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Predmluva

Doktorandské dny jsou setkédnim, na které se kazdorocné tési predevsim doktorandi
oboru Matematické inzenyrstvi na FJFI, ale i jejich skolitelé a dalsi sprateleni ¢lenové
prezentacemi své vyzkumné prace. Cekaji nas piispévky z oblasti diskrétni matematiky,
teoretické i aplikované informatiky, numerické matematiky, stochastického modelovani a
v neposledni fadé také matematické fyziky. Tento sbornik pfinasi texty k pfispévkim a
abstrakty vystupujicich studenti.

I tento ro¢nik workshopu Doktorandské dny finan¢éné podpotila Studentska grantova
soutéz CVUT, grant SVK 34/14/F4. Dékujeme.

Editori
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Abstract. If we begin with well-known two-state Hadamard walk, we see that the limit distri-
bution depends on the choice of the initial state. In [1] the distribution is derived with respect
to the initial state in standard basis. Nevertheless in [3] authors derived the distribution in
different basis that is formed by eigevectors of the coin operator. This approach simplifies the
resulting description of the walk. The aim of this work is to describe how the choice of the
inicial state affects higher-dimensional quantum walks, namely we take two deformations of the
three-state Grover walk called eigenvalue and eigenvector family. Both families exhibits the
effect of localization, which means additional peak at the origin of the probability distribution.
The construction of the eigenvalue and eigenvector family is based on continuous transfer of
the Grover matrix to some trivial matrix [4]. If we take anti-diagonal permutation matrix as a
coin, the walk will be localizing and the spectrum of this matrix and the Grover matrix differs
in a sign of one eigenvalue, while the eigenvectors can be chosen the same. The addition of a
phase factor into the spectral decomposition of the Grover matrix provides continuous transfer
between these two matrices and give us so-called eigenvalue family. The eigenvector family is
the opposite case. We have to parametrize eigenvectors of the Grover matrix in order to get
trivial matrix with the same spectrum. Recently, quantum walk with eigenvector family as a
coin operator were studied from the viewpoint of the limit distribution [2]. The author derived
the distribution with respect to the initial state in standard basis. However, as in the case of
Hadamard walk, one can also express the initial state in different and more convenient basis. The
new basis formed by eigenvectors of the coin operator simplifies the result and reveals previously
hidden features. Similar approach can be applied to the eigenvalue family. Both families lead
to the localizing walk so the dependence of trapping probability at the origin on the eigenvector
basis can be expressed.

The full paper: Martin Stefandk, Iva Bezdskova and Igor Jex, Phys. Rev. A 90, 012342
(2014) or arXiv:1405.7146.

Keywords: quantum walk, localization, limit distribution

Abstrakt. Jiz u Hadamardovy prochazky s dvéma stavy chodce je vidét, Ze limitni rozdélent
zavisi na volbé pocatetniho stavu. V [1] je toto rozdéleni odvozeno vzhledem k pocatenimu
stavu vyjadrenému ve standardni bazi. Pfechodem k jiné bazi se toto rozdéleni d& zjednodusit,

*This work was supported from SGS13/217/OHK4/3T /14 and GACR 13-33906S.



2 1. Bezddkova

jako nejvhodnéjsi se pii tom chova béze tvofena vlastnimi vektory mince [3]. Zajimali jsme
se o to, zda by Sel podobny pfistup pouzit i pro jiné typy prochazek. Konkrétné jsme vy-
brali dvé zobecnéni Groverovy prochazky, které vykazuji lokalizaci, tedy nenulovy pik v pocatku
pravdépodobnostniho rozdéleni. Zobecnéni budeme nazyvat jako rodina vlastnich hodnot a ro-
dina vlastnich vektori. Jejich konstrukce probiha jako parametrizace Groverovy mince spole¢né
s jistou trividlni minci [4]. V prvnim piipadé, kdy jde o rodinu vlastnich hodnot, bude nase
trividlni mince rovna antidiagonalni permuta¢ni matici. Ta mé aZ na znaménko u jedné vlastni
hodnoty stejné spektrum jako Groverova matice, ptic¢emz vlastni vektory obou matic mizeme
volit shodné. Piidame-li do spektralniho rozkladu Groverovy matice k oné vlastni hodnoté fa-
zovy faktor, mizeme spojité pfechazet mezi Groverovou a permuta¢ni matici. Opacny pripad
je rodina vlastnich vektort, kdy je naopak potieba parametrizovat vlastni vektory Groverovy
matice tak, aby presli ve vlastni vektory trividlni matice se stejnym spektrem. Nedévno byla
rodina vlastnich vektor jako operator mince studovéna z pohledu limitniho rozdéleni [2]. Autor
zde odvodil limitn{ rozdélen{ vzhledem k pocateénimu stavu ve standardni bazi. Podobné jako
v pfipadé Hadamardovy prochéazky je vhodng&jsi, pokud podate¢ni stav vyjadiime v jiné bazi.
Ta bude opét tvofena vlastnimi vektory operatoru mince. Nova béaze navic odhali diive skryté
zajimavé vlastnosti. Stejny postup se dé aplikovat i na prochazku, kde jako minci volime rodinu
vlastnich hodnot. Jelikoz v obou pfipadech jde o kvantovou prochazku vykazujic{ lokalizaci,
spo¢teme rovnéz pravdépodobnost zachytu ¢astice v pocatku v zavislosti na vhodné volbé baze.

Plna verze clanku: Martin Stefanak, Iva Bezdskové and Igor Jex, Phys. Rev. A 90, 012342
(2014) nebo arXiv:1405.7146.

Klicovd slova: kvantovi prochazka, lokalizace, limitni rozdéleni
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Abstract. The transition between low and high density phases is a typical feature of systems
with social interaction (e.g. traffic systems [2]). This contribution focuses on such characteristic
in a simple evacuation design of one room with one entrance and one exit, which can be under-
stood as one segment of larger network. The phase of the system is evaluated with respect to
the inflow — controlled boundary condition. Critical values of inflow and outflow are described
with respect to the transition from low density to congested state.

To handle this task, four passing-through experiments were organized [4], [7], [8]. By means
of automatic image processing, pedestrians were detected, identified and significant qualities (e.g.
travel time or occupation) were extracted. Moreover, due to the ability of specific participant
identification, detailed microscopic analysis of travel time is provided. The data measured
under experimental conditions are used to study general qualities of pedestrian flow as well, the
fundamental diagram describing the dependency of flow or velocity to density is evaluated.

Simultaneously to this project, the same design was studied by means of Floor Field model
[1], [3], a cellular automata tool frequently used to capture pedestrian flow. This model was
enhanced by adaptive time span and principle of bounds [5], which improve the realistic behavior
on the microscopic level. Considering the average travel time through the room and average room
occupancy the settings incorporating the bounds and synchronous update seems to match the
experimental data better [6].

Keywords: pedestrian behavior, egress experiments, image processing

Abstrakt. Fazovy pfechod mezi stavy nizkych a vysokych hustot je typickym prvkem po-
zorovanym v systémech se socidlnimi interakcemi (nap¥. dopravni systémy [2]|). Tento pFispévek
se zaméfuje na vyzkum tohoto jevu na jednoduchém scénéfi — priichod skupiny chodct mist-
nosti s jednim vchodem a jednim vychodem, ktery mdze reprezentovat jeden prvek rozsahlejsiho
komplexu. Fazovy pfechod byl vyhodnocovan z pohledu kontrolovaného pfichodu osob do mist-
nosti (okrajova podminka). Kritické hodnoty toku do mistnosti a ven byly stanoveny na zakladé
pfechodu systému ze stavu nizkych hustot do stavu kongesce.

V priibéhu poslednich let probéhly ve studovné FJFI ¢tyii evakuacni experimenty s diirazem
na automatické zpracovani kamerovych zéznama [4], [7], [8]. Jednotlivi chodci byli s pomoci

*This work was supported by the grant SGS12/197/0OHK4/3T/14 and the research program MSM
6840770039.
tThis study has been provided in cooperation with Pavel Hrabak.



4 M. Bukacek

specidlnich ¢epic rozpoznani, identifikovani a na zékladé jejich drah byly vyhodnoceny vyz-
namné veli¢iny (napf. ¢as prichodu & obsazenost). Diky moZnosti identifikace konkrétnich
dcéastnikt jsou navic pfedstaveny nékteré mikroskopické vlastnosti pohybu chodcd. Méfena
data byla pouzita i k ovéfeni zékladnich vlastnosti pohybu chodci, napfiklad fundamentalni
diagram popisujici zavislost rychlosti ¢i toku na hustoté byl vyhodnocen.

Paralelné k tomuto projektu byl totozny design simulovéin pomoci Floor Field modelu [1], [3],
celularntho automatonu bézné vyuzivaného k modelovan{ pohybu lidi. tento model byl doplnén
o adaptivni ¢asovy krok a princip vazeb mezi chodci [5], coz vylep§uje vlastnosti modelu na
mikroskopické trovni. Z pohledu priimérného ¢asu priichodu a primérné obsazenosti se ukazuje,
7e nastaveni modelu zahrnujici vazby a synchronni update odpovida experimentalné mérenym
datiim nejlépe [6].

Klicovd slova: chovani chodcti, evakua¢ni experimenty, zpracovani obrazu
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Abstract. Algebraic Bethe ansatz has turned out as remarkably sufficient tool in the theory
of quantum integrable systems. Its origins come up to the 80’s and are connected mainly with
Leningrad shool. Since that time, it was used successfully to solve an amount of quantum
models, cf. [3, 8]. This contribution deals with algebraic Bethe ansatz for XXX- and XXZ-spin
chains which were used, e.g., to describe crystals with specific properties [9]. Our first aim is to
describe Bethe vectors in fermionic representation [7]. At first, we prescribe a way how to write
Bethe ansatz in terms of fermions. Then, generators of Yang-Baxter algebra are expressed in
fermionic representation and used to calculate explicit form of Bethe vectors up to 3-magnons.
We formulate a conjecture about general form of M-magnons, cf. [1, 2|. In the next part, we
discuss N-component model and use it to find explicit form of Bethe vectors in terms of usual
spin operators. This result turns out to be useful to prove our conjecture about Bethe vectors in
fermionic representation [4, 1, 2|. We also discuss inhomogeneous XXX- and XXZ-spin chains
and find explicit forms of their Bethe vectors [4].
This contribution is based on our texts [4, 1, 2].

Keywords: Yang—Baxter equation, algebraic Bethe ansatz, Bethe vectors, quantum integrable
systems

Abstrakt. Algebraicky Betheho ansatz se osvéddil jako velice tspésna metoda kvantové inte-
grability. Jeho pocatky sahaji do 80. let a jsou spjaty pfedevsim s Leningradskou gkolou. Od
té doby byl uspésné pouzit k feSeni mnoZstvi kvantovych modelu, viz. [3, 8]. Tento piFispévek
se zabyva algebraickym Betheho ansatzem pro spinové XXX a XXZ Tetizky, které byly pouzity
napf. k popisu krystalii se specifickymi vlastnostmi [9]. Nasim prvnim cilem je popsat Betheho
vektory pomoci fermioni [7]. Nejdiive popiSeme zpisob, jak formulovat Betheho ansatz ve
fermionové reprezentaci. Poté v této reprezentaci vyjadiime generatory Yang-Baxterovy alge-
bry a pouzijeme je pro vypocet explicitni podoby Betheho vektori az do 3-magnonti. Formu-
lujeme hypotézu o obecné podob& M-magnont, srov. [1, 2]. V dalsi ¢asti se budeme zabyvat
N-komponentnim modelem a pouzijeme ho k nalezeni explicitn{ podoby Betheho vektort v ob-
vyklé reprezentaci pomoci spinovych operatori. Tento vysledek se ukize byt uziteény k dikazu
nasi domnénky o Betheho vektorech ve fermionové reprezentaci [4, 1, 2|. Rozebereme také piipad
nehomogennich XXX a XXZ fetizkii a nalezneme explicitni tvar jejich Betheho vektoru [4].
Tento piispévek je zaloZen na naSich textech [4, 1, 2].

Klicovd slova: Yang—Baxterova rovnice, algebraicky Betheho ansatz, Betheho vektory, kvantové
integrabilni systémy

*This work has been supported by the grant SGS12/198/OHK4/3T/14.
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Abstract. Real world materials often change their appearance over time. If these variations
are spatially and temporally homogeneous then the visual appearance can be represented by a
dynamic texture which is a natural extension of classic texture concept including the time as
an extra dimension. In this article we present possible way to handle multispectral dynamic
textures based on a combination of input data eigen analysis and subsequent processing of
temporal mixing coefficients. The proposed method exhibits overall good performance, offers
extremely fast synthesis which is not restricted in temporal dimension and simultaneously enables
to compress significantly the original data and additionally perform texture editing.

Keywords: Dynamic texture, texture analysis, texture synthesis, texture editing, data compres-
sion, computer graphics.

Abstrakt. Skutetné materidly velmi ¢asto méni{ sviij vzhled v ¢ase. Pokud jsou tyto zmény
prostorové a ¢asové homogenni pak lze vizuélni vlastnosti reprezentovat dynamickou texturou,
ktera predstavuje pfirozené rozsifeni konceptu klasické textury o ¢as jako dodate¢ny rozmér. V
tomto ¢lanku prestavujeme mozny pristup k multispektralnim dynamickym texturdm zaloZeny
na kombinaci vlastni analyzy vstupnich dat a nésledného zpracovani ¢asovych smésovych koe-
ficienti. Navrzend metoda vykazuje celkové dobré vlastnosti, nabizi extrémné rychlou syntézu,
kterd neni omezend v ¢asovém rozmeéru a zaroven umozinuje vyrazné komprimovat ptivodni data
a navic textury editovat.

Klicovd slova: Dynamick4 textura, analyza textur, syntéza textur, editace textur, komprese dat,
pocitacova grafika.

1 Introduction

Dynamic textures (DT) can be defined as spatially repetitive motion patterns exhibiting
homogeneous temporal properties. Good example might be smoke, fire or liquids, also
waving trees, straws or some moving mechanical objects can be also sometimes considered
as DT. A sequence of either monospectral or multispectral images which are called frames
is the simplest representation of DT. Measured DT data are always represented by a fi-
nite length sequence, sometimes too short for an intended application. This property may

*This research was supported by the grants GACR 14-10911S, GACR 14-0265S.
TPattern Recognition Department, Institute of Information Theory and Automation, ASCR.
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8 M. Havlicek

limit possible use of DTs in virtual reality systems so temporally unconstrained synthesis
of DT is an interesting and challenging research problem in several computer graphics,
computer vision, and pattern recognition applications. On the other hand, synthesis can
be considered when dynamics of the texture can be represented more efficiently.

The contribution of this paper is to propose straightforward multispectral DT mod-
elling method with low computational demands enabling extremely fast synthesis of ar-
bitrarily long DT sequence and in addition compression of original data and possible
texture editing. The method is based on input data dimensionality reduction using eigen
analysis and selective elimination of resulted temporal coefficients.

2 Related Work

Already published articles dealing with DTs can be divided according to the application
to: recognition, representation and synthesis [2]. The DT synthesis is apparently the most
difficult task and there are only few papers on this topic available [11, 10, 1, 3, 5|. Some
methods [11, 10] are limited by time consuming synthesis algorithm (in addition method
[11] requires some high level of temporal homogeneity of the input and is restricted to
monospectral DTs), method [1] is limited to finite length sequence generation.

Another possibility is to utilize so called video editing techniques [12, 9, 6], developed
for general video sequences originally, which can be used for DT synthesis as DT can
be considered as a special case of general video sequence. For example video texture
generation based on searching for transition points for looping with additional blending
and morphing [9]. Evident drawback is using blend and morphing to achieve continuity
of the synthesized sequence which may introduce blur and other unfavourable visual
artifacts. This issue was solved in [6]. Another possibility is tree structured vector
quantization published in [12]|. This method sometimes fail to reproduce global structures
which may appear in the original data [6]. Video editing techniques are also very often
time demanding [3]. We compare most of the above mentioned methods in Section 8.

3 Method Overview

The whole modelling process can be divided into two phases: analysis and synthesis. The
first step of the analysis is so called normalization of DT during that an average frame
from all frames in the analyzed sequence is computed per-pixel and then subtracted per-
pixel from each frame in the DT. Eigen analysis, described in detail in Section 4, follows.
The results of that analysis are eigen images and temporal mixing coefficients which are
further processed during temporal mixing coefficients reduction as explained in Section
5. Average frame, eigen images and reduced temporal mixing coefficients are saved for
synthesis purposes. Synthesis procedure, described in detail in Section 6, consists of non-
deterministic temporal mixing coefficients selection, sequence synthesis driven by chosen
coefficients and denormalization which is an addition of the average frame to every single
frame in the synthesized sequence i.e. inverse procedure to the normalization.
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4 Dynamic Texture Eigen Analysis

Normalized DT sequence is analyzed and compressed by means of Principal Component
Analysis (PCA) which is able to create a low-dimensional representation of the original
data describing them as accurately as possible. Original data can be then reconstructed
simply by linear combination of the low-dimensional basis. We used traditional PCA
method for this task because of its optimal performance beside alternative choices as for
example non-linear techniques [7].

Values corresponding to pixel intensities of individual frames from the normalized
sequence are arranged into column vectors forming (n x ¢t) matrix C where n is a
number of values equals frame width x frame height x number of spectral planes in the
DT and ¢ is a number of DT frames. Then a covariance (¢xt) matrix A is computed as
A = CTC. Thus the matrix A expresses how individual frames of the sequence depend
on the others. The matrix A is decomposed using singular value decomposition so that
A = UDU”, where U is an orthogonal matrix of eigen vectors and D is a diagonal
matrix of corresponding eigen numbers. Their values are proportional to their significance
in data reconstruction so that some of them can be not used with simultaneous minimal
impact on reconstruction error. Therefore only &k < t eigen vectors corresponding to
eigen numbers which are expected to represent the most of the information are used. A
threshold 7 for selecting vectors which are used is computed from the values of the eigen
numbers as:

1

If Digy>7, i€{l,...,t} theni-th column of D and i-th column of U are used.
All used columns of D and U form new matrices D* and U™ respectively. The
(n x k) matrix I of eigen images can be computed as: [ = CT, where T isa (t X k)
matrix with elements:

Tiig) = —ne
(7.)

Computed matrix I represents the reduced basis for the reconstruction of the original
data therefore a matrix representing linear combination coefficient is needed. This role
is played by a matrix of temporal mixing coefficients which is computed as: M = I7C.
The (k xt) matrix M, which in fact reflects the overall dynamics of the sequence, is a
subject of further processing described in following Section.

5 Temporal Mixing Coefficients Reduction

The matrix of temporal mixing coefficients M described in previous Section can be
further processed so that it provides additional compression and enables to apply non-
deterministic synthesis algorithm guaranteeing potentially infinite DT sequence genera-
tion. For non-deterministic synthesis purposes analyzed DT is redefined in terms of graph
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theory so that the sequence is represented as a directed graph G where the individual
frames play the role of vertices and the order of the frames plays the role of edges i.e. the
graph structure defines for each frame the set of frames which may immediately follow.
Thus before the reduction an adjacency matrix A of G is formed as:

W1 i=ie
@) 71 0 otherwise
where i € {1,...,t}, j € {1,...,t}. The idea of the reduction is to keep only those
columns of M for which there is no other sufficiently similar column in M, in terms of
certain metric, or generally distance.
Let a (t x t) matrix A is composed of elements:

k
Ay = (Mg — Maj)* (2)
1=1
i.,e. A consists of all mutual distances of the columns of M. Apparently, A is
symmetric, with zero diagonal, and therefore it is sufficient to take into account only
those elements A(; ;) for which 7 < j holds and let A(; ;) =0 otherwise. Distance (2)
was chosen because of its proven reasonable properties for column comparison purpose
and low computing demands.
An average distance ¢ is defined by the elements of A as:

1
5= 3 Auy
|Z’; (4,9)

where Z is the set defined as {A(; ;) : 4 < j}. The average distance ¢ plays the
role of the criterion determining the similarity of the columns of M, in the sense of the
distance (2).

First adjacency matrix A is processed using A and J as described in following
algorithm: Vi €< 1;t — 1 >:Vj €< i+ 1;t > if A < 6 holds then update adjacency
matrix as follows: Ag ;) = 0, Ags) = 1 and in addition if j < ¢ also holds then update
adjacency matrix further like that: A ;1) = 0, Ay j41) = 1. A brief demonstration of
presented algorithm is shown in Figure 1.

Remaining r columns of M, ie. every column ¢: 3j € {1,...,t}: Ay =1, form
new (kxr) matrix M* which has to be stored and is later used for synthesis purposes
described in following Section.

6 Dynamic Texture Synthesis

The goal of the synthesis is to create DT sequence of required length. Dimensions of its
individual frames are identical to those of the original DT as the method is restricted to
temporal synthesis and compression.

During the synthesis a (k x t7) matrix of temporal mixing coefficients M7, where ¢
is a length of the synthesized sequence (in general different from t) is created column wise
according to the following algorithm. The first column of M is randomly chosen column
of M*. Let the last chosen column of M* hasindex i € {1,...,r} then the next column
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]
al =] 2] |~

Figure 1: The reduction algorithm illustrated on the 5 frames long sample sequence.
Numbering reflects the order of the frames in the original sequence. Vectors of the mixing
coefficients corresponding to the individual frames are symbolically represented in the
form of bar graphs (the height of each bar equals to the value of an individual coefficient).
In this example reduction is performed in three steps: 1) vector of mixing coefficients of
the first frame is compared with vectors of mixing coefficients of the frames of the rest
of the sequence as indicated by thin dashed arrows, 2) second frame was evaluated as
too similar to the first so it was replaced, graph structure was updated and vector of
mixing coefficients of the third frame is compared with vectors of mixing coefficients of
the remaining frames, 3) resulting graph structure describing reduced sequence.

is randomly chosen column of M* from those which fulfill: A, ; =1, j € {1,...,7}.
This provides required continuity of the synthesized sequence since the set from which
the selection is performed consists of the frames such that there exists an edge between
them and the last chosen one in G (see Section 5).

If there does not exist any such column in M?* then the column closest to the i-th
column of M*, in sense of (2), is chosen. This can occur if the graph representing the
DT after reduction step described in Section 5 is not connected. Above mentioned rule
provides continuous sequence with no need to utilize any additional technique such as
morphing which could introduce some unfavourable artifacts to the visual information.

It is important to not allow choose the same columns of M* several times in succession
to avoid texture dynamics turn to static but it was observed that up to three consecutive
frames of the same has almost no observable impact on the result. Synthesized normalized
DT sequence CT which is a (n x t') matrix can be then computed simply as: CT =
IMT as explained in Section 4. The last step is an addition of the average frame to
each synthesized frame in the sequence that is inverse procedure to the normalization
mentioned in Section 3.

7 Dynamic Texture Editing

There are several possibilities how to edit DT using this approach i.e. finely adjust
overall appearance so that edited DT still looks realistic. In general texture editing
is complex, very often user directed task (image editing software) and although some
attempts have been made to automate this process it still remains an open problem. It
is possible to replace average frame and eigen images of the analyzed DT with average
frame and eigen images of another DT or even edit original average frame as a normal
multispectral image. In this case characteristic features of DT such as colours and lower
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clouds 23.0534 15.8105 4.4309
flame 9.6099 3.1155
fountain | 29.7381 6.756 2.8560
grass 15.2763 18.4564 6.0214
ocean 34.1274 | 31.3391 | 4.5209 | 20.3366 6.3397
pond 14.2968 13.7776 7.4999
river 40.3987 11.9223
smoke 36.9984 | 15.4730 23.8452 1.7904
sparkle 9.5897 1.5501
waterfall | 18.7805 21.4468 55.8353 | 5.0756
waterfall2 10.9446 17.6794 1.9639

Table 1: Comparison of MAD quality criterion values on the Graphcut texture database
for six alternative DT synthesis methods, from the left: Method [6] (temporal cut only),
|6] (spatio temporal cut), [9], [12], [1], [L0] and our proposed method.

frequencies are affected by new average frame, higher frequencies by eigen images and
overall dynamics is still driven by temporal mixing coefficients. Similarly it is possible to
replace either matrix of eigen images or mixing coefficients (or both) with similar effect
(or even only average frame) but in this case both DTs should be of a similar nature (i.g.
similar movement). There are another limitations of this approach. Both textures should
be rather dynamic textures than dynamic scenes (i.e. general video containing several
different and in general moving objects or dynamic textures) and it is necessary to both
DTs have the same dimensions. Some of the achieved results is showed in Fig.2. Apart
from the above mentioned options it is also possible to apply frequency swap strategy [4]
to the individual frames of the DTs as they can be considered as multispectral textures.

