
texture part are detected in the simpli ed monospectral texure space. The input colour
texture is spectrally transformed using the principal compnent analysis (PCA). Let the
digitized colour texture Y is indexed on a nite rectangular three-dimensionaM N d
underlying lattice |, where M N is the image size andl is the number of spectral bands
(i.e., d = 3 for usual colour textures). PCA is performed on data vector¥.. , where the
multiindex r has two components = [ry;r;], the rst component is row and the second
one column index, respectively, the notation has the meaning of all possible values of the
corresponding index. Then the periodic texture part is det#ed on the most informative
transformed monospectral factor (rst principal componet), which corresponds to the
largest eigenvalue.

2.1 Textural Periodicity Direction

Near-regular measured textures can have arbitrary periogty directions (Fig.2), not
necessarily simple axis aligned periodicity. The periodig in two directions is detected
from the spatial correlation eld restricted with the help of Fourier amplitude spectrum
(Fig.2-upper right). The method nds two largest Fourier anplitude spectrum coe cients
provided that they do not represent parallel directions.

Tolerance sectors (Fig.2- bottom left, right), which accomodate for possible local-
ization imprecision of local amplitude spectra maxima, arepecied and for all their
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Figure 4: Near regular texture Fourier ampli-
tude spectrum and its Itered ver-
sion for the upper (two leftmost im-

Figure 3: Near-regular measured textures ages) and the middle row textures
and their detected periodic parts. in Fig.3.

indices the corresponding spatial correlations are evakeal. Local spatial correlation
eld maxima, larger than a threshold, are detected and the mimal periodicity max-

imum is selected. Detected periodicitf " ; V) and its direction specify a rhomboid
which contains the largest periodic part from the input textire. The rhomboid is fur-
ther transformed to the rectangle to make periodic texture @t detection as precisely as
possible.

2.2 Amplitude Spectrum Filter

The texture cutout is re-sampled to the lattice size of powetwo required by the fast
Fourier transformation based Iter. Let Anax is the Fourier amplitude spectrum max-
imum coe cient detected from the Fourier amplitude spectrun (Fig.4-1.,3. leftmost
images). The lter removes such coe cients, for which any othe following conditions
(1), (2) holds (Fig.4-2.,4.).

A, < KA na ; (1)
Al 2 MA r2ly; (2)

where M is a set of amplitude spectrum local maximak 2 hO; 1i is a parameter and
Im is a contextual neighbourhood (we use the hierarchical néigourhood of the rst or
the second order) of such a local maximum. Applying the invee Fourier transformation
and re-sampling the ltered tile back to the original size weget the ltered cutout.

2.3 Periodic Structure Separation

The lItered tile is binarized using a threshold ty, 2 hO;1li. One label determines the
periodic texture part and the remaining one the stochasticart. To nd the labels corre-
spondence to both periodical and non-periodical parts of ¢horiginal texture Fig.3, the
binary image is tested for periodicity " ; V. The majority label complying to the
periodicity test denotes the original texture periodic sis (Fig.3-right). When both peri-
odic and stochastic parts are separated they can be indepemily modeled and enlarged
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Figure 6: The optimal tile

Figure 5: The double toroidal tile modeling principle - upper cuts in horizontal
row input texture and toroidal tile, bottom row tex- and vertical di-
ture generation and the result, respectively. rection.

to any required size as it is detailed in two following sectits. The required near-regular
texture is simple composite of both synthetic parts.

3 Periodic Texture Modeling

The regular part of the texture is enlarged using a simpli cion of our previously pub-
lished [5] method. The method selects double toroidal tiless small as possible to com-
press the original measurements. The method starts with thminimal tile size detection
which is limited by the size of texture measurements, the nuper of toroidal tiles we are
looking for (n) and the sample spatial frequency content.

The optimal cuts for both the horizontal and vertical edge issearched using the
dynamic programming method. Alternatively we can use someher suboptimal search
such as theA algorithm if necessary to speed up also the analytical parf the method.
The combination of both optimal vertical and horizontal cus creates the toroidal tile as
iIs demonstrated on the Fig.6.

Some textures with dominant irregular structures cannot benodeled by simple one
tile repetition without clearly visible and visually disturbing regularly repeated e ects.
These textures are modeled by using multiple toroidal tiles/hich have the same border
but di er in their interior.

Finally, the enhancement of any required periodic texturesisimple repetition of either
single double toroidal tile or randomly alternating repetion of several double toroidal
tiles in both directions until the required texture is geneated Fig.7.

4 Random Texture modeling

The random part of a texture is synthesized from the originahput texture from where
the detected periodic component was removed as describedséttion 2. If the stochastic
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texture patches are too small (few hundred pixels area) tolrably learn the random eld
model statistics, we replace occluded stochastic textureeas by using a modi cation of
the image quilting algorithm [4] (see Fig.8-left).

The random part of the texture is synthesized using an adapt probabilistic spatial
model, a multiresolution 3D causal autoregressive model AR) [6], which is an excep-
tionally e cient type from the Markov random eld (MRF) fami ly of models. The CAR
model allows extreme compression (few tens of parametersie stored only) and can
be evaluated directly in procedural form to seamlessly Il a in nite texture space. An
analyzed texture is decomposed into multiple resolutionadtors using Laplacian pyramid
and the intermediary Gaussian pyramid [6] which is a sequem®f images in which each
one is a low-pass down-sampled version of its predecessohe Laplacian pyramid con-
tains band-pass components and provides a good approxinmatito the Laplacian of the
Gaussian kernel. It can be constructed by di erentiate sirlg Gaussian pyramid layers.

The CAR model synthesis is very simple and the CAR random elaan be directly
generated from the model equation using a multivariate Gasgn generator. The ne-
resolution synthetic texture is obtained from the pyramid ollapse procedure (Fig.8).
The CAR model o ers huge compression ration because only fgearameters for each
texture have to be stored or transmitted. The resulting nearegular texture is simple
combination of both regular and stochastic synthesized fars.

Figure 7: Periodic texture part synthesis Figure 8: Stochastic texture part synthesis
(right). (right).
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5 Results

Figure 9: Near-regular textures and their Figure 10: Near-regular textures and their
synthesis (right). synthesis (right).

Figure 11: Near-regular texture with two
types of regular structures
(bricks and lattice - edited Figure 12: Near-regular texture editing. Input
from two separate measure- textures (upper row) and resulting
ments) and its synthesis. lattice and edited textures.

We have tested the presented method on near-regular textedrom our extensive
texture database, which currently contains over 1000 colotextures. Tested near-regular
textures were either man-made such as three textures on Fi.or combinations of man-
made structures with natural background (Fig.9) such as gss, wood, plants, snow, sand,
etc. Several of these results are demonstrated in the folliog images Figs.9,10. Both part
of modeling were separately successfully tested on hundsedf colour or BTF textures
with results reported elsewhere ([5]). Such unusually extsive testing was possible due
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to simplicity and e ciency of both crucial parts of the algorithm and it allowed us to
get insight into the algorithm properties. The method is eve capable to synthesize some
near-regular textures combined from two distinctive typesf regular structures Figs.11,12
provided they can be adequately separated in the Fourier daim.

Resulting textures are mostly surprisingly good for such aautomatic and fast algo-
rithm. For example our results on the text texture ([5]) are mdistinguishable (see [4])
from results on the same texture using much more complicatethd slower image quilt-
ing algorithm [4]. Obviously there is no optimal texture moeling method and also the
presented method fails on some textures. These are nearukag textures with similar
amplitude spectrum parts for both periodic and random compeents, where our spectrum
Iter cannot separate both texture types without visible errors.

6 Conclusions

The test results of our method on available near-regular téxre data are visually in-
discernible from the measured textures for most of the testecolour textures. The test
results of the method on our natural near-regular texture diection are encouraging.
The presented method is extremely fast due to strict sepaian of the analytical and
very e cient synthesis steps and fully automatic. The reguhr part modeling is easily
implementable even in the graphical processing unit. The rted o ers larger compres-
sion ratio than alternative tiling methods for transmissim or storing texture information
due to the periodic part modeling approach. The MRF based raom part model can
reach itself a huge compression ratio, hence its storage uggments are negligible, and
simultaneously eliminates visible repetitions typical fotiling approaches. The overall
method is very fast - it has negligible computation complei for the periodic model and
exceptionally e cient computational model for the random part as well. The method's
extension for alternative texture types, such as BTF textues or some other spatial data
such as the re ectance models parametric spaces is straifginvard. Finally the method
can be easily used to near-regular texture editing by eith@ombining texture parts from
di erent measurement or by changing stochastic model parasters.
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Abstract. The paper presents a scheme for estimation of spatio{ftempal evolution of a quan-

tity with unknown model error. Model error is estimated on basis of measured{minus{observed
residuals evaluated upon measured and modeled values. Mails of Bayesian Itering are ap-

plied to the problem. The main contribution of this paper is application of general marginalized
particle Iter algorithm to the linear{Gaussian problem wi th unknown model error covariance
structure. Methodology is demonstrated on the problem of maleling of spatio{temporal evolu-

tion of groundshine{dose from radionuclides deposited ondrrain in long{time horizon.

Abstrakt. Pgispivek se zabyva asimilaci easového vyvoje prostorovorlo¥sené veliéiny s migeni-
mi. Pokud je geeny problém chapan jako linearni s gaussovgin rozdilenim *umu, mu¥ae byt za
pgedpokladu znalosti kovarianéni struktury chyb modelu a nigeni gelen Kalmanovym Itrem.
Pokud kovarianéni strukturu chyb modelu nezname, musi byt rejprve odhadnuta. V pgispivku
je popsana metodika aplikace marginalizovaného patrticle ltru na linearni{Gaussovské prob-
lémy s neznamou kovarianeni strukturou, kterd je odhadovaa pomoci sekvenénich M{C metod.
Metodika je prezentovana na odhadu vyvoje davky z depoziceadionuklidu na terénu.

1 Introduction

The task of estimation of time evolution of a spatially distibuted quantity is widely
applied in di erent branches of \Earth sciences" such as mebrology and oceanography
[12]. During the last years, there have arisen tendencies fapplication of an advanced
data assimilation algorithms also in the eld of radiation potection [16], [19], [20]. It is
related to the renaissance of nuclear energy which can be eb&d. The application of
advanced statistical methods can increase reliability obosequence predictions of possible
releases from nuclear power{plants. Their reliability isn the eld of radiation protection
mission{critical as the problem deals with the population kalth.

There were developeded several models for modeling of etioluof living environment
contamination for di erent release scenarios. The only carection with physical reality
are measurements with errors (sparse both in time and in spgc In our work, we attempt
to make groundshine{dose model predictions more reliabla a way of adjusting them
towards measurements incoming from terrain. This process called data assimilation

This work has been supported by the grant project GAER No. 10207/1596, which is funded by the
Grant Agency of the Czech Republic.
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[12]. Its principle consists in combining of the informatio provided by the model with the
measured data. Exploiting information on sources of uncexinty, we are able to produce
improved estimate of the true situation on terrain.

If the problem is treated as linear{Gaussian, it can be sucssfully solved via Kalman
lter (KF) [11]. The unavoidable condition for utilization of Kalman lter is knowledge
of model error covariance structure but in many cases it is kinown due to the problem
background. In this paper is presented methodology for appation of the Kalman Iter
to the problems where the model error covariance structurs unknown and has to be
estimated upon actual data before application of the Iter.This results in marginalized
particle lter described in [22].

Model error covariance is represented by a covariance matriAs the total number
of its elements is much higher the number of measurements, wan't estimate all of
them. Simplied model error covariance structure parameieation based on idealized
assumptions is introduced. For nding the most plausible iaes of these parameters, the
similar approach as proposed in [3] or [15] based on modeleifus{observed residuals
is used. Instead of maximum likelihood estimates, we use rgaralized particle Iter for
estimation of both the model error covariance parameters drgroundshine{dose distri-
bution. The marginalized particle lter is a powerful combhnation of the particle lter
and the Kalman lter, which can be used when the underlying mael contains a linear
substructure which is being subject to Gaussian noise.

The performance of this methodology is demonstrated on mdagy of groundshine{
dose evolution in long{time horizon of several months [6]. $Athe problem is complex,
the groudshine{dose evolution model is an idealized appioation of the true physical
process. Calculations are performed on a subset of polarwetk around the source of
pollution. The model error covariance parametrization prposed here follows the physical
background of the problem.

The outline of this paper is as follows. Section 2 brie y disgtsses Bayesian ltering.
Kalman lIter, particle Iter and marginalized particle It er are successively presented
there. In Section 3, the assimilation algorithm is proposeaind the problem of model error
covariance estimation is described. Application of the atgithm on modeling of long{
term evolution of groundshine{dose from radionuclide desdion on terrain is presented
in Section 4. Speci c model error covariance parametrizain suitable for the problem
is developed there. In Section 5, experimental results wittimulated measurements are
demonstrated and the conclusion is given.

2 Bayesian lItering

Bayesian approach to Itering is applicable to all linear omonlinear stochastic systems
[7], [13]. Let the stochastic system be de ned by discretafhe state{space transition
equation (1) and observation equation (2)

Xp=f (X 1)+ by (1)
yi= h(x))+ (2)

Here, t is time index, X, is unobservable system state vectoh, is the additive dynamic
noise vector. Vectory, is the measurement vector which provides us indirect inforation
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about the system state and . its noise. Both the densities of noise terms are assumed
to be independent and known. Functions () and h() are generally non{linear. State
transition function f () propagates the prior state to the current one. Forward obsea-
tion operator h( ) transforms vectors from state{space to the measurement spg thus
constitutes relation of the actual measurements to the cuent state.

measurements. In the following text, the state proceds;g is assumed to be Markovian
of the rst order. It means that given the present state, futue states are independent of
the past states:

P(XtjXt 15Xt 2;::15X0) = P(XejXt 1) (3)

Realization of the process at time& contains all information about the past, which is
necessary in order to calculate the future behavior of the pcess.

Bayesian estimation procedure consists of two recursivehgpeated step. The rst
step transits the state estimate to the next time step accordg to the probability density
function (PDF) p(x¢jx: 1). This step is called time update (4). In the second step catle
data update (5), the information provided by actual measumments y, is included into
the current estimate given by the PDFp(XY ¢ 1).

Z
P(XijY ¢ 1) =  p(XejXt 1)P(Xt 1JY ¢ 1)dX¢ 1 4)

; PCY JX)P(XejY ¢ 1)
XY= R . .
PIX Y 1) P(Y: 10Xt )P(XejY ¢ 1)dXq

The state evolution is initialized by a probability density function p(XojY 1) = p(Xo)
which represents all the prior information on the problem ah also our subjective judg-
ments. This density is often called background{ eld or justthe prior.

If both the measurement densityp(y,jx:) and the state transition density p(xjX 1)
are parametric, the problem can be solved analytically. Pwided that the system is
linear{Gaussian, the integrals (4, 5) lead to KF recursion.

(5)

2.1 Kalman lter

In the following text N( ; Q) is assumed to be a Gaussian PDF with mean valueand a
covariance matrixQ. KF is simple implementation of the Bayesian lter and it provides
the optimal Bayesian solution. Its usage is limited to the cse of linear estimation with
the Gaussian noise where

P(X¢jXt 1) = N(MX ¢ 1;Qy) (6)
p(yxt) = N(HX ¢; Ry) (7)

MatricesM andH are matrices of linear (linearized) operators( ) and h( ), respectively.
Matrices Q and R are known error covariance matrices of model error and measment
error, respectively. Under these assumptions (4, 5) lead KF equations for time update
and data update steps [11]. The equations perform recursivgdate of the rst two
moments of estimated Gaussian distributiop(xjY ) = N(®;P) { the mean value® and
its covariance matrix P .



52 R. Hofman

2.2 Particle lter

In more general cases where analytical solution of integsal4, 5) is not known, there are
their numerical approximations based on sequential Montealo methods also known as
particle lters.

Particle Iter (PF) is more general implementation of Bayegan lter which can be
used to approximate the posterior density function for thetate in non{linear and non{
Gaussian ltering problems [7]. It is based on recursive astation of the PDF p(xjY )
which is represented as a set &fl so called particlesxf') and its associated normalized
weights q(i) asfq(') xE')gjizl;;;M . The posterior PDF p(xjY {) can be approximated with
their help asp(xjY ¢).

PO ) PxdY )= o (o x(); ®)
i=1
where () is the Dirac -function and xﬁ” are samples from approximated PDF. In (8),
all the weights ¢ are equal to+. Our goal is usually to estimate the mean value of a
function de ned on our approximated distribution Ep,jv,)[d(X()]. The approximation
P(xY ¢) satis es condition

LM By o [90x)] > Eppeaiy [0 0)]; (©)
where ¥ means almost sure convergence amx;) is arbitrary function bounded for
support = fx¢jp(xjY ) > 0g.

In real cases we are not able to sample directly frop(xjY ) but we are able to
evaluate it in discrete points (at least up to proportionaliy). We can draw independent
samplesx " from a chosen known proposal distribution (importance furtion) o(xjY )
and use them for approximating ofp(xjY ;). The estimated densityp(x]Y {), its ap-
proximation P(x¢jY ) and importance functionq(xjY ) are related as follows

. P(X4]Y t) -
XY )= XY
P(XY ¢) = q(XtJYt)q( dYt)
(i)
. p(x jYi) 1 (i)
XY 1) = — a1 (Xt X{'); (10)
- axiY O M
P
where— |M1 (Xt )) is an apprOX|mat|on ofq(X¢jY ) smcex() are sampled from
this PDF. If we denoteq’ = ZEXE”JR'& , the estimated PDF can be approximated as
)\ .
oY= & (xi x{); (11)
i=1
P
wheregf” = ¢"= M, o' :\” &) = 1; ¢” 0 are normalized weights. This nor-

malization WI|| for n|te M introduce a blas in the estimate. However, from the strong
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law of large numbers the estimate is asymptotically unbiade This algorithm is called
sampling{importance{sampling (SIS).

If we choose the posterior PDF from the previous step as progal distribution in the
current, we can via recursive evaluation of normalized weits perform Bayesian ltering.
In this case will weight update result in

a7 gplyix) (12)

This algorithm also su ers from degeneracy problem, so we V&to implement a resam-
pling algorithm, more in [4]. Resampling should eliminategrticles with small weights and
multiply particles with large weights. After resampling al the weights are set toi-. If we

perform resampling in each step, the weights can be computed ¢’ = p(y,jx{"). This
modi cation of SIS algorithm with resampling in each step isalso known as sampling{
importance{resampling (SIR).

Disadvantage of this method is that we have to be able to gersge random samples
from complicated distributions and this is for high dimensinal problems computationally
prohibitive. The computational complexity rapidly increases along with the state{space
dimension.

2.3 Marginalized particle lter

When structure of the model (1, 2) allows analytical margin&ation over a subset of
states, we can reduce the computational burden. Let's codsir factorization of the state
vector x; = x| xp T where X} is a subset of analytically tractable states and! is
the rest. Provided that the x} and x!' are conditionally independent, substitution of the
factorization into (8) and application of the chain rule gies

PG XTIY ) = pOGixT; Y Op({iY o) (13)

wherep(x|jx!; Y ¢) is analytically tractable and x!" is given by the particle Iter. Assum-
ing that xi; N (Ro; P o) and to be governed by a linear model implies that(xjx!; Y;) is
conditionally linear{Gaussian and can be computed via Kalan lIter [23]. Substitution
of (8) into (13) for x{ leads to

pOY) &) x{OIN@RPY) (14)
i=1
The joint PDF is estimated as a mixture of a parametric distidution of Gaussian type
and of a nonparametric one. The estimated PDF is representdyy a weighted sum of
Gaussians, where each particle has a Gaussian distributiattached to it. This modi ca-
tion of PF is called marginalized particle Iter (MPF) and details on its implementation
can be found in [22], [23].

3 Assimilation procedure based on MPF

The unavoidable condition for application of Kalman lIter is knowledge of model error
represented in (1) by the noise vetob;. We assumef b;g to be the white noise process
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whereb;  N(0;Q,). Matrix Q, is corresponding covariance matrix. The value d
should re ect total (unknown) model error, which is in each ®p contribution to the
forecast error due to di erences between the model and theue process. In KF [11],
forecast error covariance matrix evolves as

Pyt 1= Mgt 1Py g5t 1M tTjt 1+ Qq; (15)

whereM is matrix of linear (linearized) operator for the state trarsition fromtimet 1to
t. It is obvious that if Q is neglected, the predicted forecast error will be underésiated.
This could cause divergence from the true state (its good estate) because smaller model
error will handicap the information provided by measuremds.

We assume that theQ is unknown and attempt to estimate it in each assimilation
step. As the total number of elements of) to be estimated is much higher than the
number of measurements, we can't estimate all of them. Simeld covariance model
based on idealized assumptions has to be introduced.

Schematically, let the model error covariance matrix be appximated as a function
Q( ) :<dm() 1 < WMmKx)dm() of 5 parameter vector , where<[™"l js a space of real
matrices of dimensionrm n.

Q= Ql v) (16)

Function Q has to be chosen properly in order to produce positive semgahite symmetric
matrices which can be covariance matrices.

For nding the most plausible values of a similar approach as proposed in [3],
[15] based on modeled{minus{observed residuals is usedstead of maximum likelihood
estimates proposed there we use MPF introduced in Section \&2/hen the measurements
are available, we can evaluate residual vecter = y, H % having the same dimension
as the measurement vector. Covariance gfderived in [3] has the form

E[Viv{]=H Py 1H{ + R{= Sy (17)

We assumev; N(0;S;). If we substitute (15) into (17) for Py; ; and use covariance
parametrization (16) of Q; we obtain

Si( )= H{M P 3 1M {+ Qu )H + Ry (18)

From (15) can be seen that the parametrization of model errocovariance leads to
parametrization of forecast error covariancd®. The most plausible value of parame-
ters are found in each time step via PF from likelihoog(v\"j ") = N(0;S( ")) for
random parameter vectors ;:::; (M) and corresponding residual vectors". The
likelihood is the higher, the higher is the probability thatdi erence between modeled
and measured values is zero given covariance (18). Thesegpaeters are then used in
(15, 16) for forecast error propagation. Incorporation oftiis algorithm into KF assimila-
tion scheme results in MPF for estimation of joint PDFp(X¢; +¢jY ¢) which is the mixture
of Gaussian and nonparametric distributions

P(Xt;{zth t? = P(thégi Y t? P(_{%Y_t;, (19)

MPF PF

where X, is the state vector and ; is the vector of parameters used for estimation of
current model error covariance structure.
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4 Assimilation scenario

The algorithm described in Section 3 is demonstrated on asslation scenario introduced
in this section.

In case of an accidental aerial release of radioactive pddats into the living environ-
ment, the radioactive plume is depleted during passing ovéhe terrain. This phase is
called the plume phase. Due to the deposition processes tHarpe leaves a radioactive
trace on the ground.

After the plume phase (when the radioactive cloud exits theraa of interest) post{
emergency phase follows. It covers latter stages of accideansequence evolution. Post{
emergency phase may extend over a prolonged period of selvevaeks or many years
depending on the source of radiation and local conditions.t €nds when environmen-
tal radiation levels resume to normal. The main exposure plvays in this phase are
groundshine and ingestion. The deposited material causeadiation and through the
root system migrates to the edible parts of crops consumed Ipeople and livestock.
Among many radionuclides released during emergency sitimis we focus only ort*’Cs
since it is one of the most important nuclides in long{time pespective. Its half{time of
decay is long (30 years) and also analysis after the Chernélaccident had shown that
it is one of the most signi cant nuclides in these types of aaents having detrimental
long{term e ect on population health.

Our assimilation scenario covers the post{emergency phasghe source of pollution
is placed into the centre of polar network. We perform our calilations on subset of
this network in successive time steps2 f 0;1;:::;tuax 9. Groundshine{dose in ordered
set of analyzed spatial points forms our state vectox. We assumex N(R;P). Let
R, be an initial estimate of groundshine{dose an®  its corresponding error covariance
matrix. This background{ eld is given by probabilistic version of Atmospheric Dispersion
Model (ADM) and constitutes the prior characterization of he problem. It is based on
segmented Gaussian plume model and it is part of the HARP sysh, more in [16]. We
assume sparse measurements of actual gamma dose{rate to be available in each time
step. These measurements are assumed to be conditionallgependent with known
error. Assimilation procedure consists of two iterativelyepeated steps: In time update
step (4) current state estimate together with its error covaance matrix are propagated
forward in time. The model error is estimated and accountef. Following data update
step (5) produces so called analysis { adjusts the model pretion to be in accordance
with actual measurements. Along with this two Kalman lter steps is in each time step
estimated model error covariance structure.

4.1 Model error covariance parametrization

The idealized model o) chosen for this example has three parameters=( ; ;L )j ... o

h |
Q= tQEl)"' t EZ)(Lt) (20)

The model error is formally partitioned into two componentsepresenting di erent sources
of uncertainty. The partitioning has physical background. Matrix Q® concerns the
uncertainty of forecast model parameters introduced in [10This component is found as
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a covariance of sample obtained via Monte{Carlo simulatiowith many di erent settings
of model parameters. Componen®®, scaled with , is structured, homogeneous and
isotropic error. All other sources of uncertainty are accomodated by introduction of
Q@ . This component is generated by means of second order autgnessive function
L (r) of length{scale parameterL. and Euclidean distance between two spatial locations
r [5].
(D= 1+ exp ¢ (21)

The value of length{scale parametei. controls how fast the correlation between two
points decreases with their growing distance. The overalbeariance is scaled with .
This parametrization allows for mutual scaling of unstrucired noise componenQ®
given upon numerical simulation and \additional" structured noise given byQ®. MPF
algorithm according to [21] modi ed for this case is listedn the box ALGORITHM.

In Step 1), the particles are initialized with a prior distribution. In Step 2) are
evaluated residuals upon measured and modeled values forgmse of normalized weights
evaluation for di erent covariance parameter vectors . For each particle, the overall
covariance given by (20) has to be evaluated. During Step 3yeaparticles resampled
{ those with small weights are replaced with particles \beter" in terms of likelihood.
Sometimes is also in this step introduced an arti cial noisto prevent particle degeneracy
problem { to maintain high diversity of particles. In Step 4)is performed data and time
update of KF and time update of PF. If we omit Steps 4a) and 4c) & get the standard
PF. In Step 4b) is set new importance function for the next tim step.

5 Experimental Results and Conclusion

For experimental demonstration of the algorithm, an arti dal scenario with local rain
during the fth hour of the plume phase was chosen. The rain treases depletion of the
plume due the wet deposition. The area of interest is subset polar network comprising
of N = 91 analyzed points.

The measurements were simulated from the measurement eqoat(2) via linear for-
ward observation operatorH where the true initial deposition xo was assumed to be
two times higher than the prior estimate®, obtained from ADM. The background{ eld
(initial distribution in time t =0) wasN (Ro; P o) where forecast error covariancP o was
calculated according to

Po=2Po (22)

where is covariance matrix generated from (21) and the stands for element{wise
matrix product (Schur product) [15]. This was done becauséné background{ eld error
covariance matrix P o was modeled as sample covariance from multiple calls of ADM
where the rain intensity was treated as a random variable. Ti& accommodated the
uncertainty in rain intensity into P g and provided us a valuable physical knowledge but
this process also introduced strong covariances betweeatss. In (22), these covariances
were reduced, so the background{ eld became more conservat
Initialization of particles in the very rst step was following: ;  Gamma(l;1),

> N(10%10%) andL N(10%1C%). The prediction was evaluated for the rst eighth

months of the post{emergency phase. Measurements were assd to be available each
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month. At each time step were simulated 10 irregularly spademeasurements.

For

clarity, all the measurements in this example are during coputation located in the same

positions, so the observation operatoH ; =

= H is constant.

ALGORITHM

1.

Initialization:
(@) Fori=1;:::;M initialize § p( o)
(b) Setfx() ;Pé'j’ 19= fR0;Pog

2. Normalized Weights evaluation:

Fori=1;:::; ;M evaluate:

€) Residualsvti) =y, H tkﬁi)
(b) Model error covariance matrix parametrization:

Q’=Q =1 "iLlg

Evaluation of Qt(i);(l) via M-C simulation with multiple groudnshine model

parameters setting
ii. Evaluation of Q{""@ (L") via (21)
iii. Evaluation of overall covariance via (20)

h i
M= O @ 4 O O
Qt - t Qt + t QI (Lt )

(c) Residual covariance matrixS( (i)) via (18)
(d) Importance weightsg” = N(0;S( )

(e) Normalize weightsef’ = Pwﬁl—q{i)

i=1

3. PF measurement update { resampling:
ResampleM particles with replacement

P = =
4. KF data/time update and PF time update

(a) KF data update:

tjt

KO = PSQ HT(H F>tJt HTI+R) !

Pii=(1 K{UHOPE

tJt

(b) PF time update { prediction of new patrticles:

Qe

(c) KF time update:
(O (i
k‘t:'ljt M *t;lt

Pl =MP UM T+Qu, ()

t+1jt tjt

5. lterate from step 2) witht := t+1

2= 20+ KOy HQ
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Multinomial resampling described in [4] was used as a resalmg algorithm in MPF.
Measurement error was set according to expert judgment basen the fact that the
small measured values have higher relative error than higlalues due to the measure-
ment methodology. In each step, rst two moments of groundshe{dose distribution
approximating the truth were predicted and updated.

The results are in compliance with our expectations for thispecial scenario. Model
predictions were successfully adjusted in accordance withe measurements correcting
the speed of dose mitigation. Even thought it seems that the @thodology has a potential
for improving of reliability of predictions in the late phas, the algorithm still has to be
improved in terms of robustness and carefully tested.
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Abstract. In last years we presented a method for interactive present#on of census results by
means of the probabilistic expert system. The method is bask on estimating a propabilistic
model of the original microdata in form of a discrete distribution mixture of product components.
The statistical information is derived from the estimated model without any risk of disclosure
of individual respondents.

Now we managed to get the real microdata from census 2001 frorthe Czech Statistical
O ce and we present results of our rst experiments made with these data.

Abstrakt. Vyu%iiti statistického modelu pro prezentaci vysledku ze $&ni lidu je metoda, ktera
novym zpusobem umo¥a0uje reprodukovat statistické viastraii populace pgi automatickém za-
chovani bezpeénosti osobnich udaju. Problematikou se zatsme ji% velmi dlouho, teprve ne-
davno se vtak podagilo ziskat Eesky statisticky Ugad pro akini spolupraci, &im¥ bylo koneéni
umo¥nino aplikovat zkoumanou metodu na reélnych datech.

V né&vaznosti na nikolikaletou snahu prezentujeme vysledkytgimisiéni prace s redlnymi daty
ze séitani lidu v Eeské republice v roce 2001. Na praci je pakkeno jako na pilotni studii ovigujici
mo¥anosti aplikace této metody na redlné vyu¥iiti pro seitatiflu v roce 2011 a zaroveo jako na
vytvogeni datového zazemi pro nasledné zkoumani shlukoviabh metod pro kategorialni data.

1 Uvod

Seitani lidu je nakladné ‘etgeni, které produkuje obrovskeno¥sstvi dat. V dusledku nut-
nosti ochrany osobnich tdaju respondentu je viak mno%¥isteiagejni dostupnych informaci,
které v pracni a ndkladni ziskanych datech jsou, znaéni omené.

Z jednotlivych dotazniku jsou sice odstraniny osobni Udajege viak obecni zndmo,
Yse 1 takto anonymizovany dotaznik mu¥ze byt s vyu%itim obedoistupnych informaci
jednoznaéni identi kovan. Proto nemohou byt ani dotazniky zbavené osobnich Udaju
volni pgistupné vegejnosti.

Vysledky seitani lidu se tedy obvykle zvegejouji souhrnnirg jednotlivé administra-
tivni zemi easti, napg dle séitacich okrsku. Takto agregmé Udaje pak pgedstavuji velmi
podrobnou a u¥iteenou informaci z hlediska geogra ckéhelak velkd east obsa¥sené in-
formace se tim ztrati.

Jinou mo%anosti publikace vysledku jsou tittiné tabulky, thto zpusobem viak Ize
zvegejnit jen velmi malou éast zajimavych udaju, nebo» potbulek velmi rychle narusta,
zaeneme-li uva¥ovat o subpopulacich podmininych kombihadkolika prominnych.

This research was supported by the grant GACR 102/07/1594 ofthe Czech Grant Agency and by
the projects of the Grant Agency of MOMT 2C06019 ZIMOLEZ and IM0572 DAR.
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Metoda interaktivni reprodukce vysledku seéitani lidu pomoi statistického modelu
(viz [2]) nabizi v této souvislosti novy, u¥ivatelsky pohddy paistup k vysledkum seitani
lidu pgi dokonalém zabezpeéeni ochrany dat. Jakakoli idek&ce respondentu pomoci
statistického modelu je znemo%¥znina klesajici spolehlitiokistogramu odvozenych pro
malé easti populace (viz [2]).

Prace Uzce navazuje na vyzkumy provadiné na vzorku dat pra@ssh domacnosti ze
séitani lidu v ER v roce 1991 (viz napg. [2], [10] a [11]) a rdli ji aplikaci teoretickych
vysledku na reélna data ze seitani lidu v roce 2001, ktera sedawilo ziskat a¥ teprve v
eervnu tohoto roku. Oproti puvodnim datum je zde tgeba geljelti skuteenost, ¥.e ne
v¥dy jsou viechny otazky vyplininé.

Cilem stévajiciho vyzkumu je ovigit mo¥anosti metody na redich datech a pgipravit
tuto mo¥anost pro planované séitani lidu v roce 2011. Druhyriben je pgipravit podminky
pro zpracovani dat pomoci metod informaeni a shlukové analy pro kategorialni data,
které byly zkoumany v pgedchozich letech (viz napg. [9]).

1.1 Stavajici zpusoby prezentace vysledku

rrrrr

kategorii

Publikace vysledku v ti'tiné podobi pgedstavuje nejtradieniji cestu zpgistupni-
ni zjittinych statistickych vlastnosti populace. Titiné publikace se ovem nutni
omezuji na nejzakladnijti udaje a nejéastiji diskutované spekty dat. Jak ji% bylo
zminino v pgedchozim odstavci, tiltiné materidly mohou paiit jen malou éast
realni mo¥nych otazek, které mohou byt ve speci ckych sitagch formulovany ruz-
nymi u¥ivateli.

Komereni slu¥sby statistickych GgaduJakykoli dotaz tykajici se séitani lidu Ize zod-
povidit na zakladi speci ckého vypoetu s vyu¥iitim puvodni dtabaze statistickeého
Ugadu. Bohu%zel, pisemné zadani odpovidajici zakadzky pwiému statistickemu
Ugadu pgedstavuje ti¥%skopadny a zdlouhavy zpusob ziskavafdrmaci, ktery neni
vhodny pro interaktivni vyzkum, kdy formulaci otazky je teda upgesoovat podle
zjittinych vysledku.

Agregace dotazniku dle vybranych kritérii Jednotlivé dotazniky jsou agregovany

napg. dle seitacich okrsku. Tato metoda umo¥s0uje pgesnéazani rozlo¥seni ruz-

nych vlastnosti populace dle geogra ckého hlediska, ale¥ji neumo%aouje sledovat
vlastnosti populaci, které jdou napgié éleninnim pou3iityknagregaci.

Generovani a publikace tabulek. Obvykle mohou byt ulo¥eny a na ruznych pa-
mi»ovych médiich distribuovany pouze tabulky nizkého gadé - 10 prominnych).
Je zgejmé, ¥ie ka¥add tabulka popisuje pouze statistickéhyztaezi tabelovanymi
prominnymi. Vybir subpopulace je tak omezen v¥dy jen na komtace hodnot ta-
belovanych prominnych. Nabizené tabulky je navic nutné ogovat z hlediska spo-
lehlivosti ochrany dat a vhodnym zpusobem anonymizovat s kovatelné Udaje
[6]. Omezeni identi kovatelnosti dat je oviem nutni spojem se ztratou informace
a vnatenim nepgesnosti.
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Poskytovani podsouboru anonymizovanych mikrodat.Z puvodniho souboru indi-
viduélnich dat jsou vybirany podsoubory a upravovany pomaauznych technik,
jako je zamina udaju, pozmioovani dat a pod., s cilem znemoi#gakoukoli identi-
kaci osobnich udaju respondentu [6]. Soubor mikrodat pgsthvuje nejdokonalejti
formu poskytovani informaci, kterd umo¥0uje analyzu dat Mg obecnosti bez ja-
kychkoli formalnich omezeni. Pgesnost Udaju, které Ize adiit z daného souboru
mikrodat, bohu%¥sel klesa s jeho velikosti, zavisi na kvaliprovedeného vybiru a
také na mige znehodnoceni zpusobené ochrannymi anonyniizaé postupy. Ome-
zuji se také mo¥anosti analyzy malych subpopulaci. Pgistupduborum mikrodat je
umo¥snin ve vitlini zemi EU a je pova¥ovan za doklad vysoké und statistického
servisu. Na druhé strani je tento postup znaéni citlivy z hldiska ochrany osobnich
adaju. Mo%anost pracovat s mikrodaty zpravidla podléha schlovaci proceduge a
neni zaruéena automaticky ka¥.dému ¥sadateli.

Ukazuje se, ¥%e ochrana osobnich udaju, jakkoli nezbytnazjgéni omezujici z hle-
diska obvyklych po¥adavku ekonomickych a socilnich vymkll V popgedi zajmu je
proto vytvageni novych pgistupu a metod, které mohou zkuvalit a roztigit informaeni
nabidku statistickych Ugadu. Cilem je dosa¥zeni optimalmivnovahy mezi nutnou ochra-
nou osobnich Udaju a dostupnosti uiteénych informaci.

2 Vstupni datovy soubor

Datovy soubor obsahuje vybrané odpovidi z dotazniku ze séfti osob, bytu a domu
Eeské republiky z roku 2001. Jednotlivé vektory v souboru skladaji z vybranych Gdaju
z dotazniku osob doplniné o Udaje z odpovidajiciho bytovéhlimtazniku. Vysledny soubor
obsahuje 10230060 zaznamu s odpovidmi na 24 otazek, pgiéeen¥echny odpovidi jsou
vyplniné.

Formalni tedy uva¥wujeme koneeny diskrétl rozmirny prostor X (N = 24)

X=Xy X5 @ XN Xo=F 01 ik, 0; (1)

kde X, reprezentuje mno%inu mo¥anych odpovidi na otazku efsl®éale uva¥.ujme datovy
souborS

N

S= x®;x@: i (K) xMW2xX =X, X = X Xn= Xn [f nog
(2)

kde hodnota ., reprezentuje skuteénost, ¥e odpovidajici otazka v dotd&nnebyla zod-
povizena. Jednd se tedy o tzv. chybijici udaj.