8 Results

For a testing purposes we used dynamic texture data sets from DynTex texture database
|8] as a source of data. Each dynamic texture from this database is typically represented
by 250 frames, which equals 10 seconds, long video sequence. We extracted its frames,
converted, saved and used as 400 x 300 RGB colour images, so that (n = 360000, =
250). As test DTs were chosen: smoke, steam, streaming water, sea waves, river, candle
light, detail of running escalator, sheet, waving flag, leaves, straws and branches. For
a comparison with alternative synthesis methods we also tested our method on video
textures from Graphcut texture database ' [6]. This database consists of several very
different textures including corresponding textures synthesized by alternative approaches.
In case of this database textures very often differ from each other in dimensions. Some
achieved results are showed in Fig.8. It is really hard to compare visual quality of the
results of those methods exactly as robust and reliable similarity comparison even between
two static textures is still unsolved problem up to now. We decided to compare differences

thttp://www.cc.gatech.edu/cpl/projects/graphcuttextures/
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between original DT and synthesized DTs of individual methods. Let the original DT O
isa Lo long sequence of Wo x Hp images with Sp spectral planes and the synthesized

DT S isa Lg longsequence of Wy x Hg images with Sg spectral planes then Mean
Absolute Difference of the original DT and the synthesized DT (MAD) is defined as:

1 L S H W
MAD = m Z Z Z Z ‘O(i,j,k,l) - S(i,j,k,l)| ) (3)

=1 k=1 j=1 i=1

where o« = min{ap;as} and « € {L,S,H,W}. From the results listed in Tab.1
it is apparent that our method outperforms, with one exception, the others, in this
concept. Although there is not exist any sample in used database which would offer
results obtained by all alternative methods, Tab.1 clearly demonstrates certain quality of
our method. Another comparison is further discussed in following Section.

Criterion (1) allows adjust the level of compression for each type of texture. Loss of the
information can be expressed in the amount of energy (sum of used eigen values divided
by the sum of all eigen values) which was preserved. In case of tested DTs we achieved
these results: fire: 73%, clouds: 92%, flame: 78%, fountain: 82%, grass: 65%, ocean:
83%, pond: 77%, river: 80%, smoke: 93%, sparkle: 87%, waterfall: 62%, waterfall2:
90%. To demonstrate computing time requirements several examples are available in
following table (in this case synthesized sequence was as long as original one).

Texture | Number of frames | Frame resolution | Analysis time | Synthesis time
clouds | 61 128 x 128 10s 2s
flame 89 320 x 240 112s 4s
grass 100 224 x 144 66s 3s
smoke | 32 160 x 112 4s 1s

9 Discussion

The main advantage of this method is its simplicity, efficiency and performance, using
optimal methods for compression. Extremely fast synthesis can be even more efficiently
performed by contemporary graphical hardware since only elementary instructions and
matrix operations have to be realized. Our synthesis algorithm is less demanding than
in case of most other methods. The synthesis is not restricted on number of frames to
be generated, unlike [1], and it is not necessary to verify synthesized frames to prevent
extremely long sequence to turn static as for example like in case [3]. However eigen
analysis may cause observable loss of information (high frequencies which may occur in
the original more precisely). In contrast to the sampling based DT modelling method
called dynamic roller [5], our method cannot simultaneously enlarge the frames of the
DT. On the other hand, this avoids possible spatial repetition of patterns which may
appear in the synthesized DT produced by the dynamic roller.

10 Conclusion

We presented a novel method for fast synthesis of multispectral dynamic textures (DT).
The main part of the approach is based on reduction of temporal coefficients resulted
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15th frame 30th frame 45th frame 60th frame

Figure 2: Several frames of original ocean DT (top row), original river DT (middle row)
and edited DT (using average frame and eigen images of ocean DT and temporal mixing
coefficients of river DT) (bottom row).

from DT dimensionality analysis step using the singular value decomposition which en-
ables compress significantly the original data. This solution also enables extremely fast
synthesis of arbitrary number of required multispectral DT frames, which can be even
more efficiently performed by contemporary graphical hardware. We also presented sev-
eral possibilities how to edit dynamic texture utilizing this approach. From many showed
results it is apparent that the visual properties of the original DTs stayed preserved in
the synthesized ones. We also compared our method with several existing DT synthesis
and video texture generation approaches. This method avoids some problems of the al-
ternative methods. On the other hand, proposed synthesis algorithm does not extend DT
in spatial domain. Overall, this method represents interesting alternative to the existing
approaches.
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Abstract. First, George Marsaglia’s Diehard battery of tests completed by autocorrelation
tests is used for standard testing of pseudo-random number generators. Autocorrelation and
bit correlation of generators are tested by means of Random Walk Test and Autocorrelation
Matrix Test. Suitability of generators to evaluating integrals by means of Monte Carlo method
is also studied. The virial coefficients of the gases are calculated analytically and evaluated by
means of Monte Carlo method. In this paper, it requires integration in dimensions up to three.
Suitability of generators for Monte Carlo simulation in statistical physics is also tested. From
an initial random disequilibrium configuration a fluid reaches equilibrium. Once the equilibrium
is reached, compressibility factor is measured, and the results of the simulations are compared
with the result of analytical calculation. Pseudo-random number generators are compared via
statistical test.
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Abstrakt. Sada testi Diehard Geroge Marsaglii doplnéné autokorelaénimi testy je pouzita
ke standardnimu testovani generdtorii pseudondhodnych ¢isel. Korelace a bitova korelace jsou
testovany Testem nahodné prochizky a Testem autokorela¢ni matice. Daéle je studovan vliv
generatort v Monte Carlo metodach. Virialni koeficienty plynt jsou spodéitany analyticky a
vyhodnoceny Monte Carlo integraci. V této préci to vyzaduje integraci od jedné do t¥ dimenzi.
Dale jsou provedeny testy generatort prostfedky Monte Carlo simulace ve statistické fyzice. 7
pivodni ndhodné nerovnovazné konfigurace plyn dosahuje rovnovahy. Po dosaZeni rovnovéhy je
zméfen kompresibilni faktor a vysledky simulace jsou porovnany s analytickym vyhodnocenim.
Vysledky generatorti pseduondhodnych éisel jsou porovnany ttestem.

Klicovd slova: Mersenne-Twister, KISS, Xorshift, DIEHARD, Metropolisiv algoritmus, Lennard-
Jonestiv potencial

1 Introduction

The question of the choice of a right pseudo-random generator is more important every
day. Many possible ways how to generate pseudo-random numbers can be found, and
many of them are very easy to use. However, there are some pitfalls that user has to be
aware of. Many applications tolerate even bad generators, because good statistics can

*Special thanks go to Jaromir Kukal for his assistance
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still be obtained. On the other hand, the bad choice of generator can be fatal in more
complex applications.

Some standard generators have poor quality. It was mentioned in [2| that these
standard generators have serious defect. Some of them are:

o Standard Perl rand

Python random() (versions before V2.3; V2.3 and above are OK)

Java.util. Random

C-library rand(), random() and drand48()
Matlab’s rand

e Mathematica’s SWB generator

From the example of flawed standard generators it can be seen that the testing is
absolutely necessary and generators have to be used carefully.

The testing of the generator is very complex subject. There is not one test, that
verifies the quality of the generator. Sets of statistical tests, which can provide complex
view of the generator’s qualities, were created. The perfect example is George Marsaglia’s
Diehard battery of tests, which can serve as good initial tool for judging generator’s qual-
ities. Diehard does not contain an autocorrelation test. Thus further testing should be
performed, because correlation can strongly influence statistics. Can we choose genera-
tors, which passed Diehard, to a specific application without further doubts? We want to
employ aditional tests aimed to discover suitability for application in statistical physics.

The aim of this short text is to provide testing of popular generators known for its
qualities beyond Diehard battery of test and to verify if they can be used for Monte
Carlo evaluation of integrals and simulation of statistical fluids. This paper is organized
as follows. In the next section, fluid modeling preliminaries are briefly reviewed. Section
3 deals with various potentials, and in section (4) various approaches to generator testing
are considered, and finally, we focus on tested generators and after that results of our
tests are provided.

2 Fluid modeling preliminaries

The basic frame of fluid modeling preliminaries enables to study the role of pseudo-random
generators by validity of results. We consider a traditional design of N particles in an
abstract box of volume V = a® with periodic extension, where a is the dimensionless side
of the box. Particle interactions are performed via dimensionless spherically symmetric
potential function u(r) satisfying u(1) = 0. Reduced virial coefficients can be expressed
as:

B* = 3/ f T12 T12dT12, (1)

7“12+7“13
B = 6/ / / f(r12) f(r13) f (ra3)ri2r13razdriadrisdras. (2)

12—713



Pseudo-Random Number Generatorsin Statistical Thermodynamics 21

using dimensionless temperature 7 > 0 and dimensionless Mayer function

f(r) = exp ( - #) - 1. (3)

Supposing low density p = N/V, we can approximate the virial expansion of the
compressibility factor

z=1+) B p" (4)
=2
by its first three terms as
z=1+ Bjp+ Bjp*. (5)

Formulas (1), (2) will be used for testing of the suitability of generators for Monte Carlo
evaluation of integrals. Formula (5) presents theoretical value of compressibility factor
for evaluation of Monte Carlo simulation.

The Metropolis method of importance sampling is used to reach equilibrium from
initial random non-equilibrium configuration. Dimensionless potential energy is expressed

as
U(r17"~arN> :ZU(T’U) (6)
i<j
where 7;; = ||[r; — rj||, and r; € R? is the position vector of i particle. A random

perturbation of a particle position is performed in every step of the Metropolis algorithm.
The new configuration is accepted with probability

p =min(1,exp(—AU/T™)) (7)

where AU = U,y — U is the change of dimensionless potential energy. Once the equi-
librium is reached, compressibility factor is measured by means of Metropolis algorithm
using

2We
z=1-— SNT (8)
where
1<~ JU

is a force virial.
The resulting values of z form a statistical sample which is easy to compare with its
theoretical value (5).

3 Included models

Three models of particle interaction are used for evaluation of virial coefficients by in-
tegration and for fluid modeling testing. Lennard-Jones model (LJ) is selected as a
representative of a traditional physically motivated potential expressed as:

u(r) = 4(r~2 —r7%). (10)
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Table 1: Virial coefficients of Lennard-Jones fluid

T B3 B3

1 | -2.538081 | 0.42968
3 | -0.115234 | 0.35230
5 | 0.243344 | 0.31506

Table 2: Virial coeflicients of Constrained Potential Fluid

[ B B

1 | 0.207277 | 0.010017
31 0.078072 | 0.000567
5 | 0.048065 | 0.000134

Its virials can not be evaluated analytically, so numerical integration is necessary. The
obtained values of B}, Bj in agreement with [1] are listed in Tab. 1. Considering the real
models often do not permit analytical evaluation of virial coefficients, we establish trivial
models of particle repulsion permitting an analytical evaluation of virial coefficients. The
first novel model called Constrained Potential Fluid (CP) with dimensionless potential

u(r) = max(1l —r,0) (11)
is introduced here. We can directly calculate
By =1-3T*+6(T*)*+6(T")*Q — 1) (12)
and
5 15 3(T*)? 3(T*)3 243(T™)*
B§:———T*+u(13—2Q)+ (") (25@—6)—#624—
9(T*)5 S(T*>6 , 5
1 (51Q — 16) + (160 — 537Q) + 384Q° — 7Q)°)

where @ = exp(—==). The obtained values of Bj, Bj are listed in Tab. 2.
The last model included is Logarithmic Potential Fluid (LOG) with dimensionless
potential
u(r) = max(—Inr, 0). (14)

Using (1), we can express the second reduced virial coefficient of LOG as:
By = (1+3T*)"". (15)

LOG permits analytical evaluation of the third virial coefficient only for dimensionless
temperatures 7" = 1/n, where n € N. Values of virial coefficients for three dimensionless
temperatures are listed in Tab. 3.

Main advance of developed models ( CP , LOG ) is its similarity to hard sphere model
for r > 1, but they can be used for simulation via standard Monte Carlo techniques.
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Table 3: Virial coefficients of Logarithmic Potential Fluid

1 B; B
1/5 | 0.6200 | 686005,/3139136
1/37]0.5000 | 1313/10500
1 |0.2500 97/5040

4 Generator testing

4.1 Tests of pseudo random number generators

The goal of this text is to make generator testing very thorough. For this reason, Diehard
battery (DIEHARD) [3] battery of tests is used. DIEHARD was presented by George
Marsaglia in 1995. In order to provide tests that are more stringent than usual easy-to-
pass tests, DIEHARD combines various challenging tests. The battery is very popular
and it is often considered to be a standard in good quality generator testing.

DIEHARD lacks a test aimed to detect correlation. We think this is the flaw of the
battery. Correlation can be a serious defect of a generator. Recall that even some of good
quality generators are suspected to have a problem with correlation.

Considering the fact DIEHARD discovered no difference between the generators, we
focused on autocorrelation testing which is very close to movement simulation in pseudo-
experiment. Random Walk Test (RW'T) was used for correlation testing.

The movement was simulated by m-step random walk in R" according
X = Xp—1 T €, (16)

where xg = 0, e, ~ N(0,I)

Under the hypothesis Hy: Independence of ey, realization, the criterion A = ||x,,[|5/m
has x2 distribution. The simulation and testing was performed for multiple values of m
and n at significance level 0.05.

Digit correlation were studied by means of Autocorrelation Matrix Test (AMT) using
representation of depth as

N
j=1

Using statistical sample x1, xs, ...., x5, We tested bit autocorrelation as follows: Every
individual test operates with 7;, and j, bits with time delay t € Ny. We study relationship
br; and by for k = 1,...,m — t in the term of x*-test for adequate 2 x 2 contingency
table with one degree of freedom on critical level 0.05. Previous tests are useful in general
case. Additional tests concern with suitability of generators for application in statistical
thermodynamics.
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4.2 Testing on virial integrals

Virial coefficients are calculated analytically and numerically. For the case of LJ, where
analytical solution is not possible, values are compared with other sources [1]. As can be
seen from (1) and (2), the calculations of the second and the third reduced virial coeffi-
cients are evaluations of integrals up to three dimensions. These integrals are evaluated
by means of Monte Carlo integration. Stratified Sampling method of integration is used
forn = 1, n = 2 or n = 3 with the number of segments N" for N = 10. Results of
multiple simulations (M = 100) are compared with theoretical value. Supposing normal
distribution, we test hypothesis Hyo: = po on a significance level 0.05 using one sampled
two sided t-test. Here, i is value of virial coefficient calculated using formulas (1) and
(2), respectively.

4.3 Fluid modeling testing

Model is realized for isochoric NVT ensemble with periodic boundary conditions, which
reaches equilibrium from initial random non-equilibrium configuration. Once the equilib-
rium is reached, a sample of size 10* of z values is collected. The equilibrium is studied
by 20 samples from multiple runs of various seeds connected into one. This sample is
then used to test random number generator.

Supposing normal distribution, we test hypothesis Hy: © = pp on a significance level
0.05 using one sampled two sided t-test. Here, g is theoretical value of compressibility
factor. We performed test 100 times and counted the number of successful runs.

5 Generators

5.1 Mersenne-Twister

Generator Mersenne-Twister was first introduced in publication [5] Up to date, it is one of
the most used pseudo-random number generators. For a particular choice of parameters
it has extremely long period of 219937 — 1.

A downside is its complexity of generation - it is often considered to be too elaborate.
The period, which is one of the advantages of the generator, is sometimes considered to
be unnecessarily long.

Mersenne-Twister generator is very well described. Therefore, we will not concern
with it in this work.

5.2 Xorshift generator

Mersenne-Twister has a very good reputation, but it is maybe too complicated for every
day use. There is an ambition to create a more simple, yet good quality generator. George
Marsaglia described Xorshift generator in [4]. Its generation is based repeated use of a
simple computer construction: exclusive-or of a computer word with a shifted version of
itself.

Combining such Xorshift operations for various shifts and arguments provides ex-
tremely fast and simple RNGs that seem to perform very well in tests of randomness.
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Xorshift generators are based on three Xorshift operations. Marsaglia stated, that there
are over hundred of possible combinations of the numbers of shifted bits. Combination
(17,13, 5] is used.

5.3 KISS generator

KISS is primarily intended for scientific applications such as Monte Carlo simulations.
As mentioned in [6] advantages of KISS are: It is proposed by well known and respected
authors, it has a reasonably long but not excessive period (about 2'?3), and it does not
need to warm up.

KISS (32-bit version) consist of combination of four subgenerators of three kinds:

e one linear congruential generator modulo 232, a = 69069 , b = 1234567
e one Xorshift generator (combination [17,13,5] ),
e two multiply-with-carry generators modulo 2'6

With its simplicity which does not deteriorate quality of pseudo random numbers,
KISS generators become very popular and they find new applications very often.

Note that Xorshift generator is one of the four subgenerators of KISS. Combining
different RNGs is now considered to be a sound practice in designing good RNGs by
many experts in the field. The flaws of one generator are likely to be compensated
by others generators. For further information about KISS and his subgenerators, [6] is
recommended.

6 Results

Selected generators are tested as follows: first, standard tests are used, then testing by
Monte Carlo integration is performed, and, finally, testing by means of simulation in
statistical physics is studied. The main idea behind testing is to study relation between
standard and advance testing related to integration and simulations.

6.1 Standard testing

Tab. 4 consists of information, whether the generator passes the test (1/0 - pass/fail).
Here, AMT and RWT still stand for Autocorrelation Matrix Test and Random Walk Test,
respectively. BRT represents Binary Rank Test and DIEHARD-BRT means Diehard
battery of tests excluding Binary Rank Test.

Mersenne-Twister passes several stringent statistical tests, including Diehard. This
result is in a compliance with [5]. When dealing with KISS generator, the same results are
obtained. These two generators pass RWT and AMT. Testing by means of BRT and AMT
reveals a serious flaw of Xorshift. From Tab. 4 it can be seen that DIEHARD excluding
BRT makes no difference between generators. BRT and AMT reveals insufficiency of
Xorshift generator. The fail of Xorshift generators in BRT was previously described in

14].
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The goal of successive testing is to perform advance testing of generators beyond
standard tests.

Table 4: Standard generator testing

model DIEHARD - BRT | BRT | RWT | AMT
Mersenne-Twister 1 1 1 1
KISS 1 1 1 1
Xorshift 1 0 1 0

6.2 Monte Carlo integration

Considering just one dimensional Monte Carlo integration, no difference among generators
appears, ie all p-values are above 0.05. The different situation arises when dealing with
3D integration. From Tab. 5 we can see that Xorshift can not be used for 3D integration.
Except for LJ Xorshift failed in evaluating of Bj; therefore, we conclude that Xorshift
can not be used for multiple dimensions evaluation in general.
The fail in case of CP and LOG can be explained by the fact that the potentials are
not smooth and by effect of zero potential like in the case of hard spheres fluid.

Table 5: Testing by 3D integration (p-values)

model | T* | Mersenne-Twister | KISS | Xorshift
1 0.86 0.72 0.62
LJ 3 0.91 0.86 0.91
5 0.89 0.93 0.92
1 0.95 0.91 0.04
CP 3 0.92 0.89 0.01
5 0.90 0.84 0.03
1/5 0.95 0.91 0.04
LOG | 1/3 0.92 0.89 0.01
1 0.90 0.84 0.03

6.3 Fluid modeling testing

When dealing with simulation, the situation is different from the case of Monte Carlo
integration. Simulation were performed 100 times. We get p-value of every run performed.
Significance level is 0.05. In the pursuit of objectivity, we perform 100 runs, and we
study the number of successful runs with no significant difference between theory and
experiment. Tab. 6 contains frequency of successful results. From Tab. 6 it can be
seen that results are comparable; Although, KISS showed the best results. On the the
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hand, Xorshift have the worst results. Pair t-test is used to identify significant difference
in efficiency between pseudo-random number generators. KISS outperformes Mersenne-
Twister. No significance difference between Xorshift and Mersenne-Twister is discovered.
The same situation arises when dealing with KISS and Xorshift.

Table 6: Testing via Monte Carlo simulation (passing frequency [%])

model | T* | Mersenne-Twister | KISS | Xorshift
1 60 69 50
LJ 3 56 66 55
5 52 65 51
1 57 68 52
CP 3 28 68 55
5 29 70 54
1/5 57 65 54
LOG | 1/3 53 68 51
1 51 69 49

7 Conclusion

Tests of popular pseudo-random number generators have been made. Diehard battery
of tests has been used to determine the quality of generator. Flaws of some generators
have been discovered. Xorshift generator do not pass Binary Rank test in Diehard and it
fails in autocorrelation testing performed by Autocorrelation Matrix test. The suitability
of pseudo-random number generators for integral evaluation in three or less dimension
was tested Generators have been tested via fluid modeling. It has been shown, that
some generators are not suitable for physical simulation even if they pass Diehard. The
importance of additional testing beyond DIHARD was confirmed.
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Abstract. Contribution focuses on four different updating procedures of the totally asym-
metric simple exclusion process (abbr. TASEP), namely the fully-parallel, forward-sequential,
backward-sequential updates [5], and generalized backward update [2]. The goal is to introduce
the distance- and time-headway distribution for those updates to extend the random-sequential
update studies in [4] and [3]. All systems are considered on the circle of L sites. Corresponding
Markov processes are investigated in the large L approximation. Using the car-oriented mean-
field approximation [6] or mapping to the mass transport process [7], the stationary distribution
is derived, from which the time-headway distribution can be easily obtained. Furthermore, the
derivation of time-headway distribution of fully-parallel update [1] has been extended to other
parallel updates mentioned in this contribution.

Results presented within the conference Doktorandské Dny are being prepared for the sub-
mission to Journal of Physics A: Mathematical and Theoretical.

Keywords: TASEP, parallel updates, headway distribution

Abstrakt. Prispévek se zaméifuje na ¢tyfi rizna updatovaci schémata totalné asymetrického
jednoduchého vylutovaciho procesu (TASEP), jmenovité plné-paralelné, dopfedny, zpétny up-
date [5] a zobecnény update [2]. Cilem je pFedstavit rozdéleni vzdalenostnich a ¢asovych rozes-
tupi téchto updati a rozgifit tak vysledky pro nahodny update z [4] a [3]. V8echny systémy jsou
uvazovany na kruhové mifZce tvofené L pozicemi. Pi{slusné markovské procesy jsou zkoumany
ve stacionarnim stavu. Pomoci car-oriented mean-field aproximace [6] nebo pfevedenim na mass
transport process [7] je odvozeno stacionarni rozdéleni, pomoci néhoz lze snadno ziskat rozdéleni
vzdalenostnich rozestupti. Déle, odvozeni ¢asovych rozestupt pro plné-parallelni update [1] je
rozsifeno pro ostatni uvazované updaty.

Vysledky prezentované na konferenci Doktorandské Dny jsou pfipravovany pro odeslani do
Journal of Physics A: Mathematical and Theoretical.

Klicovd slova: TASEP, paralelni update, rozdéleni rozestupt
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Abstract. Articular cartilage changes its dimensions and volume when bathed in saline so-
lutions of different concentrations. The change of dimensions, swelling or shrinkage, depends
on its fixed-charge density, stiffness of its collagen-proteoglycan matrix, and the ion concentra-
tions in the interstitium. These parameters are fundamental of the electro-mechano-chemical
behavior of the cartilage. The investigation of degenerative state of the articular cartilage was
performed on a small-animal model. The mathematical model has beed developed and results
of experiments were compared with simulations to explain the observed phenomena.