Graf 1 ukazuje nepravidelnost rozlo%eni chybijicich Gdagie jednotlivych otazek.
Graf 2 zobrazuje poety vektoru dle poetu chybijicich Udaju & vektoru. Z obrazku Ize
napg. vyeist, ¥e u 32875 vektoru chybi vice jak polovina oddo

V celé problematice se zabyvame prakticky vylueni o takovégamoainy prostorux
resp. souboruS, které Ize uréit kombinaci nikolika odpovidi. Mijme tedy vektor Xc s
kombinaci c odpovidi na c ruznych otazek

Xc = ( nikes nokos S5 neke)s Xc2Xc=Xp, X g (3)
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Pocty chybéjicich udaja pro jednotlivé otazky
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Obrazek 1: Poeéty chybijicich udaju u jednotlivych otazek

1200000
1053615

1000000

800000

600000

400000

200000

. [ - 13645 11992 11682 3302 4165 2500 13208 9892  2oa4 2671 azs7 &7 27

0

Obrazek 2: mno¥astvi vektoru dle poetu chybijicich tdaju veektoru

kdel «c¢ N aC pgedstavuje indexovou mno%inu odpovidajici vybiru otdz€k =
fng;ny; i ngg.

Potom subpopulaciA(xc) de novanou podminkoux ¢ rozumime takovou podmo%ainu
prostoru X, pro kterou plati

AXc)= Y 2X] Ynoi¥YnoinYn, = Xc (4)

Typickym pgikladem takové subpopulace je mno¥ina viech aeastnanych v praze
apod. Skuteénou velikosti suboppulac&(xc) pak rozumime éetnost vyskytu kombinace
X¢c Vv souboruS. Tj.

X
sizeof (A(xc)) = (YciXe)i Y= YaiiYn i Yng (5)
y2S

kde (a;b) znaéi standardni delta funkci, tj. (a;b) =1 pokud a = b, jinak (a;b)=0.

3 Reprodukce statistickych vlastnosti souboru
pomoci smisi

Je obecni znamym faktem, e seitani lidu pgedstavuje jedimmvé letgeni, které nelze
opakovat jako nahodny experiment. Formalni vtak mu¥eme naypininy dotaznik po-
psany vektoremx pohli%et jako na realizaci nijakého neznamého nahodnéhdteeu v
nabyvajici hodnot zX a na souborS jako na posloupnost nezavislych realizaci tohoto
vektoru.
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Velkeré statistické vlastnosti nahodného vektorw jsou potom popsény jeho sdru¥se-
nym rozlo¥enim pravdipodobnostP (x), které, zjednoduleni geéeno, popisuje chovani
nadhodného respondenta. Pravdipodobnost vyskytu vektors v souboruS pak aproxi-
mujeme pomoci diskrétni distribuéni smisi soueinovych kgmonent

X W
P(x)= Wm Pn (Xnjm); X2X; (6)

kde M je poeet komponent smisiw,, jsou jednotlivé vahy komponent ap,(:jm) jsou
jednorozmirné podmininé distribuce v komponenti.

Proto¥e prostoX je koneény, vime, %e existuje smis s koneénym poetem kompbne
M jX]j , kterd popisuje rozlo¥eni pravdipodobnosti na prostoiXi zcela pgesni. Stejné
tvrzeni plati i za pgedpokladu, ¥%e je koneény soulsofpotom staeiM | Sj komponent).
Mu¥eme tedy tvrdit, %ae dany soub@ jsme schopni popsat koneénou smisi libovolni
pgesni. Abychom v'ak zajistili bezpeenost osobnich Udajlaemu¥e byt model pgesny
pailit.

Velkou vyhodou uvedeného modelu je velmi jednoduché vyjaw odhadu relativni
velikosti subpopulaceA(xc) de nované podminkouxc (viz (4)). Ten je roven pravdi-
podobnosti P(xc), kterd Ize vyjadgit prostym vynechanim elenu v soueinu ve rgzu
(6)

X X Ye
P(xc) = P(Y)=  Wm  Pn(Xn,jm) (7)
y2A(xy) m=1 =l

Tato vlastnost umo¥ouje velmi rychlé odvozovani pravdipathnosti, které nas pge-
va¥ani zajimaji a které jsou potgeba jako vstupni informaceopinteraktivni pravdipo-
dobnostni expertni systém, ktery je souéasti projektu.

4 Odhad parametru modelu

Standardni se pro odhad parametru smisi v podobnych pgipacte vyu3iiva iteraéniho
EM algoritmu, ktery hleda maximalni virohodny odhad tim, ¥emonoténni zvytuje hod-
notu virohodnostni funkce. Jako poeateéni geleni volimehwni zaluminé uniformni
rozlo¥seni. Pou%.iti tohoto algoritmu bylo popsano napg. I [3

Pro odhad parametru modelu na datech s chybijicimi Gdaji je w#né modi kovat
schéma algoritmu prostym vynechanim odpovidajicch souéglu v kroku E (viz [1]).

E-krok: (m2M ; x 2 S)

t Q N t .
(t) . _ a Wgn) n:]_,;\xng (n; 0) pE‘])(anm)
q (ij) - F ® Q N o (8)

(Xnj)

j2M j n=1;xn6 n o pn
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M-krok : (m2 M )

e = 27 0 mix) ©)
" ijXZS
1 X

cas GO(MIX)

pt™ (jm) (xi; )d(mjx) (10)

Dal'iho zpgesnini modelu Ize dosahnout doplninim chybijich ddaju pomoci modelu
optimalizovaného pomocni uvedenémo schématu (8) a naslgomupgesninim modelu na
souboru s doplninymi udaji. Vlastni vypoéet se potom skladae tai fazi - uéeni se na
nedplnych datech, doplnini dat a uéeni se na doplninych daté.

5 Ovigovani pgesnosti

Pgirozenym kritériem pro migeni pgesnosti je prumirna aldetni chyba odhadu pravdi-
podobnosti viech mo¥nych podmno%in prostofu
1 X :
= IP(A) P (12)

JJA2A

kde A je tgida viech podmno%iin prostord, P (A) je pravdipodobnost mno%inyA odvo-
zena ze statistického modelu X
P(A)=  P(x); (12)
X2A

a P(A) je (skuteénd) relativni eetnost vyskytu dotaznikll z mno%inA v plvodnim sou-
boru S X
P(A)= ' a(x); (13)

x2S

(" a(x) je charakteristicka funkce mno¥%inA rovna 1 pro x 2 A arovnaO pro x 2 A).

Je zgejmé, ¥ae toto kritérium je vhledem k rozsahu mno¥Anprakticky nepou¥iitelné.
Vzhledem k tomu, %e se v nalem pgipadi zabyvame zejména odvaaim pravdipodobnos-
ti podmno¥iin, které lze uéit kombinaci hodnot, zjednodularwypoeéet kritéria tim, e se
omezime pouze na podmno¥4iAy které Ize uréit pomoci kombinace nikolika hodnot (viz
pojem subpopulace popisovany v (4)).

Dale, uva¥%ime-li, ¥%e natim cilem je reprodukovat pouze dtestni velké subpopulace,
omezime se pouze na tzv. relevantni podmno¥ziny, co¥% jsoiefigh¥a skuteena velikost
je vitli ne¥s 1570. Hodnota tohoto prahu vychazi ze statiské pgesnosti odhadu, kdy
po¥sadujeme pgesnost alespoo 5% na urovni spolehlivosti .95#vozeni tohoto prahu je
mo%zné nalézt napg. v [11] éi [8].

Oznaéme tedyA,, tgidu viech relevantnich podmo%iin, které Ize uréit pomodkbi-
nace maximalnin odpovidi.

Am = A(Xc)2A Xc 2Xc:jCj<n ~ P(A) > 1570 (14)
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Prumirnou relativni g resp. absolutni o chybu pak poéitame nasledovni

1 X jP(A) P(A)
JAm] P(A)

A(Am) = iP(A)  P(A)j; rR(Am) = (15)

TN
J "‘JAzArn A2A

Poznamkal. U z4kladni verze EM algoritmu plati, ¥%e jednorozmirné magalni prav-
dipodobnosti jsou reprodukovany zcela pgesni hned po prviteraci agoritmu (tzn.
a(Ar1) =0). V pgipadi modi kace pro nedplna data tato skuteénost ji%be@cni neplati.

6 Experimentalni eéast

6.1 Vypoety modelu a jejich pgesnost

Na ziskaném datovém souboru ze séitani lidu 2001 bylo proeed nikolik ruznych vy-
poeétu. Tabulka 1 obsahuje vypoéty pro modely z ruznym poeteRomponentm, hodnotu
dosa¥.eného virohodnostniho kritéria a prumirnou relativrchybu. Poééateeni geleni bylo
v¥dy voleno nahodni a vypoeet byl zastaven v pgipadi, ¥e @@k virohodnostniho
kritéria klesl pod stanoveny prah, resp. dagive, pokud vypegtrval pgilit dlouho.

Poeet komponent| orientaeni eas vypoetu kritérium L | relativni chyba r(A3)
10 1 min -28.0078 0.2903

100 7,5 min -21.7319 0.1357

1000 1lh -21.1125 0.0677

10000 30 h -20.9682 0.0521

Tabulka 1: Pgesnost a dosa¥ena hodnota virohodnostnihdékra pro ruzni slo%ité mo-
dely. Relativni chyba byla poéitdna na mno%iini relevanticsubpopulaci,
které lze uréit a¥% tesemi podminkami.

6.2 Pgesnost souboru mikrodat

Reprodukce statistickych vlastnosti datového souboru pamei distribuéni smisi je alter-
nativou k dosud pou¥ivanym souborum mikrodat. Soubor mildat je nahodny vybir
vzorku z datového souboru, vitlinou 1 - 10% puvodniho poéetw praxi jsou soubory
dale upravovany tak, aby byla zajittina po¥adovana ochrar@sobnich udaju, tj. aby byla
vyloueena mo¥snost identi kovat tdaje o jednotlivcich.

Pro porovnani pgesnosti statistického modelu a souboru mikiat bylo vybrano ni-
kolik nahodnych podsouboru, u kterych byla migena chyba oddu na stejném souboru
kontrolnich subpopulaciA ;3. Anonymizaéni procedura nebyla vzhledem Kk jeji naroénosti
aplikovana, da se vtak oéekavat, %e by vedla pouze k nepatnoézhorieni pgesnosti.

Pgi porovnani tabulek (1) a (2) vidime, ¥%e smigs = 1000 komponent je ji% z hlediska
relativni chyby pgesnijti ne¥s soubor mikrodat obsahujiciota 1% vektort z puvodniho
souboru. Z hlediska pgesnosti je tedy popisovana metoda pigce vysledku seéitani lidu
srovnatelnd s vyu¥itim souboru mikrodat, které v souéastiopatgi k nejdokonalelim
pou¥sivanym zpusobum publikace takovych dat.
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velikost | poeet vektoru | relativni chyba 3
1% 102405 0.0793
5% 511213 0.0348

10 % 1023442 0.0240

Tabulka 2: Pgesnost ruzni velkych nahodni vybranych soubarmikrodat. Skuteéna ve-
likost a relativni chyba byla spoétena jako prumirnd hodnad pro v3.dy tai
nahodni vybrané podsoubory pro ka¥sdou po%¥adovanou vetikos

6.3 Interaktivni prezentace vysledku

Navrhovana metoda podstatni vyu¥iva faktu, e koneéna smmdsieinovych komponent je
pgimo pou¥itelna jako baze znalosti pravdipodobnostnitxpertniho systému PES (viz
napga. [7]).

Tento systém nabizi u3iivateli srovnatelné mo¥nosti jakanpg kontakt s puvodnim
datovym souborem prostgednictvim databazového systémuxgertni systém odvozuje
statistické informace pgimo z odhadnutého modelu, bez nasti jakéhokoliv pgistupu k
puvodnimu datovému souboru. Ochrana osobnich dat je tak dokale zarueena, proto¥se
smisovy model neumo¥s0uje identi kaci jednotlivych dotazfu.

Informace expertniho systému jsou u%ivateli nabidnuty verfni podmininych histo-
gramu pro zadané subpopulace.

7 Zavir a dalti prace

Prace obsahuje prvni vysledky zpracovani redlného datowbouboru ze seitani lidu v roce
2001, kdy se po dlouhé dobi podagilo ziskat Eesky statistikigad pro aktivni spolupraci.
Na toto zpracovani je pohli%eno jako na pilotni projekt tagici pou¥iitelnost navrhované
metody pro pgipadné pou¥iiti pro seitani lidu v roce 2011.

Navrhovana metoda umo¥aduje zpgistupnit statistické infoace tiroké vegejnosti v
daleko vitli mige, ne¥ je tomu u stavajicich forem zvegejol vysledku séitani lidu.
Zaroveo garantuje zachovani bezpeenosti osobnich Udajebo» pgesnost modelu klesa u
malych subpopulaci.

Vysledky uvedené v této praci ji% umo¥anuji tvrdit, %e z hEd@d pgesnosti migené
na mno¥ini relevantnich subpopulaci je navrhovand metodiespoo srovnatelna se sou-
bory mikrodat, které také umo¥40uji velmi obecni zkoumat statické vlastnosti datového
souboru.

Jako dalti navazujici aktivitu planujeme zkouméani mo¥ndsinformaéni a shlukové
analyzy kategorialnich dat na zpracovavaném datovém soutg ktery je typickym pgikla-
dem tohoto druhu dat.
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Abstract. The dynamics of a classical charged particle con ned to a plae, under the in uence
of a homogeneous magnetic eld perpendicular to the plane ash a time-periodic singular ux

tube (so called Aharonov-Bohm ux) is investigated. For the description of the system we
use the action-angle coordinates. The main tool of our analsis is von Zeipel's method, which
is a classical perturbation method. We are interested espdally in the resonant phenomena
between the strength of the eld and the frequency of the singilar ux.

Abstrakt. Tento pgispivek se zabyva klasickou dynamikou nabité boda¥ eastice pohyhujici
se v rovini pod vlivem homogenniho magnetického pole, kterde na tuto rovinu kolmé, a sin-
gularniho easovi periodicky zavislého magnetického toku tgv. Aharonova-Bohmova toku).
Vychozim bodem pro studium stability tohoto systému jsou sagadnice akce-uhel. Hlavnim
nastrojem pak klasick4 poruchova metoda pochazejici od voZeipela. Hlavni duraz je kladen
na odhaleni rezonanénich efektu mezi silou magnetického fgoa frekvenci singularniho toku.

1 Introduction

In the present contribution we are interested in the qualitdve behaviour of a classical
charged particle which is under the in uence of a homogenes®umagnetic eld and the
time-dependent singular ux tube! piercing the origin of coordinate system. The basic
description of the system is given in the following paragrdgs. In the subsequent sections
we will invoke standard perturbation technique due to von Zeel. This method gives
much better results than the Bogolyubov's averaging (seerfexample [5]) used in [4].
Let the Cartesian coordinates in the plane be denoted by = (q;; ) 2 R%. The
vector potential A consists of two parts. The homogeneous magnetic eld of strgth
b > 0 (such choice can be made without loss of generality) perpeadlar to the g-plane
is generated by the potential
b,
An(q) = a4

I would like to express thanks to Dr. Joachim Asch from C.N.RS. Marseille for many valuable
discussions and help during my stay in Marseille.
1Sometimes also called Aharonov-Bohm ux tube.
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whereq’ = ( ;). The second part corresponds to a singular ux through the agin
of the coordinate system and is given by

(9

Ar(a:) = 5 jquol"’:

wherejgj = ¢+ g and : R! R is a periodic function. The total vector potential
is given as a sumA;,, + A;. Passing to the polar coordinates and using the Legendre
transform it is straightforward to arrive at the Hamiltonian

!
p e; t) eb 2

- + Er : (1)

1
Hbpopi)= 5 pi+

considered on phase spa¢®* S;) RZ?. The equations of motion are

@H_, _@H_ 5, eb
@ ' = @p  mr? 2m’
It is obvious that is a cyclic coordinate, thereforg is an integral of motion. This fact
enables us to treatp as constant. And the question of stability is essentially edained
in the single ordinary di erential equation for radial distancer

p = (2)

3)

From now on we set the charge and mass of the particle equal tmeo In order to
use classical perturbation techniques it is necessary toatisform the system to the so
called Action-Angle coordinates (for more details see [1])n [4] it is shown that there is
a canonical transformation fromr;p, 2 R* Rto (;1 )2 S; R* coordinates which
transforms the Hamiltonian (1) to new one

!

I cos'

PN p T .
| +ja(t)j+ | sin’

H.(;1;t )= bl sgn@(t))a(t)arctan p (4)

And equations of motion are given by
aa  cos L1 .
27 T(T+ja) 2 +jaj+2 1(1+ja)sin' "’

()

sgha |aja
a .. VN .
2 T 2 +ja+2 I(1+ja)sin’

(6)

Moreover, in [4] it is also shown, that the question of stabil/ is answered by the behaviour
of the action coordinatel . More precisely, if (for certain initial conditions) the sdution

I (t) of the above equation is bounded then also the radial distamaf the particle is
bounded. Or, in other words, the particle will not leave somd&ounded region of the
plane. On the other hand, if it happens thatl (t) ! +1 ast!1 , then the particle

will get arbitrarily close to and far from? the ux tube during the time evolution.

2This means that 0 and + 1 are accumulation points of the particular trajectory fr(t)g; o.
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2 Dynamics Generated by the Time-dependent Singular
Flux Tube

In order to become acquainted with the dynamics of the systenit is appropriate to
investigate the in uence of magnetic eld and time-dependa ux separately. If the ux
is turned o, i.e. the patrticle is in uenced only by the homogneous magnetic eld, then
the classical trajectories are circles in thg-plane. This fact is a well known elementary
result.

Let us investigate what happens if we turn o the magnetic etl. To answer the
stability question we look at the behaviour of solutions of quation (3) - of course we
again pute= m =1 and in addition alsob= 0. In this subsection the ux need not to
be periodic, but it must satisfy the conditions (7). The bagi result is formulated in the
following

Lemma 1. Suppose that 2 C(R) is such thata(t) 6 0 for all t 2 R and
Z, zZ ;

Z 1 2 T 2
LOMPI M 41 amdt=  am)idt=+1:  (7)
T t2 1 t2 T 1

for certain T > 0. Then for any (ro; Vo) 2 R* R there exists an unique solutiom(t),
de ned on R, to the initial value problem

2
s 10= 16 10 = ®

Moreover, the solution satis es the conditiorr(t) c tast! 1 wherec, > 0 and
c <0

rott) =

Proof. The di erential equation is equivalent to the dynamical sysem

x%= f(t;x) = s 1 X2U=R" R:

X2
a(t)?=x3
Sincef 2 C(R U;R?) is locally Lipschitz continuous in the second argument onean
use Picard-Lindelof theorem to establish existence and gpieness of the local solutions.
Thus, the solutions are either de ned for alt 2 R, or they approach the boundary oR*
in nite time (more precisely they escape to innity r ' 1 or fall on the zeror ! 0).
We will analyse the casd > 0, the rest is analogous.

First of all observe, that generallyr{qt) is increasing function. Therefore we will
consider three situations according to the initial velocit

Suppose thatvy > 0 and that we have solutionr (t) of the IVP (8) de ned on the
interval (T ;T,). Hencer(t) is increasing for allt 2 [0;T.), so there always exists
limer, r(t) >rq> 0, therefore the solution can be prolonged to the in nite inteval. We
can assume thaflT, =+ 1 . Foranyt Oitis true that

z t z t a(s)z
r)=ro+ rY{s)ds>ro+ vot; r(t)=ro+ vot+ (t 9)
0 0 r(s)3

3The symbol lim;-, denotes limit from the left.

ds:
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The claim of the Lemma is equivalent to the existence of posie nite limit

Z t 2 Z t 2
im ™D Zim v+ X ger Ty, s2)

ds
ot til o r(s)? t o r(s)?

R
But this is true since 1=r(t) < 1=(ro + vot) foranyt 0 and Tl a(s)?=s’ds converges.
The positivity of the limit is obvious.

Suppose now thatvg = 0. Sincea? is positive it is true that

Z t
a(s)?
t) = ds>0
ACRNE
for t from domain of de nition of r. Hence we can immediately pass to the preceding

point.

Finally assume thatvy < 0. Sincer t) is increasing our objective is to show that there
existst > 0 such that r{t) = 0 and then again we can use the preceding considerations.
Let us rst show, that the solution can not approach the boundry r = 0 in nite time.

Let r(t) be a solution of IVP (8) de ned on(T ;T.), T. 2 R™, such thatlimy1, r(t) =0.
It must hold that for all t 2 [0;T,) it is true that rqt) < 0. But

Zt z 1=r(t
_ _ . a(s)? , . ‘O a(r a=)?, _
e C I N e 'i Ty Ll
oa(r Y(1=))?

1= FAr 1(1=))

because the denominator in the integrand tends to zero or seronstant anda is nonzero.
This contradicts our hypothesis. Also in this casew < 0) the solution r(t) of the IVP
(8) can be prolonged to in nite interval. It remains to show that there is somet > 0
such that rqt ) = 0. So assume that we have solution obeyirgn,; r(t)= R 0and
rqt) < O for all t> 0. Thereforer(t) is decreasing. But now we have

= Vgt d =+1;

Z a(s)? Z
rqt) = vo + . r(S)30|S>Vo+§ Oa(S)zds! +1; ast! +1:
This is impossible due to (7). O

With a little more e ort we can treat also zeros ofa:

Lemma 2. Suppose thata 2 C!(R) is such that ifa(t ) = 0 for somet 2 R then
aYt ) 6 0, and let the conditions(7) of Lemma 1 hold. Then all claims of Lemma 1 are
true.

Proof. The only part of proof of Lemma 1 which has to be changed is therqof of
extensibility. In particular, suppose thatr(t) is a solution with domain (T ;T.) of the
initial value problem (8) with vy < O, limy, r(t) = 0. If it happens so thata(T.) 6 0
one can use the same argument as in the proof of Lemma 1. Howewbat if a(T.) =07
Then we may write

VA t a(S)Z

o r(s)?

L@+ al s T.))?

e A LB CERDE

rqt) = vo + ds; t2 (0;T);
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where g; s2 (s;T). But the last integral diverges logarithmically ast " T, since

Zi@am)+ Al (s T’ 1 D
o (r(Ts)+ ro( s)(s T. ))3 ( VO)3 o I+ S
anday ¢)! a{T.) ass" T,. =

To complete our picture it is necessary to look at the equatiofor polar coordinate

, (2). We immediately see that ! constast! 1 . In other words the particle

is "pushed from the origin". More precisely if the particle pproaches from the in nity

then it is de ected by the origin and asymptotically moves feely. All trajectories are
unbounded, the particle escapes to in nity.

3 Von Zeipel's Method

Let us now look at the system with Hamilton's function (4) moe closely. Suppose that
a(t) is a smooth periodic function with frequency and that a(t) = f( t) > 0, wheref
is a2 -periodic function. Therefore we have

I_ '
H:(;1;t )= bl 9 t)arctanpicosp_ — ' 2S;; 1 2R":
l+f( t)+ 1sin’
In order to get rid of the time dependence let us introduce newhase' , = t and

its conjugate variablel, (old variables';1 are denoted by' ;;1;). We obtain so called
extended HamiltonianK which reads

I, cos ;

K )=(b;) | fo(I Z)arCtanpm+PHSin'1

, " 2T%12RY R

(9)
Hamiltonians H. and K are equivalent (in the sense that the corresponding solutie
of Hamiltonian equations are the same up to parametrisatignprovided that the initial
conditions are properly matched (e.g. if (0) = ' o then' ,(0) = 0 and ' 1(0) = ' o).
The extended Hamiltonian is in a form which is suitable for gplication of von Zeipel's
method. This is a classical canonical perturbation methodThe fundamental steps will
be mentioned in course of the following computation. More thals can be found in [2] or
[3].

As a simple demonstrative example takg t) = 2" sin t (the procedure described
below can be applied without any modi cation to more generaluxes, e.g. uxes with
nite number of nonzero Fourier coe cients). Sof(x) = p + "sinx and suppose that
0<"<p . We will compute the approximate Hamiltonian up to orderO("3). For the
sake of simplicity denote(! 1;!,) = (b;) . Let us assume that (resonance condition)

|

22 P
g q’
where p; g are natural co-prime numbers. The extended Hamiltonian reis
p T '
I cos 1

| l—

K" )Y=1 1 +" 5,cos arctan p - :
( ) 2€0s( 2) P sin' .

1+p llsin|2+
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Let us expand the Hamiltonian up to orderO("3)
KOL™ )= 1+ Ka(n )+ "2Ka(51 )+ O(™d):

The rst step of Von Zeipel's method consists of a near ideni canonical transforma-
tion to new canonical coordinates andJ. The generating function of the transformation
is sought in the form

S(;%" ) =" I+ "Si(5d )+ "?S,(53 )+ O("):
And one seeks new Hamiltonian in a similar form
K (537)=1 3+ "Ka(;3)+ "2Ka(;3 )+ O("%):

Coecients S;;S, and K ;;K , are to be determined. Of course one can try to compute
also higher order terms but the task is more and more di cult. The relation between the
old and new Hamiltonian is given by the equality

K@ S;")= K (@S;3;");
from which one nds that

Ki(5J)=Ki(5Jd )+ ! @Si(53d );
Ko(d )= Ko(hd )+ @QKy(5d ) @Si(5) ) @Kq(53 ) @Si(53d)
+1 @S(5Jd ):

In the present situation the lattice of resonant frequenceis given byK = Z(p; Q).
Terms in the expansion of the new HamiltoniarkK are chosen in the following way

Ki(53 ) = Ky(5d )ik;
Ka(hd )= Ky(5d )+ @K1(53 ) @Si(5J ) @Ka(5d ) @S.(7Jd )ik:
The notation h ik means that we keep only resonant frequencies in the Fourieqpansion.
More precisely for a function : T" ! C with Fourier expansion
X . 1 ¢
(‘)= FLC)kexptk "); FL(C )= 2
k2zn L
put X
h()ik=  F[()kexpik "):

k2K
The bracketh ik is sometimes called the averaging operator. Functioi&(';J ), Sz(;J )

are then obtained as solutions of the partial di erential egations
' @S1(5d )= h Ky )ike;
I @S:(5J )= hKe(53 )+ @Ki(5J ) @5(5) ) @Ky(53) @Si(5J ike;

whereK® = Z2rK . It is possible to give solutions of these equations in fornf tormal
series, but one has to be careful since it is here where the plem of small denominators

f()ed dv;
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appears. However, if our ux function has nite number of nozero Fourier coe cients
then there is no problem.
For the computation below it is convenient to set
S

J1

(J1) = Jl+p:

Using crucial results from Appendix of [4] it is easy to der& that only the following
Fourier coe cients, which we will need, are nonzero

P
F K5 ) o= “2 diexp il = ;

4i| 2

! san jlj+2 _
FI@K.(5! ), »= 2P 8ig 0 ¥ exp "E ;

!'2sgn()

F [Kz(',l )](|; 2) = (1 2) i exp ||§ ; | 60:

16ip
With these coe cients it is possible to compute termsK 1;K 5;S;;S,. There are three
situations which need a separate treatment, in particulag=1,g=2,andq 3. Inthe
following subsections only results are presented, the couatgtion itself is straightforward

but tedious and space-consuming. The formulae were compdtey hand and checked
using the computer algebra systenviathematica 6.0

3.1 The caseofg=1

In other words we have here
= —=p2N:

Under this assumption one can compute that
|

Kl(;\]):ﬁpsm p§+p1 2 3 |
I 2 X1 20pn) 2(p n)
K2(;J)—& E 1‘...( 24 2)n(1 2) + + +
1 p - n
|
PPl 2 XP 2l
MRS} B n@ 3+ cos@ 1 2 )+
8p - |
Pl
P C20 g weos, 2 0

8p

Further, it is possible to give a closed form expression f@; but we will not need it

here. It is important to observe that the new Hamiltonian syeem obtained by von

Zeipel's method has additional integrals of motion, whileni general the original system
has only one integral of motion (namely the HamiltonianK itself). The number of

integrals produced depends on the number of independent sesance relations and the
dimension of the phase space. Moreover, these integrals sioet depend on the order of
approximation, but only on the resonance relations.
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To see this, let us denote
N 1
R= p 1
The matrix R is chosen such that it has the basic resonant vect¢p; 1) in the rst row
and has unit determinant and integer entries. Next step is cenical transformation from
;J coordinates to ; P coordinates generated by the function

W(;P)=P R:
Therefore
=@W=R; J =@W=R'P:
The point is that the Hamiltonian in these new coordinateX ( ;P ) does not depend on

2, thereforeP, = J;+ pJ, is an integral of motion of the approximate system. Moreover
in new coordinates one has

K (;P)=11P+"Ki(;P )+ "2K,(;:P )+ O(3): (10)

SinceP, is integral of motion and the Hamiltonian does not depend on, we can plot
the level curves in the ;;P;-plane. This is done in Figure 1. Let us rst look at the level

5+ 5~ V]
4 4+
3 3~
— —
[a [a
2+ 2+
1 1r
0, 0, ,,,,,,,,, J L ,,,,,,,,,,,

| | | | | L
0 p 2p 0 p 2p

Ci1 Ci1

Figure 1: Typical level curves of Hamiltonian (10) without (eft column) and with (right
column) the O("?) term in the case ofg= 1. Note that in the left picture the
curved lines doesiot approach asymptotes ; = =2;3=2.

curves of the rst order approximation. If we x initial conditions (0) 2 T2, P(0) 2 R?
then the equality
K (P )= K ((0);P(0)

de nes implicitly P; as a function of ;. SinceP, is conserved one gets

I
"~ P sin ps + 1(0)

0 sin p;+ 1
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if sin p=2+ ;(0) 6 0. Note that
S

0< = PP+ PP _ .
pP.+(1 pP.+p ’

therefore ; varies between two roots of equation

sin p; + 1(0)

0 =

sin p5 + X

which are nearest to ;(0) and P; approaches in nity as ; tends to these roots. On the
other hand, ifsin p=2+ ,(0) =0 then ;= 1(0) and P; can be arbitrary (more

precisely bounded from below b)%—le(O)). This exactly corresponds to the left picture
of Figure 1.

Since the second order correctiol , is complicated, it is impossible to carry out the
procedure described above. However, sintim;,; Ko(;J ) =0 forany 2 T2 one
can argue, that the picture described by the rst order appreimation will not be spoilt
by the second order term. Also note that becaus® = pP;+(1 p)P, and J; plays role
of 1, which was originally the actionl, we just showed, that in the case =b2 N the
resonant behaviour described at the end of Section 1 will acc

3.2 The case ofg=2

In general, forg > 1itis true that K,(;J ) =0. Also for anyq > 1 it is possible to
compute' the function S;:

1 . coS' ; Yy . 5 Ty
Si(hJ )= =< 2i arctan : + ie'L,F, 1,1 —£:2 <Zije':t
1(5d) 2 1+ sin"y 3 1y 21# 'y '
T 11, 4] 2' e 2F1 L i’ i’ e exp( 1" 2)

The second term of the approximate Hamiltonian is nontrivik

Ky(;d )= m 1 2F1 1,1"‘5,2"'2, cosp 1 22+p—2|)
pls ,2 1 P. P, 1 P.,.P. >
P2 F, ;1 P2 P2y F, L1+ Do B
25p 1 p:22 1 ) 2’ 2a 1+p:22 1 ’ 2a 2a

! .
+£(1 2) Psin(p 1 2 ,+p=2)

Again, we have one integral of motion. Following the same gig as in the end of the last
subsection, but with the matrix

4The symbol ;F1(a; b; c; 2 stands for the Gauss hypergeometric function.
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it follows that P, = 2J; + pJ, is conserved. For the level curves in the;; P;-plane see
Figure 2. It appears that in this case it is not possible to ha/P; ! 1 . Let me just note

10+

P1

Figure 2: Typical level curves of the transformed Hamiltomin K (;P ) = %Pz +
"2K ,( ;P ) in the case ofq= 2.

that it is possible to compare these level curves with numeal solution of the original
system of equations.

3.3 Thecaseofg 3

As was said earlier, the rst order term is trivial, K 1( ;J ) = 0. The second order term
is independent of and reads

12 2
Ko(;3)= %=1 7
" p #
1 ! ! 1 ! !
Fi L1 52 50+ oFi L1+ 52+ 50
I, 1, Iy L L+ 1, Iy I

Therefore, the second order von Zeipel's Hamiltonian is gia by
K (;3)=1 J+"2K,J):

The equations of motion for this Hamiltonian are trivial andcan be easily integrated.
Note that this was not possible in the preceding cases. Thelgton is simply

(M= @K ( (0;3J0)t+ (0); J(t)= J(0):

It follows that in this case the original actionl is bounded and no resonance appear.

51t can be shown, that if | ,=!; = p=q then the rst term which depends on is the g-th one.
Therefore the slow evolution of action coordinates is neggjible with increasing g.
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4 Summary

Let us conclude that with the aid of von Zeipel's method it washown that in case of
simple sinusoidal ux the resonant behaviour can be obseenly if the ratio of the ux
frequency and the strength of the eld is a natural number, e. =b2 N. By resonance
we mean here that the motion of the particle will be exactly adescribed in the end of
the Section 1, in particular that for any initial conditions the setfr(t)g: ¢ R hasOand
+1 as accumulation points.
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Abstract. Bone remodelling model that we formulated in previous yearsago went through
small modi cations recently to better describe the bone rerewal phenomenon. A rather large
recherche was carried out to determine the model parameter® reach not only qualitative but
also quantitative results. A great advantage of presented mdel is that all the parameters are
real and measurable and thus by thorough search in literatue we were able to set almost all
of them. The remaining were obtained as a solution of nonlinar programming problem. As a
consequence the model could be used for predictions on thesfiue level.

Abstrakt. Model pro remodelaci kosti, ktery jsme formulovali v pgedcbzich letech, protel
mentimi Gpravami, aby pgesniji popisoval jev znovuobnovy ksti. Provedli jsme pomirni znaé-
nou reterti, abychom uréily parametry modelu, co¥s umo%ani dahovat nejen kvalitativnich ale
i kvantitativnich vysledku. Velikou vyhodou prezentovaného modelu je realnost a migitelnost
jeho parametr, a tedy pomoci dukladného prozkoumani dostpné literatury jsme jich byli

schopni nastavit vittinu. Zbylé byly ziskany jako¥to gelem tlohy nelinedrniho programovani.
Nyni mu¥se byt model pouivan pro predikci na tkddové drovni.

1 Introduction

Bone is a living tissue that is constantly being renewed. Theells that participate in
the process are the osteoblasts(bone forming), osteoct{bione dissolving), and osteo-
clasts(bone cells). They form a temporary anatomical striwgre, called basic multicellular
units, that carry out the remodelling process. A number of fetors a ect bone turnover,
including hormones, cytokines, and mechanical stimuli. Meanical loading is believed
to be of very high signi cance as a stimulus for bone cells, wah ensures proper bone
strength and prevents high bone loss with age.

Bone remodelling also repairs an accumulated damage fromegxday loading by re-
newing the tissue, plays an important role in metabolism sge bone is used as a reservoir
of many minerals (e.g calcium, potassium) and hormones (e.garathyroid hormone
PTH) and remodelling process is a way to access these storage

In our approach, we describe the mentioned phenomenon usthg following stoichio-

metric equations:
k 1
RR + MCELL MNOC + Ny; (1)

This research has been supported by the Czech Science Fouriia project no. 106/08/0557, by
Research Plan No. AV0Z20760514 of the Institute of Thermomehanics AS CR, and by Research Plan
MSM 6840770010 'Applied Mathematics in Technical and Physial Sciences' of the Ministry of Education,
Youth and Sports of the Czech Republic.
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whereRR are ligand-receptor (RANKL-RANK) bounds betweenOB and MCELL (pre-
cursor of osteoclast) that are needed to enable formation ofultinucleated osteoclasts
MNOC from mononuclear cellsMCELL ) [16]. N4 is a remaining product from reaction
(1). Bone decomposition can be characterised by followingemical reaction:

k
MNOC + OIdB N+ LF; )

where Old_B denotes old bone. During resorption, the osteoclasts ressalocal factors
LF (mainly growth factors) from bone, which play role in activéion of osteoblastsOB
[4]. )
3
LF + osteoprogenitor OB + Ngyg (3)

k 4
OB + Nq; Osteoid + N13; (4)
where N1p; N1z are remaining substratum. The longest period in bone remoltlag pro-
cess pertains to mineralisation (depositing calcium, etd. N4 { into matrix) of osteoid.
Ossi cation of osteoid (the primary ossi cation) into new bone tissue may be charac
terised by:
k s
N4 + Osteoid New_B + Nyis; (5)
whereNew_B denotes new bone formed by remodelling process adgs is the residuum
of bone formation reaction.
Kinetics of the above mentioned processes is governed by tfalowing system of
ordinary di erential equations (obtained from law of active mass for more details see
some of our previous work - e.g. [8, 9, 10]):

@
% = 1( 1+ Nmcew. )Nmcew +J3+ Inews D 1 (6)
@
% = (3 nNmcew +nNods)nods D 2+ Inews (7)
@
@@)B = 3( 6 Nowds (NoB + Nosteoid + NNew B))
( 8 (NoB * Nosteoid + NNewB)) (8)
4( 11 (Nosteoid + NNewB))NoB + D3 D 4
@ .
76560“ = 4( 11 (Nosteoid + NNew_B))NOB
5( 14 NnewB)Nosteoid ¥ D4 D 5 9
@Rew_
%B= 5( 14 NNew.B)NOosteoid J NewB + Ds; (10)

where indexi relates to substances and index to reactions, ; is a sum of normalised
initial molar concentrations of relevant substances, relate to chemical reaction rate,
parameter D describes the in uence of dynamic loading on chemical reamts, andn;
is a normalised concentration of-th substance.

2 Parameters setting

It is very important to know stationary solution of dynamic system (6)-(10) because
(if stable) it gives us some idea about solution of ODEs and oessary conditions for
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parameters may be derived. Because (6)-(10) describe evmo of normalised molar
concentrations, it is needed to ensure that the solution isgsitive for allt > 0. Moreover,
appropriate linear combinations of solution which represe all the other involved sub-
stances need to be positive too. There is just one positiveaibnary solution satisfying
these necessary conditions.

All used parameters in this model are realistic and measurkb Unfortunately, we do
not have nowadays enough knowledge for precise identi cati of all of them. However,
we can perform reasonable estimation based on experimentsdanowadays knowledge
of the process found in literature. Firstly, the parameters will be determined. Since
ODEs (6)-(10) are in dimensionless form, these parameteepresenting chemical reaction
rate can be assigned just from ratio of reaction rates:

_ ki
-k

In literature, we may nd that resorption carried out by MNOC (second reaction (2))
lasts 20 days [16]. Further, the reversal phase (third reaon (3)) lasts approximately
9-10 days [4, 16]. The osteoid production b@B is the longest part of BR process and
it lasts 90-140 days [16, 4]. Consecutive mineralisation @amost never ending but the
primary ossi cation, which completes the formation of new bne from osteoid, has time
span similar to osteoid formation [18]. Time needed for the@ation of active resorbing
osteoclasts MMINOC s) by merging osteoclast precursorsMCELL ) was not found in
literature but it can be assumed that it is much faster than tle previous mentioned
reactions. We postulate it to be one hour. In total, we have:
= kip _ T2 _ 20days 480: 4= kiz _ T2 _ 20days::2;

k+2 T, 1h k+2 T3 9days

_kis T, 20days 1 :

*" ki T, 140days 7 5

[1], k.o :::chemical reaction rate of 2 reaction (11)

(12)

For further parameter setting we need to estimate resorptiorate of bone QId_B).
Kanehisa [7] states that a singlMNOC resorbs43m 3 to 1225m 2 of bone per hour
with mean value 390m 3=hr, which will be used in following considerations. To obtain
total resorption rate in bone, an estimation of total activeMNOC in body is needed.
In typical BMU (basic multicellular unit - [2, 12]) there are 9 MNOC ‘at the front' of
cutting cone and approximately 20000Bs at the end [17]. We may verify this quantity
of MNOC present in BMU: Eriksen states that typical osteoclast MNOC) diameter
is 50 m [1]. Thus really9 or 10 MNOC s Il the front line of 'cutting cone' [12] with
diameter of200 250 m . Further, Manolagas states that 1 milion BMU operates at any
moment in body [11]. If we use these data, the resorption in man body per hour is

390 9 10° m 3=h= 3:5mm?3=h: (13)

In other words, the whole skeleton which has a volume df75 1mm?3 [6] would be
resorbed in1:75 16=3:5 = 5 10°h = 57years On the other hand, it is often stated
that bone remodels once every 5-7 years. From here it is appat that it is needed to
modify the assertion of Manolagas and state that approximaty 10’ BMU operates at
any moment in body instead ofL(P.
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Now it is possible to determine concentration oMNOC , OB, and Old_B (=osteo-
cytes -OCy) in human bone

910 1 mol : 10’ mol
MNOC]=z= —————— =51 —_— 14
[ ] Ny 175 | Na |’ ( )
200016 1 mol : 109 mol
B] = = : 1

where N, represents Avogadro's number. As was mentioned, ODEs (6)€) describing
BR process are in dimensionless form which is very usefulr imathematical analysis.
One consequence, of course, is that all concentration arermalised with respect to
concentration of bone tissue - osteocytes. It is often statethat amount of MNOC

together with OB are around 5% in human bone. Robling mentions that the ratio of
[OCy] to (JOB] + [MNOC]) is around 20 [16], which also supports our belief thdOCy]

is determining for bone tissue concentration.

Correct estimation of chemical reaction ratd., is crucial for nding relation between
real time t and computational time = t k., [Bo], where [B0o] is initial concentration of
bone tissue which is used for normalisation, i.e[Bo] = [Old _Bj,i] + [New_Bj,]. From
second reaction (2)

[Old_B]

[Old_Bini]
where[Old_Bj] is the initial concentration of old bone at timet = 0 and [Old_B] at time
t =Mt. To set the k,, parameter, it is needed to calculate the concentration chge of
old bone in time caused byMNOC . It was already mentioned that IMNOC dissolves
390m 3=h of bone tissue in average. Since

=exp( ki2[MNOC] Mt); (16)

[Old_B] = [OCy] = 20[OB]; (17)
we have 16° mol 1 |
— o2 Mol _ 4+ MOL,

[Old B] =203~ == =210 -5 (18)

which means that there is approximately 10Cy in every 5000m 3. To verify this num-
ber asgwias @r vious estimates, we will calculate an avgeadistance betweerOCy:
dist = ~ 5000 5000=17 29m , which is in very good correlation with Sugawara
observation: 241 2:8m [19]. In total, 1 MNOC dissolves3:9 1G¢ 2 10 4 =7:8 10 ? of
OCy per hour, i.e. 75?611‘)032 =2:17 10 ® OCy per 1s. We may (without loss of generality)
further assume that this rate is independent oMNOC concentration, i.e. noncompet-

ing. Finally, the time change of{Old_B] decreases every second in following manner (using
eq (14)):

M[Old_.B] _ M[OCy] _ 5114 10 217 105 : 1:12 16 mol_

Mt=1s  1s Na Na Is’ (19)
and thus the valuek,, satis es (relation (16) used)
[OldB] _ [OldBj;] M[OIdB] 2010° 112 1GNs _ 56
[Old Bini] [Old_Bini | - 20 10° Na  — 100~
) » k 514 107 " _ (20)
- exp( ke 514 1(7) _ +2 Na 1 Kep 514 ld:
Na n! Na

n=0
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By solving the last equation we obtain

56 Nj mol
Kip = E14106 651(7— (21)
Interestingly, we may infer this value from a very di erent point of view: let us assume
that OCy are located so that they are 'tuned' together to communicateSpeed of wave
propagation in bone (uid) is around 2900 m/s [14] and when dizing that typical
distance betweenOCy is 20m (which corresponds to=2) we have

2900n=s 2 8
= T= —=—1
2 20 106m ) s
Since concentration changes with time proportionally to atcentration (with coe cient
k. ) we have

dc _ ot) _
Fri ki C) & =exp( ki t) (22)

>From here it can be seen thafgl— equals to characteristic time, and it may be summarised

from (22) that k. 1 = 2210" = 1:15 10. If we compare these two estimates, we see
that they are closely related It would be interesting to telsthe second hypothesis - to
see whether the distance amon@Cy is so crucial for proper mechanosensing/function
of bone adaptation.

Knowledge of thek,, value enables us to nd the relation between computational

time and real timet

20 16°

A

= k., [Bojt = 6:5 10 t=210 5 (23)

Useful information for further parameter setting is to knowthe time equivalent to 1
day and duration of BR cycle(h + 20d + 9d + 140d + 140d  31Qd):

oy =210 ° 24 (602217 pgr = gy 310=527 (24)

BR creates a new bone after 310 day by replacing old bone tissuThis new bone
tissue, as it is called, is a regular bone tissue that has jubeen recently formed and has
smaller mineral content since the secondary ossi cation kanot started yet. Nevertheless
it can be remodelled if needed. The model has the same featireit creates a new
bone tissue which is transformed int®Ild_B. This transformation is realized by uxes of
particular substances - out ow ofNew_B (J new ) and in ow of Old_B (Joigg). In the
model it holds:

Jois = Inews (25)

which guarantees us that 1 mol oNew_B is changed into 1 mol ofOld_B (actually, we
may now renameOld_B simply into Bone and New_B into formationindex because
new boneNew_B after being formed is changed int@Id_B which then represents total
amount of bone). Now, we will calculate the value o g,y 5. We know that 1 MNOC
resorbs 390m 3=h and in whole skeleton there ar&@ 100 MNOC s which means that
3:;5 10° m 3=h = 35mm3=h of bone tissue is removed. Because bone tissue is mostly
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in equilibrium (resorption is balanced with formation), wemay assume that the same
amount of bone is produced and resorbed:

d . equilib
—[OId_B] = resorbtion +J =0
dt[ ] [ o8 ) (26)
) Jow g = resorbtion = 35mm3=h= 10" m 3=s;
and thus amount of bone resorbed per second in mols is
M# Old_B
MLtd =10’ 210 %=Np =2 103=Namol s % (27)

where equation (18) was used and when realizing that skelatbas volume of2l we may
conclude

M[OId_B] _ 2 1¢ _ 10°mol

MU 2N, | N, 1 o4 28)
— 1 - 4.
)J ods =Jous Ka[BoF 310 * (29)

Bone remodelling is a very long process. Cells taking part ih must be several times
replaced. This fact is actually exploited by body itself as aontrol mechanism - e.g. estro-
gen promotes osteoclast apoptosis [17]. ApoptosisMNOC plays substantial role since
its mean life in vivo is 3 days [20]. Using this knowledge we mdetermine Jz;(=negative
ux of MNOC=MNOC apoptosis) analogically to (28):

#MNOC 9 10 1:7 16 mol
decrease of [MNOG}s = volume time 2 3 22h N, | s (30)
Ja _ 1710 Na_1 a1

) JNew.B Na 10 6
Another family of parameters - ; - are determined by sum of normalised initial
concentrations of appropriate substances

— [Old_Bini ] + [NeW_Bini ] + [OSteOidini ] + [OB ini ] + [N 6ini ] :

° [Bo] = [Old By ] + [New_Byy; | -
s, [Osteoidy ]+[0B ]+ New] _, , 0+1=2000dB,1+0 _ . D
- [Old_Bini ] - [Old_Bip; ] ST

where relation betweerOB and OCy was used and a consideration that remaining prod-
uct (Ng) and osteoid are not present in given volume when BR is initied. Similarly

_ [osteoprogenitog, ] + [New_Bj,; ] + [Osteoidin ] + [OBini ] _ 1,

° [Bo] o
14 = [NeW‘Bi”[iB] 0; Maan] _ %); (34)
- [NewBy ]+ [O;i?idim 1+ N _ .. as)
__ [RRu] [I[Sl\(A)]CELLmi] _ %; a6)
__ [MNOCy] [0ld By ] +[MCELL ] _ . -

[Bo]
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Last group of parameters,D , describes the e ect of dynamic loading on rate of
chemical reactions:

v day
D = 38
[Bo]2[ I (38)
r = Iv d(l) +1 A (39)
wheredq) = divv = 2t + 8Y + 8 = 1L s the trace of the deformation rate tensor,

is concentration of material,r @and A is a chemical reaction rate and a nity of the

th reaction, respectively. In case of thermodynamic equililum, all quantities depend

on equilibrial values (T'; &q; [Ni]eg). When the system is de ected from equilibrium, they

may be described using the following linear relations (CwiPrigogine principle - linear
nonequilibrium thermodynamics [13]):

r =1 v d(l) + | A (40)
p = Iv d(l) + Iv vA ; (41)
wherel, ;1 v = I, ;I are functions of temperatureT, and the invariants of a strain

rate tensor d; , i.e. dg - volume rate, d) - shear rate. We assume that the process
is isothermic (body temperature), further that the linear cependence in equation 40 is
su cient to describe the dependence ondyy, and that the inuence of shear rate is
constant, i.e. we assume that shape and size of canalicuiclinas, and osteocytes in
bone does not change noticeably. Elastic deformations ofnadiculi and lacunas induce
both their volume deformation and shear bone uid ow past oteocytes. The measure of
these stimulations is summarised in the phenomenologicaecients |, ;I ;I which
can be patient (genetically) dependent.

As can be seen from (38), we need to determine the in uence otamanical loading
on each chemical reaction. The unknown parametets were calculated as a solution
of constraint extremum problem (or minimisation problem ofappropriate functional) for
unknownsl

[OB]% = 4:5% (42)
with constraints:
™= =20 (43)
min
[MNOC]% = 0:023%)|) [I\/E(N)g]C] 2%00 200 (44)

and conditions describing that concentrations of all subahces in stationary solution
are positive. We know that spongy bone is located in part of me@ which experiences
smaller deformations/strains, and conversely cortical be creates weightbearing support
on outer cortex. We used this fact for setting, so that the maximal (found in cortical
bone - the properly loaded case) and the minimal apparent dgity (found in spongy
bone - unloaded case leads to minimal density) in stationarstate are in the following

relations:
) max _ cort; max_ _ 2:0 g:c;m3 =20 (45)

= (d
( (1)) min spongy; min 0:1 g:Cm?
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which guarantees us correct range of apparent bone densify L5, 3]. The equation (42)
ensures that the percentage of osteoblas@B in a stationary state will be 4:5% and
similarly the relation (44) ensures the correcMNOC percentage.

Even if all stationary solutions are positive, it is still needed to check whether all
the concentrations of substances are positive for all time> 0. D parameters that
solve above mentioned constraint extremum problem and alsatis es conditions from
previous sentence are listed in table 46.

1=480; 3=2; 4=32= 5
1= 05 3=04 =102 =75 13 147 5
Jos = Inews =310 4 Jz= s (46)

ly = 89610 1MoL |, =4:1 10 9mol: |5, = 2:82 10 7moL,
lpy = 7:91 10 18m2L; |5, =5:91 10 19mel:

3 Discussion and Conclusion

The bone remodelling process together with its control isiitnot fully understood even
if there has been a great step forward in last decade, espdlgiaon the cellular level.
It is very important to be able to predict response of bone toarying condition - both
mechanical (e.g. joint implants) and biological (e.g. horwnal) changes. Models that are
nowadays used for simulation of BR are still not su cient.

The model here presented combines both the mechanical stimand biochemical
control. With current settings of parameter the model has &lthe following features that
already describe the bone remodelling process to reasomaéktent:

realistic and measurable model paramteres

positiveness of all molar concentration of involved substaes
unique positive stationary solution

rate of chemical reactions

resorption rate of bone

number of active BMU (active remodelling foci)

molar concentrations: [MNOC], [OB], [OCy]

relation between time scales(computational and real time)

1 mol of NewB transforms into 1 mol of OldB (mass may di er)
MNOC apoptosis (mean life in vivo is 3 days; compare to BR)
initial concentration of involved substances

the in uence of mechanic stimuli on reaction rates-determied by solving the min-
imalisation of appropriate functional with constraints sich as-= = 20.
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We are about to start using the presented model for predictqmbone adaptation in humans
and use the results for further veri cation.
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Abstract. The aim of our work is to compute the (factor) complexity function C(n) of the in nite
word u associated with -expansions where is a non-simple Parry number. In general it is
hard to nd an explicit formula for the complexity function o f an in nite word u and it seems
it holds also for the case ofu . However, we are able to nd all left special factors that, in
a certain sense, completely determine the complexity. The ation of (right) special factor was
introduced by Berstel in 1980 and considerably enhanced by &ssaigne in his paper from 1997.
We introduce another slight enhancement, a tool that will help us to identify all in nite left
special branchesof a xed point of substitutions satisfying some natural assumption. Further,
the knowledge of the structure of left special factors will #ow us to formulate a simple su cient
and necessary condition for the complexity ofu to be a ne.

Abstrakt. Cilem nati prace je najit (faktorovou) komplexitu C(n) nekoneeného slovau pgis-
lutného -rozvojum, kde je nejednoduché Parryho eislo Obecni je easto nemo¥ané najit explic-
itni formuli popisujici komplexitu nekoneeného slova a zdése, ¥4e to plati i pro pgipad, kdy jako
nekonéné slovo berema . Pgesto se d& docilit alespoo nepgimého popisu faktorovénkplexity a
to za pomocilevych specialnich faktoru které v jistém smyslu komplexitu zcela ureuji. Metoda
vypoétu komplexity pomoci (pravych) specialnich faktoru byla poprvé uvedena v Berstelovi
elanku v roce 1980 a vyznamni rozvinuta v Cassaigneho elanka roku 1997. Vysledkem na'i
prace je pak dal'i rozligeni, které umo%.0uje nalézt viechrgvé nekoneené speciélni vitvepro
pevné body substituci sploujicich pomirni obecné pgedpokddy. Daltim dule¥zitym vysledkem
je, mimo nalezeni vtech levych specialnich faktort sloval , také jednoducha formulace nutné
a postaéujici podminky pro to, aby komplexitau byla a nni funkci.

1 Introduction

Generally speaking, our aim is to understand the combinata structure of aperiodic
in nite words over a nite alphabet. In particular, we are interested in the wordu
associated with -numeration, where is a non-simple Parry number. In order to be
able to better explain the problem, we need some basic notat.

Denition 1. Let A = f0;1;:::;9 19,9 1 be a nite alphabet. An in nite word
over the alphabetA is a sequencau = (u;); 1 whereu; 2 A for all i 1. If v=
Uj Uj +1 U+n 1,J;n 1, thenv is said to be afactor of u of length n and the index;j
Is an occurrenceof v, is the factor of length O.

93
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By Ln(u) we denote the set of all factors ofi of length n 2 N, the languageof u is
then the setL(u) = |, Ln(u).

De nition 2. An in nite word u is said to beeventually periodicif u = vivovov, =
vi(v»)', wherev; and v, are nite words and v, is non-empty. If u is not eventually
periodic, then it is aperiodic.

From our point of view, eventually periodic words are not intresting as their structure
is completely described by the simple nite rule. No such a ta exists in the case of
aperiodic words, therefor some tools how to measure theiregularity have been proposed.
One of such basic tools is the (factor) complexity functio©: N ! N, which counts the
number of factors of a given length, i.e.

C(n) =# Ln(u);

where# A is the number of elements of a sék. It is easy to realize, that the complexity
of u is bounded if and only ifu is eventually periodic. Other known results on the
complexity functions are listed in the following propositn.

De nition 3. A mapping' which maps each letter of a nite alphabetA to a nite word
over the alphabet is asubstitution.

A substitution ' is primitive if there existsk 2 N such that for all a;b2 A the word
' k(a) containsb.

Proposition 4. Let u be an in nite word over a nite alphabetA.
() 0 C(n) #A),

(i) u is aperiodic if and only if the rst di erence of the complexty function is positive,
.e. MC(n) .= C(n+1) C(n) 1, foralln2N,

(i) if u is a xed point of a primitive substitution then C(n) is a sublinear function,
i.e., C(n) an+ b, for somea;b2 N,

(iv) if uis a xed point of primitive substitution then MC(n) is bounded.

Items (i) and (ii) are obvious,(iii ) is due to [15],(iv) was proved in [13] and in a
more general context in [5]. For more properties see e.g..[1]

In nite words appears in various elds of mathematics [4]. The wordu we are
interested in has origin in the theory of non-standard numeation, namely -numeration.
For more on this topic see [12].

-numeration is a generalization of the classical numeratp when each number is
represented as a sum of powers of an integer bdse 1. Humans use the representation
in baseb= 10, computers use binary representatiob= 2. For each positive real number
x one can found its representation in bask using agreedy algorithm

1. Find k 2 N such that ¥ x < b*+1,

2. Setxy = bx=0‘c and r := fx=0g.
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3. ForO i<k, letx; =bbricandr; := fbr; Q.

bxc is the integer part andf xg is the fractional part of a real numberx. Obviously, digits
X; takes value in the setf0;1;:::;bbc 1g. If b > 1 is an integer, we obtain classical
representation in an integer base. If we repladeby some non-integer number > 1, we
obtain the -expansionof x.

For x 2 [0;1), the -expansion can be computed also by using the piecewise linea
mapT :[0;1)! [0;1)dened asT (x) = f xg. The sequencead (X) = XiXX3 is
obtained by iterating T with x; = bT ' (x)c: The di erence between -expansion and
d (x) arises forx = 1 since theRényi expansion of unityd (1) is not a -expansion.
Parry [14] showed thatd (1) plays a very important role in the theory of -numeration.
Among other things, it allows us to de ne Parry numbers.

De nition 5. A real number > 1 is said to be a Parry number ifd (1) is eventually
periodic. In particular,

a)ifd (1)=t; tyis nite, i.e. it ends in in nitely many zeros, then is asimple
Parry number,

b) ifitis not nite, i.e. d (1)=t; tm(tmaa  tm«p)', then is called anon-simple
Parry number.

Note, that the parametersm;p > 0 are taken the least possible. It implies that
tm 6 tm+p Which will be a very important fact.

As the in nite word u is tightly connected with a geometrical interpretation of -
integers, we rst introduce -integers along with some of their properties.

pe nition 6. The real numberx is a -integer if the -expansion ofjxj is of the form
!‘:O a; '. The set of all -integers is denoted byZ .

The de nition of -integers coincides with the de nition of classical integs in the case

of in Z. But there are several new phenomena linked with the notiorf o -integers when
IS not an integer. For our purposes, the most interesting derence between classical

integers and -integers is the di erence in their distribution on the realline. While the
classical integers are distributed equidistantly, i.e. g between two consequent integers

are always of the same length 1, the lengths of gaps betweenntegers can take their

values even in an in nite set. More precisely, Thurston [1§}roved the following theorem.

Theorem 7. Let > 1 be a real number andl (1) = (tj); ;. Then the length of gaps
between neighbors i@ takes values in the setd ;4 ;;:::g, where

tesi
k 1

4 fori 2 N.

k 1

Corollary 8. The set of lengths of gaps between neighbor<inis nite if and only if

is a Parry number. Moreover, if is a simple Parry number, i.e. d (1) = t; tp,
the set readsfd ¢;4 1;:::4 n 10, if is a non-simple Parry number, i.e. d (1) =
ti tm(tmer  tmep)', We obtainfd o;4 15114 mip 10
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Now, let us suppose that we have drawn-integers on the real line and assume that
is a Parry number. If we read the length of gaps from zero to theght, we obtain an
in nite sequence, sayf4 ; g« o. Further, if we read only indices, we obtain an in nite

word u we are interested in. However, there exists another way to de it. Fabre [9]
proved that u can be de ned as the unique xed point of a substitution" canonically
associated with a Parry number and de ned as follows.

De nition 9. For a simple Parry number the canonical substitution' over the alphabet
A=10;1:::;m 1gis de ned by

Ox1(k+1) ifk2Anfm 1g,

] k =
(9 Qfm if k=m.

De nition 10. For a non-simple Parry number the canonical substitution' over the
alphabetA = f0;1;:::;m+ p 1gis de ned by

Ox1(k+1) ifk2Anfm+p I1g,

1 k -
() O'm+pm fk=m+p 1L

We see that the de nition of' is given byd (1) and that the only di erence between
simple and non-simple cases appears in the image of the lattdrsm landm+p 1
While in the simple case the last letters ofimageés (k);k =0;1;:::;m 1, are all distinct
and so the images form a su x-free code, in the non-simple caither' (m)=0'm is
aprexof' (m+p 1)=0'+rm or vice versa. As we will see later on, this property
is crucial from the point of view of computing the complexityof the in nite word u .

De nition 11. Let > 1 be a Parry number. The unique xed point of the canonical
substitution ' is denoted by

u = lim *"(0)=""*(0):

The uniqueness ofu follows from the de nitions of ' , the letter O is the only
admissible starting letter of a xed point.

2 Special factors and factor complexity

In this section, we will recall the notion of special factoref an arbitrary in nite word
and we will explain how the structure of special factors of am nite word determines its
factor complexity.

In what follows, we shall restrict ourself to those in nite words which are xed point
of some substitution' de ned over a nite alphabet A. We shall further assume that
is injective and primitive.

It is well known that any xed point of a primitive substituti on is uniformly recurrent,
l.e. if each factor occurs in nitely many times and the gaps é&tween its two consecutive
occurrences are bounded in length. It implies that each famtis extendable both to the
right and to the left.
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De nition 12. Let v be a factor ofu, the set ofleft extensionsof v is de ned as
Lext(v)= fa2Aj av2L (u)g:

If #Lext( v) 2, then v is said to be aleft special (LS) factor of u.
In the analogous way we de ne the set aight extensionsRext(u) and aright special
(RS) factor. If v is both left and right special, then it is calledbispecial

The connection between (left) special factors and the congity follows from the
following reasoning. Let us suppose that,(u) = fvy;:::;%g and let Lext(v;) =

fa(li); i :;a,(ii)g; i  1:i=1;::::k. Now, it is not di cult to realize that
k k k
Lnsr (U) = fa(ll)vl;:::;afll)vl;a(lz)vz;:::;afk 11)vk 1;a(1)vk;:::;a,(k)vkg;

i.e. by concatenating all factors of lengtm and all their left extensions we obtain all
factors of lengthn + 1. It implies that

X
#Ln+(u) #L,(u)=MC(n) = (#Lext( v) 1): (1)

V2L n(u)
v is LS

Hence, if we know all LS factors along with the number of theileft extensions, we are
able to evaluate the complexityC(n) using this formula.

2.1 Classi cation of LS factors

Let a;b2 Lext(v) be left extensions of a factor of u, it means that both av and bv are
factors ofu. If there exists a letterc 2 Rext(av)\ Rext(bv), we say thatv can be extended
to the right such that it remains LS with left extensionsa; by indeeda; b2 Lext(vc).

De nition 13. Let a;b2 Lext(v) be distinct left extensions of a LS factow of u. v is an
(a; bh-maximal LS factor if Rext(av) \ Rext(bv) = ;, in words, v can not be extended to
the right such that it remains LS with left extensionsa; b

It can also happen that a LS factorv with left extensions a and b is extendable to
the right in nitely many times remaining LS. In this way we obtain a so-called in nite
LS branch.

De nition 14. An in nite word w called anin nite LS branch of u if each pre x of w
is a LS factor ofu. We put

\
Lext(w) = Lext(v):

v pre x of w
Proposition 15.
(i) If u is eventually periodic, then there is no in nite LS branch oti,

(if) if u is aperiodic, then there exists at least one in nite LS braricof u,
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fL@;2=11
;>W ' -image . 1211 > (w) f -image R 2>11' (w)
gL 1:2= f2;3g
flL@;3-=
§>W ' -image . Zji; > (W) f -image R ;> (w)

gL (2:;3)= f1;29

Figure 1: Images of LS factors.

(i) if u is a xed point of a primitive substitution then the number ofin nite LS
branches is bounded.

(1) is obvious, (iii ) is a direct consequence of (1) and Proposition @). Item (ii) is
a direct consequence of the famous Konig's in nity lemma [11

Taking all together, our aimis to nd all (a; b-maximal LS factors and also all in nite
LS branches ofu.

Remark 16. The term \special factor” (for us it was RS factor) was introdiced in 1980 [2]
and it has been used for computing the factor complexity siecthen (eg. [3], [8]). The
notations introduced above are based on Cassaigne's ari¢6]. An(a;b-maximal factor
is a new term, actually it is a special case of weak bispecial factomproposed there. It
is also shown in the article that bispecial factors determenthe second di erence of the
complexity in a similar way as LS factors determine the rst derence of the complexity.

Remark 17. Everything what has been (and will be) de ned or showed for L&ctors can
be de ned or showed similarly for RS factors.

2.2 How to nd in nite LS branches

Before introducing a new notion, let us consider for examptée substitution
Y17 1213271 311,371 241247 43557! 534 (2)

with u = ' 1 (1). Further, let w be a LS factor (or in nite LS branch) of u with left
extensionsl and 2. Is' (w) again LS factor? From Figure 1 (the rst line) we see that
it is not since the letter 1 is its only left extension. In ordeto obtain a LS factor, we
have to prepend the factor 11 which is the longest common suf ' (1) = 1211 and

' (2) = 311, then 11 (w) is a LS factor with left extensions2 and 3. In the case when
Lext(w) = f2;3g (the second line in Figure 1), (w) is a LS factor since the longest
common su x of ' (2) =311 and' (3) = 2412 is the empty word .

De nition 18. Let' be a substitution de ned over an alphabetA. For each couple of
distinct letters a;b2 A we dene f_(a;b as the longest common su x of words' (a)
and' (b).
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De nition 19. Let ' be an injective substitution de ned over an alphabetA having a
xed point u. For each unordered couple of distinct letters; b2 A such that Rext(a) \
Rext(b) 6 ; we de ne the setg, (a; b as follows.

() If f (a;b is a proper sux of both ' (a) and ' (b), then g_(a; b contains just the
last letters of factors' (a)(f_(a;b) *and' (b)(f._(a;b) *.

(i) f fu(a;b =" (a) (i.,e. W.L.O.G. j (a)j < | (bj), then g.(a;b contains the last
letter of the factor ' (b)(f_(a;b) * and all the last letters of factors' (c), where
c 2 Lext(a) such that Rext(ca)\ Rext(b) 6 ;.

Assumption 20. A substitution ' de ned over A is injective and it has a xed point u
such that for all a;b2 A, for which g, (a; b is de ned, it holds that # g_(a; b = 2.

Moreover, iff (a;b ="' (a) (i.,e. W.L.O.G. j' (8)j < j' (b)j) and d is the last letter of
the factor ' (b)(f_(a;b) I, then for all c 2 Lext(a) such that Rext(ca) \ Rext(b) 6 ; it
holds that d is not the last letter of ' (c).

Assumption 20 is valid for all su x-free substitutions since g, (a; b from point (i)
of De nition 19 contains always just two elements and the caswhenf (a;b = ' (a)
never happens. Iff_(a;b = ' (a), then Assumption 20 says that ifv is a LS factor
with Lext(v) = fa; kg, then the last letter of ' (¢) is the same for allc 2 Lext(av) and,
moreover,d' (a) is not a sux of ' (b) { in other words, for each LS factorv the factor
fL(a;b" (v) is again LS. We will see that this complicated assumption isass ed for the
(not su x-free) substitution ' , where is a non-simple Parry number.

De nition 21. Let' be a substitution satisfying Assumption 20. Then for each L&ctor
(or in nite LS branch) w having distinct left extensionsa and b we de ne f -image of w
as the factorf (a;b" (w).

With respect to the preceding discussion, Assumption 20 sayhat f -image is al-
ways a LS factor and it has just two left extensions, namely v elements ofg_(a; b,
corresponding to two original left extensions and b.

Assumption 20 along with the notation introduced above all@ us to de ne the fol-
lowing graph.

De nition 22. Let ' be a substitution de ned over an alphabetA satisfying Assump-
tion 20. We de ne a directed labelled graptGL. as follows:

(i) vertices of GL. are all unordered couples of distinct letters; bsuch that Rext(a) \
Rext(b) 6 ;,

(i) there is an edge from a vertexXa; b) to a vertex (c; d) labelled byf, (a;b if g_(a;b =

fc;dg.

In fact, Assumption 20 states that out-degree of each verteis exactly one. The
graph GL. for our example substitution is drawn in Figure 2, this substution satis es
Assumption 20 for it is su x-free.

Now, let us consider the case whem is an in nite LS branch with a;b2 Lext(w);a 6
b. Obviously, f -image ofw is uniquely given. For most substitutions even af\-preimage”
of each in nite LS branch exists.



100 K. Klouda

11

8@9‘@6@

Figure 2: The graphGL. for the Substitution (2).

Assumption 23. An in nite word u is a xed point of a substitution ' satisfying As-
sumption 20. For each in nite LS branchw of u with a;b2 Lext(w);a 6 bthere exists
at least one in nite LS branch w with left extensions ¢ and d such that f -image ofw
equalsw and g, (c;d) = fa; k.

This assumption is very weak. Actually, we have not found angubstitution not
satisfying it.

Theorem 24. Let u be a xed point of a primitive injective substitution' satisfying
Assumption 23 and letw be an innite LS branch with a;b 2 Lext(w);a 6 b. Then
either w is a periodic point of '

w="!(w) forsomel 1; (3)

and (a; b is a vertex of a cycle inGL. labelled by only orw = s''(s)' ?(s) s the
unique solution of the equation
w = s '(w); (4)

where (a; b is a vertex of a cycle inGL. containing at least one edge with non-empty
label, | is the length of this cycle and

s=fu(g (@b) "' Afu(g(@b) ' Hf(ab): ()

3 Results foru

De nition 25. Let > 1 be a non-simple Parry number. The se§ is de ned as follows:
belongs toS if and only if one of the following conditions is satis ed

ad @)=ty tn(0 Otmip) andty>tmep;
b) d (1) = t; ) i Otm(tm + 1 tmep)'s 0 Lty <t
}’.’{z?}JPq{ 1?

As an outstanding subset o5, we deneasetSy=f > 1jd (1)=t;(0 O0(t; 1))'g.
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Due to the previous lemma, 2 S if and only if z = sp;s2 N.

Proposition 26. Let > 1 be a non-simple Parry number and lat be the xed point of
the canonical substitution' . Then

() if p> 1, thenu is an in nite LS branch with left extensionsfm;m+1;:::;m+
p 1g,

@) if 2S5, thenu is the only one in nite LS branch,
(i) if 2 S, then there arem in nite LS branches

o'm' ™(0'm)' 2™(0'm)

rm l(otm)u 2m 1(Otm)| 3m 1(Otm)
There are no other in nite LS branches ofu .
We have found all in nite LS branches. To obtain complete kneledge of the structure
of LS factors we need to nd all(a;b-maximal LS factors as well. It is possible to do
SO but it requires introducing a lot of notations. Therefore we present only the most

important result formulated as the following lemma.

Lemma 27. 2 Sy if and only if u contains a nite number of (a; bh-maximal LS factors
for any a;b2 A.

It is important since one can prove the following.

Lemma 28. The complexity ofu is ane if and only if u contains a nite number of
(a; bh-maximal LS factors for anya; b2 A..

This equivalence is not valid in general, for a counter exartg@see [7]. These two
lemmas give us our main result.

Theorem 29. Let > 1 be a non-simple Parry number and lei be the xed point of
the canonical substitution' . The factor complexity ofu is aneifandonlyif 2 S,.
Then,C(n)=(m+ p 1)n+1. Moreover,

(i) if p>21and 2Sp, thenu andO 'u are the only in nite LS branches,

(i) u is Sturmianifand onlyifp=1 and 2Sg,i.e. d (1)= ty(t; 1)'.

The characterization of the Sturmian case is given in [10]. énark that numbers from
Sy are all Pisot numbers (Frougny).
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Abstract. We consider an invariant quantum Hamiltonian H = g + V in the L? space based
on a Riemannian manifold M with a discrete symmetry group . Typically, M is the universal
covering space of a multiply connected manifoldVl and is the fundamental group of M. To
any unitary representation of one can relate another operator onM = M= , calledH |,
which formally corresponds to the same di erential operata as H but which is determined by
quasi-periodic boundary conditions. We give a brief reviewof the Bloch decomposition ofH
and of a formula relating the propagators associated to the lmiltonians H and H. Then we
concentrate on the example of the Aharonov-Bohm e ect with two vortices.

Abstrakt. Mijme invariantni Hamiltonian H = g + V naL?(M), kde M je Riemanovskéa
varieta se spoéetni koneénou grupou symetrii . M je nejéastiji univerzalni nakryvaci prostor
variety M a je jeji fundamentalni grupa. Ke ka%dé unitarni reprezentac grupy Ize
poigadit operatorH na M = M= . Ten je formdlni stejny jako operator H, navic je uréen
kvazi-periodickymi okrajovymi podminkami. V nasledujicim textu struéni nastinime konstrukci

Blochova rozkladu operétoruH a rozklad propagéatoru nale¥sejici operdtaumH a H. Tento

postup je nasledni aplikovan na Aharono-Bohmv jev se dvim a civkami.

1 Introduction

Suppose that there is given a connected Riemannian manifdd with a discrete sym-
metry group . Let us consider a -periodic Hamilton operator in L2(M) of the form
H = 8 + V where g is the Laplace-Beltrami operator andV is a -invariant
bounded real function onVf. To any unitary representation of one can relate another
operator onM = M= , calledH , which formally corresponds to the same di erential
operator asH but which is determined by quasi-periodic boundary conditins. In the
framework of the Feynman path integral there was derived a mearkable formula relating
the propagatorsK, (X;Xo) and K(x; xo) associated respectively to the Hamiltoniansi
and H [11, 12].There exists also an opposite point of view when odecomposes the
operator H into a direct integral with componentsH where runs over all irreducible
unitary representations of [14, 1, 4]. The evolution operator then decomposes corre-
spondingly. This type of decomposition is an essential step the Bloch analysis. Let us
also note that an alternative approach to the Bloch analysjdased on a more algebraic
point of view, has been proposed recently in [5].

The both relations, the propagator formula on the one hand ahthe generalized Bloch
decomposition on the other hand, are in a sense mutually imge [8]. In the current paper
we give a brief review of basic results concerning this relanship and further consider
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the example of the Aharonov-Bohm e ect with two vortices. Inthis caseM is identi ed
with the universal covering space of the plane with two exctled points and is the
fundamental group of the same manifold.

The paper is organized as follows. In Section 2 we give a brief/iew of basic results
concerning the relationship between the generalized Bloemalysis and the formula for
propagators associated to periodic Hamiltonians. In Seoti 3 we explain the construction
of the propagator on the universal covering space in the caskthe Aharonov-Bohm e ect
with two vortices and discuss the application of the propadar formula in this particular
case.

2 Propagators associated to periodic Hamiltonians

2.1 Periodic Hamiltonians

Let M be a connected Riemannian manifold with a discrete and at ntosountable sym-
metry group . The action of on M is assumed to be smooth, free and proper (also
called properly discontinuous). Denote by~ the measure onM induced by the Rie-
mannian metric. The quotientM = M= is a connected Riemannian manifold with an
induced measure . This way one gets a principal ber bundle : N ! M with the
structure group . The L? spaces on the manifoldd and Nt are everywhere tacitly
understood with the measures and ~, respectively.

Typically, M is the universal covering space dfl and = (M) is the fundamental
group of M. For example, this is the case when one is considering the Abaov-Bohm
e ect.

To a unitary representation of in a separable Hilbert spacd one relates the
Hilbert spaceH formed by -equivariant vector-valued functions onNf. This means
that any function 2 H is measurable with values i and satis es

8s2 ; (s y)=( s) (y) almost everywhere orvt:

Moreover, the norm of induced by the scalar product is nite. If ;; ,2 H then the
function y 7' h 1(y); 2(y)i dened on M is -invariant and so it projects to a function
S ,. , dened on M, and the scalar product is de ned by
Z
ha oi= sy ,(x)d (%)
M
As already announced, our discussion concernsperiodic Hamiltonians on M of
the form H = s + V where g is the Laplace-Beltrami operator andV(y) is
a -invariant measurable bounded real function ovf. Here we accept the Friedrichs
extension as the preferred self-adjoint extension of semimnded symmetric operators
de ned on test functions.
To the same di erential operator, g + V, one can relate a selfadjoint operatoi
in the spaceH for any unitary representation of . Letusdene :C} (M) L !
8 2Cy(M);8v2L ; (' V(Y=  '(sy(shHwv

s2
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Since the action of is proper, the vector-valued function ' v is smooth. Moreover,

' vis -equivariant and the norm of ' vin H is nite. Furthermore, the
range of is dense inH . The Laplace-Beltrami operator is well de ned orRan( )
and it holds

e [ vl= [ s v]:

One can also verify that the di erential operator g is positive on the domairRan( )
H . Since the functionV (y) is -invariant, the multiplication operator by V is well de-
ned in the Hilbert space H . The Hamiltonian H is de ned as the Friedrichs extension
of the di erential operator g + V considered on the domairRan

2.2 A generalization of the Bloch analysis

Let " be the dual space to (the quotient space of the space of irreducible unitary
representations of ). In the rst step of the generalized Bloch analysis one deotgposes
H into a direct integral over " with the components being equal tdH . As a corollary
one obtains a similar relationship for the evolution operats U(t) = exp( itH ) and
U (t)=exp( itH ), t2 R. To achieve this goal a well de ned harmonic analysis on the
group is necessary.