Keywords: Articular cartilage, Osmotic swelling, Ultrasound, COMSOL

Abstrakt. Kloubni chrupavka méni své rozméry a objem pii ponofeni do externich solnych
lazni o rtznych koncentracich soli. Zména rozmért, otékani a splaskdvani, zévisi na hustoté
pevnych naboji v chrupavce, na tuhosti pevné matice, tvofené predevsim kolagenovymi vlakny
a proteoglykany, a na koncentracich ionti v mezibunééném prostoru. Tyto parametry jsou zék-
ladem elektro-mechano-chemackého chovani kloubni chrupavky. Vyzkum degenerativnich stavi
chrupavky byl proveden na modelu malych zvifat. Byl vyvinut matematicky model a vysledky
experimenttd byly porovnany se simulacemi pro vysvétleni pozorovanych jevi.

Klicovd slova: Kloubni chrupavka, Osmotické otékani, Ultrazvuk, COMSOL

1 Introduction

Articular cartilage (AC) is a hydrated soft tissue covering the bone ends and aiding the
joint in absorbing mechanical shock. It also provides joints with lubrication allowing
smooth motion and maintains efficient bearing system for the body. Structurally, artic-
ular cartilage comprises three main structural components: water, collagen fibrils and
proteoglycan macromolecules. A proteoglycan monomer consists of a protein core and
glycosaminoglycan chains that carry negative charges. This is a fundament of the electro-
mechano-chemical behavior of the cartilage. The negatively charged groups of proteogly-
cans attract cations and water into the tissue to generate a substantial Donnan osmotic

*This work has been supported by grants SGS12/197/0OHK4/3T /140f the Czech Ministry of Educa-
tion, IT ASCR No. 904150 and with institutional support RVO: 61388998
tPublication in a peer-reviewed periodical is expected.
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pressure [1] and cause cartilage swelling. However, the swelling is balanced by the elastic
force of collagen fibril network.

Osteoarthrosis (OA) is one of the most common musculoskeletal diseases which af-
fects articular cartilage and joints, typically knees. OA causes significant constraints
in the quality of patient’s life because of pain and limitations of mobility, which results
in considerable loss of working ability and economic hardship. Possible causes of OA are
aging, injury, extensive loading and obesity. OA causes progressive degenerative changes
to cartilage surface, matrix and subchondral bone. In addition, the ability of cartilage
to repair itself is limited. One of the first symptoms of OA is cartilage tissue softening,
followed by cartilage fibrillation and, in later stages, disruption of the collagen network
[2]. While early changes in the cartilage might still be reversible, treatment in later stages
is possible only with intra-articular injection or surgically, often only with short-term ef-
fect. However, the first subjective signs (e.g. pain) occur in advanced, irreversible, stages
of cartilage tissue damage. To avoid advanced stages of OA, the need of early changes (e.g.
cartilage surface fibrillation) detecting methods arises. To date, early signs of cartilage
degeneration are commonly detected by histologic evaluation; this is not possible to do
noninvasively with current imaging methods (radiography, magnetic resonance imaging)
because of their insufficient resolution [4].

High-frequency ultrasound (US) has the potential to provide sufficient information
about early degenerative cartilage changes noninvasively. Similar to the histologic analy-
sis, high-frequency US backscatter signals allow distinct evaluation of signals originating
from the cartilage surface, tissue matrix and subchondral bone boundary |2].

It has been been suggested that the quantification of the swelling effects in articu-
lar cartilage can be used to characterize the degenerative changes associated with OA.
This is due to increased water content and swelling of the tissue induced by degeneration
of collagen fibrils. Our aim is to use ultrasound to characterize AC (normal and degen-
erated) in a nondestructive way by measuring the transient swelling behavior induced by
changing the concentration of bathing solution. To achieve this, we investigate Dunkin-
Hartley guinea pigs (one control and several treated groups of animals) which develop
OA naturally by aging during first year of their life.

To better understand the underlying mechano-electro-chemical processes we devel-
oped a one-dimensional mathematical description of the cartilage swelling problem based
on triphasic theory [1] and utilize the commercial finite-element code COMSOL Multi-
physics to simulate the steady state and transient behavior of the AC in response to chang-
ing salt concentration of the surrounding solution. The simulation results are compared
with available experimental data to show the accuracy of the model.

2 Materials and methods

Normal saline, or physiological saline, is a solution isotonic to body fluids. It is solution of
9.0g of NaCl dissolved in one liter of sterile water, it means 0.15mol/L NaCl (mole NaCl
per liter). At the physiological state of 0.15mol/L NaCl, cartilage is in a swollen state,
with a swelling pressure resisted by the elastic stress in the collagen-proteoglycan silod
matrix. Articular cartilage changes its dimensions, volume, and weight when the ion
concentration in the bathing solution is changed. For an unloaded specimen, the tis-
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sue dimensions decrease with increasing NaCl concentration; this decrease approaches
an asymptote at the concentrations as high as 2.5mol/L NaCl [1].

Articular cartilage specimens: Experiments were performed on fresh medial thibial
plateau (left and right) of three-months-old guinea pigs. Samples were visually classified
as healthy.

Ultrasound system: Commercial high-frequency ultrasound imaging system Ultra-
sonix was used to monitor transient swelling behavior of small animal AC noninvasively.
Swelling was induced by changing the concentration of bathing saline. The system in-
cluded a 12M Hz focused ultrasound transducer L40 — 8/12Linear, with focal range
0.2 — 3cm, which allows to scan a field of 16mm.

Ultrasound measurements: Fresh cartilage specimens were placed rigidly on the bot-
tom of the container and then submerged in a 0.15mol/L saline solution. The ultrasound
transducer was fixed at a position over the central part of the medial thibia plateau with
the focal zone of its beam located inside the AC tissue. The AC specimen was tested
at the temperature of 36°C &£ 0.5°C for all of the following procedures. After 30min
the AC specimen was supposed to reach the equilibrium, the 0.15mol/L saline was re-
placed with 0.3mol/L saline within 30s and the AC was monitored with ultrasound
for next 30min. The AC was supposed to shrink based on the Donnan theory of osmotic
pressure [1]. The echo signals reflected from the surface of the AC and from the AC/bone
interface were continuously recorded with a sampling period of 3s. The bathing solution
was further changed from 0.3mol/L saline back to 0.15mol/L physiological saline to see
the backward effect. Collected data were then postprocessed using the methods of signal
analysis.

3 Mathematical model and simulations

Swelling of AC depends on its fixed charge density (i.e. density of the fixed charges at-
tached to the extracellular matrix), the stiffness of its collagen-proteoglycan matrix, and
the ion concentrations in the interstitium. Simulation of AC swelling/shrinkage char-
acteristics require the mathematical formulation of coupled chemo-electro-mechanical
mechanisms between the AC and a surrounding bath solution. Following mathemati-
cal description couples the Nernst-Planck equation, Poisson’s equation and mechanical
deformation equation for one dimensional case. The Nernst—Planck Equation describes
the concentrations of chemical species in a fluid medium. It extends the Fick’s law of diffu-
sion for the case where the particles diffuse under the influence of both ionic concentration
gradient and electrostatic forces:

w _ a% (Di(”f)%) = % (Di(a:)];%ci(a;,t)E(x,t)) , (1)

where t, D;, ¢;, z;, e, kg, T and E are, respectively, time, the diffusion coefficient of the
1-th ion, the concentration of the ¢-th ion, valence of the ¢-th ion, elementary charge, the
Boltzmann constant, temperature and electric field. In our case i € {Na,Cl}. In this
equation, first term represents the diffusive flux due to concentration gradient, the sec-
ond term describes the migration flux due to electric potential gradient. Second term
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TOF1, TOF2 - Cartilage equilibrated in 0.3M PBS
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Figure 1: Times of flight for cartilage surface (TOF1), cartilage/bone interface (TOF2)
and corresponding numerical simulations for cartilage equilibrated in 0.30mol /L solution.

is coupled with the equation for electric field:

dE(z,t)  p(z,t) F
d = 0t = ot (ena(,t) = car(w,t) —cr), (2)

where p, g, €, F' and cp are the charge density in the cartilage, the dielectric constant
of the vacuum, the relative dielectric constant of the solvent, the Faraday constant and
the fixed-charge concentration in the cartilage, respectively. The cartilage swelling or
shrinking is described by the following equation which we derived from the thriphasic
theory of [1]:

RT
dex(x, t) = ——-/———— E dCi(ﬂf, t)> (3)
(As + 2715) i€{Na,Cl,H20}

where e, is the swelling strain describing relative deformation, R is universal gas constant,
T is temperature, and A\, and pu, are Lamé parameters for solid extracellular matrix.
Calculation of HyO concentration has been done using the relation for the density of saline
water which depends on temperature, pressure and salinity, [3].

4 Results and discussion

Figures 1 and 2 show the progress of the swelling experiment. Figure 1 refers to the period
when the saline bath was changed from the physiological concentration of 0.15mol/L
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TOF1, TOF2 - Cartilage equilibrated in 0.15M PBS
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Figure 2: Times of flight for cartilage surface (TOF1), cartilage/bone interface (TOF2)
and corresponding numerical simulations for cartilage equilibrated in 0.15mol /L solution.

to 0.30mol/L. Figure 2 refers to the period when the saline bath was changed from
the higher concentration of 0.30mol/L back to 0.15mol /L.

Figure 1 shows different times of flight (TOF): TOF1 corresponds to the echoes re-
flected from the articular cartilage surface during the equilibration in the saline bath.
The shift of TOF1 represents the thickness change of cartilage tissue. We can conclude
that the articular cartilage shrink over the time. TOF2 describes behavior of echoes from
the cartilage /bone interface. The shift of TOF2 represents combination of, first, increas-
ing salt concentration inside the cartilage and, second, shrinking of the cartilage. These
phenomena lead to the change of the speed of sound in the cartilage tissue. We can see
from the Figure 1 that although the speed of sound is increasing over the time period,
the cartilage shrinking causes TOF2 to increase. Both variables, TOF1 and TOF2, agree
reasonably well with numerical simulations.

The same meaning of TOF1 and TOF2 holds for Figure 2. From TOF1 we can con-
clude that the cartilage does not swell as much as mathematical model suggests. This
could be attributed to the change in effective values of the Lamé coefficients in Equation
(3). The shift of TOF2 represents a combination of, first, decreasing salt concentration in-
side the cartilage and, second, swelling of the cartilage tissue. From the slightly increasing
TOF2 curve in Figure 2 we can see that decreasing speed of sound has a greater influ-
ence than swelling of the cartilage tissue. TOF2 corresponds well with the mathematical
model.
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Abstract. This contribution deals with the initial phase of software developing process and
suggests some improvement in this phase to make the whole developing process more effective.
The improvements are based on dynamic model of requirements. The model representing the
application requirements is created with the Business Object Relation Modeling tool. The
contribution deals with the representation of this model as a finite state machine. The aim is to
use such model based on object-oriented paradigm and finite state machines for improvements
in task verification and find a way to improve software development process.

Keywords: Requirements, dynamic model, finite state machine, BORM, verification, database

Abstrakt. Tento piispévek se zabyva pocateéné fazi procesu vyvoje softwaru a navrhujé néktera
vylep8eni v této oblasti. Navrhovand vylepSeni pfi vyvoju softwaru vychéazi z dynamického mod-
elu, ktery reprezentuje pozadavky na aplikaci. K vytvoreni dynamického modelu pozadavki je
vyuzito nastroje podporujiciho metodu BORM. Pfispévek zkoumé moznost reprezentace modelu
pozadavkt v podobé kone¢ného automatu. Cilem je vyuziti modelu pozadavki zaloZzeného na
prinicpech objektové orientovaného programovéani a konecnych automatt pro zlepSni v oblasti
verifikace zadani a nalezeni cesty pro dalsi zlepSeni v procesu vyvoje softwaru.

Klicovd slova: Pozadavky, BORM, kone¢ny automat, dynamicky model, verifikace

1 Introduction

Research is based on connection of requirements engineering, dynamic model representa-
tion by finite state machines. The key role in the research plays requirements engineering.
This implies the applying of scientific knowledge to ensure that requirements are fully
correct. The obvious definition of requirements engineering is discipline based on un-
derstanding software requirements. Another possible definition comes from Laplante [11]
and defines requirements engineering as process of eliciting, analyzing, documenting, vali-
dating and managing requirements. Requirements affect the whole software development
process and can be changed. Software life-cycle in connection with requirements is detail
discussed in [2].

Naturally it has to be confirmed with Laplante [11] that requirements have to be
documented. Documented requirements can lately serve as an evidence. Requirements
document has to be processed and readable. Requirements should be clear, precise and
unambiguous. If they are not well understood the system will not meet expectations and
the final version of program will be probably not delivered on time and the costs will
be much higher than originally expected. The costs of fixing errors in later development
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phases may be very high as discussed for example in [18]. All these problems can be
prevented by using knowledge of requirements engineering. The research is based on
representing software requirements as dynamic model.

2 Tools for requirement engineering

The need of requirement engineering is indisputable. Tools are available and commonly
helping requirements engineers in their work. Often they determined for a widely range
of use in the whole developing process. The mainstream tools are used in a standard
way. Next are briefly mentioned some commercial tools as Jama Software, DOORS and
CaliberRM. As the research is focused not only to market tools, working with standard
ways of representing requirements, there is also mentioned ModellicaML representing very
interesting project of one Swedish PhD student. Project represents using requirements
to improve the software developing process.

The first selected tool Jama Contour represents web application helping users to
manage the entire requirements management life-cycle. It enables users to collaborate
with the requirements, reuse and trace them. The changing of requirements and testing
management is also available. Application is adapted to any process whether waterfall,
iterative or agile. The Contour enable user to publish requirements documents as a
software requirements specification or as a product requirements document. The natural
languages requirements are not the main kind of expressing requirements. [5]

The IBM Rational Dynamic Object Oriented Requirements System (DOORS) repre-
sents requirements management tool for systems and advanced information technology
applications. Tool is accessible from web and to prevent the danger of conflicting changes
gives users the possibility to lock sections of documents for editing. As big advantage
of this tool can be seen the requirements interface bringing comprehensive roundtrip
traceability. Users are able to manage, track and report implanted processes. [4]

The next chosen example of requirements management tool comes from Micro Focus
and it is CaliberRM. As declared by producer the CaliberRM enable users the powerful
facilities to capture, analyse and validate requirements. As expected the tool also provides
central and secure repository for deposited requirements. |8|

ModelicaML represented new language developed by PhD student Schamai in Sweden
and enables requirement formalization and integrates UML and Modelica. The language
is implemented in a prototype based on Eclipse Papyrus UML, Acceleo, and Xtext for
modeling, and OpenModelica tools for simulation. The simulation results produced are
then used to draw conclusions on requirement violations. This approach supports the
development and dynamic verification of cyber-physical systems. ModelicaML facilitates
a holistic view of the system by enabling engineers to model and verify multi-domain
system behavior using mathematical models and state-of-the-art simulation capabilities.
Using this approach, requirement inconsistencies, incorrectness, or infeasibilities, as well
as design errors, can be detected and avoided early on in system development. [14]

As because there still exists communication gap between analyst and domain experts,
the aim of this contribution is suggest an approach avoiding this. The research aims to
represent the dynamic requirements model as a finite state machine (FSM). In such case it
can be used for quantifying the real processing of the application. As the dynamic model
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was selected representation using Business Object Relation Modeling (BORM) which was
not used in any mentioned commercial tool. The reason is simple. Any modeling and
simulation tool and any diagramming technique should be comprehensible to the stake-
holders, many of whom are not software engineering literate. Moreover, these diagrams
must not deform or inadequately simplify requirement information. The correct mapping
of the problem into the model and subsequent visualization and possible simulation is
very hard task with standard diagramming techniques used in major commercial tools.
The business community needs a simple yet expressive tool for process modeling.

3 BORM

Business Object Relation Modeling (BORM) represents an approach to both process
modeling and the subsequent development of information systems. [6, 7] It provides the
description of how real business systems evolve, change and behave. BORM was origi-
nally developed in 1993 and was intended to provide seamless support for the building
of object oriented software systems based on pure object-oriented languages, databases
and distributed environments. Subsequently, it has been realized that this method has
significant potential in business process modeling and other related business issues. Pro-
cess approach and object orientation are the pillars of the BORM method. It is the
application of principles that are successful in the field of modeling and software.

The basis of the object approach is the notion that each action must have an object
that executes it. Each object must have some activity in a conceptual model. Every
action means there has to be an object, object means there has to be some action. This
is BORM interpretation of the MDA approach. [10]

3.1 Combination of the OOP and FSM

There was not a standard solution to the problem of gathering and representing knowl-
edge. That is the reason why own UML-based BORM process diagramming technique
[20] was developed and successfully used. It represents the way of starting object-oriented
business system analysis recommended by Taylor [19] and together with Scheldbauer [15]
it prefers this approach before the semantically different Business Process Model and No-
tation (BPMN) [3, 17]. BORM innovation is based on the reuse of old thoughts from the
beginning of 1990s regarding the description of object properties and behavior using finite
state machines (FSM). The first work expressing the possible merge of Object-Oriented
Paradigm (OOP) and FSM was the book by Shlaer and Mellor (|16]). One of the best
books about the applicability of OOP to the business modeling was written by Taylor
(]19]). These works together with practical experience is why to believe that the business
requirements modeling and software modeling could be unified on the platform of OOP
and FSM.

The object-oriented approach has its origins in the 1970s in the researching of operat-
ing systems and graphic user interfaces. The object describing data structures and their
behavior is the basic element. This is the difference from other modeling approaches
where data and behavior are described separately and independently. OOP has been
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and still is explained in many books, for example Schach in [13]. To one of the best
publications belongs Rubin and Goldberg [12].

In the field of theoretical informatics, the theory of automata is a study of abstract
automatons and the problems they can save. An automaton is a mathematical model for
a device that reacts to its surroundings, gets input, and provides output. Automatons
can be configured in a way that the output from one of them becomes input for another.
An automaton’s behavior is defined by a combination of its inner structure and its newly
- accepted input. The automata theory is a basis for language and translation theory,
and for system behavior descriptions. The usage for modeling and simulation in software
engineering activities has been described for example by Shlaer and Mellor in [16]. The
idea of automata also inspired behavioral aspects of the UML.

3.2 Modeling cards

The BORM development methodology starts from an informal problem specification and
the advantage is that it provides both, methods and techniques, to enable this informal
specification to be transformed into an initial set of interacting objects. The main tech-
nique used here are modified modeling cards from the Object Behavior Analysis (OBA)
being firstly published in [12]. Original OBA is only text-based method and used a large
set of form sheets, textual lists and tables for storing and manipulating the informa-
tion being processed. Modeling cards are structured texts, various lists and tables and
so-called modeling cards (textual forms).

In BORM it is not started directly by drawing the process diagrams. Process dia-
grams are the subsequent refined visual representation of the information collected by the
modeling cards. Modeling card of a scenario clarifies the entire process contours, process
participants, necessary legislation, documents etc. Modeling card of a participant is a
textual description of some role in a process. It has similar structure as scenario card,
but seen from the different perspective of particular participant. Participant modeling
cards are subsequently refined into several FSM.

Business process diagrams in BORM, or Object-Relationship Diagrams (ORD), are
visual representation of processes and objects inside of processes obtained by modeling
cards technique. Process diagram consists of participants, their states and transitions and
their mutual communications. Each participant is composed of a set of states, activities
and transitions (communications). Formally, it is a Mealy-type FSM. [16] Conceptual
link within one participant can be considered as a transition between states, it contains
no data, because it is only behavioral concept. On the other side communication between
more participants may contain the data and therefore can be considered as data flows
between activities of these participants making together some concrete process. Therefore
a whole process diagram can be seen as a set of several finite state machines where each
FSM represents just one participant.

In the basic concept of the FSM, each participant is represented as a unique entity,
defined as 5-tuple P;(S;, I;, 0;, 9, s¢), where:

e S; is a finite non-empty set of states which the participant may be in it,

e [; is a finite non-empty set of all possible inputs
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e §; represents the activities carried out, i.e. transitions between states,

6iZIiXSi—>Si,

e sY is the initial state of the process,

e s¢ is the final state of the process.

The participant starts from the state s? and according user input /; and actual state
transfers itself into a next state. In case the participant ends in the state s{ we say that P;
accepts user word from input 7. We allow reading an empty symbol X so the participant
can continue to the next state even without any user input.

The model is possible to extend by N not communicating participants Pj... Py simu-
lated together. User input symbols differs for each participant.

ﬂfi C {e} (1)

it can be defined a finite state machine P, which is composition of the partial au-
tomata representing individual participants. That machine simulates all participants
together.

SZSl X "'SNvSOZ(S(:B?ng"' 759\7)73€:<3§75§v"' 75N) (2)

I:CJ[Z- (3)

Therefore inner states of Py~ are tuples of length N composed of individual partici-
pant’s inner states. Same can be said about start state and end state. User input symbols
are different for each automata to easily define action function for compound FSM with
the help of individual action function X.

d:IxS—S9 (4)

0(i, 81, -+ ,8n) = (81,7, 851,58, Sj11, -+, 58)|3 € N,9;(4,55) = s (5)
The following process description is based on the basic concept of a finite automaton,
but it enhances the part of the model of communicating finite state machines that are
necessary to capture the mutual communication participants.
Business-process diagram representing a particular process can be defined as a finite
set of participants.

BP = {Pi} (6)
Each participant then can be described as an ordered 6-tuple
]P)i = (Slv _Mi7 +Mza fiv giv 811)

where:
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e S'is a finite set of all possible states which the participant may be in it
e — M’ is a finite set of all outgoing messages
e -M'is a finite set of all received messages

e firepresents the activities carried out, i.e. transition between states. The transition
function can be defined as f*: S* x +M" — S*

e ¢' is output function that can be defined as ¢* : S* x +M? — —M*
e s! is the initial state of participant P, if s¢ € S*

Without loss of generality, it can be assumed that the participant will not send the
message to itself

~-M'Nn+M' =0 (7)

The set of all messages participant will be the union of the set of all outgoing and
incoming messages

M'=—M"U+M (8)

Without loss of generality, it can be assumed that within the entire communications
of a system is just one identical mi. Each message has only one recipient and one sender.

Vmy € MY, my € MY - my # my 9)

The set of all messages M' consists of an ordered triple (o, in’, out?)

M = {{o’,in’, out’) } =m’ (10)

where ¢ is symbol, textin® and textout’ are data.
Each message has its sender and recipient

VP J-M =+ M (11)
The functions data(P’) and in(m?) can be defined for recipient where

data(P;in(m') = in';m' = (o', in’, out’) (12)

in(m') = in ((o',in’, out")) = m’ (13)
Analogously functions data(P?) and out(m?) for sender:

data(P?);out(m') = out’; m' = (o', in’, out’) (14)

out(m') = out ({o’,in’, out’)) = m’ (15)
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Although the exchange of messages carried out from the perspective of BORM seman-
tics at the same time, if we apply the theory of finite automata, we must distinguish the
state before the transition and the new state after transition. Sent or received message
at time t 4+ 1 will depend on the state at time ¢.

Data interchange between participants we can define for recipient as:

data'" (P') = data! (P) U in(mi) A in(m") C data'(P?) (16)
And for sender:
data™ (P?) = data'(P?) U out(m) A out(m") C data'(P") (17)

Using formal description based on the theory of finite state machines was defined
process participant which can communicate with other participants by sending messages.
Process diagram consists of a set of participants who obtained partial composition of
finite state machines into a single comprehensive machine. Such a complex machine will
represent a whole process diagram. Chance composing machines, thereby reducing the
complexity of the resulting process has been known for decades. In detail, the issue of
composition, minimization and generalization of finite state machines deals such as [1],
which describes the specific algorithms for their composition.