It is known that the harmonic analysis is well established fdocally compact groups
of type | [13]. So all formulas presented bellow are perfegtivell de ned provided is
a type | group. A countable discrete group is type I, howeveif and only if it has an
Abelian normal subgroup of nite index [17, Satz 6]. This meas that there exist multiply
connected con guration spaces of interest whose fundamahtgroups are not of type |I.
For example, the fundamental group in the case of the Aharomdohm e ect with two
vortices is the free group with two generators and it is not dype I. Fortunately, in this
case, too, there exists a well de ned harmonic analysis [16]

Let us recall the basic properties of the harmonic analysisnaliscrete type | groups
[13]. In that case the Haar measure on is chosen as the counting measure. Lelrh
be the Plancherel measure ofi. Denote by | »(L ) L L the Hilbert space
formed by Hilbert-Schmidt operators onL (L is the dual space ta. ). The Fourier
transformation is de ned as a unitary mapping

Z
F :L?%() ! (L )dm()

Forf 2LY) L?() one has

X
FIfI0) = f(s)( s):

s2

Conversely, iff is of the formf = g h (the convolution) whereg;h 2 L*() , and
f'= F [f] then 7

f(s)= Tr( s) fOldm() :

It is known that if  is a countable discrete group of type | themlimL is a bounded
function of on the dual space” [17, Korollar I]. Using the unitarity of the Fourier
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transform one nds that
Z
m( dimL d()=1 :

The following rule satis ed by the Fourier transformation s also of crucial importance:
8s2 ;8f 2L2(); F[f(s 9l0)=( sHFIF(@I) :

Now we are going to construct a unitary mapping

Z
: L2(Nr) ! L H dri()

which makes it possible to decompose the HamiltoniaH. Observe that the tensor
product L H can be naturally identi ed with the Hilbert space of1  -equivariant
operator-valued functions onVI with values in L L | (L ). Forf 2 L?(Nr) and
y 2 M set

8s2 ;fy(s)="f(s?t y)
The norm kfyk in L?() is a -invariant function of y 2 N, and the projection of this
function onto M can be checked to be square integrable. Hence for almosba M and

ally2 (fxg) it holds fy, 2 L?() . We de ne the component[ f]() , 2 ", by the
prescription

[FIOCY) = FI[fI0) 21 (L ):
In particular, if f 2 LY(Nr)\ L2(NT) then

X
[FIO(y= f(s* y)(s):

s2

Equivalently one can de ne in the following way. For' 2 C} (M),v2 L and
y 2 M set

[F1OCyv=(C " Vv(y): (1)
Then introduced in (1) is an isometry and extends unambiguouslta unitary mapping.
Finally one can verify the formula

Z
H *= 1 H dm()

which represents the sought Bloch decomposition. As a cdeoly we have

Z
ue = 1 U (dm() : (2)
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2.3 A construction for propagators associated to periodic
Hamiltonians

N

In equality (2), the evolution operator U(t) is expressed in terms ot (t), 2 . ltis
possible to invert this relationship and to derive a formuldor the propagator associated
to H which is expressed in terms of the propagator associated kb,

The propagators are regarded as distributions which are imdduced as kernels of the
corresponding evolution operators. Recall that by the Scltastz kernel theorem (see, for
example, [7, Theorem 5.2.1]), to ever$8 2 B (L?(M)) there exists one and only one

2 DYV M) such that

8 1;'22Cy(NN); ("1 '2)=H B i

Moreover, the mapB 7! s injective. One calls the kernel ofB.

The kernel theorem can be extended to Hilbert spaces formey b-equivariant vector-
valued functions. In this case the kernels are operator-vedd distributions. To every
B 2 B (H ) there exists one and only one 2 DN M) B (L ) such that

8 1;' 22 CJ (M);8v;v22 L
hvi; (71 "2wi=h "1 vi;B 'y Wi

The distribution is -equivariant:

852 ; (s yuy2)= (9 (Yuya; (Yus y2)= (yuy2)(s?h

In this case, too, the mapB 7! is injective.

Denote byK; 2 DYM M) the kernel of U(t) 2 B (L%(M)), and by K, 2 DM
M) B(L ) the kernel ofU (t) 2 B(H ). Here and everywhere in this sectior, is a
real parameter. The kerneK, is -equivariant:

852 ; Ki(s yiy2)= ( 9K (yiy2); K (yiis y2) = Ky (yaiy2) (s 7):

First we rewrite the Bloch decomposition of the propagatord) in terms of kernels.
It is possible to prove that, for all' ;;' , 2 C3 (M), the function 7! Tr[K, ("1 ' 2)]is
integrable on” and
Z

K1 "2)= MK (2 " 2)ldm() :

An inverse relation was derived by Schulman in the framewordf path integration [11, 12]
and reads

X
K (X;y) = (9)Ki(s * xy): (3)

s2

It is possible to give (3) the following rigorous interpretdon. Suppose that' ;' , 2
C3 (M) are xed but otherwise arbitrary. Set

Fi(s)= Ky "1(s ' y1) "ay) fors2 ;
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and
1 ] N
Gi()= Ki("1 "2021 L )for 2
One can show thatF; 2 L?() and G, is bounded on” in the Hilbert-Schmidt norm.
Recalling that () 1 we havekG()k 2 L1(J \ L2} . In[8] it is veri ed that

Fo=F l[Gt]:

and, consequently,
Gt = F [R]: (4)

Rewriting (4) formally gives equality (3).

3 The Aharonov-Bohm e ect with two vortices

3.1 The propagator on the universal covering space

The con guration space for the Aharonov-Bohm e ect with twovortices is the plane with
two excluded points,M = R?nfa;hy. This is a at Riemannian manifold and the same
is true for the universal covering spacét. Let : NM ! M be the projection. It is
convenient to complete the manifoldVI by a countable set of pointsA [B which lie on
the border of M and project onto the excluded points, (A) = fagand (B) = fhg.

M looks locally like R? but di ers from the Euclidean space by some global features.
First of all, not every two points from NI can be connected by a geodesic segment. Fix
a point

y 2 NI which can be connected withx by a geodesic segment. The domai(x) is one
sheet of the coveringht ! M. It can be identi ed with R? cut along two hal ines with
the limit points a and b, respectively. Thus the border@ [§x) is formed by four hal ines.
The universal covering spacdf can be imagined as a result of an in nite process of
glueing together countably many copies db (x) with each copy having four neighbors.

The fundamental group ofM, called , is known to be the free group with two
generatorsg, and g,. For the generatorg, one can choose the homotopy class of a simple
positively oriented loop winding once around the pointa and leaving the pointbin the
exterior. Analogously one can choose the generatgy by interchanging the role ofa and
b. One-dimensional unitary representations of are determined by two numbers , ,

0 ; < 1, such that

()= €' (@)= ¢
The standard way to, de ne the Aharpnov-Bohm Hamiltonian wit two vortices is to
choose a vector potentialA for which rot A =0 on M and such that the nonintegrable

phase factor [18] for a closed path from the homotopy clagg or g, equalse?’ or
€' , respectively (assumipg that0 < ; < 1). The Hamiltonian then acts as the

di erential operator ( ir " A)Zin L?(M). A unitarily equivalent and for our purposes
more convenient possibility is to work with the HamiltonianH = in the Hilbert
spaceH of -equivariant functions onNr, as introduced in Section 2.1. Parallelly one
considers the free HamiltoniarH = in L2(NT). H is -periodic. In order to compute,
according to prescription (3), the propagatorK (t;x;y) associated toH one needs to
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derive a formula for the free propagatoK(t; x;y) on M. Such a formula is recalled below
following [15].

Let # be the Heaviside step function. Fox;y 2 M [A[B set (x;y) =1 if the
points X, y can be connected by a geodesic segment, ang;y) = 0 otherwise. Given in
addition t 2 R we de ne

1 [
Z . . - # . - _ 1 2 . .
(txiy) = #(t) (xY) 7o exp 5 dist?(xy)
Furthermore, for X;;X2;X3 2 M [A[B such that (Xx1;X2) = (X2;%3) = 1, and for
t1;to, > 0 we set
|
1 1
X3, X2; X1 . . tor, . torg
\ = 2i +ilog — + +ilog —
to) 1y g tir, g tiro
where =\ Xj3;X;; X3 2 R is the oriented angle and; = dist( X1; X2), ro = dist( Xz; Xa).
Note that if the inner vertex x, belongs to the set of extreme point&[B then the angle
can take any real value.

We claim that the free propagator onVr equals

X
K(t; x; Xo) = K (t;x; X o) (5)
where the sum runs over all piecewise geodesic curvesxg ! C; ! ;1 Cy ! X
with the inner verticesCj, 1 j n, belonging to the set of extreme point&\[B . This
means that it should hold (xo;C;) = (Cy1;Cy) = ::: = (Cy;x) = 1. Let us denote

designates the geodesic segmexyg! x. To simplify notation we set everywhere where
convenientCy = Xo and Cp4; = X. With this convention, the summands in (5) equal

K (t; X; X0)
Z

Y1 oo

= dtn:iidty (th+ i+ te 1)V Cj+2:;Cj+1;C;

RN+1

Y
Z(t:C.1:C):
tj+l;tj j=0 (J i J)

(6)

In particular, if j j =0 then K (t;X;X0) = Z(t;X;X0), and ifj j =1 then designates a
path composed of two geodesic segmentg! C! x, with C2A[B , and

Z,

K (tx;x0)= #(t) V X C:Xo

. t ss Z(t s;x,C)Z(s;C;x0)ds:

For detailed derivation of this formula see [9].

3.2 The propagator associated toH

Without loss of generality we can suppose that the vorticesra located in the points
a=(0;0) and b= (%0). Let (ry; a) be the polar coordinates centered at the poina
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and (rp; p) be the polar coordinates centered at the poinb. To express the propagator
for H itis convenient to pass to a unitarily equivalent formulaton. Let us cut the plane
along two half-lines,

Lo.=] 1 ;0[f OgandL,=]%:+1[f Og:

The values , = correspond to the two sides of the cukL,, and similarly for , and
L. The unitarily equivalent Hamiltonian H? is formally equal to in L?(R?; d?x) and
is determined by the boundary conditions along the cut,

(fas a= )=€" (fa; a= ) @ (fa; a= )=€" @, (raj a= );
(roy b= )= e! (rpy b= ) @ (ro; b= )= e @ (rp, b= ):

In addition, one should impose a boundary condition at the wtices, namely (a) =
(h=0.

Let us denoteD = R?>n(L.[ Ly). Then one can embed M as a fundamen-
tal domain. We wish to nd a formula for the propagator K° (t;x;x,) associated to
the Hamiltonian H® . It can be simply obtained as the restriction toD of the propa-
gator K (t;X; Xo) associated to the HamiltonianH . On the other hand, to construct
K (t;X;Xo) one can apply formula (3) and the knowledge of the free propaigr on NI,
see (5), (6). Thus we get

X X
K (t;X;Xo0) = (g HK (g x;Xo): 7)
g2

Fix t> 0and xq;x 2 D. One can classify piecewise geodesic pathshin

X! Cy! il Cyl g x (8)
with C; 2 A[B andg 2 , according to their projections toM. Let — be a nite
alternating sequence of pointa and b, i.e., ” = (¢;;:::;G), G 2fa;lbgand ¢ 6 G.q.
The empty sequence = () is admissible. Relate to~ a piecewise geodesic path il ,
namelyxo ! ¢! :::! ¢ ! x. Suppose that this path is covered by a path in
M, as given in (8). ThenC; 2A i ¢ = aandC; 2B i ¢ = b Denote the angles
\ Xo;C;C = gand\ ¢, 1;G;x = . Then the angles in the path in (8) take the values

\ X0;C1;Co= o+2kq,\ Cy 1;,Ch;9 x= +2kpand\ G;Cua;Cir =2 Kjyqg for
1 n 2(@Gf n 3), whereky;:::;k, are integers. Any valuek,;:::;k, 2 Z are
possible. In that case the representation applied to the group elementg occurring in
(8) takes the value

(g)=exp(2i(ky 1+ i1+ Ky 1))

where ; 2f ; gand ;= ifg=aand ;= ifg=~Dh
Using the equalities
X . 1 1
SXPEIK) ok %is w2k o+ +is
k2z
+1 ;
. (GADD

1osinC ( +i )
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and
1

exp(( +is) ), _,exp( (s 1)),
1 sin( ( +i)) 1+exp( s+i )’

that are valid for 0< < 1,]j < , one can carry out a partial summation in (7)

alternating sequences..
Let us conclude our contribution by giving the resulting fomula for K° (t; x; x o). We

set

a=lor ,=€&' or j=e?!
depending on whether the segmerkgx does not intersectL 5, or XpX intersectsL, and
Xo lies in the lower half-plane, orxpX intersectsL, and X lies in the upper half-plane.
Analogously,

b=1lor ,=€&' or ,=e?!
depending on whether the segmemnyX does not intersectL,, or XpX intersectsL, and

Xo lies in the upper half-plane, orxgX intersects Ly, and xq lies in the lower half-plane.
Furthermore, let us set

a=€ 2 y=¢€ °» where ,; ,2f02; 2 g
Then one has

KO (t;x; X o)
B 1 X Xoj?
T oabgy SR a,
sin( )~ 'dt Tt odt

- — (ty+ t t
exp i ﬁ + @ exp[ (Sa i( a_ Oa_ a)]
. 1 1
sin dt dt
b () — — (ti+ty 1)

4 2i 0 t]_ 0 to
Ty N s expl (sv i(b o )

exp i . -
P 4t 4t 1+eXp( Spt+ 1 p | Ob)
X Z, Z
1 n dtn . dto
+ — (1) — — (th+ i1+ tg )
4i “n 2 o In o to
r2 % % rd
exp - —+ +il+—+ = S5(S;; o)
A t,  to ( 0)
where
S(s;; o = sin( n)exp[ n(sn 1)Isin » 1exp( n 1Sn 1)

l+exp( spti) 1+exp( sn)

sin( 1) exp[ (st i o).
1+exp( si+i o)
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and
tera

tiri 1 .
" sp=log — ;s =log 22— forl | n
ofa torp : tj 1rj

In addition, (r; ) are the polar coordinates of the poink with respect to the centerc,,
Bo; o) are the polar coordinates of the poiniky with respect to the centerc;. The sum

Sa = log

~n o funs over all nite alternating sequences of length at leasivo, =~ = (¢;;:::; G),
such that for all j, ¢ 2 fa;bg, g 6 .1, and j = (resp. ) depending on whether
G = a(resp. b).
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Abstract. This paper presents an overview of the techniques used to s@ constrained optimiza-
tion problems using evolutionary algorithms. The construdion of the tness function together
with the handling of feasible and infeasible individuals isdiscussed. Approaches using penalty
functions, special representations, repair algorithms, rnethods based on separation of objective
and constraints and multiobjective techniques are mentiored.

Abstrakt. Tento pgispivek podava pgehled metod pro geleni optimaligaich Gloh s omezenimi

pomoci evoluenich algoritmu. Zmininy jsou nikteré zpusobyvytvageni tness funkce spolu se

zpracovanim pgipustnych a nepgipustnych jedincu. Zahrnytjsou pgistupy vyu¥iivajici penal-

izaéni funkce, specialni reprezentace, opravné algoritmynetody zalo¥.ené na oddileni Géelové
funkce a omezeni a vicekriteridlni metody.

1 Introduction

Evolutionary algorithms have been successfully used in anmge of applications. [1] Ma-
jority of the papers presented pertain to unconstrained opnization problems. As [2] ar-
gues, virtually all real problems are constrained. Thus, 1 study of constraint-handling
methods that can be used with evolutionary algorithms is ammportant subject.

Evolutionary algorithms are based on a analogy with the ewalion process occurring
in nature: The individuals have genes that encode the soloti. The individuals are
compared with others and those that perform better (have hlger tness) get higher
probability of propagating their genes into the next genett#gon. The genes of the o spring
population are the product of applying genetic operators tahe genes of their parent
individuals.

For an evolutionary algorithm, the following is needed:

A representation of the potential solution (an individual)
A way of initializing the population of the individuals.

Genetic operators that act on the (parent) population { typically recombination
and mutation.

Selection operator that chooses which individuals propatgto the next generation.

Evolutionary algorithm can be formally de ned as follows (lased on [1]):
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De nition 1. (Evolutionary algorithm) The following algorithm is called an Evolutionary
Algorithm:

1.t O

2. initialize:
Po= ag;:::;a @ I

(a) recombine:
Pto r(?t) (Pt)

(b) mutate:
P mt (P)
(c) select: if =1:

t
Pia 8% (PO

else:
Pt+1 SEt)gt))(Ptoo[ Py)
dt t+1
where:

| 6= ? is the individual space

@ 12n, IS @ sequence of the parent population sizes

i) is a sequence of the o spring population sizes
i2No

. t
| @ t2 Ny !f 0;1gis the terminating criterion

2 f 0; 1g chooses betweef; ) and( + ) selection method

r 2n, 1S @ sequence of recombination operators:

h N
O O O

where ) is the set of recombination parameters and’ 2

m{® _  is a sequence of mutation operators:
i2No

: : h i i
mO: Oy Oy ®

where () is the set of mutation parameters and{) 2 {
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s _  is a sequence of selection operators:
i2No

|
o(i) 4 o) (i+1)

st O L

where () is the set of mutation parameters and{’ 2 {’

In this paper we focus on applying evolutionary algorithmsa constrained optimization
problems. By this we mean the following:

rr;inf(x) (1)

subject to:
Gi(x) 0 8i2f1:::;ng0 (2)
hy(x) = 0 8 2f1;:::;nhQ 3)

where the set is the search spacelLet n denote the total number of constraints:
n = ng+ ny
The constraints (3) and (2) implicitly de ne the feasible sé

= x2 jg(x) 0"h(x)=0

We make no additional assumptions about the feasible set. kpeneral it can be a
non-convex, even a disconnected set.

Dening = , it can be stated that the search space is partitioned into two
disjoint sets: the feasible set and the infeasible set .

The level of violation of the constraints (2) and (3) by a poihx 2  can be measured
as follows:

Gi(x) = maxf0;g(x)g 4)
Hj(x) = jhj(x)] (5)
Note that for all x 2
G(kx) =0
Hj(x) = 0

An equality constraint h;(x) = 0 can be transformed into inequality constraints in
the following way:

ihj "
where" is a small constant specifying the tolerance.

This approach allows the equality constraints to be treateds inequalities, which can
be useful for methods that do not treat equality constraintseparately.
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2 Fitness function

The tness function is a functionF : 1! R that evaluates the individuals according to
how well they solve given problem.

The design of the tness function can be a non-trivial task een for an unconstrained
problem. In case of constrained problems, the design of a gotness function is even
more di cult. In [2] the following points guiding the design of the tness function are
listed:

1. How should two feasible points be compared?
2. How should two infeasible points be compared?

3. How are the functions for feasible and infeasible pointglated? Should feasible
points be always "better" than infeasible ones?

4. Should infeasible points be considered harmful and rensal/from the population?

5. Should infeasible points be "repaired"?

6. If individuals are repaired, should this repaired indidual be used only for evalu-
ating its tness (Baldwin e ect) or should the individual be replaced l(amarckian
evolution)?

7. Should infeasible individuals be penalized?

8. Should the algorithm start with a feasible population andkeep the feasibility
throughout the run of the algorithm?

During the run of the algorithm, the population can generail contain both feasible
and infeasible individuals. In the end though, the answer nsti be a feasible solution, as
the infeasible individual, no matter its tness from the pont of view of the evolutionary
algorithm, is not a solution to the original problem.

An obvious method of ensuring this works by removing all thenfeasible solutions, so
that the population never contains an infeasible individua While this method has been
used, in many problems it does not work. (See section 3 for neoinformation on this
approach.)

This leads to the conclusion that the evolutionary algoritm should allow the infeasible
individuals in the population. Because of this, a decisionds to be made on how to
compare the feasible and the infeasible individuals.

One way to tackle this task is to de ne the tness function as dllows:

F (x) x2

F (x) x2 (6)

F(x) =

When evaluating F , the actual value of the constraints should not be important
as the point is in the feasible set. When evaluating , the question is if the value of
the objective functionf should be taken into account.F should react to the fact that
the solution is not feasible and direct the search into the &sible set. Yet, should it be
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based on the amount of the violation, or should it only re ectthe number of violated
constraints?

While the inclusion of the objectivef in F might help guide the search, sometimes
(in case the objective is not de ned outside of the feasibleegion ) this is not possible.

It should be noted that in some evolutionary algorithms the tness function is not
explicitly needed. For example, if the evolutionary algothm uses the tournament se-
lection, all that is needed is an ordering relation de ned e the individual spacel .
Still, this does not relieve us of the burden of satisfactdyi answering the aforementioned
guestions.

An overview of some of the methods that were used to solve ctragmed optimization
problems follows. The methods di er by how they answer the afementioned questions.

3 Penalty functions

The oldest and most common approach to solving constrainegtomization problems
using evolutionary algorithms is the use of a penalty funain. The method is based in
the idea of adding to the objective functionf a function that penalizes solutions laying
in the infeasible set, thus decreasing their tness.

There are two basic options:interior penalty functions { this approach starts from
a feasible solution and the penalty function is de ned so thaits value approaches to
in nity as the solution moves towards the boundary of the fesaible set, andexterior
penalty functions{ this approach starts from any (generally infeasible) poitin the search
space and the penalty is used to guide the search into the fdds set.

An advantage of the exterior approach is that it does not reqre an initial feasible
population.

The generic formula for the tness function with an exteriorpenalty is:

F(x)= f(x)+ PO(x) (7)
whereP® : | I'h 0;+1 ) is the penalty function satisfying for allx 2  and for all
t 2 Np:

PO(x)=0

A problem with this approach is the choice of the value of the gnalty: Too small
penalty value does not discourage the algorithm from the ieésible set, possibly resulting
in an infeasible optimum. On the other hand, too high penaltywalue might prohibit the
algorithm from crossing the feasible set boundary (which mint be useful or even necessary
in case the feasible set is non-convex or disconnected) anohi exploring the boundary
of the feasible set.

In [3] author suggests the relation between an infeasibledividual and the feasible set
plays an important role in the penalization. There are seval ways how this relationship
could be re ected in the penalty function:

1. the penalty is constant { the individual is being penalizé for being infeasible

2. the penalty re ects the amount of constraint violation
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3. the penalty re ects the e ort needed to make the individué feasible
This method was advanced in several directions in order to ¢kle this issue:

static penalties In this approach, the value of the penalties is independent the gener-
ation number. Typical choice forP® is:

X X
PUX) =  aGi(x) + BhH;(x)
i=1 j=1
with ;2 f1;29, &, b positive constants calledpenalty factors and G;, H; as

de ned in (4) and (5).

dynamic penalties In this approach, the value of the penalties is dependent ohé gener-
ation number. Typically, the penalties rise over time. Thisenables the population
to explore the search space (low penalties) and eventuallyone into the feasible

set. An example of this approach is:
X Xn |
PO(x) = (ct) aGi(x) + hH;(x)

i=1 j=1

annealing penalties This method was inspired by simulated annealing: The penadis
change when the algorithm gets stuck in a local optimum. Thegmalty rises over
time to penalize infeasible solutions in the end of the run dhe algorithm.

adaptive penalties Within this approach, the penalty uses the previous statesfahe
algorithm: The penalty with respect to a constraint is incrased if all the individ-
uals in the previous generation were infeasible. The penalis decreased if all the
individuals in the previous generation were feasible.

co-evolutionary penalties In this approach, there are more populations, for example a
population for the evolution of solutions and a populationdr the evolution of the
penalty factors. A co-evolution scheme is then used.

death penalty This is a simple method that works by eliminating all the nonfeasible
individuals form the population. While it can be easily impémented, it tends to
work only if the feasible set is a reasonably large subset dfet search space and
when the feasible set is convex. [2]

Another approach in this category works by focusing the sedr on the boundary of
the feasible set . According to [1], many real-world tasks have optimum for wich at
least some constraints are active, so the focus on the boungl@f the feasible set seems
reasonable. The way the border is explored is by varying a paty and thus forcing the
individuals to cross between the feasible and the infeastbéet.

The main disadvantage of the penalty methods is their depeedcy on multiple pa-
rameters. While some guidance has been provided, often thargmeters have to be
empirically determined. [1] Also, penalty methods often dmot perform well when the
problem is highly-constrained or when the feasible set issgionnected. [2]
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4 Special representations

This approach tackles the optimization problem by designna special, problem-dependent,
representation of the individuals. This in turn calls for sgcial operators to be used on
those individuals. The operators used typically preservéné feasibility of the population.
The motivation behind this approach is to simplify the feadile set

The representation is problem-speci c. While the approaclwvas successfully used on
speci ¢ problems, it is di cult to generalize this approach.

5 Repair algorithms

This approach works by repairing infeasible individuals. Wo ways are possible: The
repaired individual is used only to evaluate the tness of th original, or the infeasible
individual is replaced with the repaired one.

The resulting individual is not necessarily feasible, butite amount of constraint vio-
lation is reduced.

This method was generalized into the area of constrained ntiobjective evolutionary
optimization in [4] and [5].

The repair approach often has problems with keeping the diksty of the population.
Also, the repair operator can sometimes introduce a strongds into the search process. [3]

6 Separation of constraints and objectives

The following approaches do not mix the objective and the catraints together. There
are several di erent methods reported in [2] and [3].

6.1 Superiority of feasible points

In this approach feasible individuals are always consideresuperior to infeasible ones.
One way to ensure this is to map the objective function onto adunded-above interval,
e. g.(1 ;1) and specify the tness function like:

X)) x2
F(X) - L(X) X 2 (8)
whereL : ! (1;+1 ) is a function measuring the level of constraint violation.

An interesting adaptation that does not require the objectre to be bounded-above is:

f (x) X 2
F(x) = 9
= 0+ L) x2 ®)
Wheref,%tgIX = MaXyzp )\ f(x) and L : I R* is a function measuring the level of

constraint violation.
A di erent way to ensure the feasible points are always supier is to use tournament
selection with the rules & and y denotes the individuals being compared) from table 1.
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Table 1: Tournament selection for the superiority of feasie points method

X 2 y2 X is preferred overy

X 2 y2 y is preferred overx

X 2 y2 decide based offi (x) and f (y)

X 2 y2 decide based on constraint
violation

6.2 Behavioral memory

This method requires a linear ordering of the constraints. fAen it proceeds as follows:
1. initialize the population randomly

2. evolve the individuals to minimize the violation of the rst constraint; stop when
the percentage of individuals feasible with respect to therst constraint surpasses
given percentage

3.j! 2
4. whilej n do:

(a) evolve the individuals to minimize the violation of thej-th constraint while
removing individuals which do not satisfy any of the constrats 1:::j; stop
when the percentage of individuals feasible with respect the j -th constraint
surpasses given percentage

(b) j! j+1

5. evolve the individuals to minimize the objectivef while removing infeasible indi-
viduals from the population (death penalty{ see section 3)

This approach is similar to the lexicographic ordering apmach mentioned in subsec-
tion 7. A drawback is that the initial ordering of the constrants in uences the results
obtained.

Those methods do not work well when the size of the feasiblg s relatively small
(when the constraints are di cult to satisfy). Another problem mentioned in [3] is the
di culty of maintaining the diversity of the population.

An interesting point to make is that those approaches nevewaluate the objective on
infeasible points, making it interesting for problems withhard constraints.

7 Multiobjective techniques

The technique works by transforming the original constraied optimization problem into
an unconstrained multiobjective problem, turning the orignal constraints into additional
objectives. The problem (1) { (3) turns into:

min(f; G 1(x); 113 Gng (X); Ha(X); 2125 Hn, (X)) (10)
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Table 2: Tournament selection for the min-max approach in [6

X 2 y2 X is preferred overy

X 2 y2 y is preferred overx

X 2 y2 decide based offi (x) and f (y)

X 2 y2 select the individual having
the smallest maximal constraint
violation.

The ideal solution of (10) is anx®®® 2 such that:
f(x'9) = miny, f(x)

Gi(xideal)

Hj(x?) = 0 8 2f1;:::;nug

|
(@)
®
N
—h
=
>
«Q
«

Unlike in actual multiobjective optimization, here we are wt interested in nding
good trade-o s between the objectives (the original objente (1) and the constraints):
Any feasible point might be acceptable, no matter the actualalue of the constraint
violation values. On the other hand, a global minimum that kes in the infeasible set is no
solution to the original problem, even if it means a good tragto in the multiobjective
problem.

In [6] a min-max-like approach was described: The evolutiary algorithm uses the
tournament selection with the rules x and y denotes the individuals that are compared)
according to table 2.

8 Conclusion

This paper presents several ways of handling constrains &iger with evolutionary op-
timization. Majority of the approaches does need to evaluatthe objective outside the
feasible set, which renders the methods unusable for comsitts that cannot be relaxed.
Handling such problems with evolutionary algorithms seentberefore like an interesting
option for further research.
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Abstract. Compositional models theory (originally developed by Radin Jiroulek) represents
an alternative approach to Bayesian networks. This text shauld familiarize the reader with
new results in this theory, namely with partial solution of t he equivalence problem (in the sense
independence equivalence). Four di erent operations on pesegram which preserve independence
model are introduced. By help of these operations we may genate the class of persegrams
equivalent to a given one.

Abstrakt. Teorie kompozicionalnich modelu (zformulovand Radimem Joutkem) pgedstavuje
uréitou alternativu k Bayesovskym sitim. V tomto élanku jsou uvedeny nejnovijli poznatky
v této oblasti, konkratni éasteené geleni problému ekvivance (ve smyslu nezavislostni ek-
vivalence). Zavadime etygi ruzné operace na persegramu (djsou zvegejniny poprve) které
zachovavaji nezavislostni model a umo¥40uji generovat rugrekvivalentni persegramy.

1 Introduction

The ability to represent and process multidimensional prability distributions is a nec-
essary condition for application of probabilistic method& Arti cial Intelligence. Among
the most popular approaches are the methods based on Gra@idlarkov Models, e.g.,
Bayesian Networks. An alternative approach to Graphical Mi&ov Models are the so-
called Compositional models, which try to be more e cient tran Bayesian networks
(more e cient in computations, etc.). Nevertheless, the tleory has not been nished yet
and many substantial problems remain to be solved.

2 Compositional Models

Bayesian networks may be de ned as a multidimensional disbution factorizing with re-
spect to an acyclic directed graph. Alternatively, the Baysian network may be uniquely
de ned by its graph and an appropriate system of low-dimensnal (oligodimensional)
conditional distributions. Similarly, Compositional models are de ned as a multidime
sional distribution assembled from a sequence of oligodinsgonal unconditional distribu-
tions, with the help of operators of composition. The main advange of both approaches
lies in the fact that oligodimensional distributions couldbe easily stored in computer

The research was partially supported by Ministry of Education of the Czech Republic under grants
no 1M0572 and 2C06019.
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memory. However, computing with a multidimensional distbution that is split into
many pieces is exceptionally complicated. The advantage @aomparison with Bayesian
networks consists in the fact that compositional models ekpitly express some marginals,
whose computation in the Bayesian network may be demanding.

2.1 Notation and Basic Properties

In this paper we consider a system of nite-valued random vables with indices from
a non-empty nite set N. All probability distributions discussed in the paper will be
denoted by Greek letters. FOK N, (Xk ) denotes a distribution of variabled X; g; >« .

Consider a distribution (xx) and three disjoint subsetsA;B;C K such that
A6 ;6 B. A? BJC[ ] denotes that two groups of variables X;gj,a and fX; g,z
are conditionally independent givenf X;g,.z. Suppose, thatL K, we denote its
corresponding marginal distribution either (x_), or #. These symbols are used to
highlight the variables for which the marginal distribution is de ned.

To describe how to compose low-dimensional distribution®tget a distribution of a
higher dimension we use the following operator of compositi.

De nition 1. For arbitrary two distributions  (xx) and (x_) their compositionis given
by the formula

(xx ) (xL) when #K\L #K\ L -

X . X ) = (XK L)
(Xc) . (x0) unde ned otherwise

where the symbol (xy) (Xm ) denotes that (xy ) is dominatedby (xy ), which
means (in the considered nite setting)

8xm 2 2w Xi;( (xm)=0=) (xu)=0):

The result of the composition (if de ned) is a new distributon. We can iteratively
repeat the process of composition to obtain a multidimengial model. This is why these
multidimensional distributions are calledcompositional models To describe such a model

If all compositions are de ned, we view this ordered systemsaa generating sequengean
which the composition operator is applied from left to right

1- 2« 3-27ie on1e o= (2 2 )it 1) oan

In that case we say that a generating sequence de nes (or repents) a multidimensional

n(Xk,) which de ne a distribution

1(Xk,) - 2(Xk,) -t n(Xky):

Therefore, whenever distribution ; is used, we assume it is de ned for variablds<; g >« ; .

In addition, each setK; can be divided into two disjoint parts. We denote thenR; and S
with the following sense.R; denotes variables fronK; emerging in the sequence (meaning
from left to right) the rst time. R; denotes the already used.
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Ri= Kin(K¢e[ @i Ky 1);S =K\ (Ke[ o[ Kyog):
In the proofs of the upcoming lemmata will be used the followg assertion, which is
proved e.g. in [1].

Lemma 2. Let M Ki[ Koo If M K1\ K, then for any probability distributions

1(XK1) and Z(XKZ)
HM _ #K\ M #HAM |
(1. 27 =1 .2 :

2.2 Perfect Sequence Models

Not all generating sequences are equally e cient in their qgresentations of multidimen-
sional distribution. Among them, so-called perfect sequeas hold an important position.
From the original de nition (e.g. in [1]) one can hardly see lte importance of this gen-
erating sequences class. Instead, for the purpose of thigttéet us de ne it by another
equivalence property, which is more suitable for our needs.

De nition 3. A generating sequence; »;:::; n is perfecti all the distributions ;
are marginal to the represented distribution, i.e., forall =1;2;:::;n
(10000 )™= o

Perfect sequences have many pleasant properties which atvantageous for multi-
dimensional distributions representation. One of them saythat, for a perfect sequence
model, all distributions in model are pair-wise consistentThis feature is in other parts
of this paper highly used.

2.3 Conditional Independencies

It is well-known that one can read conditional independenceslations of a Bayesian net-
work from its graph. A similar technique is used in composibnal models. An appropriate
tool for this is a persegram Persegram is used to visualize the structure of a composi-
tional model and is de ned bellow.

De nition 4. Persegram of a generating sequence is a table in which rows correspoid t
variables (in an arbitrary order) and columns to low-dimensnal distributions; ordering
of the columns corresponds to the generating sequence ondgr A position in the table
is marked if the respective distribution is de ned for the caesponding variable. Markers
for the rst occurrence of each variable (i.e., the leftmosmarkers in rows) are squares
(we call them box-markers) and for other occurrences there arbullets.

All persegrams discussed in the paper are denoted By modied by P° Since i-th
column corresponds to ;, we denote the markers in i-th columrK;. In accordance with
the other marking of variables in the i-th distribution ;(x,), box-markers in i-th column
are denoted likeR; and bullets like S;. Ki = Rj [ S.

Example 5. Let 31(Xk,);:::; e(Xk,) be a generating sequenceK; = f1,4g;K, =
f4,29;Ks = 12,50, K4 = 5;3g;Ks = £5;79;Keg = 4;5;6g. Then the corresponding
persegramP is in Figure 1.
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Figure 1: Persegram corresponding to the model in Example 5

Like the Bayesian networks, conditional independence ofa@ips of variables is indi-
cated by the absence of &ail connecting relevant markers and avoiding the respeo
subsetwhich is de ned below.

tion) or in the same column (vertical connection);

2. each vertical connection must be adjacent to a box-markéone of the markers is a
box-marker);

3. no horizontal connection corresponds to a variable froXz;

4. vertical and horizontal connections regularly alterna with the following possible
exception: two vertical connections may be in direct succaen if their common
adjacent marker is a box-marker of a variable fronx z;

If a Z-avoiding trail connects two-box markers correspondg to variablesX; and Xy, we
also say that thesevariables are connected by a Z-avoiding trail Such situations will
be denotedX; 7 Xi.

setd;;Jo;Z K4 i Ky suchthatd; 6 ; 6 J,. If there does not exist a trailX; 7 X
in the corresponding persegram with 2 J; and k 2 J, then:

X3, ?2 X5, jXz[ 1 it gl

De nition 8. Let P be a persegram oveN. The formal independence modelM p =
fhA;BjCi2T (N);A? BjC[P]gis a model induced by persegrar®, whereT (N) is a
system of all triples of disjoint subsets oN whereA 6 ; & B.

3 Equivalence problem

By the equivalence problem we understand the problem how t@cognize whether two
given persegramd<; Q over N induce the same independence model. It is of special
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importance to have an easy rule to recognize that two persegns are equivalent in this
sense and an easy way to conveR into Q in terms of some elementary operations
on persegrams. Another very important aspect is the abilityo generate all persegrams
which are equivalent to a given persegram. For all these prigns, the last one is partially
solved in this paper.

De nition 9. PersegramsP; Q (over the same variable set N) are callethdependently
equivalent, if they induce the same independence model p = M q.

Like in Bayesian networks, it may happen that di erent persgrams induce the same
independence model.

Example 10. 1. The following example is simple:N = fa; kg and the following two
persegramsP; Q:

P: Q:

Mp =M g = inthis case.

2. On the other hand, the persegrams which have the same vdiia sets in columns
in di erent order do not have to be equivalent. LetN = fa;b; @ and consider the
following persegrams:

a? b;[P] but a6?l; [Q]. On the contrary, a 6?bc[P] but a? kQcQ]. The order
of the columns in persegram is important.

Four di erent simple operations on persegram preserving dependence model were
discovered. We call them IE operations (Independence Eqaient). These operations can
be divided into two groups according to the behavior of coluns in a persegram: Either
changing their order (this group is callegpermutations) or adding/removing them (exten-
sions/reductions). Let us note, that when these operations are applied on comgitional
model (its persegram), its generating sequence is accoglinmodi ed.

To facilitate the reader survey, basic overview of the memined operations is presented
in the form of de nition.

De nition 11. Let P be a persegram oveN and two adjacent columnsi;i + 1 with
Ki;Ki+1 markers. The so calledE operations are the following set of operations with
columns.
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Independent permutation is swapping of columnsg; i +1 when no box-marker turns
into bullet and vice-versa. (|_;Kj K;\ Kj.)

Intersection permutation is swapping of columns;i + 1 if all their bullets belong
to their intersection (Si[ Si+1 Ki\ Kji1).

Removing of a column containing bullets only is calleBullets extension/reduction
(Ki = S).

Removing of a column, which is a subset of the columm+1 that has box-markers
elsewhere only, is calle®ubset extension/reduction. (K; = Si;1.)

Graphic representation of a compositional model - persegnais inherently connected
to real data - distributions. If one applies the above de nedE operations to persegram
(assume that we have already proved, these operations pnegeindependence model), we
know that modi ed persegram has the same "power" as the origal one - It expresses
the same (un)conditional independencies (or dependengietiowever, imagine that we
change the order of distributions (or add/remove some) in # generating sequence as
well as in the corresponding persegram. Will the resulting uftidimensional distribution
be the same?

In other words, rst, identity of independence models has tde proven. Then, we
have to show that multidimensional distributions represeted by the original and the
modi ed generating sequence are equal. Denote by; »;::: , the original generating
sequence. We can iteratively repeat IE operations to obtaia new multidimensional
model represented by sequence?; 9;::: 0. We need to prove ;. ,.::i. , =

9. 9.0 2. Or, if that is not valid in general, under what conditions.

In order to S|mpI|fy the following lemmata we will work with the model where gen-
erating sequence consists of three distributions;; ,; 3. This simpli cation is not in
any way at the expense of universality. (; can be internally composed from several
distributions and ;; ; 3 can be a beginning of much longer sequence.)

Lemma 12. (Independent permutation) IfK; (K,\ K3)then ;. ,. 3= 1. 3. ».

Proof of this assertion can be found for example in [1]. The daration of this lemma
can be translated into the language of persegrams as follagi "Two columns in perseg-
ram can be swapped, if no bullet turns into box-marker and giversa."

The proof of the assertion that this operation preserves thendependence model is
obvious: If no box-marker turns into a bullet and vice-versathen all Z-avoiding trails
from de nition 6 are maintained. (The vertical connectionsare moved with swaped
columns and the horizontal ones shortened/extended.)

Lemma 13. (Intersection permutation) If , and 3 are consistent then
S2[ S5 Ko\ Kz=) 1. 2. 3= 1. 3. 2 (1)

Remark 14. The condition of lemma 13 is given in the forn5,[ S35 K.\ K3 since

it seems to be closer to the verbal designation of condition:All swapped distributions

bullets must be included in their intersectiofi.However, for the purposes of the proof, we
will rewrite it into its equivalent form. The idea is outlined in the following form.
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S, K3\ Kj

Sg K2\ K3, 53: K2\ K3 ' SZ S3 KZ:

SZ [ 83 KZ\ K3 ’
Proof. (lemma 13 First, let us show, that under given assumptions, ;. ,. zisunde ned
[ 1- 3. 2Iisundened. From the de nition of the operator we know that ;. ,. 3
is not de ned i

#K 1\ K #K 1\ K
11 2 6 21 2 (2)

or
( 1. 2)#(K1[ K2)\ K3 6 3#(K 1[ K2)\ K3 (3)

Analogously, ;. 3. »isnotdenedi

iﬁKl\Kg, 6 §K1\K3 (4)
or
( 1. 3)#(K1[K3)\K2 6 z#(Kl[KS)\Kz (5)
Because of the remark 14:
Kl\ K3: Kl\ Sg
=(K1\ &)[ K1\ (R2\ S3))
=(K1\ S)[ (K1\ R)) (6)
= Kl\ 52: Kl\ (Kl\ Kz): Kl\ K2
and

(Ki[ Ka)\ Ka=(Ki\ Ko)[ (K3\ Ky)
= (Kz1\ K3) [ (K2\ Kg) (7)
= (K[ K2)\ Kz= Sst

Regarding the fact that in our case , and 3 are consistent and the fact thatk ;\ K, =
K1\ Kz, (2) is equivalent to (4). SinceK;[ K, S3 K\ KandK;[ K3 S3
K1\ K3 we can apply lemma 2 getting
( 1. 2)#83 — iﬁSs . 283 — iﬁSs . 383 - 1. 3)#83.

where the second equality follows from the consistency of and 3. Thus we got that
(3) is equivalent to (5) and both conditions coincide.

Now, assume that both expressions in formula (1) are de nedBecause of (6), (7)
and the fact that , and 3 are consistent, the expressions

_ 123 .
1+ 2 37 TuK\K, #K3\ (K1[Ka)'
2 3
_ 12 3
1+ 3- 27 Ty VK;s #Ko\ (K[ Ka)
3 2

are mutually equivalent, which nishes the proof. O
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Lemma 15. Let P be a persegram. IiP°arises from P by applying of Intersection per-
mutation then M p = M po.

Proof. Let P is a persegram over variable séll. Suppose, that two adjacent columns,
I +1 meet the conditionK;\ Ki;; = §[ Sj1.
We have to consider the following two situations:

(a) Si = Si+1;

(b) Si Si+1 .
It is needless to consider

©S S

because it is in dispute with assumptions.

Consider the situation(a) whereS; = Si;; (i.e the intersection contains bullets only).
By swapping the corresponding columns, no bullet will charginto a box-marker and
vice-versa. It passes into proof dihdependent permutation which is evident.

Now consider the situation(b). Regarding the fact, that (un)conditional indepen-
dencies in persegram are indicated by absence of correspongdZ-avoiding trails, we
have to prove, that the sequence of markers remain Z-avoidirtrail after Intersection
permutation.

Suppose, that there is a Z-avoiding trail which passes thrgh swapped columns.
Horizontal parts remain the same. Vertical parts have to beannected with a box-marker.
Assume, that the original trail ful lled all the conditions imposed. After reordering, the
corresponding vertical connection may contain:

two box-markers! In this case everything is all right.
one box-marker! In this case everything is all right.

no box-marker! In this case vertical connection contains two bullets. Aceding
to the assumptions they belong into both columns. Hence, \t&ral connection can
be transferred into the other column. Then the vertical conection will contain, at
least, one box-marker there, which corresponds to the boxamker from the original
vertical connection.

O

In accordance with the de nition 11, lemmata aboutBullets extension/reduction
should follow now. The rst of them can be found e.g. in [1].

Suppose that we remove/add column of bullets. It is easy to pve that this operation
preserves the Independence model. According to the de rotn 6 of Z-avoiding trail,
no vertical connection of that trail can pass through columrwithout any box-marker.
Therefore, the removal/addition of such column will bring @ change in its independence
model. Now proceed with the last of IE operations Subset extension/reduction

Lemma 16. (Subset extension/reduction) If , and 3 are consistent then

Ky=S=) 1. 2. 3= 1. 3t (8)
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Proof. Let us start, again, by showing that, under given assumptian ;. ,. 3 IS
undenedi ;. zisunde ned. From the de nition of operator . follows that ;. ,. 3
is unde ned if

#Kl\K26 #K 1\ K2
1 2

or
( 1. 2)#(K1[ K2)\ K3 6 g(K 1l K2)\ K3 (9)

Because of(K; [ K;)\ Kz = S3 = K, and the consistence of , and 3 , the
expression (9) can be rewritten into the following form: #“2. , 6 5. This condition is
invalid under any circumstances. Therefore the condition9) is invalid and under given
assumptions, ;. ,. gzisnotdenedi

?fK 1\ K2 6 2#K 1\ K2 (10)
Analogously, ;. 3is notdenedi
le\Kg 6 gKl\Kg (11)

Under the given assumptiorK ; = Sz, these two conditions (10), (11) coincide because
52: Kl\ K2: Kl\ 83: Kl\ K3

and ,; 3 are consistent.
Now, supposing that both expressions in (8) are de ned,

— 12 3 _ 1 3 _ 1 3
1- 2+ 37 745, #S; ~ T #S, T T #K1\Kg
2 3 2 3
which nishes the proof. O

Lemma 17. Let P be a persegram. IfP° arises from P by applying of Subset exten-
sion/reduction then M p = M po.

Proof. This lemma can by proved the same way as lemma 15, or one canlieathat
Subset extension/reduction can be spread out into Subset qpeutation and Bullets ex-
tension/reduction, where both of them preserve Independea modelM p. O

The previous proof narrows the set of IE operations in threef them (Subset exten-
sion/reduction can be omitted since it can be substituted byhe sequence of the others).

Lemma 18. Let P be a persegram. IfP° become fromP by iterative application of the
IE operations thenM p = M po.

Proof. Since all of IE operations preserve th# p, the proof is clear. O
Lemma 19.Let ; ,;:::; , be a perfect sequence. If?; 8;:::; ,?1 is obtained by iter-
ative application of IE operations, then
— 0 0 0
1 2 e n — 1 2RI m
Proof. Because 1; ,;:::; n IS a perfect sequence, then,; ,;:::; , are pairwise con-
sistent. O

Example 20. An example of four di erent persegrams with the same indepéence model
is on Figure 2. They were produced by iterative applicationfdE operations from the
most left persegram.
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O OT 9

Figure 2: Process of application IE operations in persegram

4 Conclusion

The main achievements of this report are various operationis persegram, denoted as IE
operations, which preserve the (un)conditional independeies expressed by persegram.
By iterative application of the IE operations we can obtain Iy amount of various perseg-
rams. However, may we obtain all of them? All persegrams witthe same independent
model? May two persegram with the same independent model bengerted each other
by application of IE operations only ?

According to our preliminary studies, the answer is YES. Nertheless, the corre-
sponding proof has not been nished yet. To do it, a number ofiérent assertions has
to be bringed out, but it goes beyond the scope of this paper.
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Abstract. Real complex dynamic systems are subject of advanced modily yet. Knowledge,
decision and action in such systems are often distributed ito a set of individuals called agents.
Present paper introduces a simple model of an environment il renewable resources. In this
environment, agents are operating, namely they exploit fran the resources. The system depends
on various parameters and global rules which are assesseddnptimized in the second part of
the paper.

Abstrakt. Redlné slo%ité dynamické systémy jsou pgedmitem pokrodile modelovani. Znalosti,
rozhodovani i akce v takovych systémech jsou éasto rozlo¥emezi jedinci - agenti. Pgedlo¥seny
pagispivek pgedstavuje jednoduchy model prostgedi s obntinymi zdroji. V tomto prostgedi
pusobi agenti tak, ¥%e éerpaji z tichto zdroju. Systém zavisia nikolika parametrech, které jsou
zkoumany a optimalizovany v druhé éasti élanku.

1 Intoduction

Modeling of dynamic systems has a long tradition and stochi&s dynamic programing
and control theory has introduced many useful concepts howe tact on a system and so
in uence its behavior [2].

In present, new works occurs dealing with operation of mudgent society on the
system. There are two main tendencies: rst group of resedwers are experts[3] in Al
and they intend to introduce lot of logic, communication andso on[4]. On the other hand
there are experts who the agents only admit into their sophisated physical models.

This paper is dierent. The model is constructed step by stegrom both points of
view and the objective to assess the operation of agents in arpicular task is achieved.
Section 2 introduces the model and section 3 shows resultsdasonclusion on this model.
Section 4 summarizes most interesting results.

2 Model Desription
For a multi-agent system, it is important to specify the envionment, its state, ow of time

and particular components. The model applied for this workiswlates agents' behavior
in the environment with renewable resources. The state of ¢éhsystem can represented as

135
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2 R"™™ wheren is number of resources andh is number of agentsy; is the amount
of material in agent or resourcg . The time is discrete and has a nite horizon,.
Basic system dynamic cosnsist in discrete steps. In eachpstdwo a airs happen:

1. Natural changes - from states (t) evolves temporary new states () (t + 1).

2. Agents' actions - from temporary new states ()(t + 1) evolves nal new states
(t+1).

2.1 System Components and their Properties

The system is composed from two kinds of entities, viz. of msrces and of agents.
Abstraction of both is the class natural object. An natural d®ject contains an amount of
material. The capacity have upper and lower limits. The amaut of material in natural
objectj varies in time as a di erence equation with limits accordingollowing formula:

X, (t+1)=min x™max(x™;x (t) g + &) 1)

wherea, and g are parameters speci c for each natural object and correspds to linear
(arithmetic) or exponential (geometric) trends.

The system contains a set of resources. A resource is - in fa@ natural objects. A
renewable resource hava; > 0 or g > 1. Possitive g; stands for resources with regular
feed, e.g. for water source. Situation witlyg; > 1, is typical for living natural objects,
e.g. for growing wood in a forest. Resources considered i sumulation are considered
to haveg > 1,3 =0, and xjmin = 0. Therefore, if a resource is exploited totaly, it is not
able to recover its state.

Second set contained in the system are agents. From the natuobject's point of
view, it holds &y < O and g; = 0. It means that the agents consumes regulary a portion
of the material thay contain. However, the agents di er fromother natural objects in a
more important aspect: they act. In each time step, they ch@e an action. There are
following options what an agent may do

load the material from the actual resource,
move to another resource,
or wait doing nothing.

Nevertheless, there is a condition to act, namely; (t) > 0 because if; (t) 0, the agent
is not able to consume usual amourg; and dies.

Waiting is very simple to be implemented and movement as wellAll resources are
considered to be conected by equaly long way. Hence, the opgrameter for movement
IS which resources is to be visited next.

If agent i loads from resource, is the situation more complicated. The agent strives
to load its maximum, but there are two limits: agent's free cpacity and the speed of
loading. Nevertheless, the resource may not contain enoughaterial. Therefore the
loading is given by following formula:

@ =min X (®) x5 max™ g (0: 1 )
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Figure 1: Pugnancity depending on relative statexs- for di erent
]

Hence after actions the states of loading agents will bg(t) = x; (t) + l;i(t) and the state
of resources as follows: X
X (t) = x; (1) li (t) 3)
i2L; (1)

wherelL;(t) are agents loading from the resource at time

The problem occurs if more than one agents are at the same reste. In this case,
agents are in a queue and load one after other. The point is hdw sort this queue, who
will load rst. Let p;(t) is actual pugnancity of agenti. The ordering can have e.g. such
form:

The strongest agents load rst - sel sh apporach.
The order is random - random approach.
The weakest agents load rst - altruistic approach.

A sorting algorithm called groggy sort has been developed gh can parametrize this.
The system parameter 2 [ 1;1]passes from the altruistic approach through the random
to the sel sh one smoothly.

The pugnancity depends on relative lling of the agent. If anagent is almost empty,
it means it is hungry and is weak. Nevertheless, the agent magse the power if it is
nearly completely full. The relation is given by following édrmula:

2

2 +1 (4)

P = ijax

The pugnancity express how the agent's vigour depends on thelative lling and is
always 2 [0; 1]. Parameter 2 [0:5; 1] sets the relative lling by maximal pugnancity, as
shown in Figure 1.

The last remaining aspect of the system is the mechamism howvet agents decide.
The selection of an action is random. Each action have a scdt&t is updated. Agents
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have memory about all visited resources and amounts of mairthat they loaded there.
The score of movement to a resource is calculated as follows:

V§_uccessfu| (t) [t ) 1
51 (0= g e BN tes) (5)
ij i

where c is a constant> 0 and represents the traveling preference. The rst fractions

the ratio of visits when the load was not zero. The second fr@n express the ratio of
successfulness of last visit. Third fraction is importantd ensure the comparability of
the action travel and action load for all possible amount ofasourcesh. The latter term

express the time in uence: longer absence, bigger curisaydo visit the resource. The
parameter can be denoted as nostalgia. The functiotanh is applied in order to keep
also this term in [01]

2.2 Objectives

The system is running with given parameters nite period. Dung this time natural
changes happen and the agents act. There are some thinks tlen be considered as
objectives:

Total production - the sum of loaded material during the simulation is maximal

Humanism - the amount of not empty agents after the simulation is maxiral. In other
words, this approach maximizes the amount of living agents ithe system.

Ecology - the amount of not empty resources after the simulation is m@mal. In other
words, this approach attempts to keep resources able to benssved.

Egoism - the sum of loaded material during a period is maximal. If thesystem hasm
agents, there aram egoist criteria. This model would suppose heterogenous atge As a
simpli cation, this objective has been skipped.

It is obvious some criteria are conicting. E.g. if the agerg would not load the
material, they will die soon and no resource will be used. Nertheless, in a long term
horizon, it can be supposed that these con icting criteria @ not con icting in fact. If
there is no production, no agent can survive. If there are n@sources able to be renewed,
the agents can not survive as well.

The conict of several criteria is solvable by multicriteral methods. One of them is
presented bellow. For a proper formulation of a multicriteial problem it is necessary to
state also the input space, i.e. parameters and values fronhieh can be the parameters
of the system selected.

2.3 Parameters

The system has following parameters The fourth column stagewhich parameters are
xed for performed simulation. In fact, the parameters thatare considered not to be



Multiagent Exploation from Renewable Resources 139

Parameter Stands for Range Default
n Number of resources N 20

m Number of agents N 20
a a= g for all agentsi R+ 1

amax Maximal load limit for each agent R+ 1

g g= g for all resourceg 1+ R+ 1.3
pugnancity parameter [0:5; 1] -
groggy sort parameter [ 1;1] -
c traveling preference R+ -
time parameter R+ -

Xag s Xres. Maximal states for agents and for resourcesR+ 10, 20
Xig ;Xies initial states for agent and resources R+ 4,9
Xag » Xres Minimal states for agent and resources R+ 0,0

Table 1: Considered system parameters

subject of decision making have been xed. Parametexs, inuence the ordering of
agents if more than one come to the same resource. Parameteys are part of the
decision making procedure of each agent.

3 Multicriterial Genetic Optimization

The system described was described completely. The questis which values shall the
system parameters have with respect to proposed objectives

Multicriterial decision making has been a subject of resedr for a long time. Nev-
ertheless, usual methods consider convex decision spacd apecial (linear, quadratic,
convex, etc.) objective functions.

However, if the objective function corresponds to a resulf @ simulation, the assump-
tions are not possible. Therefore, another approach is nesary. Following text presents
a modi cation of algorithm described [1].

First, let the multicriterial optimization problem be formulated properly. The in-
put space is an intervalS  R* where particular attributes corresponds to parameters

;g;C; . The objective function has 3 components: total productignnumber of non
empty agents, and number non empty resources. The objectivavill be denotedf 4;f,;
and f3;. Because the system is stochastic, these values are obtdirzs average fronms
simulation. The parameters = 20 was used.

The basic principle of multicriterial analysis consist in Bmination of dominated vari-
ants. A variant is dominated if there is another one that is ateast same in all criteria and
in at least one better. The aim of presented method is to nd nedominated variants.
The dominanace will be denoted

OREN (6)

and a non dominated variant within a set

s ™
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nally a subset dominanting particular solution will be deroted S;. Of course,S; will be
empty for all non dominated variants. The method is a modi céion of an usual genetic
algorithm with selection, crossover, and mutation.

3.1 Selection

This operatdion respects the levels of nondominance. |.e.om dominated individuals
have the probability highest. They have rank 1. After omitthg them, other individuals
are non dominated. They have rank 2 etc. Formaly

rn=1 if ® s (8)
r = 1”?% ri (9)

The ranking is afterwards used for caclulation of two disthution functions:

i = kq(expr; +1) (10)
Kz
o= 2 11
h (11)
P . .
where k;; ko are constants do P = i = 1. In each time step given number of

crossovers and mutations are performed. is used for sampling parents of these opera-
tions, while is used for locating the place.

3.2 Crossover

The crossover is perfomed per components, i.e. the companeh the rst child are
selected with 0.5 probablility form the rst parent and with 0.5 from the other one. The
not selected component is put into the second child.

3.3 Mutation
The mutation adds random noise form normal distribution wih the mean = 0 and
standard deviation that may di er for each attribute is de ned as follws:
1
= _ 12
= Tog(ilog®)) (1)
1
Il arsen swees (13)

sj log(log(t))

wheres; is standard deviation of thej th component of the population.

4 Results

Practical part of the work consist of two parts. First, the malel was implemented in
Java. Afterwards an multicriterial algorithm was coded in Matlab. This algorithm uses
the Java classes for the objective function calculation, @burse.
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Number of iterations 10000
Size of population 100
Number of crossovers in an iteration 1000
Number of mutations in an iteration 1000
Simulations required for tness calculation 20

Table 2: Optimization parameters

c
Agents alive 0:12366 0:036367 0:19365 0:36289
Non empty resources 0:014428 0:00093429 0:013190 0:0072702
Total production 0:12346 0:033927 0:18654 0:33625

Table 3: Correlation matrix for all generated results

Simulation and optimization parameters are to be distingshed. Some simulation
parameters have been xed, some of them were variable. Thejebttive was to nd such
values of these variable parameters, leading to non domirak solutions with respect to
above mentioned objectives. Table 1 shows in column Defauwthich parameters are xed
and their values. Only such parameters were selected to bebgect of optimization that
in uece the behavior of agents. Table 2 shows the optimizath parameters.

The optimization algorithm discovered 5 non dominated sotions. For basic orienta-
tion in dependencies between parameters of non dominatedudimns and corresponding
values of objective functions, correlation analysis was germed. Table 3 provides part
of correlation matrix for the entire population, Table 4 fornon dominated solutions. The
rst one represents all solutions, but we are interested oylin the non dominated ones.
GFurthermore, the values of Table 3 are not s

The correlations for non dominated solutions are more sigoant. At level 0:1 for
t-test, four correlations are signi cant:

Agents alive -
Total production -
Agents alive -c

Total production -c

Both parameters and cin uence the agent's will to travel. Agents obtain better results
in exploiting if they load instead of travel.

Other correlations between variable parameters and objeets are not so signi cant.
Parameters and have the opposite e ect. It seems that the exploaition is mare ective
if more pugnant agents are prefered and the pugnancy growsthvagent's material.

5 Discusion

Present work have introduced simple multi-agent model of aenvironment with renewable
resources. Parameters in uencing the problem were mentied. Afterwards an multicri-
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c
Agents alive 0:10876 22804 0:75014 0:82158
Non empty resources 0:29206 0:17625 047344  ®47121
Total production 0:10872  @R@2842 0:75076 0:82220

Table 4: Correlation matrix for all non dominated solutions

terial optimization algorithm was introduced and applied. Results were presented and
discussed.

Main bene ts are these: design and implementation of a mukagent system, general
framework for con ict modelling and resolution via pugnanity and groggy sort, basic
modelling of agents’ memory and decision making, and nallynodi cation and imple-
mentation of an multicriterial optimization evolution algorithm.

The work opens also some challenges for further research.eTinodel could deal also
with placement of the resources in a plane or in a graph so theomement of agents
IS not so easy, but more realistic. The behavior of resourcesuld depend on other
resources (phreatic water) or external conditions (whea#ér). The model of agent could
be improoved as well, especially with respect to communutean, knowledge sharing,
reasoning, coolation formation etc.

Regarding the optimization of the system, other criteria ad parameters can be in-
volved, more testing can be performed. The optimization mbbd can employ other
selection, mutation or crossover. The relationships betwa variable simulation parame-
ters and optimization objectives could be examined by advard methods than applied
correlation analysis.

There is lot of open work and | intent to deal with it within next phases of my PhD
course.
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Abstract. This contribution deals with numerical solution of the Gray -Scott model. We intro-
duce two numerical schemes for the 2D GS model based on the nietd of lines. To perform
spatial discretization we use FDM in rst case and FEM in the second case. Resulting sys-
tems of ODEs are solved using the Runge-Kutta-Merson method We present our numerical
simulations.

Abstrakt. V tomto pgispivku se vinujeme numerickému geleni Grayova-&ttova modelu. Pged-
stavujeme dvi numerick& schémata pro 2D GS model zalo¥sené maetodi pgimek. K prostorové
diskretizaci pou¥sivame v prvnim pgipadi FDM, ve druhém FEMVzniklé systémy ODEs getime
metodou Runge-Kutta-Merson. Uvadime vysledky numerickyt simulaci.

1 Introduction

Reaction-di usion systems are a class of systems of partidi erential equations of
parabolic type. It includes mathematical models describg various phenomena in the
eld of physics, biology and chemistry. They describe how # concentration of one or
more substances distributed in space changes under the iemnice of two processes: local
chemical reactions in which the substances are convertedareach other, and di usion
which causes the substances to spread out in space. Reactom di usion of chemical
species can produce a variety of patterns.

Gray-Scott model is one of these models. It was rst introdwexd in 1984 in an article
by P. Gray and S. K. Scott [1] as a mathematical model of autotalytic chemical reaction

U+2Vv ! 3V
VAN P; (1)

whereU, V are input reactants andP is inert product. Gray-Scott model can be written
as the following system two PDEs of parabolic type (see [3,)4]

Qu _ 2 2 :
@t ar “u uv'+ F(1 u);
Qv _ 2 2 .
@t - br “v+ uvc (F + k)v: (2)

Here u, v are unknown functions representing concentrations of chéal substancedJ,
V. Parameter F denotes the rate at which the chemical substance is being added
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during the chemical reaction,F + k is the rate of V ! P transformation and a, b are
constants characterizing the environment where the chenaicreaction takes place.

We solve (2) on a nite domain , which is a square or line depending on whether
we are solving the system in 2D or 1D. We use zero Neumann boang conditions.
Our choice of initial data is such thatv(x;0)) = vj,i, u(x;0)) =1  vj,. We usually
take F > 0, k > 0. For a =0, b= 0 the system (2) is a model of the reaction (1) in
continuously fed well stirred tank reactor (CSTR), the CSTRmodel. Ifa> 0, b >0
then the system (2) models the reaction in continuously fednstirred reactor (CFUR),
the CFUR model (see [7]). Dynamics of the CSTR model is rich dncovers standing
pulses, traveling pulses, traveling fronts, self-replitag patterns, spatio-temporal chaos
and others (see [3]). Most of these pattern have been obsehadso in the CFUR model
(see i.e. [9]).

For other dimensionless forms of the Gray-Scott model and eir application see i.e.
[4, 5, 6].

2 Numerical schemes

We use two numerical schemes to solve initial-boundary-vad problem for the Gray-Scott
model (2). Both of them are based on the method of lines. For &tial discretization we
used nite di erence method (FDM) in the rst case and nite e lements method (FEM)
in the second case. We use structured numerical grids (sea.F1). To solve resulting
systems of ordinary di erential equations Runge-Kutta-Meson method is used.

FDM grid FEM grid

Figure 1: Numerical grids we used for our numerical simulams.

2.1 FDM based numerical scheme

Let h be mesh size such thah = ﬁ for someN 2 N*. We de ne numerical grid as a
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For function u: R?! R we de ne a projection ont, asu; = u(ih;jh). We introduce
nite di erences

_ Uisr;j  Uj _ Ui U g
Ux,ij = —n y Ugpiij = —hn

_ Ui+ Ui | _ Ui Ui o1
Uxoiij = %1“72;“‘ = %1
and de ne approximation | of the Laplace operator as follows
hUij = Ugixgsi  Uspxgsiy -
Then semi-discrete scheme has the following form
d a

Y (t) = Pz only ¥ F( uy)  uyvis
d b
Gli® = v (FHKv +ug Vi (3)

plus corresponding initial and boundary conditions.

2.2 FEM based numerical scheme

To induce the semi-discrete scheme we begin with variatioormulation of the initial-
boundary-value problem for the Gray-Scott model (2). Let

")t 2X) 2 Cg () ;
1(t); 2(t) 2 C5(0;T)
are test functions and

f1(u;v)
fo(u;v)

F(1L u) uv?
(F + K)v + uv?

denote right-hand sides of di erential equations (2). Usig standard approach (see [8])
we induce weak formulation of the problem

a(u;'1)+ a(r u;r ' q) = (fa3"1);
%(V;'z)*' b(r vir ' 2) = (f2;" 2);
u(;0) = Upni;
v(;0) = Vini; (4)

with solution u, v from the Sobolev spac&V.” () . We are looking for Galerkin approx-
imation
X

i(t) i

i=1

Un(t)

Vh(t) i(t)
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of this weak solution in the nite dimensional spaceS, Wz(l)() , where 1;::: N
are its basis functions. Functions j, ; are real functions which we get using common
technique as solutions of initial value problems. Choosingasis functions ; in the form
of pyramidal functions

i(Pj)= y forall grid nodes P;;
and using mass-lumping we can rewrite the problem for ndindunctions ;, ; in the
following form
Eu-- (t)y = ﬁ[u- i F Uiszj+r + Ui 1+ Ugjeg + Ui 15 +
dt ij 3h2 i+1;] i+1;)+1 i) 1 i +1 i1
U e BU ]+ F(L ug)  uy vy
EV" (t) = z_b[v ot Vi + V.. + V.. + Vv 4 +
dt ij 3h2 i+1; i+1;)+1 ij 1 ij +1 i 1
Vi e 6vg] (F+ Ky + Uy vy (5)

plus corresponding initial and boundary conditions. For deils on induction of presented
semi-discrete schemes we refer reader to [9].

3 Numerical experiments

3.1 EOC measurements

To determine the order of convergence of our numerical algiim based on the FDM
based semi-discrete scheme (3) we use experimental ordecarfvergence (EOC). For our
measurements we used formula

kv Vh2 k h2

kv vk  ni (6)

wherev is numerical solution computed on the grid of siz2000 2000and substitutes
the analytical solution, vy, Vh; are numerical solutions computed on courser grids with
mesh size$12, h1 and is the EOC coe cient. We present some of our measurements for
di erent Gray-Scott model parameter values and initial coulitions (see Table 1, Table 2,
Table 3). According to the presented results the EOC coe ciet depends notably on
initial concentration data and model parameter values. Ouresults vary between the
values of 1 and 2. More research into this problem is neededliding EOC measurement
for the FEM based numerical algorithm.

3.2 Diversity of solutions

In this section we present some of our numerical results. Ihe gures Figure 3 and Figure
2 we can see spatial distribution over the domain of chemical substanc& concentration
for given Gray-Scott model parameter values and time. Thesesults demonstrate the
diversity of GS model solutions. We can see that patterns warbetween geometrically
simple ones and those which are more complex. In the Figure 2 wan see growing-line
like patterns which we were able to observe for parameter vasa =2 10 ° b=1 10 °,
F =0:0737 k=0:061882L = 0:5 and di erent initial conditions.
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Nx N,

h

EOC L,

EOC L,

100x100
150x150
200x200
250x250
300x300
350x350
400x400

0.0050505
0.0033557
0.0025125
0.0020080
0.0016722
0.0014326
0.0012531

1.6479179
1.8042298
1.9112146
1.9725610
2.0089377
2.0336490

1.6364127
1.5663398
1.7531840
1.8660718
1.8995297
1.9882238

Table 1: Table of EOC coe cients.

h

EOC L,

EOC L,

100x100
150x150
200x200
250x250
300x300
350x350
400x400

0.0101010
0.0067114
0.0050251
0.004016Q
0.0033444
0.0028653
0.0025062

0.8225371
0.9222231
0.9995422
1.0667171
1.1237827
1.1754085

0.5550153
0.7584173
0.9052681
1.0124643
1.0727512,
1.1689477

Table 2: Table of EOC coe cients.

h

EOC L,

EOC L,

100x100
150x150
200x200
250x250
300x300
350x350
400x400

0.0050505
0.0033557
0.0025125
0.0020080
0.0016722
0.0014326
0.0012531

2.0466270
2.0460521
2.0512043
1.9143909
1.5423185

1.5552072

1.0203486
0.9659226
1.1006299
0.9491632
1.0946135

0.9893100

Table 3: Table of EOC coe cients.
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Initial data for Solution at time Solution at time
concentration v t = 10000 t =20000

Initial data for Solution at time Solution at time
concentration v t = 8000 t =20000
Initial data for Solution at time Solution at time
concentration v t = 2000 t = 20000

Figure 2: Growing line-like patterns. Parameter valuesa =2 10 ° b=1 10° F =
0:0737 k = 0:061882 L = 0:5. Grid size: 1000 100Q Numerical method:
FDM. Time evolution of concentrationv is shown for di erent initial data.
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a=110°%b=110°6 a=110°%b=110" a=1106b=110"
F =0:2k =0:007, F =0:15k = 0:009, F=8104k=0:2,
L =0:5,t =2000 L=0:5t=700 L =0:5,t=1900

a=110°%b=110" a=110°%b=110" a=1106b=110"
F =810 4k=0:02 F =0:002k =0:02, F =0:004k =0:02,
L=0:5t=980 L =0:5,t=2080 L =0:5,t =5000

a=110°%b=110" a=110°%b=110" a=110°5b=110"
F =0:007k =0:03 F =0:03k =0:04, F =0:001,k = 0:008
L=0:5t=940 L =0:5,t=4940 L =0:5,t =2000

Figure 3: Results demonstrating diversity of solutions ofiie GS model computed using
FDM based numerical scheme (3) and grid sizZ®©0 400for di erent parameter
value combinations. Spatial distribution of concentratio v is presented.
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Abstract. This paper deals with the numerical simulation of dislocation dynamics. Dislocations
are described by means of the evolution of a family of closedna open smooth curves( t) : S !
R?,t = 0. The curves are driven by the normal velocity v which is the function of curvature
and the position vector x 2 ( t). In this case the equation is de ned this way: v = + F.
The equation is solved using direct approach by two numerichschemes, ie. semi-implicit and
semi-discrete. Results of the dislocation dynamics simulion are presented.

Abstrakt. Tento élanek se zabyva numerickou simulaci dislokaéni dymaiky. Dislokace jsou
popsany pomoci éasového vyvoje mno¥siny uzavgenych a otewsh hladkych kgivek (t) :
S R? t = 0. Vyvoj kaivek je ovlivoovan normélovou rychlosti v, jen¥ je funkci kgivosti

a polohového vektorux 2 (t). V tomto pgipadi ma rovnice tvar v = + F. Rovnice je
gelena pgimou metodou pomoci dvou ruznych numerickych sehét, semi-implicitnim a semi-
diskrétnim. Vysledky simulace dislokaéni dynamiky jsou t&é uvedeny.

1 Introduction

In the eld of material science, the dislocations are de nedcs an irregularity or error in
crystal structure of the material. The presence of dislocatns strongly in uences many
of the material properties, that is why it is important to dewelop suitable physical and
mathematical model. The physical model already exists buthere still is a lot of to do
concerning mathematical model. From the mathematical poirof view, the dislocations
are de ned as smooth closed or open plain curves which evoivetime. The example of
dislocation in the material is shown in Figure 1.

2 Mathematical model

The evolving curves can be mathematically described in seakways. One possibility is
to use thelevel-set method1, 2, 3], where the curve is de ned by the zero level of some
surface function. One can also use thghase- eld method[4]. Finally, it is possible to
use thedirect (parametric) method [5, 6] where the curve is parametrized in usual way.
This article discusses this direct approach.

This work is supported by grant no. MSM 6840770010, project n. LC06052 of Neéas center for
mathematical modeling.
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Figure 1: Dislocation in steel. http://en.wikipedia.org/wiki/Dislocations

3 Parametric description

When using the parametric approach, the dislocation curvé t) is described by a smooth
time-dependent vector function

X:S 1! R%

whereS = (0;1) is a xed interval for curve parametrization and!l = h0; Ti is the time
interval. Dislocation curve ( t) is then given as

(t)= X (u;t) = (X*u;t); X(u;t));u 2 Sg:
The family of curves satis es the equation for time evolutio
V= +F (1)

where v is the normal velocity of the curve evolution. The normal velcity v is the
function of the curvature and the position vectorx. is the mean curvature andrF is
the forcing term.

The evolution law (1) is transformed into the parametric fom. The unit tangential
vector T is de ned asT = @X=j@Xj. The unit normal vector N is perpendicular to the
tangential vector andN' T = 0 holds. The curvature is de ned as

_@x’ @x _ . @x.
j@xj j@xj? j@xj?’
where X ? is a vector perpendicular toX. The normal velocity v is de ned as a time
derivative of X projected into the normal direction,

@x”
j@xj

v=@X

The equation (1) can now be written as

@x’® _ @xX @x’

X — = —u T g
@ j@Xj  j@Xj? j@X]
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which holds provided
_@x o, @X

@X @xj? F(u;t

Viaxj: (2)

The term @, X=j@X j2 in (2) contains some tangential force which makes curve p&sn
to move along curve. To neglect this tangential force, somerm in the tangential
direction must be subtracted, so the equation changes to

@ X @X @x”
@X = . . - + F U,t — . 3
j@xjp  j@xj ( )J@XJ ©
One can derive that the tangential force contained in the e@tion has the form
@.X @X
= — 4
j@X | “

We obtain the equation where there is no tangential force atlla The equation has the

following form: )

@X = a@X  @.X_GX @x + F(u;t).@i.: (5)
j@xp j@xj? j@X]j

This equation is not suitable for numerical simulations bease points cannot move along

curve and often create areas with high density of points andreas where points are

very sparse causing very slow computation. The equation (23 better for numerical

simulations but still for long time simulations similar grauping of points usually happens.

One of the solutions is to use some algorithm for tangetial destribution of points.

For long time computations with time and space variable exteal force F (u;t), the
algorithm for curvature adjusted tangential velocity is ugd. This algorithm moves points
along the curve according to the curvature, i.e., areas withigher curvature contain
more points than areas with lower curvature. This improvesumerical stability and also
precision of computation. Unlike the case with no tangentidorce (5), the term is not
given by a simple formula but it is based on relative local legth between points. Details
are described in [12].

4 Numerical scheme

For numerical approximation we consider a regularized formof (3) which reads as

_@.x ax @ax’
@ =%@xe o@q T Ya@exy

where Q(X1; X3) = P X2+ x5+ "2, Two numerical schemes are used for the numerical
solution of the di erential equation (3), semi-implicit and semi-discrete. With two nu-
merical schemes it is possible to compare the solution andarof computation.