Based on the derived definition of communicating participants, it can be described
any process diagram in BORM as a finite state machine. This composed machine will
consist of a set of finite state machines each of which will represent just one participant.
If we apply the algorithm for the composition of finite state machines described in [16]
on a set of participants, we get

FSMPF = (AE, E,¢,7,01) = {P'} = (8, -M', +]', f, &', s})

where:

The transition function ¢ for the composed finite state machine obtained using the
transition functions of each automaton represents participants.

The output function ~ for the composed finite state machine obtained using the tran-
sition functions of each automaton represents participants.

As it has been shown above it is possible to describe any process model in BORM using
FSM theory. The practical impact is the ability to use all the theoretical assumptions
and practices that are known from the theory of FSM for process models in BORM.
Therefore it can verify that all states of participants of the process are reachable and
that all activities performed. It is also possible to automatically identify the state in
which could lead to deadlock the process and evaluate the consistency of the model.
Formal description also opens up opportunities for better implementation of the method
BORM in CASE tools, especially in the construction process simulators.

4 Dynamic Model and Quantitative Methods

The main about BORM is that there is detail plan about data flows in the program. The
data flows are the main thing to be used in the research. There is no need to wait for
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first code, first prototype to test the application and find out for example bad defined
requirements in so late phase of software development process. The aim is to simulate
the real function of software in the possible earliest phase of developing process. This
is possible thanks to representation of dynamic request model as finite state machine.
There is a possibility to simulate and quantify the data flows in the application. It is
not only problem of function, there is a big potential of using the results of such testing
based on BORM diagrams to design the application data structure.

The reason is quite simple. Save the time for developing the whole application and
then starting the test phase just for the plain code. Never verify requirements after coding.
Realisation of requirements based testing in the early phase of developing process means
big cost savings because fixing errors in later developing phase is very expensive. This
represents relatively small time investment in early phase of developing process that can
means a big costs savings in later phases.

As already said, the main advantage is seen in using the BORM model represented by
finite state machine to design the data structure of application. The research is based on
modelling and quantifying the possible application data flows. at this time there is seen
big potential in task verification and next in creating diagrams just from the dynamic
requirements model based on FSM.

4.1 Task Verification

As the BORM diagram is fully dynamic, it can easily serve as something like testing
scenario of real application. There is a big chance to reach big costs savings. Because as
it well known, the testing phase of application development process is most expensive to
fix errors. The testing phase means in this case not the testing of meeting application
with ist requirements, but meeting requirements with practice use of application. There
is a big problem, when the application is well designed, but the practical use shows it
do not match the requirements. In the future research there is a plan to use the data
from testing process to suggest also the programming language. But this needs to have
the data set about the programming languages and then search the best language for the
application represented by the finite state machine representing the BORM diagram.

4.2 Database diagram

The simple example to present our aim of using BORM method to create something like
pattern for the data structure is database model. There are objects with its own states
communicating each other. Each state is also telling the detailed information about itself.
As illustrative can be mentioned the project of library and the database of books. Each
book in the library has ist own state, is for example free to lend, lent or reserved. Each
state needs to be described more in detail, for example the time for lending, the time of
reservation, the number of lends in last period and so on.

There are some probabilities of being in some state. Then there are some statistics of
lending time. All these data has steakholder or will be collected in coordination with him.
Based on such data can be designed for example entity relation of the database. The key
role is in collecting users requirements. The data flows collected from testing phase based
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at BORM diagram are the key to plan the correct database model. The simulations of
flows can serve as the best input for new database. There is a big potential with big
potential cost savings in software developing process. The savings are based mainly on
testing the applications and also requirements in early phase of developing process.

5 Summary

Firstly was mentioned the basement of requirements engineering. As there already exist
a lot of tools working with requirements the briefly overview was given. The market tools
give similar functions and work quite well. At this tools was seen that there is nothing
like the theme of presented research. The main problem is still seen in the existing gap
between analyst and domain exerts. In this contribution was presented the possible use of
dynamic requirements model represented by finite state machines. The model is created
in early phase of developing process and that its big advantage. This means that the
results from working with it, can be easily use in later software developing phases. It also
means to prevent fixing errors in later phases of software developing process and that
means the possibility to make big costs savings. As the possible way of using the BORM
diagram is seen the task verification and creating database models. The concrete way of
task verification, creating database diagram, estimation of application robustness is task
for following research.
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Abstract. 3D SPECT Images of human brain are frequently used in diagnostics of Alzheimer’s
disease. Our approach is based on digital morphology of 3D gray image. We compare traditional
edge detectors and morphological filters together with various approaches to data preprocessing
in this study. Space fluctuations of detected signals are studied via statistical testing of skewness
or kurtosis. Pilot study on small patient’s group brings statistical significant characteristics
which are suitable for diagnosis of neural degenerative disease.

Keywords: high frequency filter, edge detection, mathematical morphology, digital 3D image,
MATLAB, Alzheimer’s disease

Abstrakt. 3D obrazy lidského mozku ziskaného pomoci metody SPECT se ¢asto vyuzivaji pii
diagnostice Alzheimerovy choroby. V této préci jsou porovnavany tradi¢n{ hranové detektory s
morfologickymi filtry za pouziti riznych metod predzpracovani obrazu. Vykyvy detekovanych
signali jsou podrobeny statistickému testovani pomoci Sikmosti a Spicatosti. Ziskané vysledky
s malou skupinou pacienti pfinasi statisticky vyznamné charakteristiky, které jsou vhodné pro
diagnostiku neurodegenerativni onemocnéni.

Klicovd slova: vysokofrekvenéni filtr, hranovy detektor, matematickd morfologie, digitalni 3D
obraz, MATLAB, Alzheimerova choroba

1 Introduction

Alzheimer’s disease [15] is a disabling and distressing disorder that affects 5 % of the pop-
ulation older than 65 and 20 % of those over 80. For last three decades a great progress
were made in medical engineering and computing technologies. One of non-invasive di-
agnostic tools that provide clinical information regarding biochemical and physiologic
processes in patients is called Single-Photon Emission Computed Tomography (SPECT)
|5]. This methods provides a good inside into brain neuron activities. Using various radio
markers and measuring their activities during scan. Neural degenerative diseases [13] are
about structural changes of gray mater. The paper is oriented to structure morphology
of 3D image because changes of brain structure will change the structure of image and
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therefor can be indicated and then used to disease classification. The paper is organized
as follows. Basic notations related to 3D image and its local processing are remembered
first. Novel method of Alzheimer’s disease classification is based on three step processing.
Linear and median filters with various masks are used as low-pass filters in the first step.
Traditional edge detectors and morphological detectors as high-pass filters magnitudes
are applied in second step. Final third step consists of overall skewness and kurtosis eval-
uations. The efficiency of recognition process will be investigated by statistical testing of
sample median differences between Alzheimer’s and control groups.

2 Preliminaries of 3D Image

The paper is oriented to digital processing of 3D image. It is necessary to remember basic
terms and notations as will be used in next chapters.

Let m,n,h € N be number of rows, columns, and levels of 3D image. The image
can by represented as matrix X € (Rg )mth. Any local image processing is driven by
mask, which is also a matrix. We prefer integer mask as M € Z3*3*3 of small size in this
study. The mask slides over the data and we can easily perform local image processing as
follows. Let x € (i, 7, k) be position of mask center, where 2 <i<m—1,2<j<n-—1,
2 < k < h—1. Using mask M around this point we collect the values from original
image into matrix B € (RF{)SX?’X‘% according to formula by, = Titu—2j+v—2ktw—2 for
u,v,w € {1,2,3}.

Any local characteristic [3] is only a function ch(x) = g (B(x), My, ... My). Individual
characteristics differ in number of masks, their elements, and type of processing function

g.

3 Local Image Processing

Detection of structures and their variabilities is based here on local image processing of
three kinds. Original 3D image can be preprocessed using image filtering. Edge detection
can be performed using traditional approaches [3| or grey morphological operators [2],

[10].

3.1 Image filtering

Low-pass digital filters of two kinds: weighted arithmetic mean [4] and weighted median
|3], are optionally used for image smoothing with single mask. Various masks were used

as follows
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The mask F; is also useful in greyscale morphology, mask F3 is a good approximation of
gaussian smoothing, and mask F, represents box filter.

3.2 Traditional Edge Detectors

Digital edge detectors try to approximate norm of image gradient. General [10] formula
of traditional edge detector is

1/2
)~ 91001~ (30

where G}, is a gradient approximation using A*" mask. When my, is a vector formed from
M, and b is a vector formed from B, we direct calculate scalar product G, = my, - b.
Roberts detector

Roberts edge detector [8], [2] applies four masks. First of them is

0 0
0 —1
0 0

T, =

O O =
o O O
o O O
O O O
O O O

00
00
00
The other masks are also diagonals in 2 x 2 X 2 cube.

Prewitt operator

Prewitt edge detector 7], [11] applies nine masks. Two of them are

1 1 1 1 1 1 1 1 1
P, = 0 0 O 0O 0 O 0O 0 O
-1 -1 -1{-1 -1 -1| -1 -1 -1

1 1 0 1 1 0 1 1 0
P;=11 0 -1|1 0 —-1|1 0 -1
O -1 -1]0 -1 -1]0 -1 -1

The other masks are obtained by rotation.
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Sobel operator

Sobel edge detector [3| applies nine masks. Two of them are

1 2 1 2 4 2 1 2 1
S, = 0O 0 0 0O 0 0 o 0 0 |,
-1 -2 -1|-2 -4 =-2| -1 -2 -1

2 1 0 ]4 2 212 1 0
S;=[1 0 -1]2 0 0|1 0 -1
0 -1 —2]0 -2 —4|0 -1 -2

The other masks are obtained by rotation.

Robinson operator

Robinson edge detector [9], |4| applies only single mask
1 1 1 2 2 2 1 1 1
Ri=| 1 -2 1 2 -4 2 1 -2 1
1 -1 1| -2 —2 —2| -1 -1 -1
Laplacian operator

Laplacian edge detector [2] applies only single mask

0O00(0 1 0]0O0O0
Li=(010(1 -6 17010
000(0 1 0]0O0O0

Laplacian of Gaussian

Laplacian of Gaussian detector (LoG) [6], [3] is based on convolution of two masks: Fj
and L;. It is possible to perform it as a sequence of linear filtering based on gaussian
smoothing and then Laplacian detector.

3.3 Morphological Detectors

Using m and b as vector representations of mask and local image, we can define elemen-
tary morphological operations using mask

0101 11]01O0
M=|111|1 11111
0101 11]01O0

Dilation
Elementary dilation [10] of single size has local characteristics

ch(x) = jnax, b;.

Dilation of higher size can be performed as repeated sequence of elementary dilation.
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Erosion

Elementary erosion [10] of single size has local characteristics

Erosion of higher size can be performed as repeated sequence of elementary erosion.

Opening

Opening operator |2] is performed as dilation followed by erosion of the same mask size.

Closing

Closing operator [12] is performed as erosion followed by dilation of the same mask size.

High-pass morphological detectors

Let X, D, E, O, C be original image, its dilation, erosion, opening, and closing with fixed
mask size. Morphological high-pass filters 3] can be designed as voxel by voxel calcula-
tions using formulas

H, =

&

Il
% O % O U
oxéxm

H6 = miH(Hg,Hg),
H7 = min(H4,H5).

4 Fluctuation Measures

Local image processing operations from previous section will produce new image. Its
intensity is not constant in general and vary voxel by voxel. Standard statistical charac-
teristic are used as fluctuation measures. Employing arithmetic mean as

We remember basic statistical characteristics [14] as variance, skewness, and kurtosis
according to formulas
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1< —z)3
skew = Ez%ﬁmd
k=1

n _ o\
kurt = 1 Z (e — )7

s4
k=1

3

where n is total number of voxels. We suppose the patients will differ mainly in
skewness and kurtosis after local image transforms.

5 Case Study: Alzheimer’s Disease Diagnosis

Previous principals of image transformation and analysis were applied to actual problem
of Alzheimer’s diseases diagnosis. Original data were preprocessed via edge detectors
of various kinds and statistical analysis of differences between Alzheimer’s disease and
control group was performed.

5.1 Data Description

Two groups of patients were studied. First group consist of 10 patients of Alzheimer’s
disease (AD). Second group consist of 10 patients with Amyotrophic Lateral Sclerosis
(ALS) as control one with no changes in structure and functionality of brain. Patient
brains were scanned using 3D SPECT technic. Resulting 3D images of size 128 x 128 x 128
were subjects of data processing and statistical analysis. Therefore m = n = h = 128.
Nonnegative intensities were individually divided into patient’s maximum intensity to
obtain normalized 3D image of every patient.

5.2 Selected Characteristic

Patient’s characteristics are results of three step process: optional low-pass preprocessing,
edge detection, and calculation of global statistical measures. Four masks were used for
mean and median filtering in the first step. But the first step can be skipped. Therefore,
there are nine possibilities of low pass image preprocessing. We used 6 traditional and 7
morphological edge detectors in the second step. Finally, both skewness and kurtosis of
whole 3D edge scans are calculated in the third step. We obtained 234 various patient’s
characteristics in this way.

5.3 Hypotheses Testing

Individual patient’s characteristics were tested using hypotheses Hy of median equity and
standard Wilcokson-Mann-Whitney test on significance level 0,05. Results of testing are
included in tabs 1 - 4 as corresponding p-values. But it is a kind of multiple hypothesis
testing. Therefore, we use False Discovery Rate [1] supposing independent or positive
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dependent testing. Corrected significant level is appr = 0,0312. Statistically significant
differences after this Bonferroni like correction are highlighted.

The results can be interpret as follows. Independently on preprocessing algorithm
and its masks, and independently on skewness or kurtosis evaluation, traditional filters
as Roberts, Laplacian, and LoG are suitable for diagnosis of Alzheimer’s disease. Simi-
lar observation related to preprocessing and statistical analysis recommends to use first
morphological detectors, which are based on pair differences between original and its di-
lation, erosion, and opening. Therefore, Minkowski sausage, dilation minus original filter,
original minus erosion filter, and white top hat detectors are comparable with the best
traditional ones.

Table 1: Skewness after Application of traditional Edge Detectors

Pre- . Mask | Roberts Prewitt Sobel Robinson Laplacian LoG
processing
F, 0,007285 | 0,212294 | 0,273036 0,212294 0,021134 | 0,025748
Mean Fo 0,011330 | 0,212294 | 0,241322 0,241322 0,011330 0,037635
F3 0,014019 | 0,344704 | 0,384673 0,307489 0,031209 0,009108
Fy 0,045155 0,472676 | 0,570750 0,472676 0,004586 0,002202
F, 0,014019 | 0,021134 | 0,088973 0,031209 0,011330 0,007285
Median Fo 0,014019 | 0,053903 | 0,140465 0,045155 0,011330 0,053903
F; 0,009108 | 0,031209 | 0,088973 0,037635 0,009108 0,007285
F, 0,009108 | 0,053903 | 0,121225 0,053903 0,007285 0,009108
None None | 0,014019 | 0,064022 | 0,161972 0,037635 0,011330 0,053903
Table 2: Kurtosis after Application of traditional Edge Detectors
Pre- . Mask | Roberts Prewitt Sobel Robinson Laplacian LoG
processing
F: | 0,005795 | 0,021134 | 0,037635 | 0,021134 0,031209 | 0,004586
Mean Fo 0,011330 | 0,014019 | 0,025748 0,011330 0,011330 0,011330
Fs 0,007285 | 0,053903 | 0,053903 0,053903 0,009108 0,002202
Fy 0,017257 | 0,140465 | 0,161972 0,140465 0,002827 | 0,001706
F, 0,011330 | 0,011330 | 0,017257 | 0,014019 0,009108 0,007285
Median Fs 0,014019 | 0,009108 | 0,007285 0,007285 0,009108 0,021140
F; | 0,011330 | 0,017257 | 0,025748 | 0,017257 | 0,007285 | 0,009108
F, | 0,005795 | 0031209 | 0,031209 | 0,037635 0,005795 | 0,009108
None None 0,014019 | 0,009108 | 0,007285 0,009108 0,009108 0,021134
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Table 3: Skewness after Application of Morphological Detectors
Pre- Mask | H,; H, H; H, H; H H,
processing
Fy 0,009108| 0,005795| 0,007285| 0,031209 | 0,064022 | 0,570750 | 0,011330
Mean Fs 0,007285| 0,009108| 0,009108| 0,031209 | 0,733730 | 0,427355 | 0,014019
F; | 0,011330| 0,005795| 0,007285| 0,007285| 0,014019| 0,520523 | 0,014019
F, | 0,021134| 0,005795| 0,004586| 0,005795| 0,011330| 0,791337 | 0,014019
F, | 0,011330] 0,007285| 0,009108| 0,014019| 0,009722 | 0,520523 | 0,273036
Median Fo 0,011330| 0,011330| 0,011330| 0,004586| 0,969850 | 0,140465 | 0,088973
0,017257| 0,005795| 0,007285| 0,011330| 0,969850 | 0,677585 | 0,161972
F, | 0,009108| 0,005795| 0,005795| 0,017257| 0,088973 | 0,677585 | 0,045155
None None | 0,005795| 0,011330| 0,014019| 0,088973 | 0,623176 | 0,017257| 0,064022
Table 4: Kurtosis after Application of Morphological Detectors
Pre- Mask | H; H, H, H, H; H, H;
processing
F, | 0,007285| 0,009108] 0,011330| 0,017257| 0,037635 | 0,037635 | 0,009108
Mean F, | 0,004586| 0,009108| 0,011330| 0,017257| 0,677585 | 0,014019| 0,011330
F3 0,014019| 0,005795| 0,011330| 0,014019| 0,017257| 0,140465 | 0,011330
Fy 0,011330| 0,004586| 0,009108| 0,007285| 0,011330| 0,273036 | 0,017257
Fy 0,003611| 0,009108| 0,009108| 0,014019| 0,969850 | 0,031209 | 0,140465
Median Fs 0,003611| 0,009108| 0,009108| 0,004586| 1,000000 | 0,003611| 0,241322
F3 0,002827| 0,009108| 0,009108| 0,009108| 0,969850 | 0,088973 | 0,075662
Fy 0,002827| 0,005795| 0,009108| 0,021134| 0,088973 | 0,273036 | 0,075662
None None | 0,011330( 0,017257| 0,011330| 0,045155 | 0,472676 | 0,002202| 0,045155

6 Conclusion

In this paper, traditional edge detectors and morphological filters was tested for diagno-
sis of Alzheimer’s disease. Independency these filters on preprocessing algorithm and its
masks is proven by results of tests. The same applies for skewness or kurtosis evaluation.
Roberts, Laplacian, and LoG filters and morphological detectors, which are based on pair
differences between original and its dilation, erosion, and opening, have produced statis-
tically significant results. Therefore, these filters can be used for diagnosis of Alzheimer’s

disease.
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Abstract. We derive asymptotic expansion for the spectrum of Hamiltonians with a strong
attractive ¢ interaction supported by a smooth surface in R3, either infinite and asymptotically
planar, or compact and closed. Its second term is found to be determined by a Schrédinger type
operator with an effective potential expressed in terms of the interaction support curvatures.
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Abstrakt. Odvodime asymptoticky rozvoj bodového spektra Hamiltonidnu, ktery popisuje
silnou ¢’ interakci lokalizovanou na hladké plose v R3, ktera je nekoneénd a asymptoticky plocha
nebo uzaviend a kompaktni. Druhy ¢len rozvoje je uréen Schrodingerovskym operatorem s
efektivnim potencidlem zavislym na kfivostech plochy.

Tento prispévek byl publikovan v ¢asopise Physical Letters A, A378 (2014), 2091-2095 a byl
pfednesen na konferenci Kent Spectral Theory v Canterbury (14.-17.4.2014).
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Abstract. Studying CO2 — H2O system phase behaviour is motivated by COs sequestration,
which is from an ecology point of view a possibility of protection against the greenhouse effect by
capturing emissions of CO2 at the source and storing them into deep geological repositories or
salt-water reservoirs. For such operations, it is essential to fully understand the thermodynamics
of the processes in the subsurface and to have a model which describes the behaviour of COs
correctly under wide range of natural geological conditions.

Injecting CO2 into a reservoir, it may dissolve in water or it can mix with it and the
CO2 — HoO mixture can split into two or more phases. Let us consider a closed system of
total volume V' containing a CO2 — HoO mixture with mole numbers N,,, N, at temperature 7.
First, we are interested to find out whether the system is under given conditions in single-phase
or splits into two or more phases; this is the problem of single-phase stability at constant volume,
temperature and moles (the so-called V'T-stability). In case of phase-splitting we want to estab-
lish volumes of both phases, mole numbers of each component in both phases, and consequently
the equilibrium pressure of the system from the equation of state; this is the problem of two-
phase split calculation at constant volume, temperature and moles (the so-called V'T-flash). In
the previous work [3, 4, 6], these problems were formulated and the algorithms were proposed
and tested on many examples.

The contribution deals with the investigation of multi-phase equilibrium of COy — H20O
system at constant volume, temperature and moles. Studying CO9 — HsO mixture under natural
geological conditions (pressures typically below 50 MPa and temperatures typically 298 —383 K)
for different system composition, two-phase and three-phase states were observed. Recently, we
have developed and successfully tested a fast and robust algorithm for constant-volume two-phase
split calculation, which is based on the direct minimization of the total Helmholtz free energy
of the mixture with respect to the mole- and volume-balance constraints |[6]. The algorithm
uses modified Newton-Raphson minimization method with line-search and modified Cholesky
decomposition of the Hessian matrix to produce a sequence of states with decreasing values of
the total Helmholtz free energy. Using of the Newton-Raphson method ensures fast convergence
towards the exact solution. To initialize the algorithm, an initial guess is constructed using the

*Prace vznikla v ramci projekti Vypocetni metody v termodynamice viceslozkovych smési LH12064
MSMT CR, Vyvoj pocitatovych modeli pro simulaci ukladani CO, do podzemi P105/11/1507
Grantové agentury Ceské republiky, Aplikovand matematika v technickych a fyzikalnich védach
MSM6840770010 MSMT CR, a Pokrocilé superpocitacové metody implementace matematickych mo-
deli SGS11/161/0HK4/3T /14 Studentské grantové soutéze CVUT v Praze.
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results of constant-volume stability testing which has been developed in [4]. Now we extend the
results for CO2—H2O system and propose a fast and robust algorithm for three-phase equilibrium
computation at constant volume, temperature and moles. The performance of the proposed
algorithm has been tested on many examples of two- and three-phase equilibrium calculations
of COo — HoO mixture, which is described using the Cubic-Plus-Association equation of state.
In the contribution, we present several examples which are important for COg sequestration.
This work was presented at Interpore Conference 2014 in Milwaukee, Wisconsin (27.-30.5.2014)

and the full article [7] has been accepted to the IAENG Journal of Applied Mathematics.

Keywords: phase equilibrium, constant-volume flash, CO2 sequestration, Helmholtz free energy
minimization, Newton-Raphson method, modified Cholesky decomposition.

Abstrakt. Zkoumani fazového chovani smési CO2 — HoO je motivovano COs sekvestraci; z eko-
logiského hlediska se jedné o jednu z moznosti ochrany pied sklenikovym jevem zachycovanim
emisi COo piimo u zdroje a ukladanim téchto emisi do hlubinnych geologickych ulozist nebo
slanych akviferd. Pro takové operace je nezbytné jednak rozumét termodynamice procesi pro-
bihajicich v podzemi a zaroveni mit takovy model, ktery dokdZe spravné popsat chovani COs
v Sirokém rozsahu béznych geologickych podminek.