In the semi-discrete scheme spatial derivatives are appimated by fourth-order cen-
tral di erences. The rst derivative is approximated as

X1, 8X!,+8XL, Xk, XP, X2, +8XZ; X2, |
12h ! 12h ’

(6)

@X
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and the second one as
@ X le 2+16Xj1 1 30Xj1+16Xj1+1 Xj1+2_
u 12n2 '
ij ot 16Xj2 1 30Xj2+ 16Xj2+1 ij+2 .
12h2 ’
Whereri denotes an approximation oKX '(jh; );i 2 f 1;2g, h = 1=m. Herem is a number
of points on the curve. Di erences are denoted as, for the rst derivative and X, for

the second derivative.
The equation (6) in semi-discrete scheme has the followingrin:

?

X ?.
+ F(u;t)—

dX; _ Xuuj Xy )
Q(Xu;j)’

dt B QZ(X u;j) J Q(XUJ)

j=1;, m 1t2©OT); (7

where againQ(Xy; Xz) = P X2+ X2+ "2, Xl'j;j is a vector perpendicular toX;, and ; is
redistribution coe cient. The term " serves as a regularization to avoid singularities when
the curvature tends to in nity. This scheme is solved by the durth order Runge-Kutta
method.

Second approach uses the semi-implicit scheme. In this cdseer order di erences
are used. The rst derivative is discretized by backward dierence as follows

XXt XPOXE
h ' h ’

@X

and the second derivative as
2 2 2
@X Xj1+1 2Xj1+ lel_xm 22X+ Xy
u h2 ! h2

The approximation of the rst derivative is denoted asX,; and the second derivative as
qu;j .
The semi-implicit scheme for equation (3) has the form of

X k+l X k+1 X ?._k
X.k+1 ¢ + . uij — Xk + F (u' t) ujj ,
! Q(Xf)  TQXxfy) QX))

j=1, ;m Lk=0; ;Nr 1 (8)
where Q(X1; X2), X[j;j m, and ; have the same meaning as for semi-discrete scheme.
Xj" X(jh;k ), is atime step andN+ is the number of time steps. The matrix
structure of one componentX ¥*! looks like

0 2 1

t t .. .
S g
0

The scheme (8) is solved for eadk by means of a factorization method.
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5 Results of numerical simulation

In this section, the results of numerical simulation by premus schemes will be presented.
Schemes were tested on open and closed curves with and witht@ngential redistribution
of points. At rst, we simulated evolution of a circle and conpared with analytical
solution. Experimental order of convergence and absoluterer were measured. See [13].

Figure 2(a) illustrates the evolution of a closed curve wittexternal force variable in
space. Values are as follows: = 10 for jXj < 0:35 F = 5for jXj> 0:35 The initial
curve is a four-leaf clover curve. The positive force movelsd curve to the center but the
negative force move the rest of the curve from the center. Inghort time, high curvature
appears and neglects the positive external forde = 10. It causes the whole curve to
expand.

Figure 2(b) shows the evolution of the curve which intersestitself. Intersections
cause singularities and it is not possible to continue evdlan bec%pse curvature goes to
in nity. That is why we added regularization term Q(x1;X2) = X2+ x3+ "2 to the
scheme. This allows the curve to evolve beyond singulargieOne can see that the curve
evolves to the circle.

0.5

05 }

-1

1 1 1 15 1 1 1 1 1
1 -0.5 0 0.5 1 -15 -1 -0.5 0 0.5 1 15

(@) t2 (0;0:184), h=1=200 F =10 for jXj < (b) F =0, t2 (0;0:495), h =1=400
0:35, F = 5for jXj> 0:35

Figure 2: Time evolution of closed curves, scheme (7)

Figures 3(a) and 3(b) show the evolution of star shaped curugsing the scheme (8)
for =0 and computed by (4). It was already said that the equation (2) camins
some tangential force which helps to move points along curead improve the stability
of the computation. In Figure 3(a), one can see that the poistare equally distributed
at the end of simulation. On the other hand, when the tangendl force is completely
removed, points stay in groups causing long computation ties and worse precision (see
Figure 3(b)).

For the simulation of dislocation dynamics, long time compations with periodical
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-15 -1 -0.5 0 0.5 1 15 -15 -1 -0.5 0 0.5 1 15

(a) With tangential force. Eq. (8), =0 (b) Without tangential force. Eq. (8),
according to (4)

Figure 3: Comparison of evolution with and without tangental force.

change of the external force are needed. In this case, graupof points happens for both
equations (2) and (5) and one has to use for example the algbm mentioned at the
end of section 3 (see also [12]). Figures 4(a) and 4(b) preiséme position of an open
curve att = 1:38 There is an external force= = 3 which periodically changes the sign
(.,e., F =3 or F = 3). This force causes the curve to move up and down. Why we
need this periodic force is described in the next chapter. dtire 4(b) shows the evolution
by equation (2). One can see that the middle part of the curveontains many points
while ends are very sparse. If tangential redistribution isised (Figure 4(a)), all points
are equally redistributed along the curve.

T T
Parametric -« Parametric

0.6 0.6

0.4 g i 0.4

0.2 < 0.2

-0.2 -0.2

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

(a) With tangential redistribution (b) Without tangential redistribution

Figure 4: Comparison of evolution with and without tangental redistribution.
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6 Dislocation dynamics

The main purpose of this work is to simulate dislocation dymaics. Dislocation curves
in the material evolves in time. It means they change the shap the topology, etc. The
following simulations should tell us whether this way can based for this purpose.

15 F 1 15

0.5 1 05

-0.5 1 -0.5

-15 1 -15

72-2 -1I.5 IZI. -OI.S IO OI.5 ;L 1I.5 2 72-2 -1I.5 IZI. -OI.S IO OI.5 ;L 1I.5 2
(a) Dislocation curve expands & = 3) for t 2 (b) Curve goes back and expands to the other
(0; 0:54). side (F =3) for t> 0:54.

Figure 5: The evolution of the dislocation curves with varible external forceF .

Figure 5 illustrates the evolution of dislocation curves irtime. The external force
F = 3is applied to the curve which causes the expansion in the upréction. At time
t = 0:54, the direction of the force is changed. In the real materialpne can observe
similar behavior.

During the curve evolution, a barrier which blocks the curveevolution can appear.
According to the value of external force in the barrier, the urve can be either locked or
can pass through it. Figure 6 shows the case with weak forceis@cation curve expands
by means ofF = 3 until it reaches the barrier made by the spatially variable drce
F =9 at x, = 1:7. This barrier is not strong enough to lock the curve becausd the
ends of the barrier there is a very high curvature. High curtare causes strong force
against the external force. The curve can leave the barriend continues to expand. The
simulation in Figure 7 was computed fot 2 (0; 2:1).

In the case of strong external force, the curve is locked ine¢hbarrier and cannot
continue in evolution. The curve can only expand to sides. TEhbarrier is again at
X2 = 1:7 and the value of barrier force igFj = 35. Figure 7(a) illustrates the curve
expansion byF = 3 and the case when it is locked at the barriert(2 (0; 1:5)). Figure
7(b) shows the curve shrinking byF = 3 fort 2 (1:5;3). The curve is locked at the
barrier and cannot go back to a straight line. This example guld simulate the real
dislocation curve expansion when the curve is locked at solled channel

The evolution of the curve at the endless channel is shown indere 8. Again, the
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1 1 1 1 1
6 -4 -2 0 2 4 6

Figure 6: The dislocation curve expands over a barrier cresd by spatially variable ex-
ternal force.

(a) Curve expansion (b) Curve moves back

Figure 7: Spatially variable external force= with high value, t 2 (0; 1:5).

endless channel is created by spatially variable externadrte. The curve cannot cross
these barriers (atx, = 1:2 and x, = 0).

7 Conclusion

The dislocation dynamics simulation is important in practce because dislocations a ect
many material properties. Dislocation dynamics can be ma#matically simulated by
mean curvature ow. We presented a method based on a paramietrapproach and two
numerical schemes. We applied the model to situations similto the real context. The
scheme had to be improved by an algorithm for tangential restiribution of points.
Acknowledgement. This work was partly supported by the project MSM No. 68407 7AD0
\Applied Mathematics in Technical and Physical Sciences"rad by the project No. LC06052
\Neéas Center for Mathematical Modelling" of the Ministry d Education, Youth and
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Figure 8: Curve evolution at the channel.

Sport of the Czech Republic.

References
[1] J. A. Sethian. Level set methodsCambridge University Press, 1996.

[2] J. A. Sethian. Level set methods and fast marching methodSambridge University
Press, 1999.

[3] G. Dziuk, A. Schmidt, A. Brillard, and C. Bandle. Course on mean curvature ow
Manuscript 75p., Freiburg, 1994.

[4] M. Benel. Phase eld model of microstructure growth in solidi cationof pure sub-
stances Acta Math. Univ. Comenian, 2001.

[5] K. Deckelnick, G. Dziuk.Mean curvature ow and related topics Freiburg, 2002.

[6] K. Mikula, D. ©eveovie.Computational and qualitative aspects of evolution of cles
driven by curvature and external forceComputing and Visualization in Science, Vol.
6, No. 4, pp. 211{225, 2004.

[7] K. Mikula, D. ©eveovie.Evolution of plane curves driven by a nonlinear function of
curvature and anisotropy SIAM Vol. 61, No. 5, pp. 1473{1501, 2001.

[8] K. Mikula, D. ©eveovie.A direct method for solving an anisotropic mean curvature
ow of plane curves with and external forceMathematical methods in the applied
sciences, Vol. 27, No. 13, pp. 1545{1565, 2004.

[9] V. Minarik, J. Kratochvil. Dislocation Dynamics { Analytical Description of the In-
teraction Force between Dipolar LoopsProceedings of the Czech Japanese Seminar
in Applied Mathematics. Prague: Faculty of Nuclear Scienseand Physical Engi-
neering, Czech Technical University in Prague, 2006.



160 P. Pau?

[10] V. Minérik, J. Kratochvil, K. Mikula. Numerical Simulation of Dislocation Dynam-
ics by Means of Parametric ApproachProceedings of the Czech Japanese Seminar
in Applied Mathematics. Prague: Faculty of Nuclear Scienseand Physical Engi-
neering, Czech Technical University in Prague. ISBN 80-003181-0, pp. 128{138,
2005.

[11] V. Minarik, J. Kratochvil, K. Mikula, M. Benel. Numerical simulation of dislocation
dynamics Numerical Mathematics and Advanced Applications, ENUMAH 2003,
pp. 631{641, Springer Verlag, ISBN 3-540-21460-7, 2004.

[12] D. ©eveovie, S. YazakDn a motion of plane curves with a curvature adjusted tan-
gential velocity Preprint, 2007.

[13] P. Paul. Numerical simulation of dislocation dynamics Proceedings of Slovak-
Austrian Congress, Podbanské, 2007.



Parallel Algorithms for Di usion-based Tensor
Field Visualization in Mathematics and Medicine

Pavel Strachota

1st year of PGS, email:pavel.strachota@fjfi.cvut.cz

Department of Mathematics, Faculty of Nuclear Sciences an@hysical
Engineering, CTU

advisor: Michal Bene?, Department of Mathematics, Facultyof Nuclear
Sciences and Physical Engineering, CTU

Abstract. We propose a vector/tensor eld visualization technique based on solving an initial
boundary value problem for the Allen-Cahn equation with di usion anisotropy controlled by a
tensor eld. Focus is put on the details of the numerical soluion of the given problem by means
of the method of lines, presenting the results of both theorécal and experimental convergence
analysis. Afterwards, the aspects of the parallel implemetation of the numerical algorithm are
dealt with, concentrating on the e ciency benchmarks. Finally, vector eld visualization results
are presented and the possibilities of applying the methodn MR tractography are outlined.

Abstrakt. Vyvinuli jsme metodu pro zobrazovani vektorovych a tenzoraych poli zalo¥senou na
geleni smitené ulohy pro Allenovu-Cahnovu rovnici s anizobpni difuzi, ktera je gizena ten-
zorovym polem. Tento élanek se soustgedi na detaily numekiého geleni daného problému
metodou pgimek a uvadi vysledky teoretické i experimentalnkonvergeneni analyzy. Dale se
zabyva aspekty paralelni implementace numerického algattinu s durazem na testovani efektiv-
ity. Nakonec jsou prezentovany vysledky vizualizace a jsownastininy mo¥anosti uplatnini této
metody v MR traktogra i.

1 Introduction

Vector elds or tensor elds are a common output of simulatios in computational uid
dynamics and are also produced as an intermediate result &t Di usion Tensor Imaging
(DTI) medical examination technique [3]. DTI represents oa of the applications of
a magnetic resonance (MR) scanner and is capable of trackitige di usion of H,O
molecules in human brain (as well as some other tissues of amnaal). This motion
is directly related to the neural ber structures in the brain. In order to interpret the
described kind of data, an appropriate visualization techgue needs to be chosen. In this
paper, we propose an approach based on solving a problem foe tAllen-Cahn patrtial
di erential equation [7, 2], introduce a numerical method dr its solution and investigate
properties of the method itself as well as the properties diiparallel implementation.

The main idea of the method is as follows. Suppose a static t@celd v is de ned in
a rectangular domain = (0 ;L) (0;L?). Generating a noisy texture in and making it
undergo an anisotropic di usion process with the di usion écused in the directionv (x)
at each pointx, the streamlines of the vector eld emerge as "smudges". Inddition to
smearing, one may impose advection on the texture in order toterpret the ow of the
uid along the vector eld.

161



162 P. Strachota

2 Formulation

Letp:J 7' R, p= p(t; x) be the function of texture intensity at each pointx 2
and at the timet 2 J , whered = (0;T) is the time interval. The initial boundary value
problem for the Allen-Cahn equation with advection (see [Bfeads

%?' Vrp= ot TP+ fo(P)+ GoF nJd (1)
pj@ =0 onlJ @ ; (2)
Plizo = | " ©

where 1
faM=pL P P 3

In (1), the term r T p) is responsible for anisotropic di usion ofp focused into
the direction of the vector eld. Consider a vector = ( !; ?)T 2 R? and denote the
coordinates of in the orthonormal basis(%v; %v?) by ~'; ~2. The anisotropic operator
TOis de ned as

TC)= °C) °C);

where q @ o)
0 = ~1)2 + ~2)? - 0 = . 4
() (-4 (~2)°; () @ °) (4)
The coecients ; depend on the vector eld and should be chosen such that the

absolute value ofT? is largest in the case when the directions of and r p coincide. Our
choice is
= @+ jvp); =5 ;> O

The term v r p in (1) causes texture advection [7, 2]. The polynomidl, makes
nucleation occur during the time. In this context, nucleation is a form#on of areas
where the value ofp is near0 or 1. As described for example in [7, 1], the parameteris
proportional to the di use interface layer between such ames. is chosen such that it is
small in comparison with the dimensions of . The sense of the parameteF is related
to the problem of mean curvature ow and is explained e.qg. in/[ 2].

In the context of visualization, if| : 7! R represents the intensity of a noisy texture
at each point, the solutionp will re ect the gradual di usion of the initial image | with
increasing time. Both the state ofp at some nal time T and the entire solution evolution
can be regarded as the result.

2.1 Tensor eld visualization

The anisotropy introduced with the T operator is a generalization of theli usion tensor
model [9], based on replacin@°(r p) in (1) by the term

Dr p;
whereD is a symmetric positive de nite matrix. Indeed, it is easy toverify that de ning

o(y=""T0
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we obtain
T°r pp=Dr p:

On the other hand, our special choice (4) can be expressed @mnrhs of the di usion tensor
model. The corresponding tensor is such that it has the form

D =

expressed in the basi$lv; 2v?).

3 Numerical solution

For numerical solution, we use thanethod of lines,which converts the problem (1-3) to
the solution of the system of ODEs in the form

dp _ . .. .

G =) (5)
The spatial discretization is carried out by the nite di er ence method; for the temporal
discretization, we employ the 4th-order Runge-Kutta-Mermsn solver with adaptive time
stepping. First, let us introduce the notations
Lk
—

h = (h';h?); h* := = k2f12g;

xij = (xixf)=(i h%j h?);

lh= Xy i=21;mumt Lj=1;25m* 1
lh= X i=0;umbj=0m5m? ; p=1, 1y
Hh= uu:!ly! R ;u; = uXi); (6)

PhW:W!hZthenedforanyW: 7! R:

In the sense of (6), we introduce the following di erence quients approximating the
derivatives, gradient and divergence:

Ui Uiy _ Ui Ui
Uxsij = T v Uxagj = T,
L I _ Ui+ Ui |
ux2;i;j - T ) ux2;i;j - T,
I hU = (Uyz;Uyg2) 5 T U = (Uyz; Uy2);
T
rn V=Vi+Vir, V=Vi+Vvi;v= vhvz

Using the above de nitions, we assemble the semi-discreteheme of the problem (1-
3) for the unknown grid functionp” : J ' H |, which represents the vector of functions
of time p in (5):
dp" h 0 hy 4 e o : .
ot * Pa(v) rap'= rn T°(rnp')+ —fo(p") + GF inJ ta ()
phj, =0 onJ ho o (8)

p"(0) = Pyl Nty (9)
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rn TOr np") rn TOr np") I TO(;I hp") th TO(r np")

Figure 1: Versions ofr  TO(r p) discretization used for assembling the weighted scheme.

4 Numerical scheme weighting

The original numerical scheme (7-9) su ers from arti cial mmerical isotropic di usion,
which in accordance with the spectral error analysis theoif¢#] a ects structures inp" con-
taining high frequencies. As a result, the formation of stemlines is degraded. However,
due to the asymmetry of the scheme, the amount of additionadetropic di usion depends
on the direction of the vector eld v. This property of the scheme has been exploited to
design mixed forward/backward di erence quotients approxnating the gradient by

Fau = (UgUg)";

v T

rau = (Ux;Uye)
and the divergence by

rn V. = Vi+V3;

These expressions allow four versions of discretizationtbe termr  T%(r p) in (1), as
listed in Figure 1. Two complementary scheme asymmetrieseaobtained, corresponding
to two perpendicular directions of the strongest numericatli usion. Finally, all dis-
cretization versions are combined into a single scheme, glging them with respect to
the direction of the vector eld. As a result, the weighted seeme always prefers the dis-
cretization version with a weaker numerical di usion. The mprovement can be observed
in Figure 2.

5 Convergence analysis

The work [8] contains a detailed convergence analysis, pnog the following theorem:

Theorem 1. Let 1 2 Hi() \ C() , v 2 C() 2: Then the solutionp" of the semidiscrete
scheme (7-9) converges ih,(J ;L,()) to the unique weak solutiomp of the anisotropic
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Figure 2: Visualization of the straight vector eld in the direction c orresponding to the
strongest arti cial diusion in the original scheme. Result obtained by the origi-
nal scheme (left) and the weighted scheme (right). All paraneters were identical for
both computations.

di usion problem (1-3), where p satis es

p 2 Ly(Jd;H3() ;

D2 L)

The proof is based on interpolation theory, suitable a prioestimates and the method
of compactness.

5.1 Experimental proof of convergence

In addition to the theoretical results, the measurement oflte experimental order of
convergence (EOC) has been performed for both the originah@the weighted schemes.
EOC is obtained by computing the solution on a sequence of ghaally re ning grids and
is de ned as

Error
Iog Error I 1
EOC = —
i
Iog khi 1k

where khk = max hl and Error; is the di erence of thei-th solution from the precise
|

solution measured in an appropriate norm. The results indiding the convergence are
summarized in Table 1 and Table 2.
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Grid size | h L; (3;L2()) | L1 (3L () | EOCin EOC in
error error L; (3;L2()) | La(3;L1 ()
100 100 | 0:01 0.0257814 0.2909448 - -
200 200 | 0:005 0.0082178 0.1145193 1.6495124 1.3451547
400 400 | 0:0025 | 0.0027553 0.0465855 1.5765111 1.2976364
800 800 | 0:00125 | 0.0007728 0.0133288 1.8339980 1.8053344
Table 1: Experimental order of convergence of the originatiseme (7-9).
Grid size | h Ly (J;La()) |Ly (3L () | EOCin EOC in
error error L; (3;L2()) | La(3;L1 ()
100 100 | 0:01 0.0249912 0.2056547 - -
200 200 | 0:005 0.0073023 0.0633514 1.7750009 1.6987763
400 400 | 0:0025 | 0.0022840 0.0196849 1.6768129 1.6862861
800 800 | 0:00125 | 0.0006455 0.0060901 1.8230700 1.6925603

Table 2: Experimental order of convergence of the weightedheme.

6 Parallelization

In order to allow reasonably fast calculations on large gr&l a parallel implementation of
the numerical algorithm has been developed by means of the Mibrary (see [6]). Very
ne grids are necessary e.g. for the convergence veri catimf several numerical scheme
modi cations.

The idea of parallelization of the nite di erence algorithm is to decompose the grid |,
into blocks, each of those being handled by a di erent procesOur choice was to compose
a block of several rows of the grid. The processes belongimgthe adjacent blocks need
to interchange (synchronize) data in order to complete eacktep of the Runge-Kutta
method.

Since the method of lines is extremely demanding on the amduwf synchronization,
much attention has been paid to benchmarking and scalabyitimprovement of the code.
Using the nonblocking communication operations, we are abto optimize the ow of the
calculation by requesting the operations as soon as possilaind completing them as late
as possible. Since the synchronized data is used for caltioia of the border nodes of
the blocks only, we can calculate the value of the right handde of (5) in the interior of
the block before the communication is complete.

6.1 Dynamic load balancing

In addition to message passing optimization, an interestgn method of dynamic load
balancing during the calculation has been developed, magint possible to utilize non-
homogeneous clusters for e cient computation. The technige is based on the changes
of the block sizes, corresponding to the particular process For a given period, each
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Figure 3: E ciency testing on CLX, di erent grid sizes ( smalk200 200, medium=400 400,
large=800 800) and MPI communication order (opt=nonblocking \request soon,
complete late”, noopt=nonblocking \all at once").

process accumulates the wall time of its autonomous calctimns (between synchroniza-
tions). The acquired time values are then converted to relae speeds of the processes.
Afterwards, the master process calculates the new block &z proportional to the process
speeds. We assume that with such block sizes, the idle timestloe processes (waiting
for synchronization) should be eliminated. Rearrangememtf the blocks requires data to
be redistributed among the blocks. The algorithm implemeattion tries to minimize the
amount of data being sent and provides mechanisms to avoid amengless rearrangements
(when the changes to be made are negligible).

Of course, the proposed load balancing system is not suitabior advanced homoge-
neous cluster solutions controlled by load sharing managesuch as LSF or PBS. On such
a system, all nodes utilized by the user application have trgame performance and they
are fully at its disposal for the whole program run time. No lad balancing is therefore
necessary.

Extensive e ciency benchmarks have been performed on the GLLinux cluster at
CINECA, Italy. Some e ciency results are shown in Figure 3.

7 Visualization results

The results of the numerical algorithm based on the weightestheme and applied to some
sample vector elds are displayed in Figure 4. Color visuaation has been achieved by
separately solving the above problem for the R, G, B comportsnof the image. The
advection term in (1) together with a suitable choice of the bundary condition may be
useful for ow visualization, as depicted in Figure 5.

8 Application in MR Tractography

As already suggested in the introduction, each DTI examin&in generates a tensor eld
describing the directional distribution of water di usion in human brain [10, 3, 5]. As
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Figure 4: Sample vector eld visualizations.

Figure 5: Flow visualization by means of advection together with a stipe-like Dirichlet bound-
ary condition.
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Figure 6: MR tractography using anisotropic di usion. Colorized by f ractional anisotropy [9].

neural bers act as tubes for the HO molecules, tracking the direction of the strongest
di usion may help discover the pathways of the neural tracts This process is called
tractography. Using the choice

T°()=D

in (1), we are able to employ our visualization approach to weal the streamlines of
the tensor eld, interpretable as neural ber bundles. A sarple result of neural tract
visualization in a transverse plane is displayed in Figure. 6

9 Conclusions

We have developed an optimized parallel algorithm for the moerical solution of the

anisotropic di usion problem (1-3). The solution is suitalbe for use as a vector or ten-
sor eld visualization technique, as demonstrated on sevarexamples. The convergence
analysis justi es the suitability of both the original and the weighted schemes. Thorough
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tests of algorithm e ciency prove the possibility to createa well scalable parallel imple-
mentation of the method of lines despite the huge amount of cessary communication.
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Abstract. Classi er aggregation is a method for improving quality of dassi cation { instead

of using just one classi er, a team of classi ers is createdand the outputs of the individual

classi ers are aggregated into the nal prediction. Common methods for classi er aggregation
are static, i.e., they do not adapt to the currently classi ed pattern. In this paper, we introduce
a formalism of dynamic classi er systems, which use the concept of dynamic classtation
con dence to dynamically adapt to the currently classi ed p attern. Results of experiments
with quadratic discriminant classi ers on four arti cial a nd four real-world benchmark datasets
show that dynamic classi er systems can signi cantly outperform static classi er systems.

Abstrakt. Spojovani klasi katoru je metoda pro zlepteni kvality klasi kace { misto pou¥sivani
jednoho klasi katoru je vytvogen tym klasi katoru a vystup y jednotlivych klasi katoru jsou poté
agregovany pro ziskani nalni predikce. Vitlina metod pro agregaci klasi katoru je staticka,
tj. agregace se nepgizpusobuje konkrétnim klasi kovanym zorum. V tomto éldnku popiteme
dynamické systémy klasi katoru, které pou¥iivaji koncept dynamické lon dence klasi kace, aby
se pwizpusobily konkrétnimu vzoru. Vysledky experimentu a 4 umilych a 4 realnych datovych
mno%zinach ukazuji, %e dynamické systémy mohou dosahovarsikantni leptich vysledku ne¥
statické systémy.

1 Introduction

Classi cation is a process of dividing objects (calleghatterns) into disjoint sets called
classes[7]. Many machine learning algorithms for classi cation hae been developed {
for example naive Bayes classi ers, linear and quadraticgiriminant classi ers, k-nearest
neighbor classi ers, support vector machines, neural nebsks, or decision trees. If the
quality of classi cation (i.e., the classi er's predictive power) is low, there are several
methods we can use to improve it.

One comonly used technique for improving classi cation qlity is called classi er
combining [11] { instead of using just one classi er, we create and traia team of classi-
ers, let each of them predict independently, and then combie (aggregate) their results.
It can be shown that a team of classi ers can perform better ithe classi cation task
than any of the individual classi ers.

The research presented in this paper was partially supportd by the Program \Information Society"
under project 1IET100300517 and by the grant ME949 of the Minstry of Education, Youth and Sports
of the Czech Republic.
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There are two main approaches to classi er combiningclassi er selection [1, 17] and
classi er aggregation [12, 10]. If a pattern is submitted for classi cation, the fomer
technique uses some rule to select one particular classieand only this classier is
used to obtain the nal prediction. The latter technique uss some aggregation rule to
aggregate the results of all the classi ers in a team to get & nal prediction.

A common drawback of classi er aggregation methods is thahey are static, i.e., they
are not adapted to the particular patterns that are currenty classi ed. In other words,
the aggregation is speci ed during a training phase, priora classifying a test pattern.
However, if we use the concept of dynamic classi cation codence (i.e., the extent to
which we can \trust" the output of the particular classier for the currently classi ed
pattern), the aggregation algorithms can take into accounthe fact that \this classi er
is not goodfor this particular pattern™.

Surprisingly, such dynamic classi er systems are not useeny often in classi er com-
bining. However, there has already been some work done in tledd of dynamic classi er
systems { Robnik-©ikonja and Tsymbal et al. [13, 14] study dymic aggregation of
random forests [4], i.e., dynamic classi er systems of dewn trees. The authors report
signi cant improvements in classi cation quality when ushng dynamic voting compared
to simple voting. However, they study dynamic classi er syems only in the context of
random forests, and they use only con dence measures basedtioe so-called margin.

In this paper, we provide a general formalism of dynamic clgsiscation con dence
measures and dynamic classi er systems, and we experimdlytastudy the performance
of con dence-free classi er systems (i.e., systems that dwt utilize classi cation con -
dence at all), static classi er systems (i.e., systems thaise only \global" con dence of
a classi er), and dynamic classi er systems (i.e., systemthat adapt to the particular
pattern submitted for classi cation).

The paper is structured as follows. In Section 2, we introdecthe formalism of
classi er combining, namely in Section 2.1, we de ne basiconcepts of classi cation, in
Section 2.2 we introduce the concept of classi cation conehce, and we introduce three
dynamic con dence measures, in Section 2.3 we deal with dasr teams and ensembles,
and in Section 2.4, we nally de ne classi er systems and sho several examples of
dynamic classi er systems. In Section 3, we experimentallyompare performance of the
proposed dynamic classi er systems. Section 4 then conckslthe paper.

2 Formalism of Classi er Combining with Classi cation Con-
dence

2.1 Classi cation

Throughout the rest of the paper, we use the following notain. Let X R" be a
n-dimensionalfeature spacean elementx 2 X of this space is called gattern, and let
Cy;:i;Cv X , N 2 be disjoint sets calledclasses The index of the class a pattern
x belongs to will be denoted as(x) (i.e., c(%) = i i %2 C;). The goal of classi cation
is to determine to which class a given pattern belongs, i.€g predict c(x) for unknown
patterns.
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De nition 1. We call aclassi er every mapping : X ! [0;1]N, where[0; 1] is the unit

The d.o.c. to classC; expresses the extent to which the pattern belongs to clags
(if (> > (%), it means that the pattern (%) belongs to clasC; rather than to C;).
Depending on the classi er type, it can be modelled by probdliy, fuzzy membership,
etc.

Remark 2. This de nition is of course not the only way how a classi er ca be de ned,
but in the theory of classi er combining, this one is used maoften [11].

De nition 3. Classier is calledcrisp,i 8% 2 X 9i, such that:

i(*=1,and 8] 6 i (% =0:

.....

2.2 Classi cation Con dence

Classi cation con dence expresses the degree of trust wercgive to a classier when
classifying a patternx. It is modelled by a mapping

De nition 5. Let be a classier. We call acon dence measureof classier every
mapping X! [0; 1]

The higher the con dence, the higher the probability of corect classi cation. (%) =
0 means that the classi cation may not be correct, while (%) = 1 means the classi -
cation is probably correct. However, does not need to be modelled by a probability
measure.

A con dence measure can be eithestatic, i.e., it is a constant of the classier, or
dynamic i.e., it adjusts itself to the currently classi ed pattern.

De nition 6. Let be aclassier and its con dence measure. We call static, i it
IS constant in %, we call  dynamic otherwise.

Remark 7. Since static con dence measures are constant, independent the currently
classi ed pattern, we will omit the pattern (%) in the notation, i.e., we will denote them
just

Remark 8. In the rest of the paper, we will use the indicator operatot, de ned as
[ (true) =1, I (falsg = 0.

2.2.1 Static con dence measures

After the classi er has been trained, we can use a validatiogset to assess its predictive
power as a whole (from a global point of view). These methodwlude accuracy, precision,
sensitivity, resemblance, etc. [7, 9], and we can use theseasures as static con dence
measures. In this paper, we will use the Global Accuracy meas.
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Global Accuracy (GA) of a classi er is de ned as the proportion of correctly classi ed
patterns from the validation set:

P ?
GA) _  yom | (jI\C/rIj(y) = C(’Y)); 1)

where M is the validation set of (i.e., a set of patterns was not trained on,
intended for parameter ne-tuning), and  (¥) is the crisp output of on .

2.2.2 Dynamic con dence measures

An easy way how a dynamic con dence measure can be de ned is ¢ompute some
property on patterns neighboring withx. Let N (%) denote a set of neighboring validation
patterns. In this paper, we de ne N(x) as the set ofk patterns nearest tox under

Euclidean metric. Now we will de ne three dynamic con dencemeasures which use
N (%):

Euclidean Local Accuracy (ELA) measures the local accuracy of in N (%):

yango L er(¥) 2 c(y))
N (%9)] ’

(ELA)(_X) —

2)
where . (¥) is the crisp output of on .

Euclidean Local Match (ELM) is based on the ideas from [5], and measures the propor-
tion of patterns in N (%) from the same class as is predicting for x:

y2N (o | ( er() 2 ()
IN ()] ’ 3)

(ELM )(X) —

where (%) is the crisp output of on .

Euclidean Average Margin (EAM) is de ned as mean value of the margin [4, 13, 14] in
N (%): p
¥2N (%) mg( (Y)) i

(EAM )(’X) = JN (-)()J ;

(4)
where the margin i% de ned asng( (¥)) =

2wy  max i(y) i «(y)= o)
i6 c(y) , (5)
0 otherwise.

where (¥)=( 1(¥);:::; ~n(¥), and (¥) is the crisp output of on .

The dynamic con dence measures de ned in this section havene drawback { they
need to computeN (%), which can be time-consuming, and sensitive to the simildyi
measure used. There are also dynamic con dence measuresictvitompute the classi -
cation con dence directly from (%), e.g., the ratio of the highest degree of classi cation
to the sum of all degrees of classi cation. However, our prelinary experiments with
such measures with quadratic discriminant classi ers andandom forests show that such
con dence measures give very poor results.
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2.3 Classi er Teams

In classi er combining, instead of using just one classi gra team of classi ers is created,
and the team is then aggregated into one nal classi er. If wavant to utilize classi cation
con dence in the aggregation process, each classi er musave its con dence measure
de ned.

De nition 9. Classi er team is a tuple (T;K), whereT =( 4;:::; ), r2 N, r 2is
a set of classiers, andK =( ,;:::; ) is a set of corresponding con dence measures.

If a classi er team consists only of classi ers of the same e, which di er only in
their parameters, dimensionality, or training sets, the tam is usually called arensemble
of classi ers. For this reason the methods which create a team of classi®are sometimes
called ensemble methodsThe restriction to classi ers of the same type is not esseal,
but it ensures that the outputs of the classi ers are consisint. Well-known methods for
ensemble creation ardagging[3], boosting [8], error correction codes[11], or multiple
feature subsetmethods [2].

If a pattern is submitted for classi cation, the team of clasi ers gives us two di erent
informations { outputs of the individual classiers (a decision prole), and values of
classi cation con dences of the classi ers (acon dence vector).

De nition 10. Let (T =( q1;:::; );K=( ,;::1; ) beaclassier team, and letx 2
X. Then we de ne deC|S|on prole T(x%) 2 [0;1]"N and con dence vector K(x) 2 [0, 1]
" 1() 11(%)  12(%) i 1N() 1()
- % o )§ %21(*) 22(¥) 5 2n )§ <0 - % X )§
r(X) ri(®) n2(®) i (%)

Remark 11. Here we use the notatiom for both the set of classi ers, and for the decision
pro le, and similarly for K. To avoid any confusion, the decision pro le and con dence
vector will be always followed by().

2.4 Classi er Systems

After the pattern % has been classi ed by all the classi ers in the team, and theoo dences

were computed, these outputs have to be aggregated usingeam aggregatgrwhich takes

the decision pro le as its rst argument, the con dence vecbr as its second argument,
and returns the aggregated degrees of classi cation to ahe classes.

De nition 12. Letr;N 2 N, ;N 2. A team aggregatorof dimension(r;N) is any
mapping A : [0; 1N [0; 1T ! [O; 1N,

A classi er team with an aggregator will be called alassi er system Such system
can be also viewed as a single classi er.

De nition 13. Let (T ;K) be aclassi er team, and letA be a team aggregator of dimension
(r;N), wherer is the number of classi ers in the team, andN is the number of classes.
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Figure 1: Schematic comparison of con dence-free, statand dynamic classi er systems.

The triple S = (T;K;A) is called aclassi er system We de ne aninduced classi er of
S as aclassier , dened as

(%)= A(T(9:K(»):

Depending on the way how a classi er system utilizes the clsiation con dence, we
can distinguish several kinds of classi er systems.

De nition 14. Let (T;K) be a classier team. (T;K) is called static, i 8 2 K :
is a static con dence measure.(T ;K) is calleddynamic,i 8 2 K : is a dynamic
con dence measure.

De nition 15. Let A be ateam aggregator of dimensiofr; N ). We call A con dence-freg
I it is constant in the second argument.

De nition 16. Let S=(T;K;A) be a classi er system. We calb con dence-freg i A
is con dence-free. We callS static, i (T ;K) is static, and A is not con dence-free. We
call S dynamic i (T ;K) is dynamic, andA is not con dence-free.

Con dence-free systems do not utilize the classi cation eodence at all (for example
a team of classi ers aggregated by simple voting). Static stems utilize classi cation
con dence, but only as a global property (for example a teamfalassi ers aggregated by
weighted voting with constant classi er weights). Dynamicsystems utilize classi cation
con dence in a dynamic way, i.e. the aggregation is adaptea tthe particular pattern
submitted for classi cation (for example a team of classi es aggregated by weighted
voting with classi er weights computed for every pattern). The di erent approaches are
schematically shown in Fig. 1.

Many methods for aggregating the team of classi ers into onaal classier have
been proposed in the literature [11, 12]. These methods conge simple arithmetic
rules (voting, sum, product, maximum, minimum, average, wghted average, etc.), fuzzy
integral, Dempster-Shafer fusion, second-level clasgise decision templates, and many
others.
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In the following text, we de ne several team aggregators. Weiill use the notation
from Def. 10 and Def. 13. Let( %) = A(T (%);K(%) =( 1(%);:::; n(%).

Mean value aggregation (MV) is the most common aggregation technique. Its aggrega-
tor is de ned as P

()= —= (7)

If the classi ers in the team are crisp, MV coincides with vang.

Static weighted mean aggregation (SWM) computes aggregated d.o.c. as weighted mean
of d.o.c. given by the individual classi ers, where the welgs are static classi cation
con dences: P

j() = —B= (8)

Dynamic weighted mean aggregation (DWM) has the same aggregator as SWM, but
the weights are dynamic classi cation con dences:

i () 4 (9
i (’X) — iTj;:::;r i o : (9)

i=1;u5r |(x)

Filtered mean aggregation (FM) has the same aggregator as MV, but prior to com-
puting the aggregated values, the classi ers which have (dgmic) classi cation
con dence lower thanT 2 [0; 1] are discarded:

B ('X)

“f 2T W>Tg (10)

3 Experiments

To compare con dence-free, static, and dynamic classi eystems, we implemented the al-
gorithms described in Sec. 2.4, and we tested their perforn@e on four arti cial (Clouds,
Concentric, Gauss3D, Waveform) and four real-world (Breast, Phoneme, Pima, &im-
age) datasets from the Elena database [15] and from the UCIp@sitory [6].

For all the classi er systems we used, the classi er tear(il ; K) was an ensemble of
quadratic discriminant classi ers [7], created either by e bagging algorithm [3] (which
creates classi ers trained on random samples drawn from tleiginal training set with
replacement), or by the multiple feature subset method [2Jxfhich creates classi ers using
di erent combinations of features), depending on which mébd was more suitable for
the particular dataset.