P#i injektovani COq do rezervoaru miize dochazet bud k jeho rozpusténi ve vodé nebo k jeho
smichani s vodou a naslednému rozdéleni smési CO2 —H2O do dvou nebo vice fazi. Uvazujeme-li
uzavieny systém obsahujici smés CO2 —H5O s latkovymi mnozstvimi Ny, N, o celkovém objemu
V pfi teploté T, nachazi se tento systém za danych podminek bud stabilné v jedné fazi nebo
je nestabilni a dojde k jeho rozdéleni do dvou nebo vice fazi; jednd se o problém jednofidzové
stability pii konstantnim objemu, teploté a sloZeni (tzv. VT -stabilita). V pfipadé rozdéleni do
fazi ur¢ime objemy a slozeni obou fazi, a nasledné vypocitame rovnovazny tlak systému ze
stavové rovnice; jedné se o problém vypocétu dvoufizové rovnovahy pii konstantnim objemu,
teploté a slozeni (tzv. VT-flash). V pfedchozi praci [3, 4, 6] byly tyto problémy formulovany a
piislusné vypocetni algoritmy byly navrzeny a testovany na fadé piikladu.

Clanek pojednava o vysetfovani vicefazové rovnovahy smési COs — HoO pii konstantnim
objemu, teploté a sloZeni. P¥i vySetfovani smési COg — H2O za béZnych geologickych podminek
(typicky tlaky pod 50 MPa a teploty v rozmezi 298 — 383 K) a pfi rtzném slozeni smési byly
pozorovany dvou- a tfifdzové stavy. Nedavno byl navrzen a tspésné testovan rychly a robustni
algoritmus pro vypocet dvoufazové rovnovihy za konstantniho objemu, teploty a slozeni zalozeny
na pifmé minimalizaci celkové Helmholtzovy volné energie smési pii zachovani{ podminek na
bilanci hmoty a objemu [6]. Numericky algoritmus je zde zaloZzen na modifikované Newtonové-
Raphsonové minimaliza¢ni metod& s pouzitim metody line-search a modifikovaného Choleskyho
rozkladu matice Hessianu, ¢imz je vytvorena posloupnost stavi s klesajicimi hodnotami celkové
Helmholtzovy volné energie. Pouziti Newtonovy-Raphsonovy metody navic zajistuje rychlou
konvergenci k pfesnému FeSeni. Algoritmus pro VT-flash je inicializovan po¢atednim odhadem
z testovani stability [4]. Nyni rozsifime vysledky pro smés COz — HoO a navrhneme rychly a
robustn{ algoritmus pro vypocet t¥ifazové rovnovahy pfi konstantnim objemu, teploté a slozeni.
Navrzeny algoritmus byl testovan na mnoha pfikladech vypoctu dvou- a t¥ifazové rovnovahy
smési CO2—H»0, kterd je popsana pomoci kubické stavové rovnice s asocia¢nim ¢lenem. V ¢lanku
prezentujeme nékolik piikladt, které hraji vyznamnou roli v COq sekvestraci.

Tato prace byla prezentovana na konferenci Interpore 2014 v Milwaukee, Wisconsin (27.-
30.5.2014) a cely ¢lanek [7] byl pFijat do ¢asopisu IAENG Journal of Applied Mathematics.

Klicovd slova: fazova rovnoviha, flash p¥i konstantnim objemu, CO2 sekvestrace, minimalizace
Helmholtzovy volné energie, Newtonova-Raphsonova metoda, modifikovana Choleskyho dekom-
pozice.
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Abstract. This article is concerned with the Fourier-like analysis of functions on discrete grids
in two-dimensional simplexes using C— and E— Weyl group orbit functions. The convolution
theorem is presented for these cases. An example of application of image processing using the
C— functions and the convolutions for spatial filtering of the treated image.
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Abstrakt. Objektem zajmu tohoto ¢lanku je analyza funkce na diskrétnich m¥izkach ve dvourozmérnych
simplexech pomoci C'— a E— funkci na orbitach Weylovych grup. Pro tyto pfipady je zobec-
nén konvolu¢ni teorém. Jako priklad aplikace ve zpracovani obrazu je pouzita C'— funkce pro
provedeni konvoluce jakozto nastroje filtrace obrazu.

Pln4 verze tohoto pfispévku byla publikovana v ¢lanku as G. Chadzitaskos, L. Hakova and
0. Kajinek, Weyl Group Orbit Functions in Image Processing, Applied Mathematics 5 (2014),
501-511.
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Abstract. Cartan subalgebras have proven their value when the semisimple Lie algebras were
classified. However, they seem to have their utilization also in the classification of solvable Lie
algebras. The aim of this text is to present one example how they can be harnessed. At the
same time, we try to thoroughly demonstrate the connection of cohomologies of Lie algebras
and complete reducibility of representations.

Keywords: Lie algebra, solvable, extensions, cohomology, Cartan subalgebras

Abstrakt. Cartanovy podalgebry maji své velké opodstatnéni pii klasifikaci poloprostych Lie-
ovych algeber. Ukazuje se ovSem, Ze by mohly jit vyuzit i pfi klasifikaci feSitelnych algeber.
Prezentovat jedno takové vyuziti je cilem tohoto p¥ispévku. Soucasné se snazi zevrubné ukizat,
jak souvisi dplna reducibilita reprezentaci a invariantni dopliikky s kohomologiemi.

Klicovd slova: Lieova algebra, Fegitelnd, rozsiteni, kohomologie, Cartanova podalgebra

1 Uvod

Klasifikace Lieovych algeber je jednim z doposud nedokonéenych velkych tikoli matema-
tické fyziky. Velky kus prace byl pfitom paradoxné odveden uz chvili po jejich objeveni.
Cartan klasifikoval poloprosté Lieovy algebry a Levi dokazal, Ze kazda Lieova algebra lze
rozlozit na polopfimy soucet poloprosté a teSitelné. V tom okamziku se vyvoj zastavil a uz
pres sto let se spiSe pomalu prodirame kupiedu. Ukazuje se totiz, ze klasifikovat fesitelné
algebry je dosti obtizny tikol. Mnozstvi neekvivalentnich t¥id totiz s dimenzi velmi rychle
narusta.

éasteény postup byl zaznamenan pouzitim odlisné metody. Jedna se o feSitelna roz-
Sifeni, kdy se ze série nilpotentnich algeber podobného typu ale libovolné velké dimenze
vytvori mnozina algeber fesitelnych. Tyto t¥idy muzeme po jejich klasifikaci vyuzit k po-
zorovani a hledani zajimavych vlastnosti, které by mohli pfispét ke klasifikaci a v dalsich
oblastech.

Jednou takovou pozorovanou vlastnosti se zabyva pravé tento text. Diive nez se k ni
na konci 4. sekce dostaneme, je potieba definovat zakladni pojmy, které se tykaji moduli,
kohomologie Lieovych algeber a Cartanovych podalgeber. Tomu se vénujeme v 2. sekci.

_ *Tato prace byla podpofena grantem SGS13/217/OHK4/3T/14 ze Studentské grantové soutéze
CVUT.
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Velky prostor vénujeme v sekci 3 aplikaci teorie kohomologii na kritérium existence in-
variantnich dopliku k invariantnim podprostorim pro reprezentace Lieovych algeber.
V neposledni fadé je nutno vysvétlit, co myslime feSitelnym rozsifenim a jak se takoveé
rozsiteni hledé a klasifikuje. Toho se tyka zacatek sekce 4.

2 Definice

2.1 Moduly

Pted samotnou definici kohomologie se ndm bude hodit zadefinovat si moduly, jelikoz
reprezentace Lieovych algeber neni nic jiného nez teorie jejich modult. Vice podrobnosti
a piiklada tykajicich se modula 1ze nalézt v monografii [2].

Definice 2.1. O uspotadané trojici (R, U, -) fekneme, ze jde o R-modul U, kdyz plati,
7e

1. Mnozina U je abelovska grupa.
2. Mnozina R je okruh.
3. Zobrazeni - : R x U — U je levou akci.

Axiomy pro nasobeni ve vektorovém prostoru V' nad télesem T nam fikaji, Ze nasobe-
nim ¢islem je levou akei okruhu (s jednotkou). Kazdy vektorovy prostor je tedy T-modul.
Mame-li Lieovu algebru L, lze se na ni divat jako na okruh a jeji reprezentace na vek-
torovém prostoru V jsou v 1-1 vztahu s L-moduly na V. Pfechod mezi reprezentaci p
a modulem vyjadiuje vztah x - v = p(x)v a mezi témito dvéma popisy budeme ¢asto
prechézet.

Definice 2.2. Mé&jme R-moduly U a V. Zobrazeni ¢ : U — V je (R-)homomorfismus
moduli, kdyz je aditivni a zaroven plati o(x - u) = z - ¢(u) pro vSechny z € Rau € U.
Mnozinu vSech R-homomorfismii budeme znacit Hompg (U, V).

Vratime-li se k interpretaci vektorového prosturu nad T jako T-modulu, tak prvky
mnoziny Homp (U, V') nejsou nic jiného nez linearni zobrazeni mezi U a V. Podobné

kdyz chceme vySetiovat reprezentace Lieovy algebry L, jsou pro nés zajimava zobrazeni
z Homp (U, V).

Véta 2.3. Méjme Lieovu algebru L a dva L-moduly U a V. Mnozina Homy (U, V') s ope-
raci -5 definovanou pobodové (z -5 ¢)(u) := z -y p(u) — ¢(x -y u) je také L-modul.

2.2 Kohomologie

Nyni postupme k samotné definici kohomologie Lieovy algebery. Ta vychazi z takzvanych
Cartanovych vztahtu pro diferencidlni formy na varieté. Od této chvile uvazujeme pouze
komplexni Lieovy algebry.
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Definice 2.4. Méjme Lieovu algebru L a L-modul V. Prvky mnoziny vSech totalné
antisymetrickych g-linearni zobrazeni s hodnotami ve V' (¢ € Ny) se nazyvaji kotetézce
stupné ¢, nebo také g-kotetézce.

q
C(L,V) := Homg (/\ L, v) : (1)
CL,V):=V. (2)
Dale definujme gradovany operator d?.

A9 . CUL, V) — CY(L,V),

(A W) (z) =z - °, (3)
(A9 W) (z0, ..., x4) = Z(—l)’xl cwl oy Ty ) F

=0
+ Z(—l)”jwq([xi, T, Toy oy Ty Tjy e ooy Tg),s (4)

i<j

kde g znaci stupen koretézce a stiiska znamend, Ze je nutno dany vektor vynechat.
Zobrazeni d se oznacuje jako operdtor kohranice a je nilpotentni

dett) 5 9@ — . (5)

To nam umoziuje definovat kocykly Z?, kohranice B? a kohomologické grupy H9(L, V).

ZY(L,V) = kerd?, (6)
BY(L,V) :=d Y (CY(L,V)), (7)
1Ly ="V [ ) ®)

Pro ruzné volby akci L na V dostavame rizné dimenze kohomologickych grup. Ty
¢asto zachycuji dilezité invarianty Lieovy algebry, pfipadné jejtho modulu. Jedné se na-
piiklad o dimenzi jadra, mnozstvi vnéjsich derivaci, jestli je algebra perfektni a podobné.

2.3 Cartanovy podalgebry

Posledni struktura, ktera je zapotiebi zadefinovat, je Cartanova podalgebra. Cartanovy
podalgebry jsou nesmirné dulezité zejména pii klasifikaci poloprostych Lieovych algeber,
ale my je vyuzijeme i pfi studiu téch FeSitelnych a nilpotentnich. Dikazy vét v této
podkapitole a mnoha dalsi tvrzeni obsahuji napiiklad knihy [4,5].

Definice 2.5. Méjme Lieovu algebru L. Podalgebru C' ozna¢ime jako Cartanovu, pokud
spliuje dvé podminky:

1. Je nilpotentni.
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2. Sama sebe normalizuje, tedy nelze nalézt vétsi podalgebru W (C'cC W CC L), pro
niz by C' bylo idealem.

Tato definice je sice jednoduché a elegantni, ale nedava nam névod, jak takovou Car-
tanovu podalgebru najit a zda viibec existuje. To ovSem Tesi nasledujici véta.

Véta 2.6. Bud mnozina ker,, A := {z € L|3n, A"z = 0} zobecnéné jadro operatoru
A € Homg(L, L). Oznaéme C = {kery ad, |z € L} mnozinu zobecnénych jader vniti-
nich derivaci.

Pak

C' je Cartanova podalgebra <= C' € arg min (dim B) . (9)
BeC

Tato véta tvrdi, ze Cartanovy podalgebry jsou pravé zobecnénd jadra vnitinich deri-
vaci ad, (pro vétsinu vektora x), coz jsou objekty, se kterymi se pracuje mnohem lépe, a
navic miazeme volit vektor x tak, aby ndm to vyhovovalo. Také je vidét, ze Lieova algebra
ma vétsinou vicero Cartanovych podalgeber, ale vSechny maji stejnou dimenzi.

3 Kohomologie a reducibilita

Pro zobecnéni vysledki se nAm bude hodit zptsob, jak kvantifikovat tplnou reducibilitu
pomoci kohomologie. Pii zpracovani tohoto tématu jsme vychazeli z [3].

Definice 3.1. Mé&jme Lieovu algebru L. Jeji reprezentace p na V' (L-modul) je reducibilni,
kdyz existuje netrividlni spole¢ny invariantni podprostor pro p(L). Pokud pro kazdy spo-
le¢ny invariantni podprostor existuje invariantni doplnék, fikdme, Ze je tato reprezentace
uplné reducibilni.

Méjme nyni Lieovu algebru L a jeji reducibilni reprezentaci p na V. Necht dale W je
invariantni podprostor reprezentace p, neboli p(L)W C W. Zvolme doplnék U. Vektorovy
prostor jde rozlozit V' =W 4 U a reprezentace jde rozepsat blokové jako

) — (pwo<x> M(w)) | 0)

pu ()
kde bloky jdou chapat jako py € Home(W, W), py € Homg(U,U) a Ay € Home(U, W).

Tvrzeni 3.2. Zobrazeni p definované blokové vztahem (10) je reprezentace s invariantnim
podprostorem W, pravé kdyz blokové komponenty maji tyto tii vlastnosti:

1. Zobrazeni py je reprezentace na W.
2. Zobrazeni py je reprezentace na U.

3. Pro vSechna x,y € L plati vztah

pw () 0 Ay (y) = Av(y) © pu(x) = (pw (y) © A (z) — Au(x) 0 pu(y)) — Av(lz, y]) =

(11)
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Jelikoz W i U jsou L-moduly, lze vyuzit vétu 2.3 a piepsat vztah (11) jako

T Au(y) —y 2 Av(x) — Av([z,y]) =0, (12)

coZ neni nic jiného nez pozadavek, aby Ay byl kocyklus z Z*(L, Homg (U, W)).
Doplnék U je mozno samoziejmé zvolit jinak a nasim cilem je zjistit, jestli ho lze zvolit
tak, aby bylo Ay nulové zobrazeni.
Rizné volby doplitku (a baze v ném) mizeme popsat také pomoci zobrazeni z prostoru
Homg (U, W).

Véta 3.3. Doplitky U a U jsou isomorfni pomoci vztahu
U=YU = (1-A)U, (13)
kde A € Homg(U, W). A kazdé dva dopliky lze takto popsat.

Diikaz. Neprve ukdzeme, ze takto definované U je opét doplnék. Zobrazeni Y je operator
na V' a jeho zizenim na podprostor U bychom méli dostat prosté zobrazeni.
Bud u € ker Y. Potom

0=Yu=(1—-A)u=u— Au. (14)

Mame rozklad nulového vektoru do direktniho souc¢tu U + W. Obé slozky musi byt
nulovymi vektory. Tedy jak u, tak Au. Vektor u tedy je nulovy vektor, zobrazeni Y je
prosté a z definice U ve vztahu (13) plyne, 7e dim U = dim U.

Nyni staci dokazat, ze W NU = {0} a z dimenzionalni analyzy (prvni véta o dimenzi)
plyne, ze U je doplnék.

Méjme 2 € WNU. Jelikoz 2 € U, jde najit jeho Y-vzor u a zapsat ho jako z = u+ Auw.
Tim jsme ovSem nalezli zaroven rozklad vektoru x do direktniho sou¢tu W+ U, a jelikoz
predpokladédme, 7e x € W, musi byt jeho ¢ast patiici do U nulova, a tedy u = 0, coz
okamzité implikuje z = u+ Au =0+ 0 = 0.

Pro opa¢ny smér musime najit Ae Homg (U, W) pro zadany doplnék U. Ukazuje se,
Je tim spravnym A je projektor X na W podle U, ktery zazime na U.

Zaprvée Y := 1 —X je projektor na U podle W a plati tedy U C Y (U) a pokud @ € U,
pak lze vzit jeho rozklad @ = w + u do W 4+ U a hledanym vzorem pro dikaz opacné
inkluze bude wu.

Y(u)=Y(@—-—w)=Yo—Yw=u—-0=q, (15)
kde jsme vyuzili vlastnosti projektoru. O]

Nyni si vezmeme reprezentaci p, zadanou pomoci (pw, pu, A\v), prejdeme k jinému
doplitku U pomoci zobrazeni A a ztotoznime ho s U pomoci vztahu (13).
Ukazuje se, 7e reprezentace se zméni a je popsana

(pW7pU7/\U) - (IOW7pU7>\U - d(l) A)J (]‘6)

takze zména nastala pouze v posledni komponenté, kterd se lisi o kohranici z prostoru
BY(L,Homg (U, W)).
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Dospéli jsme tedy k tomu, zZe Ay musi byt kocyklus a pii zméné doplitku se toto zob-
razeni zméni o kohranici. S trochou dalsi prace, kterd je viceméné technickou zalezitosti,
z toho plyne, zZe kazdé reprezentaci L na V s invariantnim podprostorem W odpovida
jedna tiida ekvivalence z H'(L,Homg(V /W, W)). Pokud je tato tiida ekvivalence nu-
lova, 1ze nalézt invariantni doplnék.

Disledek 3.4. Pokud H'(L,Homg(V /W, W))=0, lze nalézt invariantni doplnék pro
libovolnou reprezentaci se zadanym pw a py /w.

Z tohoto disledku mimojiné plyne znamy fakt, ze poloprosté algebry jsou tplné re-
ducibilni, nebot Whiteheadovo lemma tvrdi, ze H'(L,V) pro poloprostou algebru L je
vzdy trividlni.

4 Resitelna rozsireni
4.1 Definice Fesitelného rozsirfeni

Tato sekce se zabyva TeSitelnymi rozsifenimi nilpotentnich algeber. Dalsi podrobnosti
vietné velkého mnozstvi prikladii lze nalézt v monografii [11]. Mé&jme nilpotentni Lieovu
algebru N dimenze n. Zajimaji nas vSechny feSitelné algebry S, jejichz nilradikal je s N
isomorfni. Tyto algebry nazyvame resitelnd rozsiieni algebry N.

Pokud v N zvolime bazi £ := (ey,...,e,), miuzeme definovat strukturni koeficienty
' jm vztahem [e;, e,,] = ¢'jpe;. Nasim cilem pii Fesitelném rozsifeni o k prvki je definovat
nasobeni na vektorovém prostoru N 4+ CF. Nechceme ho viak definovat libovolné, ale
tak, aby se na N shodovalo s puvodni Lieovou zavorkou. Zaroven bychom byli radi, aby
N byl ideal a vysledna algebra byla feSitelnd, diky ¢emuz nam stac¢i pridat dodatecné

strukturni konstanty (D,)} a 7%, kde a,b = 1,...,k, a pomoci nich definovat nasobeni
na bazi (e1,...,en, 81, ..,5%), vzniknuvsi sloudenim baze £ a baze v C*:
e}, em] = ' jmei, (17)
[Sa, €5] = (Da)";€i, (18)
[Sas 58] i = 7' api- (19)

Strukturni konstanty samoziejmé nelze volit libovolné. Koneckonciti chceme, abychom
dostali Lieovu algebru. Nasobeni musi byt antisymetrické a splhovat Jacobiho identitu.
Antisymetrie implikuje ¢';,, = —c%,;, coZ je splnéno diky tomu, ze N Lieova algebra uz
byla, a 7',y = —7'pe- VSimnéme si, Ze D, lze interpretovat jako linearni operdtor na N a
~ jako linearni zobrazeni C* A C* — N.

Jacobiho identita

[z, [y, 2] + [y, [z, 2] + [z, [2,9]] = 0 (20)
musi byt splnéna pro vSechny vektory x,y, z. Zjevné stac¢i ovéfit platnost na bézi. Po-
dobné jako v pripadé antisymetrie, pokud za z,y,z zvolime vektory z N, neda nidm
Jacobiho identita zadna nova omezeni, protoze N uz Lieova algebra byla.

Na druhou stranu ostatni Jacobiho identity (JI) nAm omezi volbu D, a 7. Pro trojice
typu sq,€j, e, jsou Jacobiho identity ekvivalentni s pozadavkem, aby D, jako linearni
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operator byl derivace, a JI typu s, Sp, €; nam svazou D, a 7y, nebot je lze ekvivalentné
zapsat jako
[DCH Db] = ad7(5a75b)7 (21)

kde zavorkami na levé strané rovnice je myslen komutator operatori. Tato rovnost v sobé
také skryva podminku, ze komutator [D,, D] musi byt vnitini derivace pro vSechny a, b.

Posledni Jacobiho identity (pro vektory ¢isté z C*) nam jesté vic provazou derivace
D, a zobrazeni ~. S vyuzitim antisymetrie v je miizeme ekvivalentné zapsat jako

Dov(sp, Sec) — Dyy(Sas Se) + Dey(Sas sp) = 0. (22)

Dospéli jsme tedy k poznatku, Ze libovolnd mnozina (Dy, ..., Dg;v), pokud splhuje
Jacobiho identity, definuje rozsiteni.

Zbyva vytesit posledni véc. Po nasem feSitelném rozsifeni vyzadujeme, aby N bylo ni-
Iradikalem, jinak bychom totiz neméli shora omezenou dimenzi S, nehledé k tomu, Ze by se
nam pii klasifikaci vytvotily duplicitni t¥idy. Je tedy potfeba, abychom pfiddnim vektor
S, nezvétsili nilradikal. Toho se vyhneme tim, 7ze nalozime jesté jednu dodate¢nou pod-
minku na derivace Dy, ..., Dg: Musi byt linearné nilnezavislé (linearly nilindependent),
t.j. jediné linearni kombinace, kterd z nich vytvori nilpotentni zobrazeni, je ta trivialni.

4.2 Klasifikace teSitelnych rozsireni

Kdy7 ted vime, jak roz§itit nilpotentni algebru, vénujme se chvili klasifikaci téchto roz-
Sifeni. Dv& mnoziny dat (Dy,...,Dy;7) a (Ds,. .., Di;#) popisujici FeSitelnd rozsifeni
jsou pro nés (slabé&) ekvivalentni, pravé kdyz vznikla rozsifeni S a S jsou isomorfni jako
Lieovy algebry. Tato definice ndm generuje tii operace s daty, které ndm nezméni t¥idu
ekvivalence.

1. Muzeme vybrat v linearnim obalu span{ Dy, ..., Dy} jinou bazi.
2. Miizeme piejit pomoci @, automorfismu na N, k datim (@D, @1, ..., ®Dd L dry).

3. Muzeme k libovolnému D, pfi¢ist libovolnou vnitfni derivaci na N a soucasné
upravit 7 tak, aby stale spliovalo (21). Napfiklad Dy := Dy + ade, a (s1,84) =
v(s1, 84) — Dales).