For the comparison, we designed the following classi er ggsns (refer to Section 2.2
and Section 2.4 for the description of the algorithms):

MV con dence-free system aggregated by mean value aggregatio
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SWM cl. system aggregated by static weighted mean aggregatias a con dence mea-
sure, we used GA

DWM cl. system aggregated by dynamic weighted mean; as a con @enmeasure, we
used ELA, ELM, and EAM

FM cl. system aggregated by Itered mean; as a con dence measurwe used ELA,
ELM, and EAM

We also compared the systems' performance with the so-cdll@on-combined classi er
(NC), i.e., a common quadratic discriminant classi er (theNC classi er represents an
approach which we had to use if we could use only one class).er

All the methods were implemented in Java programming langge, and a 10-fold
crossvalidation was performed to obtain the results. For # dynamic con dence mea-
sures, we usek = 20. The threshold T for FM aggregators was set tol = 0:8 or
T = 0:9, depending on the particular dataset. The parameters weretsbased on some
preliminary testing; no ne-tuning or optimization was dore.

The results of the testing are shown in Table 1. Mean error ratand standard deviation
of the error rate of the induced classi ers from a 10-fold cesvalidation was measured.
We also measured statistical signi cance of the results { &% con dence level by the
analysis of variance using the Tukey-Kramer method (by theMultcomp' function from
the Matlab statistics toolbox).

The results show that for most datasets, the dynamic clas®r systems outperform
both con dence-free and static classi er systems. For theedatasets, these results were
statistically signi cant. FM usually gives better results than DWM, and if we compare
the three dynamic con dence measures, we can say that ELM g usually the best
results, ELA and ELM being slightly worse. However, the peoifmance of the individual
con dence measures depends on the particular dataset [16{zenerally speaking, the
FM-ELM was the most successfull algorithm in this experimen

It should be noted that the experimental results from this pper are relevant only
to quadratic discriminant classi ers, because for any othreclassi er types (k-NN, SVM,
decision trees, etc.), the dynamic con dence measures adgive quite di erent results.

4 Summary

In this paper, we have studied dynamic classi er aggregatio We have introduced the
formalism of classi er systems which can be used with (dyndao) classi cation con dence,
and we have de ned con dence-free, static, and dynamic clsieer systems. We have
introduced three dynamic classi cation con dence measuse(ELA, ELM, EAM), and we
have shown a way how these measures can be used in dynamicsclssystems { we
have introduced two algorithms for dynamic classi er agggation.

In our experiments, we have compared the performance of calence-free, static, and
dynamic classi er systems of quadratic discriminant clasers. The results show that
dynamic classi er systems can signi cantly outperform bdt con dence-free and static
classi er systems.
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Table 1: Comparison of the aggregation methods { non-comtsd classi er (NC), mean
value (MV), static weighted mean (SWM) using GA con dence masure, dy-
namic weighted mean (DWM) using con dence measures ELA, ELMEAM, and
ltered mean (FM) using con dence measures ELA, ELM, EAM. Man error

standard deviation of error rate from a 10-fold crossvalidin was

rate (in %)

measured. The best result is displayed in boldface, statisally signi cant (at
5% level) improvements to NC, MV, and SWM are marked by footrte signs.
The (B/M) after dataset name means whether the ensemble waseated by
Bagging or Multiple feature subset algorithm.

Non-combined | Conf.-free | Static Dynamic

Dataset NC MV SWM DWM FM

Clouds (M) 250 17 250 211 | GA 247 16 | ELA 234 15 223 152
ELM 232 1.2 22:0 2:1 2
EAM 235 15 233 14

Concentric (B) 35 1.0 3:8 06 GA 40 08 ELA 32 11 21 1:3Y2
ELM 2.9 16 1:8 0:8 ¥
EAM 38 13 43 15

Gauss_3D (B) 21:4 1.7 216 1.1 | GA 215 21 | ELA 215 14 217 1.3
ELM 21:3 2.0 22.0 1.3
EAM 215 20 217 13

Waveform (B) 149 25 150 14 | GA 148 09 | ELA 147 1.9 150 1:2
ELM 14.8 25 14:5 1:2
EAM 14:6 2.0 155 1.0

Breast (M) 4:8 29 47 25 GA 42 24 ELA 30 21 29 18
ELM 30 1.9 31 21
EAM 32 20 2:9 1.7

Phoneme (M) 24:7 11 235 1.6 | GA 240 14 | ELA 215 19 172 1:4 ¥z
ELM 21:2 18 16:9 2:0 Y2
EAM 21:9 09 20:7 L7 Y*

Pima (M) 27:1 44 254 36 | GA 250 56 | ELA 25:8 65 24.0 2.7
ELM 24.0 41 250 74
EAM 24:8 6:3 23:5 54

Satimage (B) 156 1.7 155 12 | GA 155 1.7 | ELA 153 16 152 24
ELM 153 1.3 14:4 1.0
EAM 155 1:2 150 15

Signi cant improvement to NC
YSigni cant improvement to MV

ZSigni cant improvement to SWM

The main contribution of this paper is the veri cation that t he concept of dynamic
classi cation con dence can signi cantly improve the clasi cation quality, and that it is
a general concept, which can be incorporated into the theonf classi er aggregation in
a systematic way.

In our future work, we plan to study dynamic classi cation com dence measures for
other classi ers than quadratic discriminant classi er, nainly decision trees and support
vector machines, and to study model-speci c con dence meaes for these classier
types. We will also incorporate local classi cation con dace into more sophisticated
classi er aggregation methods.
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Abstract. The aim of this paper is to study asymptotical behaviour of anin nite two-dimensional
periodic rectangular network. A general singular couplingin the vertices is supposed. We will
show that for certain vertex couplings the system behaves gni cantly dierently from the
spectrum of the corresponding one-dimensional system, i.ethat the classi cation of spectral
asymptotics of one-dimensional periodic networks is not aplicable here.

Abstrakt. Pgedmitem préce je studium asymptotického chovani spektranekoneené dvoudimen-
ziondlni periodické obdélnikové mgidky. Ve vrcholech pgrklddadme obecnou singuléarni vazbu.
Uka¥seme, ¥se pro uréité vazby mudse tento systém vykazovatvémd, které se silni odlituje od
chovani spektra pgislutnych jednodimenzionalnich systé jinak geeeno, ¥e zde nelze vyuit
klasi kaci spektra znamou pro jednodimenzionalni siti.

1 Introduction

The term quantum graphdenotes an ordered pai{ ;H), where is a metric graph (an
undirected graph with a metric) andH is a Hamiltonian on , i.e. self-adjoint di erential
operator of the second order acting on the graph edges as a wsrsecond derivative
(see [4]). These mathematical objects serve as natural méslef graph-like structures
of nanometer sizes, which may be made of various materialsually of semiconductors.
The technological progress in last decades of the twentiettentury has enabled a mass
production of such microscopic structures and, consequénttheir practical utilization.
As a result, the theory of quantum graphs gained a wide appétion potential, which is
hitherto growing. This fact attracted the attention of mathematical physicist, and at the
end of the eighties an intensive study in this eld has begunyhich continues till this
time. However, it is a relatively new theory with many open poblems remaining.

One of the open problems concerns spectra of in nite periadisystems. It is well
known from a more general theory that a periodic system has aibd spectrum. The
interesting and important question is, how the asymptotic®f the spectral bands looks
like.

The easiest situation is a line with periodically located pat interactions of the
same type. One can consider either-interaction, which is a classical, very well ex-
amined Kronnig-Penney model, or a general point interactio The case of in nite one-
dimensional periodic network with a general point interagbn in each vertex has been
already described in the work [1]. The authors studied higbnergy asymptotics of the
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spectrum and have derived the following result: The systemal a purely absolutely con-
tinuous spectrum and the structure of its spectral bands caconform only to one of the
following three situations:

band widths are asymptotically constant, gap widths grow asnptotically linearly,
widths of both bands and gaps are growing,
band widths grow asymptotically linearly, gap widths are agmptotically constant.

In this paper we will deal with a natural generalization of a ne-dimensional network,
namely with a planar rectangular network (see Fig. 1). We wlilask if it is true that the
assymptotics of the spectral bands is described by the threguations enumerated above,
or if there is an interaction for which a new type of assympats arises.

2 \Vertex coupling

Let v 2 V be a vertex with n outgoing edges. Let us denote the wavefunctions on
these edges by ;:::; . The limits of these functions and their rst derivatives (in the
outgoing sense) in the vertex form two vectors:

© ° o0
1 1
=% : X;: w=% : k:

n(0) 7(0)

All physically admissible boundary conditions can be desbed by the group of unitary
matrices in the following sense: Boundary conditions in a kex are admissible if and
only if there is a unitary matrix U such that

(U DHO+i( U+l) Y0)=0: (1)

As a result, a family of admissible boundary conditions canebparametrized byn? real
parameters.

The most common type is the -coupling, already mentioned in the introduction. It
corresponds to a unitary matrixU given as a suma | + b J, wherea= 1, b= -2

n+i

( 2 R), I is an identity matrix and J is a matrix, whose all elements are equal to 1.

3 Spectral condition

Consider an in nite rectangular network with the cell paranetersa and b (see Fig. 1).
Let a coupling corresponding to a given unitary matrixJ be imposed on all vertices - on
every vertex the same coupling. Our aim is to describe the tigenergy assymptotics of
the spectrum and to nd if there is a matrix U for which the spectral properties show a
signi cantly di erent behaviour with respect to in nite on e-dimensional networks.

The considered graph is obviously a periodic system, thusig natural to analyse it
using the Floquet decomposition. Let us consider an elemany cell according to the
Fig. 1, for the wavefunction we use the notation marked in thegure.
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. ! l -

?,
Y, Y,
—e ¢ * *—
¢
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1 f =1

Figure 1: A periodic two-dimensional network

Let there be a particle with the energyE con ned to this graph. First of all, we
realize that for any matrix U the corresponding Hamiltonian is bounded below, thus its
spectrum is bounded below as well. Therefore, to study itsdh-energy asymptotics it
su ces to consider E > 0. For notation purposes, let us denot& = k2, k > 0. Since the
Hamiltonian acts as a minus second derivative, the wavefut@n on each edge has to be
a linear combination of the functionse®* and e ', i.e.

1(X)= Cie¥+C,e™; x2[ a=2,0]
(X)= C; e+ C,e *; x2][0a=2]
'1(x)= D7+ D,e ™ x2[ b=20]
,(x)= Dje* + D,e ®; x2[0;b=2]
Moreover, the wavefunctlons have ti) satisfy the boundary ndltlons in the vertex, i.e.

(@)

TS §0§ Fius DB .05?3,) ©
' 2(0) ' 5(0)

For the Floquet decomposition we suppose that the wavefunohs satisfy the conditions
A(a2)=e't 4( a2)  YaR)=e'' U aw) @
a(bR)=e'*y( bR) " Y(bR)=e'* §( bD)

forsome 1; 22 ; ).

Substituting (2) into (4) enables one to rewrite (3) in the fom
0 c: 1
[UM  kN) (M+kN)]%ClI §:0; (5)
Dl
where th% matricesM and N are givlen by 0 1
i( 11 ak) i jak) 8 8 gl 11ak) dl ]1-+ak) cc)) (c))
M = %é o 1 1XK: N :% 0 11

dlz b dl2¢bk g 0 dlz b dl2¢bk g
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The functions (2) correspond to a nonzero solution i the vedor C;i;C,;Dj;D,
is nonzero. Therefore, a numbek? belongs to the spectrum of the Hamiltonian if and
only if (5) has a non-trivial solution for certain pair ( 1; »2), in other words, if there is a
pair ( 1; ») such that

det(UM kN) (M +KkN))=0: (6)

It can be easily shown that the determinant on the LHS is equdb the term

h i

Ca eizz"‘Czleiz"‘Czo dr 2+
h i

+ Cp2 é22+C11é2+C10 d !+ Cp é22+C01é2+Coo;

where Cj; are expression not containing the Floquet parameters and .
It is convenient to divide equation (6) by€ € 2 and then rearrange the terms:

Ciu+ Cu€'+Cpe'! + Cpd 2+ Cpe ' 2+ +
+ C22é1é2+Cooeilei2 + Czoélei2+C02€ilé2 =0; (7)

where

Cos = 16k?(U12U3s  UsoUqa)
Coo = 16k?(Uz1Us3  UagUaz3)
Ca0 = 16k?(U1oUgs  UgpUsa)
Co2 = 16k?(UpU3zs  UsqUsa)

C,, =k® 8isinbk (upp+det U(2;1) uszpUi3  UgoUgg + UgoUzz + Ugolgg)t
+ k? 16codk ( ugp +det U(2;1))+
+ k 8isinbk (u;p; +det U(2;1) + UzpUsz+ UgoUis  UgpUsz  UgoUyg)
Cor =k® 8isinbk (upp +det U(1;2) UzpUz3  UgiUpg + UpilUzz + UpplUgg)t
+ k? 16codk ( uy +det U(1;2))+
+ k 8isinbk (up; +det U(L;2) + UzUpz + UgiUps  UpjUsz  UppUgg)

Ci, =k® 8isinak (ugg +det U(4;3) UpgUs;  UpgUszp + UggUzg + UppUsg)t
+ k2 16cosak ( ug, +det U(4;3))+
+ k 8isinak (uzs+det U(4;3)+ UggUz; + UpgUszp  UgUzs  UpoUsy)
Cio =k® 8isinak (ugg+det U(3;4) U3Us1  UpgUgp + Ugglgz + UpplUgs)t
+ k2 16cosak ( uas+det U(3;4))+
+ k 8isinak (ugz+det U(3;4)+ ujsUyy + UxsUsz  UggUsz  UpoUyz)
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Cii= k* 4sinaksinbk (1+detU + uyy +det U(1;1) + uy + det U(2; 2)+
+ uzz +det U(3;3) + uy, +det U(4;4)+
+ UgiUzz + UggUsz + UggUag + UgoUss + UzoUsg + UzsUag
UjoUp1  UggUsr  UgUar  UpsUszz  UpaUgz  UzgUag)+
+ k® 8icosaksinbk ( 1+detU usz+detU(3;3) us+detU(4;4)+
+ UpgUz2  UgoUp;p  UggUag + UszgUgz)+
+ k® 8icosbksinak ( 1+detU u;;+detU(1;1) ux +det U(2;2)+
+ UggUas  UzgUsz  UgaUpp + UgaUpg)+

+ k? 16cosakcosbk (1+det U+ Upply  UppUpp + Usslaz  UsgUas)+
+ k? 8sinaksinbk ( 1 detU + UiUas + Ugplsz + UgqUss + Upolag
UgUg1  U23U32  UigUszz  UqUgpt
+ UppUpy  UggUpp + Ugalaz  UsgUas)t
+ k 8icosaksinbk ( 1+detU+ uz; detU(3;3)+ uy detU(4;4)+
+ UgaUp  UgpUzy  UsgUag + UggUag)+
+ k 8icosbksinak ( 1+detU+ u;; detU(1;1)+ uy, detU(2;2)+
+ Uazlasa  UsgUsz  Ugilpp + Ugolpg)+
4sinaksinbk (1+detU u;; detU(1;1) ux
detU(2;2) wuzz detU(3;3) uy detU(4;4)+
+ Uj1Upz + UgUz3 + Uzglgg + UpoUzg + UopUgg + UzgUag

UgpUp;  UgsUsp  UgqUar  UpsUsp  UpaUsp  Usaliss)
Lemma 1. Let U 2 C™" be a unitary matrix, let us denotedetU = e . Then:

(L+detU) e’z 2R

i i (8)
(1 detU) e'z2R
(uj +detU(;j)) e’ z2R  forall j2n o
i(uy +detU(;j)) e'z2R  forall j2n
( uy +detU(kij)) e 7= ( ugy +detU(;k)e 'z forall jik 2A;j 6k o)
(ux +det U(k;j)) e'z= (ug +detU(;k)e 'z forall jik 26k
If moreovern =4 andfj;k; ;mg= f1;2;3;4qg, then
[(Uj e UjcUg) + (U-Upm  UmUn)] €7 2R an
i[(Uj U UgUg) (U-Upm  UmUy)] €2 2R
(UjcU™ + UjcUmnm  Up Uy UnUm)€ 2= (UgUs + UgUmm  Uely  UknUng )€ 12
(12)

(Ujk Um  Um U‘k) ez = (Ukj Un up umk) e'z (13)
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We would like to stress that double indices wherever in thiemmado not mean the
Einstein summation.
Proof. The validity of (8) is obvious, to prove other equalities, tle following well known
formula is useful: _
U 1 = ( 1)*k detU(k;j)
Ik detU '
SinceU is unitary, it holds U *= U , i.e. [U ]k = Uq. Together we have

( 1)** detU(k;j) .
detU ' (14)

Ukj =

This lemma implies the following proposition.
Proposition 2. There are real numbers
Via; Va; Vg Vo, V2 Vi VP W,
Wa; W3, Wa; W2, Wo; W, Wi, WY,
303 20 2372 2 11
that depend only onJ, such that equation(7) can be written as

k* sinaksinbk V,+
+ k® [cosaksinbk Vs +cosbksinak V&
+sinbk Wssin( 1+ 3)+sinak WJsin( .+ 3)]+
+ k? [cosak cosbk V, +sin aksinbk V.2+cosbk W,cos(1+ )+ i

+cosak W2cos(,+ )+ W, cos(1+ o+ ~2)+ WP cos(; o+ ) +
+ k [cosaksinbk Vi +cosbksinak V2
+sinbk Wysin( 1+ 1) +sinak Wsin( ;+ 1)+
+sin aksinbk Vg =0:
(15)

Proof. It su ces to multiply equation (7) by e 'z, then the statement follows almost
immediately from Lemma 1. Equalities (8), (8) and (8) imply hat the term C;; e 'z

can be written as

k* sinaksinbk V,+ k® (cosaksinbk V;+cosbksinak VJ)+

+ k% (cosakcosbk V,+sinaksinbk V) + k (cosaksinbk Vi +cosbksinak V)+
+ sin aksinbk Vjy

for certain Vy; Vs; V2 Vo; V2 Vi V2 Wy 2 R, Using Lemma 1, all pairs of terms of (7), that
are coupled in parentheses, can be decomposed into sevexalessions according to the

power ofk as well. O
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4 Spectral behaviour

The positive spectrum of the considered periodic network stains such numbersk?, for
which there exist parameters 1; , 2 [ ; ) such that equation (15) is satis ed. Such
numbersk? form bands, which can have various structure. In the introdction we have
re ered to a result concerning one-dimensional network sag that the band structure
can be classi ed into three groups. The common property ofladf them is the following:
the bands are either assymptotically growing, or assymptflly constant. The aim of
this section is to show that for the two-dimensional case smclassi cation is not su cient.
We will study the structure of (15) in order to nd a concrete xample of a coupling, for
which the spectral behaviour is di erent.

The examination of (15) can be divided into two essentially icerent situations ac-
cording to the value ofV,. If V, 6 0, then the higer order ofk contained in (15) is equal
to 4, otherwise it it less or equal to 3. For our purposes it suces to consider the rst
case, i.e.V, 6 0. In such situation one may divide the whole equation bik* and separate
the term sinak sinbk V, as follows:

. . 1 . .
sinaksinbk V, = K [cosak sinbk V3 + cosbksinak V3°+

+sinbk Wssin( 1+ 3)+sinak WJsin( ;+ 3)]+

+ — [cosak cosbk V; + sin aksinbk V2°+ cosbk Wycos(1+ o)+
i
+cosak WJcos(o+ o)+ Wocos(1+ 2+ ~p)+ Wocos(1 o+ ) +

+ = [cosaksinbk Vi + cosbksinak V%
+sin bk Wysin( 1+ 1) +sinak Wsin( ;+ )]+
+ isinaksinbk Vo

k4
(16)

Since all the termsV,, W; etc. are constant with respect tok, the RHS is of the order
O(%), and the same has to hold for the producsinak sinbk at the LHS. Therefore, the
bands correspond to eithersinak small or to sinbk small. Let us supposea > b. To

nd a coupling that do not fall within the 1-D classi cation, we will focus on bands

corre%ponding only tosinak small. Let us denotng = n2N jsinb>j £ and
A= L Y Lt - Sincea>band < -2, it holds jJ,j = 1, therefore A
IS a countable set of equally long intervals. The followinghequality will be usefull:
Letk2 A, k2 "= 5+ o letusputk= "+ ¢, jj 3. Then

5 P

o 3.
3 0031—2 S|n1—2——3p§—>0, (17)

=

L . .n n .
jsinbkj = smbz cos +cosb€ sin

l.e. the setfj sinblkjj k 2 Agis bounded below by some positive constant.
We will study asymptotical behaviour of solutions of (16) tlat are contained in the
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setA. Let us assemble all the terms of (16) containinginak on the LHS:

1 . 1
= Wisin( 2+ 3) = sinbk V}

. . 1 0
sinak sinbk V, —cosbk V; K K2

k

1 1 1
3 cosbk V! k3W1 sin( 2+ 1) Fsmbk Vo, =
1 : : :
= ¢ [cosaksinbk Vs +sinbk Wasin( 1+ 3)]+ (18)
1
— [cosakcosbk V;+cosbk Wpcos(1+ »)+cosak WJcos(,+ o)+
|
+W, cos(1+ ,+~5)+ W20 cos( 1 2t ) +
1 . . .
+ 3 [cosaksinbk Vi +sin bk Wisin( 1+ 1)]:
We distinguish two situations:
(a) W3 60,
(b) W3=0

In the case (a) one can write (18) in the following way:

. . 1 1 . : . 1
sinak sinbk V,+ O(E) v [cosaksinbk V3 +sin bk W3sin( 1+ 3)]+ O(F):

(19)
If k is su ciently big, inequality (17) enables us to divide the whole equation by the
expression in the parentheses:

. 1 Vs W;

sinak = P cosak Vj + 743|n( 1+ 3) + O( ) (20)
The expression in the brackets is uniformly bounded with regct to k, therefore the RHS
is of the order%, l.e. jsinakj = O % . Let k be a solution; for the notation purposes we
put

ak=n + jj (21)

+ O(3%). Sincesinak = ( 1)"sin and
= O % . This allows us to write

obV|oust O(k) = O(n) and L
jsin j 2 j, we have Ej sinakj =

o
z—n-‘3|m

sinak=( 1)" 1+0(? =( 1) 1+O(n—12)

cosak=( 1" 1+0(2% =( 1)" 1+ 0(n—12) ; (22)
1 a 1
k™ n "%

Putting all together, we may transform (20) into

_a Vs W 1
= n V4+745m(1 3) (1)° +O(F)
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(we have divided both sides by( 1)"). Finally, when the parameter ; runs through

[ ; ) thetermsin( 1+ 3) takes all values from( 1;1). Therefore, runs through
a Vs W3 1 a V3 W3 1
— —= —  + 0O(=): — —+ —= 4+ 0O(=
n \V/1 \V/! (nz)’ n \A \V/! (nz

With respect to (21), the value ofk belongs to the set

n_+iﬁ i %+O(i),n_+i E+i %+O(i
a n V, n VW na n V, n W n2

We immediately see that for su ciently big n, this interval lies whole in the setA. The

easy computation of the the length of the corresponding inteal for k? gives the result

4 W; 1
_ — + 0O(x):
a V (nz) '
l.e. the we have found an in nite set of assymptotically cortant bands.
Consider now the situation (b), i.e. W3 = 0. We will proceed in a similar way, but

this time we take into account more terms of (18):

sinak sinbk V; L cosok A

1 i 1
K = Wgsin( o+ 3)+O(F) =

k

7§||_\?~—|H

cosak sinbk Vz+

[cosak cosbk V, +cosbk W,cos(y+ ,)+cosak WJcos(,+ o)+
i
1
+ W, COS(1+ 2+~2)+ WZO COS(1 2t ~2) +O(ﬁ):

For all k 2 A, sinbk is uniformly bounded below by a positive constant, thus forus-
ciently big k one can divide both sides of the equation by the term standing the
parentheses on the LHS and obtain

sinak—} cosak E+ i M
Tk V, k2 VZsinbk

1 0
+ K2 Vi sinbk [cosak cosbk V, + cosbk chos(1+i o) +cosak Wjcos(,+ )+
1

+W, cos(1+ 2+~2)+ W2 cos(; 2+ T2) "‘O(ﬁ):

[cosbk\y+ WJsin( o+ 3)]+

Now we use (22) similarly as in the case (a), subsequently wgain divide the whole
equation by the expressior( 1)", arriving at

a Vs a? 1 \VAVA
=— —+ . cosbk + Vs, +
n Vs, n%2 Vssinbk A 2
V3W3? . n 0
+ sin( p+ g3)+cosbk ( 1)" W,rcos(1+ )+ W,ycos(,+ )+

4
|

1
+W, ( 1)nCOS(1+ 2+~2)+ WZO( 1)nCOS(1 2+ ~2) +O($)
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If the parameters 3; , run through the interval [ ; ), the values of the expression in
the bracket form an interval. Since the values are uniformlpounded, as well am
by virtue of k 2 A and (17), there is a > 0 independent ofk (and n) such that

a Vs az_avg+ a? .
n V, n22'n \, n22 '’

and therefore the solutions of (16) form an interval that is entained in

a n V, n22’ a n V, n?2?2

n, 1V a.n 1V, a
We observe that ifk is su ciently big, the whole interval lies in the set A. The length of
the band, i.e. of the corresponding interval fok?, is bounded above by the term
n 1V, a 2 n 1 V; a °_4
+ — + + — —
n n

a

Vs, nz?2 a n V, n%2?2

thus the bands are neither assymptotically growing, nor agsiptotically constant. It is
a situation that does not occur in the case of one-dimensidnaetwork.

However, to prove that such situation really exists, it is neessary to nd an example
of a unitary matrix U 2 C™" such that V, 6 0, W3 = 0, and moreover to show that
in nitely many of the intervals (23) do not collapse to singé points.

Let us consider the following matrix:

0 1

1 1 1 1

_1.%1 1 1 1§,

u=3 11 1 1K° (24)
11 1 1

The unitarity is obvious. A simple calculation givesV, = 32 6 0, W3 = 0. To exclude
the collapsing case, we will show that the expression

VaWJ

4
+W, ( 1)"cos(1+ 2+~2)+ W) ( 1)"cos(1 2+ T2)

IS not constant with respect to( ;; 2). It can be shown that for U given by (24) this
expression is equal to

cosbk ( 1)" 32cos;+32cos, 16 ( 1)"cos(1+ ) 16 ( 1)"cos(: 2);

i.e. obviously not constant.

; (23)

sin( 2+ 3)+cosbk ( 1)" Wocos(1+ )+ WJcos(o+ o)+

5 Conclusions

We have studied the spectral properties of an in nite perioid network with a rectangular
cell. Our results demonstrate that the structure of its spegoum may strongly di er from
the case of one-dimensional network, namely that the speatibands may asymptotically
shorten. It would be interesting and useful to nd a completeclassi cation of high-energy
asymptotics. We aim to study the problem in more detail, bediving that the results will
be much more complex that in the one-dimensional case.
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Abstract. A model of a quantum dot with impurity in the Lobachevsky plan e is considered.
Relying on explicit formulae for the Green function and the Krein Q function which have

been derived in a previous work we focus on the numerical angdis of the spectrum. The
analysis is complicated by the fact that the basic formulae ae expressed in terms of spheroidal
functions with general characteristic exponents. The e ec¢ of the curvature on eigenvalues and
eigenfunctions is investigated. Moreover, there is given masymptotic expansion of eigenvalues
as the curvature radius tends to in nity (the at case limit) .

Abstrakt. Pgispivik pojednavd o modelu kvantové teeky v Lobaeevskéhaovini. Numeric-
k& analyza energetického spektra se opird o znalost explinich pgedpist pro Greenovu funkci
a Kreinovu Q funkci, které byly odvozeny v pgedchozi praci. Analyza je Z#.ena vyskytem
sferoidélnich funkci s obecnym charakteristickym exponetem pravi v tichto pgedpisech. Vliv
kgivosti na vlastni hodnoty a vlastni funkce je podroben zkamani. Navic pgedkladame asym-
ptotické rozvoje vlastnich hodnot pro polomir kgivosti jdouci k nekoneénu (plocha limita).

1 Introduction

The in uence of the hyperbolic geometry on the properties ajuantum mechanical sys-
tems is a subject of continual theoretical interest for at kst two decades. Numerous
models have been studied so far, let us mention just few of thg7, 1, 10, 11]. Naturally,
the quantum harmonic oscillator is one of the analyzed exargs [5, 6]. It should be
stressed, however, that the choice of an appropriate poteat on the hyperbolic plane is
ambiguous in this case, and several possibilities have bgaoposed in the literature. In
[9], we have modeled a quantum dot in the Lobachevsky plane by unbounded poten-
tial which can be interpreted, too, as a harmonic oscillatopotential for this nontrivial
geometry. The studied examples also comprise point intetaans [3] which are frequently
used to model impurities.

A Hamiltonian describing a quantum dot with impurity has bee introduced in [9].
The main result of this paper is derivation of explicit formlae for the Green function
and the Krein Q function. The formulae are expressed in terms of spheroidainctions
which are used rather rarely in the framework of mathematidghysics. Further analysis is
complicated by the complexity of spheroidal functions. In articular, the Green function
depends on the characteristic exponent of the spheroidalnittions in question rather
than directly on the spectral parameter. In fact, it seems tdoe possible to obtain a

195
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more detailed information on eigenvalues and eigenfunati® only by means of numerical
methods. The particular case, when the Hamiltonian is restted to the eigenspace of the
angular momentum with eigenvalue 0, is worked out in [13]. Ithe current contribution
we aim to extend the numerical analysis to the general casedto complete it with
additional details.
The Hamiltonian describing a quantum dot with impurity in the Lobachevsky plane,
as introduced in [9], is a selfadjoint extension of the foldng symmetric operator:
H = @+}coth%—@+isinh2%@+i +}a2!23inh2%;
@% a a @% a? a @2 4az 4 a
DomH)=C} ((0;1) SY» L?(0;1) Shasinh(%=pdod ;

where(%:; ) are the geodesic polar coordinates on the Lobachevsky plarel a stands for
the so called curvature radius which is related to the scalaurvature by the formulaR =

2=&. The de ciency indices ofH are known to be(1; 1) and we denote each selfadjoint
extension byH ( ) where the real parameter appears in the boundary conditions for
the domain of de nition: f (%; ) belongs toDom(H ( )) if there existfq;f; 2 C so that
fi1:fo= :land

f(%:; )= Zifolog(%+f1+ o(l) as% O+

(the case = 1 means thatf, = 0 and f, is arbitrary), see [9] for details. H(1 ) is
nothing but the Friedrichs extension ofH. The Hamiltonian H(1 ) is interpreted as
corresponding to the unperturbed case and describing a quam dot with no impurity.
After the substitution = cosh(%=% and the scalingH = a 2H, we make use of
the rotational symmetry (which amounts to a Fourier transfom in the variable ) to
decomposeq into a direct sum as follows
M
H = Hm;
m=1
@ ) @ m2 a4! 2 )
K. = = 1) —= + + 1
Dom(Hm)= C3 (1;1) L*(L:1);d):

Let us denote byH,, m 2 Z, the restriction of H(1 ) to the eigenspace of the
angular momentum with eigenvaluean. This means thatH, is a self-adjoint extension of
a ’Hy. Itis known (Proposition 2.1 in [9]) that H, is essentially selfadjoint form 6 0.
Thus, in this case,H,, is the closure ofa ?H,. Concerning the casen = 0, H is the
Friedrichs extension ofa 2H,. For quite general reasons, the spectrum of,,, for any
m, is semibounded below, discrete and simple [14]. We denoke teigenvalues oH,, in
ascending order byE . (a%), n 2 No.

The spectrum of the total HamiltonianH( ), 6 1 , consists of two parts (in a full
analogy with the Euclidean case [4]):

Z 1

1. The rst part is formed by those eigenvalues oH ( ) which belong, at the same
time, to the spectrum of H(1 ). More precisely, this part is exactly the union of
eigenvalues oH,, for m running over Z nf0g. Their multiplicities are discussed
below in Section 5.
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2. The second part is formed by solutions to the equation

Q"(z) = 1)

with respect to the variablez where Q" stands for the Krein Q-function of H (1 ).
Let us denote the solutions in ascending order by,(a?; ), n 2 No. These eigen-
values are sometimes called the point levels and their mydticities are at least one.
In more detail, ,(a% ) is a simple eigenvalue of ( ) if it does not lie in the
spectrum ofH (1 ), and this happens if and only if ,(a?; ) does not coincide with
any eigenvaluekE-, (a?) for°2 Npandm 2 Z, m 6 0.

Remark. The lowest point level, o(a?; ), lies below the lowest eigenvalue ¢f (1 ) which
is Eg.0(a?), and the point levels with higher indices satisfy the inequities E,, 1.0(a%) <
n(@% )<Eno(@),n=1;2,3;::.

2 Spectrum of the unperturbed Hamiltonian H (1 )

Our goal is to nd the eigenvalues of themth partial Hamiltonian H,, i.e., to nd square
integrable solutions of the equation

Hm ()=12 ();

or, equivalently,
Hn ()= 2%z ():

This equation coincides with the equation of the spheroidduinctions (A.1) provided we

set =jmj, = a* =16, and the characteristic exponent is chosen so that
m a4! ? — azz 1‘ .
16 4°

The only solution (up to a multiplicative constant) that is square integrable near in nity
is M (; atl 2=16),

Proposition 3 describes the asymptotic expansion of thisdagtionat =1 form 2 N.
It follows that the condition on the square integrability is equivalent to the equality
at ? at ?

+ K™  —— =0: (2)

i3 +1=2) k'm
¢ 1 16 16

Furthermore, in [9] we have derived that
S@(; )= log( 1)+ +O( log( 1)) as ! 1+;

where an( Ye 1@ 1)
i tan e e *i= (3 4=
= 3590 d@ 1= KO ()+KO) :

Taking into account that the Friedrichs extension has contiuous eigenfunctions we con-
clude that equation (2) guarantees square integrability ithe casem =0, too.
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E;,H°L i=0,1,2,
3o§
25§
zof
15f

10f

Figure 1: Eigenvalues of the partial HamiltonianH

As far as we see it, equation (2) can be solved only by means oimerical methods.
For this purpose we made use of the computer algebra systénathematica 6.0 For the
numerical computations we set = 1. The particular casem = 0 has been examined in
[13]. It turns out that an analogous procedure can be also algd for nonzero values of
the angular momentum. As an illustration, Figure 1 depicts everal rst eigenvalues of
the Hamiltonian H; as functions of the curvature radiusa. The dashed asymptotic lines
correspond to the atlimit (a!l ).

Denote the nth normalized eigenfunction of themth partial Hamiltonian H, by
“m (). Obviously, the eigenfunctions for the values of the angulanomentum m and

m are the same and are proportional t&™® (; a* 2=16), with  satisfying equa-
tion (2). Let us return to the original radial variable %and, moreover, regard¥,, as an
operator acting onL?(R*;d%. This amounts to an obvious isometry

L2(R*;a 'sinh(%=3d% ! L% R";d%: f(% 7! a ¥2sinh™™(%=} (%:
The corresponding normalized eigenfunction d¢t,,, with an eigenvaluea?z, equals

1. % 7 _ %
nm (%= Zsinh — nm cosh —7 (3)

At the same time, relation (3) gives the normalized eigenfuion of H,, (considered on
L2(R*; d%) with the eigenvaluez. The same Hilbert space may be used also in the limit
Euclidean cased = 1 ). The eigenfunctions .., in the at case are well known and

satisfy
imi+] = 02 = . . |0/2
n:m | ofniti=2g !52_41F1 n;jmj + 1; el . (4)

The fact that we stick to the same Hilbert space in all casesduitates the comparison
of eigenfunctions for various values of the curvature radsta. We present plots of several
rst eigenfunctions of H, (Figures 2, 3, 4) for the values of the curvature radiua = 1 (the
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solid line), 10 (the dashed line), andl (the dotted line). Again, see [13] for analogous
plots in the case of the HamiltoniarH,. Note that, in general, the smaller is the curvature
radius a the more localized is the particle in the region near the oriig.

3 The point levels

As has been stated, the point levels are solutions to equatidl) with respect to the
spectral parameterz. Since, in generalQ(z) = Q(z) the function Q(z) takes real values
on the real axis. LetH (1) = a?H(1 ) be the Friedrichs extension oH. An explicit

formula for the Krein Q-function Q" (z) of H(1 ) has been derived in [9]:

1 at 2 at 2
) = - + 0
Q" (2) 142 log2) 2(1)+2 s 16 's 16
4y 2 1
+ 2 : BEY e' (3 +3=2) —KO l( 4?2 + Iog (2?2);
2atan( ) KO( 25 4a
where is chosen so that
o av?z 1
16 4
The symbol K °( ) stands for the so called spheroidal joining factor,
b3
s():= (1a%()( +1+2r);

r=1

where the coe cients aO (), r 2 Z, come from the expansion of spheroidal functions in
terms of Bessel functlons (for details see [9, the Appendix]and s°( ) is de ned by the
formula

b3
("() t= (el

r=1
Wo.1(p) for a*=1,10,00
081 PN
VaPd N
/ s

F /. \'.
0.6 1 v

L 1, \ e

7 N
L /, N
. \

04r [ /) e

[ . X

L /{' N
02r /, AN

Y AN ..

N N
\\ ‘~_
S p
1 2 3 4 5 6

Figure 2: The rst eigenfunction of the partial Hamiltonian H;
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U1 (p) for a*=1,10,00

05

—05F \

Figure 3: The second eigenfunction of the partial Hamiltoan H,

Y1 (p) for a*=1,10,00

05 7.\

-05r-

Figure 4: The third eigenfunction of the partial Hamiltonian H,

One can obtain the KreinQ-function of H (1 ) simply by scalingQ" (z) = a? Q" (a?z).