V praxi vétsinou probihé klasifikace tim zptisobem, Ze nejprve klasifikujeme fesSitelna
rozsiteni o jeden vektor. Tam staci zklasifikovat vnéjsi derivace pomoci druhé a treti
operace—v podstaté klasifikujeme tfidy vnéjsich derivaci pomoci automorfismi modulo
vnitini derivace. Potom zkouméme dvoudimenzionalni podprostory linedrné nilnezavis-
Iych derivaci a vyuzijeme jiz ziskanych vysledku k vybéru vhodného reprezentanta Dy,
kterého pomoci automorfismtu upravime do jednoduchého tvaru. Nasledné zjistime, jak
nam podminka (21) a pfedevsim jeji dusledek o tom, ze komutator [D;, Do] musi byt
vnitini derivace, omezi tvary D,. Prozkoumame rizné moznosti vybéru v a vyuzijeme
zbylé ekvivalentni transformace. DAl postup opakujeme s trojdimenzionalnimi podpro-
story. ..
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V prubéhu klasifikace se da s vyhodou vyuzit nékolika fakti. Prvnim je, Ze algebra
vSech derivaci je Lieova algebra grupy vSech automorfismi. Druhym je, ze FeSitelné al-
gebry kanonicky obsahuji svaz idealt, které jsou zaroven invariantnimi podprostory pro
v8echny automorfismy (a derivace). Zaroven jsou koeficienty automorfismi a derivaci ur-
¢eny malym mnozstvim parametri, které popisuji chovani téchto zobrazeni na vektorech,
které patii do doplitku k takzvané derivované algebie [N, N|. Tyto jevy jsou detailnéji
zpracovany v [7] a [1].

4.3 Predpovidané vlastnosti FeSitelnych rozsireni
Metoda hledani feSitelnych rozsifeni byla pouzita profesorem Winternitzem a jeho spo-
lupracovniky k vytvoreni velké mnoziny klasifikovanych fesSitelnych Lieovych algeber li-
bovolné velké dimenze, vychazejicich ze specialnich tiid nilpotentnich algeber. Jedna se
napiiklad o Heisenbergovy algebry [6], Borelovy algebry [10], nebo algebry filiformni [9]
a jim podobné [8]. Tento seznam samoziejmé neni vycerpavajici, ale umoziiuje nam po-
zorovat spolecné vlastnosti a vyslovit hypotézy o vlastnostech téchto rozsiteni.

Jedna 7 téchto hypotéz vychazi z pozorovani, 7ze pii klasifikaci la vzdy zvolit takova
béze, ze pridané vektory spolu téméi komutovaly.

Hypotéza 4.1. V kazdé Tesitelné algebie lze zvolit béazi (eq,..., ey, s1,...,5;) tak, ze
prvnich n vektoru patii do nilradikdlu a vysledek Lieovy zavorky zbylych k£ bazickych
vektort lezi v centru nilradikalu.

Pro velkou tiidu fesitelnych rozsifeni se ndm povedlo najit pficinu, pro¢ maji tuto
vlastnost. Ukazuje se, ze plati tvrzeni

Véta 4.2. Necht S je teSitelné rozsiteni algebry N, a C' jeho Cartanova podalgebra. Pak
C ptisobi na S ad-reprezentaci a plati, ze

H° (C’,Hom@ (S/N,N>>:O:>S:N-|'-A, (23)

kde A je abelovska podalgebra. To znamené, ze 1ze zvolit bazi tak, 7e pridané vektory
komutuji.

Diikaz. Za¢néme tim, Ze si ujasnime, jak vypada ad-reprezentace na S/ N. Jelikoz S je
fesitelna algebra a N je jeji nilradikal, musi byt reprezentace na faktorprostoru S /N
trivialni (plyne to z faktu, ze [S,S] C N).

Déle vyuzijeme znamy vysledek pro nilpotentni algebry, ktery lze nalézt napiiklad
v [4]. Ten tvrdi, Ze pro nilpotentni algebry—a Cartanova algebra je nilpotentni z definice—
je nultd kohomologickd grupa trivialni pravé tehdy, je-li trividlni prvni kohomologicka
grupa.

Vime tedy, ze H' (C,Homg (S /N, N)) = 0. Tato kohomologickd grupa nam ale po-
pisuje, zda existuje invariantni doplnék k N. Pouzijeme tedy disledek 3.4 a vidime, ze
lze invariantni doplnék U nalézt. Reprezentace je poté v blokové diagonalnim tvaru

oo = (757 (21)
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Z ného plyne, zZe pro vSechna x € C a vSechna u € U, plati
p(r)u=[z,u] =ad,u=0 (25)

a u lezi v jddru vnitini derivace ad,. Specidlné tam lezi i pro ¢ € C, pomoci kterého je
popsana Cartanova podalgebra jako C' = ker,, ad.. To ovsem implikuje, ze U C C.

V dalsim kroku znovu vyuzijeme vztah (25), tentokrat za vektor x z Cartanovy po-
dalgebry zvolime také vektor z U, a p(u;)us = 0 nam dokazuje, ze U je ona hledana
abelovska podalgebra A. O

Tuto vétu nyni vyuzijeme na piipad, kdy feSitelné rozsiteni lze popsat daty (D1, ..., Dy; ),
kde prvni derivace D, je regularni zobrazeni. A¢ se muze zdat, ze je to dosti omezujici
predpoklad, ukazuje se, ze ve skutecnosti popisuje velké mnozstvi pfipadu. Uz jenom
proto, ze miizeme permutovat derivace D;, pfipadné délat jejich linearni kombinace.

Nyni mizeme najit Cartanovu podalgebru jako zobecnéné jadro ads,. To ndm zajisti,
ze vektor s; bude v nasi Cartanové podalgebie. Uvazovana ad-reprezentace algebry C,
ziZend na idedl N tak obsahuje regularni derivaci p(s1) [n= D;.

Dokazme nyni, ze H° (C,Homg (S / N, N)) = 0. Jelikoz se jedn4 o nultou kohomolo-
gickou grupu, neobsahuje zadné kohranice a staci zjistit, co jsou kocykly.

<Ae£?<Cibm@(S/AbN>>¢>WUECJdAXx%:O
O0=29A=py(x)oA—-Aocpsg/n(x)=pn(x)oA—A00=pn(z)oA.

(26)

Tato rovnost musi platit pro vSechny vektory x € C, musi tedy platit i pro si, ale
pn(s1) = Dj je regularni operétor, takze z toho plyne, 7e A = 0 a jedinym kocyklem je
nulové zobrazeni. Z toho plyne trivialita nulté kohomologické grupy.

5 Zaveér

V tomto piispévku jsme definovali zakladni pojmy tykajici se modulti, kohomologii, Car-
tanovych podalgeber a fesitelnych rozsiteni. Poté jsme pouzili kohomologické metody,
abychom odhalili pfi¢iny jednoduchého tvaru velké ti¥idy feSitelnych rozsiteni. Ve vété
4.2 jsme zformulovali postacujici podminku a poté jsme ji pouzili pro specidlni, ale velmi
casto se vyskytujici pripad.

Pro uplnost dodejme, Ze pro tento konkrétni piipad neni tieba budovat celou masi-
nerii kohomologii, a lze si v zésadé vystacit s Jordanovym tvarem matice. Pokud ovSem
hodlame vyuzit tento jednoduchy piiklad jako vychozi bod pro dalsi pr8ci, je vhodné
formulovat tvrzeni tak, aby $ly snaze zobecnit. A tvrzeni o ,soucasném prevedeni vicero
matic do Jordanova tvaru“ je zachyceno pravé pomoci dopliki a kohomologii.

Vypada to, ze Cartanovy podalgebry se hodi nejenom ke klasifikaci poloprostych Lie-
ovych algeber, ale lze je s vyhodou vyuzit i pro ty FeSitelné.
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Abstract. This article deals with coarsening algorithm used for algebraic multigrid method
in open source library Paralution and its effective implementation on GPU. One of the most
important problems when creating algebraic multigrid is the way of obtaining translation oper-
ators and coarser version of the system matrix, which is basically a graph clustering problem.
Even though there exist a number of ways how to solve this task, most of them are inherently
sequential and therefore cannot be directly used on graphics cards. In this article we tried to
find effective way how to convert one such method on the GPU, despite its sequential nature.
This implementation was successful and we were able to obtain performance comparable to the
CPU version.

Keywords: GPU, Algebraic Multigrid, Coarsening

Abstrakt. Tento ¢lanek se zabyvé algoritmem zhrubovani sité pro potieby metody algebraick-
é¢ho multigridu a jeho implementaci na GPU. Jeden ze zakladnich problémt pfi implementaci
algebraického multigridu je zptisob, jakym ziskat operatory pfenosu mezi hrubsi a jemnéjsi siti
respektive hrubsi matici systému. V zikladu se jednd o problem rozdéleni grafu do nékolika
komponent. Ackoliv existuje mnozstvi algoritmi, které takovouto tlohu fesi, vétsina z nich je
sekven¢ni a nejde proto piimo pouZit na grafické karté. Tento ¢lanek se bude zabyvat pravé
efektivni implementaci jedné takové metody na GPU. Danou metodu se podafilo tispésné im-
plementovat a dosdhnout vykonu srovnatelného s verzi na procesoru.

Klicovd slova: GPU, Algebraicky Multigrid, Zhrubovan{

1 Introduction

Algebraic multigrid methods are a group of algorithms for solving linear systems from
differential equations using a hierarchy of matrices. Their main advantage compared to
geometric multigrid is that they are able to create coarser matrices on their own just
from the original system matrix. This coarsening is however quite complex problem,
with unknown optimal solution. Therefore there exist number of methods how to solve
it. Moreover most of them are inherently sequential and therefore cannot be directly used
on parallel architectures. This is not much of an issue for standard multicore processors
because normally only small amount of time is spent in the creation of coarser system
during the computation, so it does not hinder the performance even though it isn’t
parallelized. However it can be quite a bottleneck on architectures with dedicated memory
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such as graphics card, because if coarsening must run on the processor although rest of
the program runs on the GPU, data must be constantly shifted between CPU and GPU
memory, which can significantly reduce performance.

We are currently working with open source library Paralution|4|, where this is exactly
the case. The library contains numerous methods for solving linear systems, which are
mostly implemented also on GPU and can be launched there to accelerate the compu-
tation. One of the methods is even algebraic multigrid, where however the coarsening
algorithm is implemented only on CPU. Therefore if many matrices has to be solved
during the computation, e.g. if evolutionary problems are solved, data need to be often
copied between memories, which spoils the benefits of GPU acceleration.

To improve this situation we tried to convert the coarsening part on the GPU. The
algorithm is quite simple, but it is inherently sequential which makes its implementation
complicated. On the other hand it is memory bandwidth limited, so it should be alright
if GPU computation performance is not fully utilized as long as we can use its bigger
memory bandwidth. Moreover we do not need to speed up the coarsening computation,
performance comparable to CPU should suffice as the main contribution will be that the
data transfers can be eliminated.

2 Algebraic multigrid

We will be interested mainly in the setup phase of AMG, where the matrix hierarchy and
transitions operators are created. It consist of the following steps:

e Variables clustering
e Defining transition operators
e (Creating coarse problem matrix

which will be described in more detail.

Once the problem hierarchy is created the main iteration is same as in the case of
geometric multigrid and so any standard multigrid cycle can be used to obtain the final
solution.

2.1 Variables clustering

First and most important part is to divide the variables into clusters (groups), so that
all variables in the same group are joined to one variable on the coarser level. To achieve
this we will need to define strong dependence:
Definition 1: Given a threshold value 0 < § < 1, the variable (unknown) w; strongly
depends on the variable u; if
abs(a;;) > Gabs(a;;). (1)

This means that variable u; strongly depends on the variable u; if the coefficient a;;
is comparable in magnitude to the diagonal coefficient in the ¢th equation.

Now we can proceed to the variable clustering itself. Tt is basically graph clustering
problem where the graph is created in following way:
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1. All variables u;,i € 0...N become nodes
2. There is oriented edge from u; to u; if u; strongly depends on ;.

To divide resulting graph into components Paralution uses simple approach that works
as follows:

1. Create array groupld of group ids for each variable, group id for variable u; will be
denoted as groupld;

2. Set all group ids groupld; to unde fined
3. Set group counter last_id to -1.
4. For each node u; do:

(a
(b

) If groupld; is not unde fined continue with next w;
)
(c) Set groupld; to last _id
)
)

Increase group counter last _id by one

(d) For each neighbor(u;) of w;, if groupld; is not removed set it to last_id

(e) For each neighbor(uy) of each neighbor w;, if groupldy is undefined set it to
last_1d

2.2 Defining transition operators and coarser system matrix

When the clusters have been selected, the next goal is to define transition operators. Each
cluster will form one variable on the coarser grid. In this case prolongation operator (I1,)
will simply distribute value from coarser variable to all its finer descendants i.e. the ith
component of I} e is
(I5,€)i = €gis (2)
where e is the vector that should be prolonged to the finer grid and g¢i is group number
for given variable u; so gi = groupld,.
Restriction operator can be then constructed from the interpolation one by simple

transpose:
]l%h = (]gh)Tv (3)

and restricted matrix is produced by

A = ZhahTh (4)

3 GPU programming

GPU is shared memory parallel architecture so all threads that run on it use the same
memory. Unlike multi-core programming where there are typically 2-32 computational
cores running at once, GPU can spawn hundreds of concurrently running threads. These
threads are, however, not completely independent and all run the same function (called
kernel) so it is the SIMD (simple instruction multiple data) type of architecture.
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There are some key principles which must be taken into account when creating pro-
gram for GPU, which come from the type of calculations graphics cards were designed
for. The most important are:

Limited communication Computational threads form a two layer hierarchy. On
first one threads are grouped to blocks, and on second all blocks create the so called grid.
Number of blocks in the grid is completely up to the programmer and it should match
the size of the solved problem. Size of the block can be also chosen, however it must be
less than 513. The reason for this two level hierarchy is that only threads that are in
the same block can communicate between each other. This means that blocks have to be
completely independent.

Branching Threads on the GPU aren’t completely independent, groups of 32 threads
in the same block forms the so called warp. Threads in the warp has to always execute
same instruction at the same time or wait, so if the kernel contains divergent branches
and not all threads in the warp take the same one, complete computational time for each
thread will be equal to the sum of all taken branches.

Coalescing Very important feature for numerical computation on GPU is the coa-
lescing. Graphics card have much bigger bandwidth than standard RAM when reading
blocks of data. More precisely when half warp (16 consecutive threads) try to read or
write continuous block of data it can be coalesced into single operation and so whole
block can be loaded more than ten times faster. Since most numerical applications are
limited by memory accesses, utilizing this feature is absolutely crucial when implementing
numerical problems on GPU. There are several ways how coalescing can be achieved even
when data aren’t naturally read in right order:

e Best solution, if it is possible, is to reorder data so that access to them will be
coalesced. One classic example is to use structure of arrays instead of array of
structures (i.e. group data by type, not by the thread they belong to).

e Threads in the same block can pre-fetch data to shared memory (shared within
block), even random accesses to this memory are very cheap. This is especially
useful when needed data form a continuous region, but are accessed randomly.

e If data are needed to be ordered differently in different kernels they can be dupli-
cated (unless memory is a strong concern) this can be especially useful in the case
of constant data (for example data describing mesh on which problem is solved).

Transports between GPU and CPU memory GPU don’t use same memory as
CPU, it has its own video RAM (VRAM). This isn’t issue when problem is completely
solved on GPU, but in case of converting only most computational demanding parts on
GPU and doing rest of the work on processor, constant copying can cause a significant
overhead.
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4 GPU implementation

The GPU version of the coarsening algorithm was implemented in CUDA, which is a
technology from NVidia company designed for general purpose programming on GPU,
same as rest of the Paralution GPU code. The coarsening algorithm itself consist of
several parts that were parallelized individually. Namely they were

e Deciding which neighbors are strongly connected

e Removing nodes without neighbors

Creating the groups

Creating prolongation operator

Creating restriction operator and coarser system matrix

which will be now subsequently described.

4.1 Finding strongly connected neighbors

This means for each connection between two variables (therefore for each A;;,i # j)
decide whether it is strong connection or not. This is done by comparison of value A, ;
to diagonal element A, ;. In CPU version the diagonal is firstly obtained by Paralution’s
function EztractDiagonal(which works also on GPU) and then simple for cycle is used.
The for cycle is easily parallelizable, so same approach was used on GPU in kernel
template <typename ValueType>

__global  void kernel csr_amg connect(const int nrow, const int xrow offset,

const int *x cols, const ValueType x vals, const ValueType * vec_ diag,
int xcast_conn, ValueType theta2)

{
int i = blocklIdx .x*blockDim .x+threadldx.x;
if (i >= nrow) return;
ValueType theta dia i = theta2 x vec diag[i];
for (int j=row_offset[i]; j<row_offset[i+1]; ++j) {
int c = cols[j];
ValueType v = vals|[j];
//Strong connection if not diagonal element and bigger then thetaxdiagonal
cast_conn|[j] = (¢ !'= i) && (v * v > theta_dia_i * vec_diag|[c]);
}
}

Result is stored as a mask for all A;; elements in variable cast_ con

4.2 Removing nodes without neighbors

Also this part was quite easy it consist in loop over each unknown and setting its group id
either to undefined if it has some strongly connected neighbors or to removed if it has
not. Such kernel can look as follows:
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__global  wvoid kernel csr_amgaggregate remove empty(const int nrow,
const int xrow offset, int xcast conn, intx cast_ agg)
{
int ai = blockIdx.x*blockDim .x+threadldx .x;
int aj;
if (ai <nrow) {
int state = removed;
for (aj=row _offset[ai]; aj<row offset[ai+1]; ++aj) {
if (cast_conn[aj]>0) state = undefined;
}
cast _agg|ai]=state;
}

Resulting group ids are stored in variable cast agg.

4.3 Creating the groups

This part was hardest to implement because it is the sequential one. The algorithm
works as described in section 2.1 and therefore new group cannot be created unless the
previous one was already fully processed. To overcome this issue we use only one block
of threads which can be manually synchronized. The last id index is managed by only
one thread (the one with id == 0) and others are used only to spread the current value
to all neighbors and neighbors of neighbors. To employ GPU memory throughput, we
tried to use coalescing for most of the memory accesses:

__global  void kernel csr_amgaggregate plain(const int nrow,
const int xrow offset, const intxcols,
int xcast conn, intx cast_ agg)

const int BLOCK SIZE=512;

int id = threadldx.x;

__shared  int last g;

__shared  int s_ca[BLOCK_ SIZE];
__shared  int s_ro[BLOCK_ SIZE+1];

if (id==0) last_id = —1;
for (int actOff=0; actOff < nrow; actOff+=BLOCK_SIZE)
{

int i = actOff+id;

s _cal[id] = cast_agg[i];

s _ro[id] = row_offset[i];

if (id==0) s_ro[BLOCK_ SIZE| = row_offset[actOff + BLOCK_ SIZE];
__syncthreads ();

for (int j—=0; j < BLOCK_SIZE; j++)
{
__syncthreads ();
if (s_ca[j] != undefined) continue;
if (id==0) s_ca[j] = ++last_id; //New seed
__syncthreads ();
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// Include its mneighbors as well.
for (int il = s_ro[j]+id, endl=s_ro[j+1]; il < endl; i14+=BLOCK_SIZE)
{
int ¢ = cols[il];
int * ca = (c>=actOff && c<actOff+BLOCK_SIZE)?
&s_ca[c—actOff] : &cast_agg|[c];
if (cast_conn[il] && *ca != removed)

xca=last id;

//Neigbours of mneigbours
for (int i2=row_offset|[c], end2=row_offset[c+1]; i2<end2; i2+4+){
if (cast_conn|[i2]==0) continue; //Not valid link
int c¢2 = cols[i2];
int *x ca2 = (c2>=actOff && c2<actOff+BLOCK_SIZE)?
&s_ca[c2—actOff] : &cast_agg[c2];
if ( *ca2 == undefined)
xca2=last _id;
}
}
}
__syncthreads ();
}
int i = actOff+id;
cast _agg[i] = s_ca[id];
__syncthreads ();

4.4 Creating interpolation operator

The main part of the algorithm for creation of prolongation operator consist from the
following code

for (int i=0, j=0; i < nrow; ++i)

{
if (cast_agg[i] >= 0) {
col[j] = cast_agg—>vec [i];
val[j] = 1.0;
R
}
}

which for each fine unknown u; with set group number gi creates one line with only one
1 value on the G; position. Therefore prolongation is done so that value of coarse point
given by ¢i is simply copied to the w;. This part was not yet implemented on the GPU
but should be quite straightforward. One block of threads will be employed, all threads
will be used to save and write data to/from global memory, but the computation itself
will be done only by one thread and will use shared memory.
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4.5 Creating restriction operator and coarser system matrix

Last part was quite easy because it consist only from matrix transposition and matrix
matrix multiplication for which Paralution already have functions usable also on GPU.
Therefore no work was needed.

5 Results

The computations were done on the system equipped by Intel Core 2 Duo 2.6Ghz CPU
and Nvidia Geforce GTX480 GPU. All simulations were computed in double precision.

First table (Tab 1) compares speed of the first part of the coarsening algorithm, where
each connection is evaluated whether it is strong or not. This part was entirely parallel
so there can be seen nice speedup.

Second table (Tab 2) shows results for the main part of coarsening algorithm, the
clustering. From the result it is obvious that GPU version is quite slower than the CPU
one.

‘ H Time ‘ Relative time ‘

CPU edge detection || 10.3 s 1
GPU edge detection || 2.9 s 0.28

Table 1: Time of finding strongly connected edges

‘ H Time ‘ Relative time ‘

CPU clustering || 9.8 s 1
GPU clustering || 23.8 s 2.43

Table 2: Time of the groups creating part

Most important and interesting is the final table (Tab 3), which compares total ex-
ecution time of both versions of coarsening algorithms. Here one can see that GPU is
still slower but now only by a small margin. This difference should be however quite
negligible in real application where most of the time is not spent in the coarsening part
but in the iterative one. In this case it should still be profitable to use GPU version to
avoid copying data between memories.

However this could not be tested because, as was stated in the previous chapter, GPU
version isn’t yet complete, the part for creating interpolation operator is, due to the lack
of time, still missing. Therefore in future we would like to finish the GPU version and
try to compare the performance on larger spectrum of different matrices.
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’ H Time \ Relative time ‘

CPU complete || 18.9 s 1
GPU complete | 26.4 s 1.4

Table 3: Complete time of coarsening algorithm

6 Summary

This article presented key principles of coarsening algorithm for algebraic multigrid im-
plemented in Paralution software library. This algorithm was then, despite its serial
nature, converted to semi parallel version feasible for implementation on GPU and this
implementation was thoroughly described. From the obtained results it is obvious that
the GPU is not perfectly suited for this task, but the performance is not worse by a large
margin. Therefore it should be profitable to use GPU coarsening if this prevents the need
to copy data between GPU and CPU memory which was our main goal. Unfortunately
this was not yet tested and therefore will be addressed in future research.
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Caves. A significant period of tectonic instability is indicated by changes in the fault displace-
ment trends and by anomalous radon and carbon dioxide concentrations. This was recorded
around the time of the catastrophic My, = 9.0 Tohoku Earthquake, which hit eastern Japan
on 11 March 2011. It is tentatively suggested that the Tohoku Earthquake in the Pacific Ocean
and the unusual geodynamic activity recorded in the Bohemian Massif and Western Carpathians
both reflect contemporaneous global tectonic changes.

Full version of this paper: M. Briestensky, L. Thinov4, R. Praksova, J. Stemberk, M.D.
Rowberry and Z. Knejflova, Radon, carbon dioxide and fault displacements in central Europe
related to the Tohoku earthquake, Radiat Prot Dosimetry 160 (2014) 78-82.

Keywords: Fault displacement, Tohoku earthquake, Radon, Carbon dioxide, Data Analysis

Abstrakt. Tektonické nestability mohou byt méfeny piimo s vyuzitim extenzometru v misté
aktivniho zlomu. Dalsi moZnosti jak zjistovat tyto nestability je detekce nezvyklé koncentrace
pifrodnich plyna v okolf aktivnich zlomt. Tento ¢lanek se zabyva vysledky naméfenymi na tek-
tonické poruse na dvou mistech — Ceské vysociné a v zapadnich Karpatech. Data byla doplnéna
o sledovani radonu v Mladecéskych jeskynich a oxidu uhli¢itého v Zbragovskych argonitovych
jeskynich. Vyznamné obdobi tektonické nestability je zaznamenano zmeénou velikosti trhlin v
podlozi a podle nezvyklych koncentraci vySe zminénych pfirodnich plynd. Data byla sledovana
v pribéhu katastrofického zemétieseni Tohoku ve vychodnim Japonsku 11. bfezna 2011, které
doséhlo az 9 stupiiti Momentové gkaly. Piedbézné lze fici, ze zemétieseni Tohoku v Tichém
Oceanu a neobvyklé geodynamické aktivity, které byly zaznamenéany v Ceské vysociné a zapad-
nich Karpatech, odrazi soucasné globélni tektonické zmény.

Pln4 verze piispévku: M. Briestensky, L. Thinova, R. Praksova, J. Stemberk, M.D. Rowberry
and Z. Knejflova, Radon, carbon diozide and fault displacements in central Europe related to the
Tohoku earthquake, Radiat Prot Dosimetry 160 (2014) 78-82.

*This work was supported by the Czech Science Foundation [P210/12/0573] and the Czech Ministry
of Education, Youth, and Sports [LM2010008]. It contributes to the research plan of the Institute of
Rock Structure and Mechanics [AVOZ30460519].
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Abstract. This contribution deals with the consrained mean curvature flow for closed planar
curves and open planar curves with fixed endpoints. We particularly focus on the area preserving
mean curvature flow, which conserves area enclosed by the closed nonselfintersecting curve or
area enclosed by the open curve and the lines connecting the fixed endpoints with origin of the
coordinates. We deal with such geometrical equation by means of the parametric approach and
discuss the effect of tangential redistribution. Resulting system of PDEs is numerically solved
and results of particular numerical experiment are presented. We also summarize some results
recently published and submitted.

Keywords: mean curvature flow, tangential redistribution, parametric method

Abstrakt. Tento pFispévek se zabyvé specidlnim p¥ipadem pohybu kiivek (uzavienych nebo
otevienych s pevnymi konci) v zavislosti na stfedni kiivosti, ktery zachovava jistou geometrickou
veli¢inu. Zamérfujeme se predevSim na pripad, kdy se zachovava plocha - v pfipadé uzaviené
ktivky plocha pod k¥ivkou, v pfipadé oteviené kiivky plocha pod kiivkou a spojnicemi pevnych
koncii s pocatkem soufadnic. Je diskutovin parametricky popis problému véetné vlivu tangen-
tidlni redistribuce. Vysledny systém PDR je numericky fesen a vysledky numerického experi-
mentu jsou prezentovany. Také shrnujeme nedédvné publikované vysledky a vysledky zaslané k
recenzi.

Klicovd slova: pohyb kiivek fizeny stfedni kiivosti, tangencialni redistribuce, parametrizace

1 Introduction

This contribution deals with the applications of the mean curvature flow, i.e., the motion
of curves, boundaries or interfaces in dependence on their mean curvature and under
effect of external forces. The most general dimensionless form reads as the following
geometric evolution equation

normal velocity = mean curvature + force. (1)

*This work has been supported by the grant Two scales discrete-continuum approach to dislocation
dynamics, project No. P108/12/1463 and by the grant Multidisciplinary research cntre for advanced
materials, project No. 14-36566G of the Grant Agency of the Czech Republic.
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In this contribution, our investigation is restricted to the the motion of open and closed
planar curves in geometrical context and intended application in discrete dislocation
dynamics as in [1].

More precisely, the flow (1) of a planar curve I' is mathematically described by the
following equation

ur = KF+F, (2)
[0 = T, (3)

where T' is either a C' smooth closed curve or an C! smooth open curve with fixed
endpoints in R%. The quantity vp is the velocity in the direction of the outer normal, s
is the mean curvature of I' and F' is the force term.

In dependence on the force term F', equation (2) exhibits either global or local charac-
ter. The global character of the forcing term F' often occurs in the so called constrained
mean curvature flow, where F' depends on global geometrical quantities of the curve I,
such as its length L(T") or enclosed area A(I"). Here we compile several known particular
constrained motions, and appropriate choices of the corresponding force terms F:

e Area preserving mean curvature flow (see [5, 6]):

1
F=— ds.
L(D/FF"FS

Choice of this forcing term causes that during time evolution according to (2), the
area enclosed by initial curve I';,; is conserved.

e Length preserving mean curvature flow (see [14]):
o [ kids
fI‘ Ii[‘dS )

Time evolution of I' is constrained in such a way that the lenth of the initial curve
[';,; is preserved.

e [soperimetric gradient flow
L(T)

T 2A()
This motion is constrained in such a way that it minimizes the isoperimetric ratio
in relative geometry. More details are discussed by Sev¢ovi¢ and Yazaki in [14].

Another well-known non-local character of the geometric governing equation (2) concerns
the recrystallization phenomena, where a fixed previously melted volume of the liquid
phase solidifies — see [8].

The local character of the force F typically occurs in applications of (2) in the field
of digital image processing (image segmentation usually; the force here locally depents
on the intensity of the processed image — see [9]). Many other particular forms of the
force term F are investigated in problems with physical context, especially in the field of
discrete dislocation dynamics (see [1, 11]).
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2 Parametric Approach

There are several approaches how to treat equation (2). Popular and widely chosen
methods come from the family of interface capturing approaches, such as the phase-field
method ([10]) or the level set method ([4, 7]). One of their most discussed advantage is
their ability to deal with topological change, such as merging of multiple curves into a
single one or splitting a single curve into several others. On the other hand, in the case of
evolution of planar curves, it is in fact required to solve a 2D problem, and consequently
extract the wanted curve (which is one-dimensional object) from a 2D solution. This
typically causes computational complexity and slowness of these methods.

A fast and straightforward approach for evolving planar curves is provided by the
parametric method (also called direct or Lagrange method [1, 9, 11, 12]). In the direct
method, when treating (2), one can describe the family of smooth time-dependent planar
curves as

I, = {Image(X (t,u)) :u € [0,1]}, t>0

by means of the parametrization
X = X(t,u),

where the spatial parameter u belongs to the fixed interval [0, 1]. The parametrization X
is chosen to be oriented conterclockwise. For closed curves, we impose periodic boundary
conditions at v = 0 and u = 1, i.e., X(¢,0) = X(¢,1) and 8,X(¢,0) = 9,X(£,1). For
open curves with fixed endpoints, the Dirichlet boundary conditions at « = 0 and u = 1,
ie., )Z'(t,O) = )?0 and )Z'(t, 1) = )?1 are prescribed. Consequently, we can describe the
geometric quantities of interest by means of the parametrization X. The unit tangential
vector ¢ and the unit normal vector 7 are given by the following formulae:

L 0,X O, X+
t= —, and n= —,
|0 X | |0, X |

where | is the symbol of perpendicularity. The vector 7 is chosen in such a way that
det (7, f) = 1 holds, i.e., we consider the outer unit normal vector. The mean curvature

is expressed as
1 8.X\ .
R = —_,8u e cn.
|0 X | 0u X

The normal velocity is defined straightforwardly as
v=0X .

Then equation (2) is valid provided the parametrization X satisfies the following para-
metric equation

¥ auu X au X +
= F

OX = 2y . (4)
|0, X |2 |0, X |
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3 Constrained motion

Let us denote A = A; the following quantity parametrized by time

A= 1/ det(X, )ds. (5)
2 Jr,

Then the following mean curvature flow

1
= — d 6
/UFt /irt _'_ L(Ft) /Ft H:Ft 8 ( )

preserves the quantity A, i.e., A= A, = Ay for all t > 0. Considering I'; a Jordan curve,
the quantity A represents the enclosed area, i.e., A = fint(m dz. In the case where I'; is
an open curve with fixed endpoints, the quantity A; represents the area, which is enclosed
by the curve I'; and by the lines connecting the fixed endpoints with the origin of the
coordinates.
In [3], we proposed the following proposition

Proposition: Suppose I'; is a family of C' smooth curves in the plane for t > 0, either
closed curves or open curves with fized endpoints evolving according to the mean curvature

flow (2). Then
dA / p
— =— [ wr,ds.
dt o e

Particularly, if the time evolution is given by constrained mean curvature flow (6), then

dA
— =0. 7
7 (7)

In general, area-preserving relation (7) is valid for each geometric flow in the form

1
Urt:f—m/nfdé’-

4 The Effect of Tangential Redistribution

It is known when tracking a curve motion, the tangential terms do not affect its shape
and hence when analyzing, it is sufficient to take into the account only the terms in the
normal direction to the curve. Hovewer, numerical experiments show that the parametric
equations (4) are not always apropriate for the numerical computation and instabilities
can occur. Since the curve is discretized by a certain number of grid points, in certain
cases, we can observe that during the evolution, the grid (discretized) points are accu-
mulated somewhere and, on the other hand, very sparse somewhere else. One possible
way to overcome this problem is to complement the equation (4) with a tangential term
responsible for redistribution of discretization points

X = — +a« + F——. (8)
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The term «, is a (possibly nonlocal) function of the position vector X , its first and second
derivatives and the time. Generally, the tangential terms affect the discretization points
and move them along the curve without affecting its shape. If correctly chosen, the
numerical algorithm is more stable and has higher accuracy. On the other hand, wrong
choice of tangential terms can lead to the errors and in the worst case, to the failure of
the algorithm.

The problem of tangential redistribution has been extensivelly studied by many au-
thors. We use the curvature adjusted tangential redistribution, which was originally
proposed by D. Sevcovi¢ and S. Yazaki in |12| for closed curves. Here which one can also
find a brief overview and a critical discussion of redistribution methods. In paper [1], we
adapted their original algorithm and developed a modification suitable for open curves
with fixed endpoints.

The impact of the tangential redistribution is shown on the Figure 1.

According to the [12|, the tangential component has been proposed as the soluton of
the following problem

Os(p(kr,)a) = H,

) (LT )
H_f <99<5Ft)> <f>+ (lau)z|<50( Ft)> 90( Ft))a

where 0, denotes the derivative with respect to the arc-length, i.e. 0, X = &JZ/@L}Z\
and ds = |0, X |du. The parameter w is a given positive constant. The other factors in
the problem (9) are as follows

o(kr,) =1—ec+eVl—cec+e2
- @(Kl—‘t>’%rt<ﬂrt + F) - ()0/<’€Ft)<852’£1—‘z + agF + li%t(li[‘t + F))u
1
(FC) = 2 [ Pl nas.

The function ¢(kr,) plays an important role because it controls the redistribution of the
grid points. The special choice ¢(kr,) = 1 produces the uniform redistribution for w = 0
and asymptotically uniform redistribution for ¢ > 0. The function ¢ = |kp| was proposed
for the crystalline curvature flow (see [13]). Choosing ¢ € (0,1), we obtain curvature
adjusted redistribution [12].

The redistribution coefficient « is (up to an additive constant) uniquely determined
from (9). For closed curves, Sevcovi¢ and Yazaki used renormalization constraint

<Oé(-7 t)> = 0.
For open curves with fixed endpoints (see [1, 3|), we have to ensure
a(0,t) = a(L(Ty),t) =0

for all t > 0. As p(k(L(I'y))) > 0, setting «(0,¢) = 0 and integrating (9) over the curve
I'; with respect to the arc-length yields

90(’%1‘15)@(87 t)’S:L(Ft) = go(lipt)CY(S, t)|8=0 + H(S)d57
Iy
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Figure 1: The impact of the tangential redistribution. On the left figure there is a case
without the tangential velocity, the curve on the right figure was computed with the usage
of the uniform redistribution.

because one can easily see that
Hds = w(L(I')(¢) — L(I't){p)) =0
Iy

and the uniqueness condition
a(0,t) = a(L(Ty),t) =0
holds.

5 Numerical Solution

For the numerical computations we can use either the scheme based on flowing finite
volume method proposed by D. Sevcovi¢ and S. Yazaki [12], which is also discussed in cite.
In cite, it is also proposed, the flowing finite volume scheme has order of approximation
O(h?), where h = 1/M for the number of finite volumes M. Another possibility, which we
propose in this paper, is the fully discrete semi-implicit scheme with spatial discretization
based on finite differences, such as is cite

v k+1 v k+1 Lok

Xkt wuj okl Xuj — Xk rF Xuj
= > = s
’ X, Xl Q(Xiy)

where )?f ~ X (jh, kt) for the spatial step h and the time step 7, Q(X) = /X2 + X2 + &2
serving as the regularization term since it is necessary to avoid dividing by zero. The
symbols X . and X}, . denote the first and the second central differences.

6 Computational Results

We presented the results of the numerical experiment of the area preserving mean cur-
vature flow (6) for a particular closed curve, where the initial condition has shape of a
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snowflake. As expected, the solution approaches steady state in circular shape in finite
time (see e.g., |2, 3]). This result is in agreement with the hypothesis, which is also
supported by our results for closed curves in [2]. In [3], where we focused on area pre-
serving mean curvature flow for open curves with fixed endpoints, one can find another
computational study and numerical results of convergence analysis.

In this numerical experiment, the enclosed area of initial condition is ~ 3.258 and
the area enclosed by the steady state solution is ~ 3.263. Time evolution is depicted in
Figure 2.

7 Conclusion

We presented geometrical equation describing area preserving mean curvature flow for
closed curves and open curves with fixed endpoints in the plane. We discussed the
parametric description of the problem and the enhancement of the parametric equation
by employing the tangental redistribution, including its modification for open curves with
fixed endpoints. We presented our results of one particular numerical experiment, which
is in a good agreement with the theory. We also summarized our published and submitted
results.
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Figure 2: Time evolution of closed curve with initial shape of snowflake. The curve
evolves according to area preserving mean curvature flow (6) and approaches steady
state of circular shape.
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Abstract. In the framework of Multifractal diffusion entropy analysis we propose a method for
choosing an optimal bin-width in histograms generated from underlying probability distributions
of interest. The method presented uses techniques of Rényi’s entropy and the mean squared error
analysis to discuss the conditions under which the error in the multifractal spectrum estimation
is minimal. We illustrate the utility of our approach by focusing on a scaling behavior of
financial time series. In particular, we analyze the S&P 500 stock index as sampled at a daily
rate in the time period 1950-2013. In order to demonstrate a strength of the method proposed
we compare the multifractal §-spectrum for various bin-widths and show the robustness of the
method, especially for large values of ¢. For such values, other methods in use, e.g., those
based on moment estimation, tend to fail for heavy-tailed data or data with long correlations.
Connection between the d-spectrum and Rényi’s ¢ parameter is also discussed and elucidated
on a simple example of multiscale time series.

This article has been published in Physica A, 413:438-458, 2014, and the results have been
presented and are part of conference proceedigs of ISCS 2014 held in Florence, Italy.

Keywords: Multifractals, Rényi entropy, Stable distributions, Time series

Abstrakt. V ramci multifraktalni diffusion entropy analysis (MFDEA) je odvozena nové
metoda pro vybér optimélni §ifky sloupce histogramu generovaného z modelu ¥izeného pravdépo-
dobnostnim rozdélenim daného modelu. Tato metoda uziva technik Rényiho entropie a stfedni
kvadratické chyby k diskuzi, za kterych podminek je odhad multifraktalniho spektra optimalni.
Uzitetnost tohoto pristupu je ilustrovana na gkalovani finan¢nich ¢asovych fad, konkrétné na
¢asové fadé dennich vynost indexu S&P 500 v obdobi 1950-2013. Za timto t¢elem porovnavame
multifraktalni § spektra pro rizné §itky sloupci a ilustrujeme robustnost této metody, hlavné
pro velké hodnoty parametru q. Pro tyto hodnoty ostatni pouZzivané metody, napfiklad ty, které
jsou zalozeny na odhadu momentti daného rozdéleni, maji tendenci selhat pro data s tézkymi
rameny nebo data s dlouhymi korelacemi. Spojitost mezi § spektrem a Rényiho parametrem ¢
je také diskutovidna na jednoduchém piikladu multiskalové casové fady.

Tento pFispévek byl publikovan v Physica A, 413:438-458, 2014 a byl pfenesen (a je soucasti
sborniku) na konferenci ISCS 2014 konané ve Florenci v It4lii.

Klicovd slova: multifraktily, Rényiho entropie, stabilni rozdéleni, ¢asové fady
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Abstract. This work is focused on a proposal of a new type of telescopes using a rotating
parabolic strip as the primary mirror. It is a principal modification of the design of telescopes
from the times of Galileo and Newton. In order to demonstrate the basic idea, the image of an
artificial constellation observed by this kind of telescope was reconstructed using the techniques
described in this article. We present a working model of this new telescope, we have used an
assembly of the primary mirror — a strip of acrylic glass parabolic mirror 30 cm long and 10
cm wide shaped as a parabolic cylinder of focal length 1 m — and an artificial constellation,
a set of LED diodes in a distance of 15 m. In order to reconstruct the image, we made a
series of snaps, each after a rotation of the constellation by 5 degrees. Using three different
algorithms we reconstructed the image of this artificial constellation. This contribution is based
on (Chadzitaskos 2013) with new telescope designs and new experimental tests.

Full text: V. Kosejk, G. Chadzitaskos, and J. éerveny, Parabolic Strip Telescope, In ‘Pro-
ceedings of PIERS 2014 in Guangzhou’ (2014), 471-476. Available on: http://piers.org/
piersproceedings/piers2014GuangzhouProc.php?start=100.

Keywords: Telescope, angular resolution, image processing,

Abstrakt. Tento ¢lanek se zaméfuje na navrh nového typu teleskopu, ktery vyuziva rotacéni
parabolicky pasek jako primarni opticky element. Takové FeSeni je hlavni modifikaci v navrhu
dalekohledii od dob Galiea a Newtona. K demonstraci principu zakladni myslenky je vyuZit obraz
umeélého souhvézdi, pozorovaného rota¢nim teleskopem, s vyuzitim rekonstrukénich technik pop-
sanych v tomto ¢lanku. Fungujici model nového teleskopu pracuje s akrylovym parabolickym
péaskem o rozmérech 30x10 cm, ktery je tvarovany jako parabolicky valec s ohniskovou vzdélenosti
1 metr. Obraz umélého souhvézdi je reprezentovan souborem LED diod ve vzdélenosti 15 metri.
Rekonstrukei obrazu provadime ze série snimki, kde pfi kazdém snimani oto¢ime desku umélého
souhvézdi o 5 st. Pro rekonstrukci obrazu vyuZzivime 3 rozdilné algoritmy zpracovani nasni-
manych obrazi. Tento piispévek je zalozen na (Chadzitaskos 2013) s novym modelem teleskopu
a novou sérif testti.

Cely ¢lanek: V. Kosejk, G. Chadzitaskos, and J. éerveny, Parabolic Strip Telescope, In
‘Proceedings of PTERS 2014 in Guangzhou’ (2014), 471-476. Available on: http://piers.org/
piersproceedings/piers2014GuangzhouProc.php?start=100.

Klicovd slova: Teleskop, thlové rozliSeni, zpracovani obrazu.

*Obrana a bezpe¢nost CZ.1.05/3.1.00/14.0304. . .
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Abstract. The demand for proper sport match prediction tools is constantly increasing together
with the amount of money put into sports betting. Possible ways of modeling tennis matches
and their in-play states using discrete Markov chains are introduced in this paper. The results
are based on the 2007-2013 ATP seasons.

Keywords: discrete Markov chain, tennis, in-play modeling

Abstrakt. Celosvétoveé vzriistajici mnozstvi prostfedkt vlozenych do sportovnich sézek stupnuje
poptavku po kvalitnich nastrojich k predikci sportovnich vysledkti. V tomto ¢lanku jsou pfed-
staveny nékteré moznosti vyuziti diskrétnich Markovskych fetézci pro modelovani situaci v
prabéhu tenisovych utkani. Zavéry jsou postaveny na vysledcich svétové tenisové série ATP z
let 2007 az 2013.

Klicovd slova: diskrétni Markovovy fetézce, tenis, modelovani hernich situaci

1 Introduction

The popularity of sports betting and especially the online sports betting has been in-
creasing over the course of past several years. In order to satisfy the demands of bettors,
the bookmakers are continuously expanding the betting offer. Therefore it becomes in-
creasingly important to correctly predict not only the match outcomes (i.e. the win of a
certain player or a team), but also the different particular results (such as the number of
sets played, goals scored), especially for the popular sports such as tennis. Mathematical
modeling could be a proper tool to produce such predictions.

To predict the outcome of a single match, most approaches consider time development
of individual player’s strength from match to match and adjust the pre-game parameters
according to the previous results [7]. The obvious drawback of this approach is that
the subject of study are real people and their behavior or properties over the course
of time. Without doubt the performance during previous matches and tournaments is
a good indicator of the future performance, but there are still many other factors to
consider. Some of them could be observed, such as the preference of certain surface or
a head to head results with a given opponent, but others, such as small illness between
tournaments or irregular support of fans, are extremely hard to even identify, let alone to
quantify (especially back in time). Altogether, it is obvious that the player’s performance
varies not only tournament by tournament and match by match, but probably even point
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by point. Different approach than considering the development from match to match, is
examining the development over the course of one match. One match of tennis can be
viewed as a realization of a discrete stochastic process, considering sets, games, points
or even single strokes as units of time [5]. In this paper we focus on a set by set tennis
match model.

1.1 Input data

Tracking all the individual variables that might influence the outcome of a tennis match
(and the probabilities of an outcome) several years backwards is a difficult task. Some
parts of it, such as the past results, past player’s rankings or even point by point match
development can be done with the help of computers. On the other hand, there are some
variables that certainly influence a tennis game which are very difficult to track in real
time and virtually impossible to track backwards. Those are especially some life events of
individual players, such as a small illness or injury, change of a personal physiotherapist
or even a baggage lost during a flight. Such variables can (but not necessarily have to)
influence match outcomes and without their knowledge, computing probabilities from
past results can introduce some kind of bias.

However, professional bookmakers keep (and have always kept) track of all those
individual variables and already incorporated those into their match odds. In this paper,
it is assumed that all matches with similar starting odds should have similar development,
no matter what tournament, surface or players are involved. Therefore the starting
odds given by bookmakers are taken as a starting point for match modeling That is,
two matches between Roger Federer and Rafael Nadal are not considered to be two
observations of the same process (or variable), but rather are the two matches where the
odds are same (or similar).

1.2 Odds

The bookmakers’ odds are just another form of expressing probabilities. There are three
way to represent odds, European, American and fractal, for more detail see for example
|4]. The most common is the European (decimal) format. Let 04 be the odds for player A
to win a match. When a bet b4 is placed, the payout if successful is pays = 04 -ba. Thus
the probability associated with the odds 04 is p4 = i However, in order to generate
profit, the bookmakers use some margin, causing that i + é = pa +pp > 1. The
margin can be as low as 1% (for the most prestigious games such as Grand Slam finals),
but also > 10% (for some low rank tournaments). That means that p4 and pp are not
actual winning probabilities of the players, but margin-adjusted probabilities. In order
to obtain the actual probabilities, ps, and pg have to be normalized.

Standard normalization distributes the margin evenly between the favorite and the
outsider. Empirical results, however, suggest, that such distribution is incorrect and
that the bookmakers’ margin lies rather on the side of the outsider and that the odd-
probability of the favorite is very close of the actual winning probability. Therefore, odd
adjusted normalization has to be introduced in order to obtain correct probabilities.
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2 Markov Chains

Markov chain is a stochastic process with discrete set of states and discrete time that
satisfies the Markov property. That is the probability that at time ¢ the chain is at state
1, pgt), only depends on the previous state, i.e. the state at time ¢ — 1 [2]. Markov chain
is finite (or infinite) if the corresponding state sets are finite and infinite, respectively.