Since we know the explicit expression for the KreiQ-function as a function of the
characteristic exponent rather than of the spectral parameterz itself it is of importance
to know for which values of the spectral parameterz is real. Propositions 1 and 2 give
the answer. For 2 R and for of the form = 1=2+ it wheret is real, the spheroidal
eigenvalue ™( a*! ?=16) is real, and so the same is true foz. Moreover, these values
of reproduce the whole reak axis. With this knowledge, one can plot the KreinQ-
function Q" = Q" (z) for an arbitrary value of the curvature radiusa. Note that for
a= 1, the Krein Q-function is well known as a function of the spectral paramet z [8]
and equals (setting! =1, is the logarithmic derivative of the gamma function)

Q2= 5 T +log@)+2(1)

2
Again, equation (1) can be solved only numerically. Fixinghte parameter one may
be interested in the behavior of the point levels as functi@nof the curvature radiusa.
See Figure 5 for the corresponding plots, with = 0, where the dashed asymptotic lines
again correspond to the at case limit @ = 1 ). Note that for the curvature radius a large
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eh?, 0L, i=0,1,2,%

20F

Figure 5: Point levels for H(0)

enough, the lowest eigenvalue is negative provideds chosen smaller thai®@(0) ' 0:1195

4 Asymptotic behavior for large values of a

The mth partial Hamiltonian H,,, if considered onL?(R*; d%, acts like

@ m2 1 1 . % @
Hn= —+ ———%_+ - a’l 2sinh? = = + Vin(a;9
" @% atsink’(}) 4 a @% (a;%:
For a xed %8 0, one can easily derive that
m? 1 1 I m2 124 1
Vin(a; % = 44+ 21 %p+ 4 +_—+0 = asall
m(@% % 4 3a2 1222 at

Recall that the mth partial Hamiltonian of the isotropic harmonic oscillata on the Eu-
clidean plane,HE, if considered onL?(R*;d%, has the form

2 1
HE = e, m iy Lyogg,
m @% 9% 4

This suggests that it may be useful to view the HamiltoniarH,,, for large values of the
curvature radius a, as a perturbation ofHE

Hn HE+ 1—2a2(1 am?+ 1 206) =t HE + 1—2a2um(/)
The eigenvalues of the compared Hamiltonians have the samgymptotic expansions up
to the order 1=22 asa! 1
Let us denote thenth eigenvalue of the HamiltonianHF by EF,,, n 2 No. It is well
known that
Ef, =(@n+jmj+1)!
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Table 1: Comparison of numerical and asymptotic results fdhe eigenvaluesas = 24

Eoo Ei0o E2o Eo1r Ei1r E2z
numerical 1.0265 3.162 5.42 2.060 4.259 6.58
asymptotic 1.0268 3.169 5.46 2.058 4.258 6.59
error (%) -0.03 -0.22 -0.74 0.10 0.02 -0.15

and that the multiplicity of EnE;m in the spectrum of HE equals2n + jmj + 1. The
asymptotic behavior ofE,., (a?) may be deduced from the standard perturbation theory
and is given by the formula

1 h nm a Um nm I 1
’ —+ 0 — asa!l ; 5
1232 h n;m ; n;m I a4 ( )

Enm (az) = EE;m +
where ., denotes a (not necessarily normalized) eigenfunction BfE associated with
the eigenvalueEnE;m (see (4)). The scalar products occurring in formula (5) canéoreadily
evaluated inL2(R*;d% with the help of Proposition 4. The resulting formula takes he
form

Enm(@)=2n+ jmj+1)! + on(n+ jmj + 1)+ jmj + > 1+O 1 6

nm (&) = ( jmj+1)! (n+mj+ D+ jmj+ 7 — i (6)

asa!l . This asymptotic approximation of eigenvalues has been tesl numerically

for large values of the curvature radius. The asymptotic eigenvalues foa? = 24 are

compared with the precise numerical results in Table 1. It isf interest to note that the
asymptotic coe cient in front of the a 2 term does not depend on the frequency.

5 The multiplicities

SinceH ., = H,, the eigenvaluest ., (a%) of the total Hamiltonian H (1 ) are at least
twice degenerated ifm 6 0. From the asymptotic expansion (6) it follows, after some
straightforward algebra, that no additional degeneracy awrs and thus theses eigenvalues
are exactly twice degenerated at least for su ciently largevalues ofa.

Applying the methods developed in [4] one may complete the alysis of the spectrum
of the total Hamiltonian H( ) for 6 1 . Namely, the spectrum ofH ( ) contains eigen-
valuesE.n (a2), m > 0, with multiplicity 2 if Q" (E.m(a?) 6 , and with multiplicity 3
if Q"(E,m(a?)= . The rest of the spectrum ofH ( ) is formed by those solutions to
equation (1) which do not belong to the spectrum ol (1 ). The multiplicity of all these
eigenvalues in the spectrum ofl ( ) equals 1.

Appendix: Auxiliary results

In this appendix we summarize several auxiliary results. Fghe page limit we omit the
proofs. Firstly, for our purposes we need the following olrs@tions concerning spheroidal
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functions. The spheroidal functions are solutions to the eqtion

@ @ + + 2 2 2y 1 - N-
@2 2 @ ()+4 (1 ) (1 ) 0: (A1)
For the notation and properties of spheroidal functions sg@]. A detailed information on
this subject can be found in [12], but be aware of somewhat dirent notation. A very
brief overview of spheroidal functions is also given in theppendix of [9].

In the last named source, the following proposition has begmoved in the particular
casem = 0. But, as one can verify by a direct inspection, the proof aps to the general
casem 2 Z as well.

@ ?

Proposition 1. Let ; 2R, m2 Z. Then "( )2 R.
The following claim is also of interest.
Proposition 2. Let = 1=2+it wheret2 R,and 2R, m2 Z. Then ()2 R.

Another auxiliary result concerns the asymptotic expansio of the radial spheroidal
function of the third kind.

Proposition 3. Let 2f 1=2+kj k2 Zg; m 2 N. Then

1)M2m=2 1 (‘m)tan " Km e
( )sm( )e(i( +l:2)( ) K 1()+é(3+71(=2)) ( 1) 2

s"A(: )
as ! 1+: (A.2)

Further some auxiliary computations follow that we need forevaluation of scalar
products of eigenfunctions (see (5)).

Proposition 4. Let 1F;(a; b; 1) stand for the Kummer con uent hypergeometric function,
andn;m;| 2 No. Then

Z 1

t™le YLF( n;1+ m;t)?dt
0
X
— (m|)2 ( 1)n+k
k=max fO;n Ig

no(k+1) k+m+| (A-3)

k (k+m) n+m

Corollary 5. In the casel =0, (A.3) takes a patrticularly simple form:

m t . . — : .
o t e 1F1( n,1+ m,t) dt - m
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Abstract. The paper addresses the design of trading strategy for futues markets. The problem
is formulated as dynamic decision making task and as such isofved. Iterations-spread-in-
time and Monte Carlo methods are employed to the solution. Tte results of o -line real-data
experiments are presented.

Abstrakt. Text popisuje navrh obchodni strategie uréené pro trhy s futires kontrakty. Navrh
se sestava z de nice Ulohy jako problému dynamického rozhom/ani. Nasledni je Uloha gelena
pomoci iteraci rozlo¥enych v éase a metody Monte Carlo. Texbsahuje vysledky experimentu
provadinych na redlnych datech.

1 Introduction

The paper describes a part of research aiming to design autatic trading system for
futures markets. The trading on exchanges is based on knodde and prediction of the
price of given commodity, which represents a very complexdk.

The futures trading problem is formulated as a particular deision making (DM) task.
DM reformulates the task as mathematical problem, which lets to integral equations.
We need to solve the equations, but to nd the analytical soltion is almost impossible
and the numerical calculation leads to bad conditioned or gy calculated solutions. DM
task is necessary to solve in given time, e.g. when the tradem exchange needs the solu-
tion each day, the calculation cannot take 3 days and is restted by 24 hours. Although
the reformulation like a DM task is good, we need feasible stibn, which calls for an
approximation. This paper considers by task rede nition ad introduces the approxima-
tions.

The paper's outline is as follows. Section 2 introduces temology of futures exchange,
recalls main terms of DM theory and reformulates futures trding problem as dynamic
DM task. Section 3 contains approximation of DM. Section 4 msents the experimental
results obtained on real data. Section 5 addresses open ques as well as possible
directions to approach's improvement.

This work has been supported by the grants MOMT 2C06001 and GAER 102/08/0567.
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2 Preliminaries

2.1 Trading futures

The following de nition by of the futures exchange is proposd by [2]. Afutures exchange
is a central nancial exchange where people can trade standi&zed futures contracts; that
is, a contract to buy speci ¢ quantities of a commodity (basi resources and agricultural
products such as iron ore, coal, sugar, co ee beans, wheagldy etc) or nancial in-
strument (cash, evidence of an ownership interest in an etyfj at a speci ed price with
delivery set at a specied time in the future. A futures contact gives the holder the
obligation to buy or sell.

The term position means a commitment to buy or sell a given amiot of commodities.
The basic types of position are distinguishedshort, long and at .

A long position yields a trader's bene t when the price increases, and trade loss
otherwise. This position refers to the situation when

a trader buys an option contract that he has not already writen (i.e. sold), he is
said to be opening a long position.

a trader sells an option contract that he already owns, he isagl to be closing a
long position.

A short position yields a trader's pro t when the price decreases, and tradarloss oth-
erwise. This position refers to the situation when

a trader sells an option contract that he does not already owrhe is said to be
opening a short position.

a trader buys an option contract that he has written (i.e. sal), he is said to be
closing a short position.

A at position denotes the state when no other type of position is active. &l position
means neither trader's pro t nor trader's lose with any pri@ change.

The aim of trader is design such a strategy of positions sefieg, which ensures trader's
prot with minimal risk. The strategy design is based on predttion of price behavior
and is very sensitive i.e. the small impreciseness in strgigemake big change of pro t.

2.2 Decision making under uncertainty

Decision makeris either human being or device aiming to in uence a part of th World
he is interested in (so calledystemn) The in uence desired is expressed by DM aim. To
reach this DM aim a decision maker designs and appliesM strategy, R;. This strategy

Re:[yninYoXaiiiXe ]! X

The available knowledge grows with time, because it is extéad each time step by new
system outputy; and also by new decisior;. The decision typically in uences the system,
therefore decision maker works with respect to closed loogetision maker - system'.
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All knowledge about system available to decision maker to gign decisionx; is called

available to decision maker.System behavioconsists of experience, decision and igno-
rance Q = ( Py; X¢; Fy).

Gain is mapping of system behavior to real non-negative numbé& : Q! [0;1 ].
Gain express the success of reaching the decision maker amth given decision making
strategy. The gain is not causal and it is necessary to measuthe potential strategy
success. Therefore the expected value is de ned. Conditexhexpected valueE(:j:) is
functional which returns the value of the gain independenbn ignorance for the given
strategy and conditioned by experience.

The expected gain conditioned by eﬁperience is chosen adoleing integral:

E G(Pi;X; Fo) Puxe = _ G(Pi; Xe; FO)f (FiPy xo)dFy; (1)
wheref (FjP; X¢) is probability density function of the ignorance conditioed by expe-
rience, this terms stands for the decision makers imaginati of the ignorance based on
experience. See [3] for general derivation of this equation

The decision maker chose the decision 2 X to maximize of expected value in each
time t:
Xt = argmaxE G(Q) P Xt ; (2)

which is the idea based on principle of optimality - see [1].

2.3 Futures trades as DM task

This subsection reformulates futures trading task as a detdon making problem.

The system is exchange with one kind of futures contract. Thgystem outputy; is a
price of the contract. We design the strategy for discrete ie starting from 1, nishing
by horizon T. The strategy starts and nishes with the at position.

The decision maker designs in each tintean integer numberx; 2 Z as decision. The
decisionx; characterizes traders position, i.ejxt] characterizes count of contracts and
sign(xt) characterizes the type of position 1 long, -1 short and 0 atThe at position
at the beginning and at the horizon is expresses asy = xt =0.

The pro t in uenced only by the decision x; is expressed via:

O(Xe; Xt 1;Ve+1 YY) = (Yeser YOOXt  CjXe 1 Xy; (3)

where(yw1  Yi)Xt IS pro t caused by the change of price and is normalized transaction
costs for position change angix; ; X:j is change of position. The gain from the whole
trading can be expressed as a sum of partial gain (3) over time2 f 1;2;:::;Tg. The

gain function G¢(:) expresses the prot caused by decisions;:::;Xt:
)7( 1
Ge(xt i;iinixmsyniinyr) = Cixr 1 Xrj+ ket Y)Xk CjXk 1 Xkj; (4)
k=t

Easy to see, that the functionG,(:) is additive and backward recursive

Gi(Xt 150X Yo iinyr) = gXe Xe 1Y Vi) + Gra (X ii XY iiyr) - (B)
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with initial condition
Gr(Xt uXmyyr)= Cjxr 1 Xgj: (6)

2.4 Solution of dynamic DM problem

max Gi(Xo;::i;XTiY1;:iYr): (7)

Using the optimality principle (see [1] for details) and aduivity of the gain function the
optimal gain in time t can be expressed:
h

t+1 ;55X g

where V,(:) is called admissible Bellman's function.

3 Approximation of decision making

The substitution (3) into the equation (8) results in more sitable form:
h
Vi(xe 15y0) = max  yixe CjXe 1 X + Xy |E(yt+1ij; D XYt ;yt;
Xk {Z

+ E Visa (Xt; Yie1) Xos it i X Y it o 9)
I ({Z) }

This paragraph concerns expressing the terin ), which characterizes expected value of
future price yx+1 conditioned by the experience.

expected valug( ). The probability density function can be written in the parameterized

form:
Z

(10)
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and experience.
The assumed model is autoregressive and has following shape

Vi= aryr 1t @y 2t it awy: v+ bt oe; (11)

generates samples of model parameters.
This scheme corresponds with principles of Monte Carlo meid and the expected
value of the future price can be calculated using the follong formula:

X
Y1 = (Auiyk + @ziYk 1+ -ii+ aniYk n+1 + D)Pi; (13)
i2S
where S is a set of samplesi, is an index of sample(ay;;:::;an:i; Q) is a sample vector

and p; is probability of the samplei.

Let approximate the term () of the equation (9). The main problem of calculat-
ing the term is backward character of equation (8), where thauture value of Bellman's
function Vi, () is needed to calculation the/(:). This problem is solvable two ways: ex-
pressing the generalized shape of Bellman's function or apgimation by suitable shape.

We need to nd formal solution of equation (9) to express the @neralized shape

However this task is very complex and it seems impossible tod the formal solution.

The approximation of Bellman's function is more promising @ay. The approximation
must be suitable for further computing, but at the same time antains the parameters of
Bellman's function, therefore the following shape has beamosen:

Vilxe 1Y) Vi(Xe 13y1)  p(Xe 1)Ye + A(Xe 1); (14)

wherep(:) and q(:) are real functions. The approximation does not depend on igrance,
therefore the expected value in ternf ) is expressed as follows:

E Vier (X Yie1) Xos 05X Y 105 Ve Ve (X ke ) (15)
The tasks is to design algorithm how to nd functionsp(:) and q(:) in de nition (14).

The approximation generates a non-preciseness in equati@):
h

(16)
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where g is introduced non-preciseness, which is restricted by caast.

All terms in equation (16) are known or calculable. The desigassumes, that Bell-
man's function shape does not vary. Therefore if th&th approximation of Bellman's
function is Y (x; 1;Y:), the non-preciseness of approximation in time can be expressed
via: h i

& = max B gx: X 1Y i%0) + Vi (Xe 1¥0) Xoioooixoyninye WG ny): (A7)

L . P -
Then we minimize the sum of squaresiny, v, & and arguments of minimum are

the best approximation of the function¥;(:) . The minimization leads to least squares
method.

4 Experimental part

This section describes the experimental setup, data and tds obtained. The designed
trading strategy is de ned at discrete timet 2f 1;2;:::;Tg. The time step corresponds
with interval of 24 hours. The trading period is given by avdable data.

The data used for design of the strategy are so-called clos&ps, which are collected
once a day. Itis the last price, when the exchange closes tnag. The economic specialists
grant that close price is the most stable price. The close pgy; is assumed to be known
in time t, i.e. y; is available to design the decision;.

The part of data sets is transaction costs;. Moreover the price changes during
the day and the close price represent the best approximatipibut the risk constant is
demanded. Therefore the slippage constamt, which characterizes typically change of
the price in delay between decision and real trading is empted. This constant is used
as penalization for each action in design. And the whole traaction costsC ( rstly used
in the equation (3)) is de ned asC = ¢ + G;.

The general equations used in this paper do not specify thestaction to decision
X¢. The restrictions depend on the trader's account, becauseatlers must own money to
buy or sell contract at an exchange and the range of contracts position is limited by
owned money. We use following values of decisian2 f 1;0;1g. This three values are
enough for experiments, because the wider range of actioaads only to use the extremal
values of decision. This phenomenon is caused by the shapeaih function (3), which
is partially linear function of decisionx;. The strategy starts and ends with at position,
thereforexy = x1 =0.

The order of model (see equation (11)) is set tN = 2, because this value gives the
best prot of strategies in the previous research. Prediatins are generated by Monte
Carlo method. The count of Monte Carlo samples is chosen dymgally: The decision
is nal, when it is not in uenced by new Monte Carlo samples.

4.1 Used data

There are 35 available price sequences for the experimentfie sequences contain prices
for more than 15 year, i.e. about 3900 trading days in each smmce. The experiment
set is too wide to present all results here, therefore the foling ve futures contracts
were chosen as reference markets.
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Ticker | Description

CcC
CL
Fv2
JY
W

Cocoa - CSCE
Petroleum-Crude Oil Light
5-Year U.S. Treasury Note
Japanese Yen - FOREX
Wheat - CBT

The reference markets were chosen by economic specialisindude all typical kind of
markets - i.e. cocoa and wheat are typical agriculture prodat, petroleum-crude oil is
mined material, Japanese Yen is typical foreign currency dntreasury note stands for
bond markets.

4.2 Results

There are many ways, how evaluate the quality of designed ategy. The net prot
calculated by (4) is the main criterion, secondary criterisare gross loss (sum of loss
trades pro t), gross pro t (sum of win trades pro t), count o f winning and losing trades.
By using these criteria it is possible to calculate sum of thigansaction cost and sum of
slippages.

The main non-quantitative pointer is the plot of cumulative gain depending on time.
It is di cult to analyze it but it gives important informatio n about the strategy. In ideal
case, the plot increases.

I cC CL FV2 JY w

Net pro t -40530.00 29390.00 -26368.75 -76992.50 -13210.00
Gross prot 23020.00 120360.00 52692.50 180000.00 54707.50
Gross loss -63550.00 -90970.00 -79061.25 -256992.50 -67917.50
Transaction cost -1780.00 -1580.00 -1900.00 -3080.00 -2060.00
Slippages -8900.00 -6320.00 -17812.50 -38500.00 -15450.00
Trades 89 79 95 154 103
Wining trades 24 42 31 50 39
Losing trades 65 37 64 104 64

Table 1: Result overview

The results overview is in Table 1. The system designed goailasegy for exchange
with oil futures (CL), where the net pro t is positive and the pro t grows almost all the
time (see Figure 1). Worst results were at cocoa future markavhere the pro t decreases
in time. Other markets nished with negative prot, but the c urve of cumulative gain
shows only local decreasing, e.g. the FV2 curve decreasel/ @t interval [1000,2500]
and the other parts stagnate (see Figure 2).

The practical approach of presented design is good, becauke algorithm works at
one of reference markets. And three reference markets sedhet the better settings or
small algorithm changes can improve them to positive resslt
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Although the results do not su ce the requirements to usage fareal trading, the
theoretical results brought improvements. The methods of bhte Carlo and iterations-
spread-in-time were applied and tested to new task, wheredlproperties of both methods
can be explored.

5 Future work

The main directions of the further research are:

Bellman's function - the used approximation is oversimpli ed. A more complex gmroxi-
mation is typically used to reach better results. The analytal properties of Bellman
function should be explored to nd the better approximation which should lead to
higher pro t.

High dimensional model - present model uses only the close price to prediction, but
other data channels are available too. The usage of the higlnensional model
is traditional way, how obtain better results. Additional channels contain new
prices, information about traders positions etc., which bings the new important
information for decision maker.

Prediction quality in uenced indirectly the trading system quality. Testing o prediction
quality is related with model and settings of Monte Carlo métod, which can be
innovated by knowledge about prediction behavior.

The listed open problems should lead to improve the resultsid better knowledge about
the approximate dynamic programming. The further approactshould support the usage
of this design to trading in markets as fully automatic systa.
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Abstract. For the past decade, High Energy and Nuclear Physics experients have been heading
towards a distributed computing model in an e ort to concurr ently process tasks over enormous
data sets, that have been increasing in size as a function ofrhe. In order to optimize all available
resources, it is necessary to face also the question of e c data transfers and placements.
In this work a model tackling this issue, based on ConstraintProgramming technique (CP) is
introduced, as well as the representation of most importantaspects of a real life scenario such
as the sharing of infrastructure both when it comes to netwoking or storage. Methods for
reducing a search tree and their side by side comparison ardnewn. Performance of scheduler
based on Choco library is compared also with a Peer-2-Peer twork simulator. Based on the
preliminary results, using the CP model seems to be promisig and gives good expectations for
ongoing extensions.

Abstrakt. Fyzikalne experimenty vysokych energii v poslednych rokde napredujd smerom dis-
tribuovaného vypoétového modelu v snahe paralelizova» vygety nad enormnym mno%astvom
dat, ktoré sa zvy'uje z roka na rok. Za ueelom optimalizacie yu%itia vietkych dostupnych
zdrojov je potrebné éeli» i otazke efektivneho presunu a raziestnenia dat v distribuovanom
prostredi. V tejto préci predstavime model zalo¥eny na pragmovani s obmedzujdcimi pod-
mienkami a reprezentaciu najdole¥itejtich vliastnosti rdadeho prostredia. Budeme sa zaobera» i
metodami zU¥senia prehpadavaného priestoru a predvedierok vzajomné porovnanie. Planovae
implementovany za vyu%iitia kni%nice Choco porovname tie¥ simulatorom Peer-2-Peer siete.
Na zaklade vysledkov sa pou¥iitie modelu zda by» spubné a davedpoklady na Taltie roztirenia.

1 Introduction

1.1 Problem area

Computationally challenging experiments such as the oneoin the High Energy and
Nuclear Physics community (HENP) have developed a distriiad computing approach
(a.k.a. Grid computing model) to face the massive needs ofdin Peta-scale experiments.
The era of data intensive computing has surely opened a vagteaa for computer scien-
tists to resolve practical and exciting problems. One of shcHENP experiments is the

The investigations have been partially supported by the IRP AVOZ10480505, by the Grant Agency of
the Czech Republic under Contract No. 202/07/0079, by the gant LC07048 of the Ministry of Education
of the Czech Republic and by the U.S. Department Of Energy
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STAR! (Solenoidal Tracker at Relativistic Heavy lon Collider) eperiment located at the
Brookhaven National Laboratory (USA).

In addition to a typical Peta-scale challenge and large comjational needs, this ex-
periment, as a running experiment acquires a new set of vahla real data every year,
introducing other dimension of safe data transfer to the ptdem. From the yearly data
sets, the experiment may produce many physics ready deriveldta sets which dier in
accuracy as the problem is better understood as time pass@fus, demands for a large-
scaled storage management and e cient scheme to distributdata grows as a function
of time, while on the other hand, end-users may need to accetsta sets from previous
years and consequently at any point in time. Coordination isieeded to avoid random
access destroying e ciency.

The user's task is typically embarrassingly parallel; thats, a single program can run
N times on fraction of the whole data set split intoN sub-parts without any impact on
science reliability, accuracy, or reproducibility. For a omputer scientist, the issue then
becomes how to split the embarrassingly parallel task into jobs in the most e cient
manner while knowing the data set is spread over the world afat how to spread 'a’
dataset and best place the data for maximal e ciency and fagst processing of the task.

The purpose of this work is to design and develop an automateystem that would
e ciently use all available computational and storage resorces. It will relieve end users of
making decisions among possible ways of their task executiovhich includes locating and
transferring data to desired sites that appear optimal to uer) while preserving fairness.
Users' knowledge of the whole system and data transfer toalsll be reduced just to the
communication with the future planner that will guarantee ts decision to spread the task
and data sets over chosen sites was, under current circumstas, the most e cient and
optimal.

1.2 Milestones

Rather than trying to solve the problem directly from a task sheduling perspective
within a grid environment, we split the problem into severalstages. By isolating data
transfer/placement and computational challenges from eamther we get an opportunity
to study the behavior of both sets of constraints separately

Since individual tasks depend on a dataset with a non-trivissize, the time required
for its staging and transfers is also inconsiderable. Thdoee, the rst milestone is to
design and develop the data transfer planner/scheduler. Fa given dataset needed at
some site, its aim is to create a plan with an objective to prepe les from the dataset at
a given site within the shortest time. The next requirements to de ne and achieve fair
share transfers within a multiuser environment. This meanthat if one user asked for a
huge amount of data at some site, then another user who askesj for one le shouldn't
wait until the rst user's plan is nished.

The next milestone generalizes data transfer planning between sites. The gdaf
this stage is not to transfer les to one particular site, butdo the transfer to several
destinations. More precisely, the planner's goal is to ague presence of each le (from
user's input task) at one out of all possible destinations, mile still having the objective

Thttp://www.star.bnl.gov
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in mind, to minimize the nish time of the last le transfer th e user waits for.

The second milestone is highly corellated with thenal milestone - scheduling the
data transfers together with particular tasks (jobs) on a gd. The subtask is not nished
after a le is transfered at some destination site, but whenhe user's job executed at
the same site (and dependent on this le) is nished. Thus, te planner still has the
freedom of choosing a destination site for each le, but it l&to consider that each site
has a speci c characteristic of its computational performace. These attributes include,
for example, the number of available CPUs at current site orhie actual load, so it can
be more e ective to transfer some les over the slower link téthe computationally high
performance site (or vice versa). The nal objective is to nmimize the nish time of the
last user's job. In this article we focus on the rst milestoe.

2 Problem formalization

In the following part we will present a formal description othe problem and an approach
based on Constraint Programming technique, used in arti @l intelligence and operations
research, where we search for assignment of given varialfiesn their domains, in such
a way that all constraints are satis ed and value of an objecte function is optimal [3].

We will introduce the transfer network consisting of sites dlding information which
les are available at the site. For each le we will search fora path leading to the
destination and time slots for each link on transfer path, wén a particular le transfer
should occur.

The network consists of a set of nodel and a set of directed edgeg&. The set
OUT (n) consists of all edges leaving nodeg the setIN (n) of all edges leading to node
n. Input received from a user is a set of le names needed at a tieation site dest. We
will refer to this set of le names as to demands, representdny D. For every demandd
we have a set of source(ig (d)), sites where the le (d) is already available. We will
use one decision variable for every demand and link of the meirk (edge in graph). The
f0; 1g variable X 4o denotes whether demandl is routed over edgee of the network. The
second variablestart 4o denotes start time of transfer corresponding to the demandiover
edgee. More approaches can be found in [5].

_ size(d)
min  max startge+ ——— de
X ge;start 4o €2E | {Zspeecﬂe) }

endge

(1)

X X
8d2D: Xge=1; Xge=0 (2)
e2[ OUT (njn2orig (d)) e2[ IN (njn2orig (d))
X X
8d2 D : Xde =0; Xde=1 3)
e20UT (dest(d)) e2IN (dest(d))

8d2 D;8n 2f orig(d) [ dest(d)g:
2 g(x)[ t()gx

Xae 1, Xoe 1 Xae = X de (4)
e20UT (n) e2IN (n) e20UT (n) e2IN (n)

X
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\ .
8e2 E;8d2D : Xg=1: |[startye; startge + SIZ76‘(@]: X (5)
speec(e%
I {z
endge
X size(d X
8n2 N:;8d2D: start ge + ize(d) startge Xge  (6)

e20UT (n)

PRI de
e2IN (n) | {zSpee(qe) }

endge

Xge 2 fO; 1g
startge 2 N *

The path constraints(2, 3, 4) state that there is a single path for each demand (plat
starting right in one of origin sites, leading to the destinaon). Equation (5) ensures
there is only one active le transfer over every edge in timeThe last equation states
that a transfer of the le at any site can start only if the le is already available at the
site (Eq. 6)(i.e., a transfer of the le to this site has nished). The objective (Eq. 1) is
to minimize the latest nish time of transfer over the whole les.

2.1 Constraint model

For implementation of the solver we use Choct a Java based library for constraint sat-
isfaction problems (CSP), constraint programming (CP). Arong 70 available constraints
Choco provides also a set for scheduling and resource alkbma we require most. Closer
illustration of several Choco uses can be found in [1], [2h@&[6]. In addition, Java based
platform allows us an easier scheduler integration with ctently used tools in the STAR
environment.

Constraints introduced in the previous section were used rdctly via appropriate
Choco structures, except the equation 5, that ensures at ntasingle le transfer in any
time on any link. For this, we used thecumulative scheduling constraint and notation
of tasks and resources. Tasks are represented by their ducax, by ranges for starting
and ending times, and by resource consumption respectivelyhey are allocated to the
resource(s) in such a way that in any time resource capacityie not be exceeded.

In our case, each link acts as a separate resource with capadi (unary resource) and
each le demand creates a single task on every resource, whduration depends on the
current link speed (resource characteristic) and consuniph of the resource corresponds
to the value of variable X, i.e. no consumption if the transfer path for demand does not
include current link (resource), or consumption 1 otherwes In the Figure (1) is shown
one possible schedule for transferring one ldé=() with an origin at Site; and Site, to a
destination Dest. Values of theX variables de ne the path, while the resource pro le
for each link is on the right side.

The search strategy, following Choco notation, is split i@ two goals First one is
to nd assignment for X variables, i.e. paths for each transfer, while the second ts
allocate time slot, assigrstart variables, for each transfer at chosen links. For both goals

2http://choco.sourceforge.net
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Stez Link
4
X[Fl1]=0
Link 3 O
X[Fl2]=1
Sites Site; Link » —r
X[FI8]1=1
Link 1
X[Fl4l=0
Dest Time -

Figure 1: Example of a schedule solution with Ie&= and its origin at Site; and Site,.

the default ‘'minimum domain’ variable selection and’increasing value value selection
heuristic were used.

3 Direct connections

In order to closely analyze the problem, its scale, and behav of used techniques, we
started with several restrictions that simplify the case. W started to explore the network,
where onlydirect connections for data movement are allowed. In other words, le can
not be transferred from its origin to the destination by a palh longer than one.

One can think that such a restriction shrinks the search spacenormously, but closer
look reveals that the number of possible combinations is Btlarge:

Let's suppose that we have a network d sites, all connected to the destination and
100 les available at each site {orig(f)j = 5). The number of decision variablesX is
therefore500(= jDj j Ej). Even if an upper bound for all possible combinations2f®) is
reduced by a propagation to5'% (solver has a freedom of 5 choices of an origin for each
le), brute-force methods can run ‘forever'.

With an intend to stay close to a reality, we xed the number ofsites to 5, which
approximately represents the number of sites currently auable in the STAR experiment.
For each link we introduced aslowdown factorthat in uences the transfer time needed
to move the data over this link. Slowdown factorl means that le of sizel unit can be
transferred in 1 unit of time, but with a slowdown factor 4 only in 4 units of time, etc.

Considering the second part of the input, the le demands, wstudied the following
cases: a) every le is available only at one particular sitedistinct]; b) le is available
at sites given by a probability function, that represents tke reality [weighted]; c) le is
available at all sites fhared. For all cases we xed the le size to al unit, i.e. all les
have the same size.

3.1 Shared links

So far we have assumed that all links incoming or outgoing froany site have their own
bandwidth (slowdown factor) that is not a ected by other ones. Nevertheless, in reality
this is not always feasible, since several links leading tosite usually share the same
router and/or physical ber which bandwidth (capacity) is less than the sum of their
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own values. Hence, simultaneously one can't use all links @eir maximum bandwidths.
We express this constraint by adding an additional resourcger each group of shared
links. Capacity of the resource will be the bandwidth of a shiad link or a router, while
tasks correspond to the scheduled transfers using any linlkelonging to this group with
consumptions equal to its slowdown factor.

3.2 Reducing a search time

We studied also several techniques for reducing the time speluring a search.

3.2.1 Symmetry breaking

One of the common techniques for reducing the search tree etecting and breaking vari-
able symmetries. This is usually done by adding variable synetry breaking constraints
that can be expressed easily and propagated e ciently usinigxicographic ordering. One
idea that can be applied in the studied case (direct conneotis and xed le size) is
following: if two les have the same origin sets, links seleed for the rst one and for
the second one respectively must be ordered. The reason Inehis that both les must
be transferred to the destination and their size is equal, is not necessary to check also
'swapped' case, since the transfer time can not be shorter.

3.2.2 Decomposition and search limits

Another approach is based on the idea, where instead of sdang for a global optimal
solution that can be very computing time consuming, we try tond an optimal solution
for smaller parts of the input, where sum of the time spent wibe just a portion of time
needed otherwise. This principle is even more suitable fouroneeds, since network link
speeds vary in time, some sites can be down after the schedisigoroduced, generally,
transferring all data les takes signi cant amount of time and during this time a lot of
factors can be di erent to the ones the scheduler considered the beginning. Thus the
computed optimal schedule for the full input doesn't have tdoe valid anymore.

One of the approximations is splitting the input les into chunks and producing an
optimal schedule for each chunk separately, while propagad the results from the previ-
ous ones. More precisely, result of the scheduler for a giveltunk of les is information of
computed starting/ending times for each le at particular links. In other words, current
solver receives times for each link, by which the link will béusy, thus further schedul-
ing for current chunk cannot place le transfer in these timeslots. We achieve this by
allocating a fake task, with xed starting and ending times,that were propagated from
previous schedules (Figure: 2).

Also limits can be imposed on the search algorithm to avoid spding too much time
in the exploration. One of them is xing the time limit on a seach tree. When the
execution time is equal to the time limit, the search stops wdther an optimal solution
is found or not. One of the algorithms we studied was based ohi¢, with a time-limit
linearly dependent on the number of les in a request.
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Chunk 1 Chunk 2 Chunk n
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Time Time

Figure 2: Allocating fake tasks according to the previous kedule.

4 Directed (simple) paths

Considering the model, no changes are necessary to perfomoider to allow solver search
for transfer paths longer than one. However, since data setansit takes some storage
space, one must be sure that during le transfer from site A t&C, using site B, there is
enough space at intermediate site B.

4.1 Storage capacity

In order to respect storage restrictions we introduce the wreattribute for each site, the
available (free) space, or the storage capacity. All the tienduring the execution of a
schedule, the storage capacity constraint for each site niuse respected.

For each site we consider all possible ways (pairs ioLink and outLink how a le
can be transferred trough it. Whether or not a pair is really sed for the demandd is
expressed bychannelingV ariable, using which we de ne also consumption of the task
(Figure: 3).

start g;inLink endtg;outink

size(d) channel,ingVariabIe

Figure 3: Storage resource.

If the pair is not used, the consumption is set to zero and stage resource is invariable
to this task, otherwise the consumption is set to the le size

5 Comparative studies

In this section we present the performance comparison of seal methods of the CSP
solver introduced in previous sections as well as of the Pe&iPeer simulator. We will also
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show an e ect of one constraint (storage based) for a simpleafhs case and an example
of the optimal schedule produced by the solver.

5.1 Peer-2-Peer simulator

To provide a base comparison with the results of our CSP basedlver we chose to im-
plement a Peer-2-Peer (P2P) model as well. This model is wi&hown and successfully
used in similar elds like le sharing, telecommunication,or media streaming. We im-
plemented a P2P simulator by creating the following work- @v: a) put an observer for
each link leading to the destination;b) if an observer detects the link is free, it picks up
the le at his site (link starting node), initiate the transf er, and waits until the transfer
is done. We introduced a heuristic for picking up a le as tymally done for P2P. Link
observer picks up a le with a smallest cardinality in the sese of itsjoriginj, i.e. the le
that is available at the smallest number of sites and if therare more les available with
the same cardinality, it randomly picks any of them. After eah transfer, the le record is
removed from the list of possibilities over all sites. Thisnocess is typically resolved using
distributed hash table (DHT) [4], however in our simulator mly simple structures were
used. Finally an algorithm nishes when all les reach the dstination, thus no observer
has any more work to do.

5.2 Results

In Figure 4, we show a comparison of times needed to producesthchedules and diver-
gence of the results (makespan) to the optimal solution beegn several algorithms. We
present results only forweighted case with direct connections and will only describe the
qualitative features for the other cases. Weights (probalities) that were used for sites
considering le's origins werel:0; 0:6; 0:01;, and 0:01

The X axes denote the number of les in a request whil& is the time (in units)
needed to generate the schedule and percentage loss on ogtisolution. We can see
that time to nd an optimal schedule without any additions grows exponentially and is
usable only for a limited number of les,50 in the weighted case and0 in the shared
case. This dierence is induced by a higher number of possbton gurations as long
as any site can be selected as an origin. By introducing symimebreaking, the solving
time is improved, but still not usable for more than200 les. Using the time-limit on the
other hand we are moving apart from an optimal solution withncreasing les in request,
which is even more visible in shared case. Thus setting then-limit as a linear function
to the number of les, while using a default search strategydsed on minimal domains,
IS not su cient.

In contrast, splitting the input into chunks is giving the best performance results both
in the running time and also in the quality of the makespan. Een scheduling by chunk
of sizel, i.e. le by le, doesn't produce worse result than using lager chunks due to
previous conditions propagation. We note as well the e cadus performance of a simple
P2P algorithm, but it is worth to mention that this model is usable only in a direct
connection case, while our intent is to study more complex tvrks with much more
restrictions.
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Figure 4: Approximation of the runtime (left) and makespan éss on optimal schedule
(right) for weighted case.

To see the real e ect of the storage constraint, in Gantt chds (Figure 5) are shown
two schedules (without and with enabled constraint) for thesame dataset, considering
the funnel network displayed in the upper part of the gure wih a limited available space
at Sites only for one le size unit. This extreme example permits onlya single transfer
via site Sites, that lls available space until a le is fully transfered to the destination
Site4. After that, the space at Sites is again released and another le can go trough.

6 Conclusion

We presented an approach using a Constraint Programming meldto tackle the e cient
data transfers/placements and job allocations problem whin a distributed environment.
Usage of constraints and declarative type of programming ers straightforward and more
error prone way of representing many real life restrictionsOn the other hand, since a
search space is usually extensive, methods like symmetryelking or approximations
and understanding the scale of the problem are fundamentalWe showed that using
the scheduling of data transfers by sequence of smaller ckangives results close to
the optimal solution and provides very acceptable runningime performance. We have
implemented also several constraints for dealing with shed network links or limited
storage capacities at sites and actual results indicate tha is worth to continue research
with this technique.
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