Let pg) denote the conditional probability that the chain will be at state j at the next

(1)

step, given it is at state ¢ in the current step. The probabilities p;; are called transition

probabilities. The square matrix P such that
® _ @
Py = p;;
is called the transition matriz. A Markov chain is said to be homogeneous if the proba-
bility pgt]) is time independent for all ¢, j. A state ¢ of a Markov chain is called absorbing
if it is impossible to leave it (i.e., p; = 1). A Markov chain is absorbing if it has at
least one absorbing state. In an absorbing Markov chain, a state which is not absorbing
is called transient [3]. The states of a Markov chain can be renumbered such that the
absorbing states come first and the transient last. Then the transition matrix will have

the canonical form
I]0
p- (JW > ) |

The fundamental matriz is the matrix
N=(I-Q)"

The elements of the fundamental matrix have this meaning. n;; is the expected number of
times the Markov chain will be in state j if it started in state ¢. Let b;; be the probability
of the chain to be absorbed in state j given it started in ¢ and let

Bij = b
be a matrix. Then
B = NR,

where N is the fundamental matrix and R is the sub-matrix from the canonical form.
Matrices N and B allow to compute all necessary information about the Markov chain
and the stochastic process that it represents. More information about Markov chains
together with proofs of the statements above can be found in [3].

3 Data Description

The application of Markov chains on tennis match simulation is studied on the set of tennis
match results from the 2007 thru 2013 ATP! seasons, available freely from htip://tennis-
data.co.uk/alldata.php?. The data contains basic information about the tournament, the

I Association of Tennis Professionals, men tennis association.
2The data contains many errors, which were removed manually. Thus, some matches from the men-
tioned seasons are not included in the dataset.
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players and set by set results. It also contains winning odds for each player provided
by 5 of the top international bookmakers - Bet365, Expect Win, Ladbrokes, Pinnacle
Sports and Stan James (Unibet for earlier seasons). Only matches, where there was
necessary to win two sets in order to win a match, were considered in our study, therefore
the four Grand Slam tournaments were omitted for each season. In this paper, the two
tennis players are always labeled as the favorite and the outsider. This is the best way
to name the players, as unlike in most other sports, the concept of home and away teams
(players) is not used in tennis®. In order to avoid confusion, matches without a favorite,
i.e. matches where the odds were even, were also not included in our study (242 matches).
Altogether, the database contains 14 240 different matches.

The matches were divided into groups according to the winning probability distribu-
tion among the two players. In order to obtain groups with enough observations, small
intervals were taken instead of individual values. This goes in tact with the fact that the
odds given by bookmakers are mere the probability estimates, not the actual probabili-
ties. The data were not uniformly distributed and therefore logarithmic scale was used
to create groups with similar number of matches. The histogram showing the division of
the matches into respective groups is in Figure 1.

4 Results

4.1 I.i.d. Hypothesis

Given the probabilities of wining a match, the hypothesis can be assumed that the proba-
bilities of winning respective sets are independent identically distributed random variables.
For the matches played as best of three, there are three possible ways for the favorite
to win a match, that is win 2:0, win 2:1 and lose the first set and win 2:1 and lose the
second set. The theoretical value of the probability of winning in a set can be obtained
by solving the equation

Pmatch = p?et +2- pget (]- - pset)'

30f course, there are some British players playing the Wimbledon and French players playing the
French Open etc., but in general, the home away concept is not present in tennis.
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This cubic equation can be numerically solved for example using the Newton-Raphson
algorithm [6]. Under the i.i.d. hypothesis, a tennis match can be modeled as a Markov
chain with six different states. The match starts, is tied, the favorite is leading by one
set, the favorite is down by one set, favorite wins and favorite loses. Renumbering the
states accordingly, the following transition matrix in the canonical form is obtained, with
p standing for the probability of the favorite to win a set under the i.i.d. hypothesis.

Fwin Flose Flead Fback 1:1 0:0

Fwin 1 0 0 0 0 0
Flose 0 1 0 0 0 0

P=1 Flead D 0 0 0 1—-p 0
Fback 0 1—p 0 0 P 0

1:1 P 1—p 0 0 0 0

0:0 0 0 P 1—p 0 0

It is an absorbing Markov chain which has two absorbing and four transient states. All
match outcomes for all in-play situations can be obtained from this transition matrix, see
Section 2 for details.

4.2 Empirical Results

The circumstances of a tennis match, as an encounter between two individuals, suggest
that the i.i.d. hypothesis might not correspond with the reality and that a different
transition matrix has to be constructed. In order to confirm or reject the hypothesis,
empirical results were compared with the theoretical values. Tables 1 thru 5 show the
results. First two columns show the division into groups, third column contains the set
winning probability obtained assuming the i.i.d. hypothesis and the other columns show
the values obtained from the data together with the p-values associated with the reality.
Namely, if we denote p as the probability derived from the i.i.d hypothesis and p relative

frequencies computed from data, the test statistics is Z = (p — p) and, under

n
p(1-p)
stated hypothesis, its distribution is taken to be standard normal (due to the central limit
theorem) [1].

The results for the first set are almost completely in tact with the i.i.d. hypothesis,
see Table 1. This is obvious, as the set number one is the first random variable and there
is nothing to be dependent on. The only group where the i.i.d. hypothesis can be rejected
is that of the huge favorites with the favorite winning probability over 93 %. This can be
caused by the fact that for such a big favorite, the bookmakers’ are not that accurate.
Tables 2 and 3 on the other hand show that the second set results do not correspond with
the i.i.d. hypothesis at all and suggest that winning the first set increases the chances of
winning the second set as well. This is in tact with the opinion about tennis and sports
in general, which can be expressed as “success breeds success”. Graphical illustration of
the situation after the first set can be observed in Figures 2 and 3.

The most interesting part is the third set. The question is whether there is a difference
between the beginning of the match (i.e. the state 0:0) and the state 1:1, and between
the two ways of getting into the state 1:1. Tables 4, 5 and 6 do not give a definite answer
for the question. Not all the p-values speak against the i.i.d. hypothesis and against the
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p__match p_match | p_set i.i.d. first set total p_ value

lower upper winning matches

bound bound ratio

0,50 0,53 0,51 0,51 442 0,491
0,53 0,57 0,54 0,53 1526 0,398
0,57 0,61 0,56 0,57 1501 0,264
0,61 0,66 0,59 0,57 1561 0,123
0,66 0,70 0,61 0,60 2078 0,087
0,70 0,76 0,66 0,68 2348 0,032
0,76 0,81 0,70 0,70 1426 0,361
0,81 0,87 0,75 0,75 1487 0,429
0,87 0,93 0,80 0,79 1173 0,178
0,93 1 0,88 0,91 698 0,006
0,5 1 0,65 0,65 14240 0,476

Table 1: The i.i.d. hypothesis compared to the actual results of first sets.

p__match p_match | p_set i.i.d. | second set total p_ value
lower upper winning matches
bound bound ratio
0,50 0,53 0,51 0,67 226 0,000
0,53 0,57 0,54 0,63 813 0,000
0,57 0,61 0,56 0,65 857 0,000
0,61 0,66 0,59 0,71 892 0,000
0,66 0,70 0,61 0,70 1257 0,000
0,70 0,76 0,66 0,74 1589 0,000
0,76 0,81 0,70 0,78 998 0,000
0,81 0,87 0,75 0,80 1117 0,000
0,87 0,93 0,80 0,87 930 0,000
0,93 1 0,88 0,89 634 0,168
0,5 1 0,65 0,75 9313 0,000

Table 2: The i.i.d. hypothesis compared to the actual results of second sets after the

favorite has won the first set.

Figure 2:

Favorite’s

winning

probabilities after winning first
set compared to those computed

under i.i.d.

Favorite wins first set

Observed values

.i.d. values
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p_match p_match | p_setiid. | second set total p_ value

lower upper winning matches

bound bound ratio

0,50 0,53 0,51 0,36 216 0,000
0,53 0,57 0,54 0,41 713 0,000
0,57 0,61 0,56 0,46 644 0,000
0,61 0,66 0,59 0,48 669 0,000
0,66 0,70 0,61 0,50 821 0,000
0,70 0,76 0,66 0,55 759 0,000
0,76 0,81 0,70 0,60 428 0,000
0,81 0,87 0,75 0,59 370 0,000
0,87 0,93 0,80 0,67 243 0,000
0,93 1 0,88 0,75 64 0,001
0,5 1 0,65 0,51 4927 0,000

Table 3: The i.i.d. hypothesis compared to the actual results of second sets after the

favorite has lost the first set.

p_match p_match | p_set i.i.d. third set total p_ value

lower upper winning matches

bound bound ratio

0,50 0,53 0,51 0,65 78 0,006
0,53 0,57 0,54 0,58 291 0,079
0,57 0,61 0,56 0,59 294 0,189
0,61 0,66 0,59 0,56 320 0,168
0,66 0,70 0,61 0,63 412 0,313
0,70 0,76 0,66 0,66 414 0,486
0,76 0,81 0,70 0,73 255 0,154
0,81 0,87 0,75 0,76 217 0,411
0,87 0,93 0,80 0,79 163 0,348
0,93 1 0,88 0,83 48 0,178
0,5 1 0,65 0,65 2492 0,414

Table 4: The i.i.d. hypothesis compared to the actual results of third sets after the
favorite has lost the first set and won the second set.
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p_match p_match | p_set ii.d. third set total p_ value

lower upper winning matches

bound bound ratio

0,50 0,53 0,51 0,47 75 0,222
0,53 0,57 0,54 0,41 300 0,000
0,57 0,61 0,56 0,50 300 0,010
0,61 0,66 0,59 0,55 260 0,097
0,66 0,70 0,61 0,59 380 0,137
0,70 0,76 0,66 0,65 416 0,379
0,76 0,81 0,70 0,73 222 0,246
0,81 0,87 0,75 0,75 228 0,488
0,87 0,93 0,80 0,76 118 0,132
0,93 1 0,88 0,81 70 0,055
0,5 1 0,65 0,60 2369 0,000

Table 5: The i.i.d. hypothesis compared to the actual results of third sets after the
favorite has won the first set and lost the second set.

p_match | p_match | favorite total favorite total p_ value

lower upper loses, matches wins, matches

bound bound then wins then loses
0,50 0,53 0,65 78 0,47 75 0,009
0,53 0,57 0,58 291 0,41 300 0,000
0,57 0,61 0,59 294 0,50 300 0,012
0,61 0,66 0,56 320 0,55 260 0,375
0,66 0,70 0,63 412 0,59 380 0,130
0,70 0,76 0,66 414 0,65 416 0,404
0,76 0,81 0,73 255 0,73 222 0,421
0,81 0,87 0,76 217 0,75 228 0,444
0,87 0,93 0,79 163 0,76 118 0,285
0,93 1 0,83 48 0,81 70 0,394
0,5 1 0,65 2492 0,60 2369 0,000

Table 6: Comparison of the two ways of getting into the 1:1 state of a tennis match.

Favorite loses first set

Observed values

.i.d. values

Figure 3: Favorite’s winning
probabilities after losing first
set compared to those computed
under i.i.d. 0,50 0,55 0,60 0,65 0,70 0,75 0,80 0,85
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hypothesis that the two ways of getting into 1:1 are equivalent. The mean values of set
winning probabilities suggest that the two hypotheses might be incorrect but there is not
enough observations to prove it. If we look at all matches as a one group, we can tell
that it does matter how is the 1:1 state achieved and that if the outsider ties a match
after losing the first set, his chances of winning set number there are better than those
computed under the i.i.d. hypothesis.

These results indicate that in order to model a tennis match using a Markov chain
we have to improve it according to the observed data by introducing new states. The
adjusted transition matrix in the canonical form is then

Fwin Flose 0:0 F O FO OF
Fwin 1 0 0 0 0 0 0
Flose 0 1 0 0 0 0 0
p_ 0:0 0 0 0 piia 1 — piia 0 0
F PE 0 0 0 0 1—pr 0
@] 0 1—po 0 0 0 0 Po
FoO pro l—pro O 0 0 0 0
OF por l—por O 0 0 0 0

where F' and O stand for a set won by the favorite and outsider, respectively, and pgiruation
stands for the set winning probability of the favorite under the respective situation. This
matrix again has two absorbing states but five transient states. Results from Table 4
suggest that por = piq- Again, this matrix can be used to compute all the in-play odds
for different match situations. Another possible adjustment to the transition matrix
would be to introduce another two absorbing states to differentiate between 2:0 and 2:1
win (or loss).

5 Conclusion

The possibility of modeling a tennis match set by set using Markov chains was studied in
this paper. The simple independence hypothesis was rejected by observing actual tennis
match results obtained from the ATP series from years 2007 thru 2013. It was proven
that the set winning probabilities of the players change throughout the match depending
on the outcomes of the past sets. This is in tact with the general belief about sports
and tennis in particular. The Markov chain that models the real tennis match set by set
development was introduced.

6 Future Work

The presented results constitute to a good starting point for the further study of the
implementation of Markov chains in sports and in tennis in particular. The first area of
interest is to study whether the presented results apply only for the studied case or can
be generalized. Therefore the i.i.d. hypothesis should be tested on different data sets
regarding tennis (such as women tennis matches, doubles etc.) and other sports played in
sets, both individual (such as table tennis or badminton) and team (such as volleyball).
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The other way of research is to study the possible implementation of Markov chains
in the modeling of tennis matches in more detail. That is, to study the match not only
set by set, but also game by game, point by point or even stroke by stroke.
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Abstract. Pattern formation due to chemical instability is one of the most important phe-
nomenon in many non-equilibrium systems, ranging from developmental biology to gas-discharge
systems, crystal growth in solidifying alloys, plasma or semiconductors. The recognised funda-
mental symmetry breaking mechanism is a diffusion-driven instability (Turing instability [2]) in
a reaction diffusion system (RD system). Turing showed that small perturbation of well-mixed
homogeneous system of autocatalic and inhibitory diffusing species could cause instability which
leads to an emergence of spatial patterns. Further, motivated by Belousov-Zhabotinsky reaction,
Rovinsky and Menzinger proposed other possible mechanism, differential-flow-induced chemical
instability (DIFICI) [3] containing a term with advection. As a result, they obtained a range
of new spatial patterns. Other mechanism followed, e.g. flow-distributed oscilations (FDO) [4],
flow-and-diffusion structures (FDS) [5]. These approaches differ in chosen parameter, impor-
tance of each equation element or physical motivation. We will be interested in analysis of such
models on the bounded domain where reaction, diffusion and advection are considered (RDA
system) and where the spatial pattern formation occurs.

If we compare Turing instability in RD systems and the instabilities in RDA systems de-
scribed above, the principle of modelling some real situation seems to be very similar, thus we
could expect similar results, and yet from the mathematical point of view they are very different.
The operator corresponding to RD system is self-adjoint, the operator corresponding to RDA
system is not, thus behaviour of RDA operator is not characterized by sum of its eigenfunctions
and hence it is more complex (a very helpful theory is the theory about pseudospectrum [8, 9]).
Additionally, the presence of advection leads to a difference in concept of "system without diffu-
sion", between setting D = 0 and letting limit limp_,o. In this work, we consider the latter, we
suppose various boundary conditions (Dirichlet’s; zero-flux, no outflow due to diffusion, periodic
and Danckwert’s) and analyse two RDA systems of two equations in one-dimensional spatial
variable that are both well outside of the classical diffusion-driven instability regime; in the first
case, one species is attached to a fixed substrate (one equation contains neither diffusion nor
advection term), in the second case both equations have the same coefficient of diffusion and
the same coefficient of advection.

We use concept of linearised stability, thus we are interested in a sign of real parts of roots
of the so-called dispersion relation. We employ that we are able to compute eigenvalues of ap-
propriate operators analytically with each type of boundary condition and by standard methods
of model analysis we derive conditions when the diffusion driven instability occurs.

*This work has been supported by the grant SGS12/198/OHK4/3T/14.
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The obtained results differ from naive intuition but also qualitatively differ from those pre-
sented in literature where the results were obtained by different methods. In the first studied
case, with one attached species, the homogeneous steady state for dominant advection is always
stable, which is in contrast with studies of unbounded systems [6, 7|. In the second case, both
species moving, significant relaxation of conditions comparing to Turing instability occurs - arbi-
trary small advection causes that stability of homogeneous system always holds, therefore there
are no binding conditions in analysis of instability of the system.

The contribution of this article lies in demonstration and highlighting a crucial difference
between conditions of emergence of spatial pattern in RD and RDA systems but also that other
(and more complex) methods of stability analysis have to be used for analysis of RDA operator.
As the influence of arbitrary small advection on system’s behaviour is striking, a natural question
arises: is advection present in real applications or can it be safely assumed that advection is not
considered? To recognize whenever RD od RDA model fits better to real situation, we shall also
look closely to the physical essence of modelled phenomenon in our future work.

Keywords: reaction-diffusion-advection system, diffusion driven instability
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nych systémech, pocinaje vyvojovou biologii pfes rtist krystali v tuhnoucich slitinach, konce
plasmou nebo polovodi¢i. Zékladnim mechanismem k naruSeni symetrie je nestabilita zptisobena
difuzi (diffusion driven instability; Turingova nestabilita [2]) reakéné-difuznich systémi (RD sys-
tém). Turing ukazal, Ze mald perturbace homogenniho systému autokatalyticky a inhibi¢né di-
fundujicich druhi mohou zpusobit nestabilitu, ktera vede ke vzniku prostorovych struktur. Déle,
motivovani Belousov-Zhabotinského reakci, Rovinsky a Menzinger navrhli jiny mozny mechanis-
mus, differential-flow-induced chemical instability (DIFICI) [3] obsahujici ¢len s advekei. Jako
vysledek dostali fadu novych prostorovych struktur. Dalsf mechanismy néasledovaly, naptiklad
flow-distributed oscilations (FDO) [4], flow-and-diffusion structures (FDS) [5]. Tyto p¥fistupy se
lisi volbou parametrii, dilezitosti jednotlivych ¢lent v rovnici nebo fyzikalnimi motivacemi. Nas
bude zajimat analyza takovych modeli uvaZzovanych na omezenych oblastech, kde je pfitomna
reakce, difuze a advekce (RDA systém) a kde dochézi ke vzniku prostorovych struktur.

Porovname-li Turingovu nestabilitu v RD systémech s nestabilitami v RDA systémech pop-
sanymi vySe, podstata modelovani konkrétni realné situace vypada velmi podobné, tedy bychom
predpokladali i podobné vysledky, le¢ z matematického hlediska jsou velmi odligné. Operator
prislusny RD sysému je samoadjungovany, operator piislusny RDA systému ne, tudiz chovani
RDA operatoru nejde charakterizovat souctem svych vlastnich funkei, jde tedy o komplexnéjsi
chovani (napomocnou teorii je teorie pseudospekter [8, 9]). Dale, pfitomnost advekce vede
k rozdilim v konceptu "systému bez difuze", mezi dosazenim D = 0 a limitnim p¥echodem
limp_,g. V této praci uvazujeme posledné jmenovany, piFedpokladdme fadu okrajovych pod-
minek (Dirichletovy, nulovy tok, nulovy tok vzhledem k difuzi, periodické a Danckwertovy) a
analyzujeme dva RDA systémy o dvou rovnicich v jedné prostorové proménné, oba piesahujici
ramec klasické nestability zptusobené difuzi; v prvnim ptipadeé je jeden druh pfichycen k pevnému
podloZi (jedna rovnice neobsahuje ani difuzni ani adveké¢ni ¢len), v druhém piipadé obé& rovnice
maji stejny difuzni koeficient a stejny advekéni koeficient. Pouzivame koncepci linearizované sta-
bility, zajimaji nas tedy znaménka redlnych ¢asti kofent takzvané disperzni relace. Vyuzivame,
7e jsme schopni analyticky spocitat vlastni éisla pfislusnych operatort pro kazdy typ okrajovych
podminek a standardnimi metodami analyzy odvodime podminky, za kterych dojde k nestabilité
zpusobené difuzi.

Obdrzené vysledky se lisi od prosté intuice, ale také se kvalitativné 1isi od téch prezentovanych
v literatufe, ve které byly vysledky ziskdny jinymi metodami. V prvné studovaném piipadé, s
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jednim nepohyblivym druhem, homogenni stav je v pfipadé dominantni advekce vzdy stabilni,
coz je v kontrastu se studiem neomezenych systémi [6, 7. V druhém pfipadé, s obéma druhy
pohybujicimi se, dochézi v porovnani s Turingovou nestabilitou k vyznamné relaxaci podminek
- libovolné mala advekce zapfi¢ini, Ze homogenni systém je vzdy stabilni, a tedy do analyzy
nestability nejsou pfeneseny zadné svazujici podminky.

Ptinosem tohoto ¢lanku je demonstrace a zdturaznéni zédsadniho rozdilu mezi podminkami
vzniku prostorovych struktur v RD a RDA systémech, ale také nutnosti pouzit jiné (a kom-
plexné&jsi) metody analyzy stability pro analyzu RDA operatori. Protoze vliv libovolné malé
advekce na chovani systému je markantni, vyvstdva pfirozend otézka: je advekce pfitomna v
redlnych aplikacich nebo miZeme advekci bezpefné neuvazovat? K rozpoznini, zda RD nebo
RDA modely lépe pasuji na realné situace, se budeme v nasi budouci praci podrobnéji zabyvat
fyzikalni podstatu modelovanych jevd.

Klicovd slova: reakéné-advekéné-difuzni systém, nestabilita zptsobend difuzi
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Abstract. When running data intensive applications on distributed computational resources
long I/O overheads may be observed as access to remotely stored data is performed. Latencies
and bandwidth can become the major limiting factor for the overall computation performance
and can reduce the CPU/WallTime ratio to excessive I0 wait. Reusing the knowledge of our
previous research, we propose a constraint programming based planner that schedules compu-
tational jobs and data placements (transfers) in a distributed environment in order to optimize
resource utilization and reduce the overall processing completion time. The optimization is
achieved by ensuring that none of the resources (network links, data storages and CPUs) are
oversaturated at any moment of time and either (a) that the data is pre-placed at the site where
the job runs or (b) that the jobs are scheduled where the data is already present. Such an
approach eliminates the idle CPU cycles occurring when the job is waiting for the I/O from a
remote site and would have wide application in the community. Our planner was evaluated and
simulated based on data extracted from log files of batch and data management systems of the
STAR experiment. The results of evaluation and estimation of performance improvements are
discussed in this paper.

Keywords: constraint programming, Grid, Cloud, data processing , data transferring, data
production, planning, scheduling, optimization, computational jobs, batch system.

Abstrakt. Pri béhu datové néaro¢nych aplikaci na distribuovanych vypodcetnich systémech
se mohou vyskytnout dlouhé I/O prodlevy pifi vzdaleném piistupu k uloZzenym datim. La-
tence a propustnost se mohou stat hlavnimi limitujicimi faktory pro celkovy vykon vypoctu
a mohou snizit pomér CPU/walltime diky nadmérnému ¢ekani na 1/0. Na zakladé poznatku
z naseho ptedchoziho vyzkumu navrhujeme Planovaé vyuzivajici programovani s omezujicimi
podminkami, ktery rozvrhuje vypocetni tlohy a datovd umisténi (pfevody) v distribuovaném
prost¥edi s cilem optimalizovat vyuziti zdroju a snizit celkovy ¢as zpracovani tloh. Optimal-
izace je dosazeno tim, Ze se zajisti, ze zadny ze zdroju (sitové spojeni, datové alozisté a CPU)
neni piesyceny v zadném ¢asovém okamziku a bud (a) data jsou pFedem umisténa tam, kde se

*This work has been supported by the Czech Science Foundation (GA-CR) and the Office of Nuclear
Physics within the U.S. Department of Energy’s. We would like to acknowledge and thank Brookhaven
National Laboratory for resources that they made available.
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tloha spusti, nebo (b) ulohy jsou spustény na strojich, na kterych jsou jiz data pfitomna. Takovy
piistup eliminuje prostoje cykli CPU vyskytujicich se v p¥ipadech, kdy tloha ¢eka na I/O ze
vzdaleného mista a bude mit giroké uplatnéni v dané oblasti. Nas Planovaé byl vyzkousen a
simulovan na zakladé udaja ziskanych ze zaznamovych soubort davkovych systémi experimentu
STAR. Vysledky hodnoceni a odhadu zvySeni vykonu jsou popsany v tomto ¢lanku.

Klicovd slova: Programovani s omezujicimi podminkami, Grid, Cloud, zpracovani dat, pifenos
soubort, planovani, optimalizace, vypocetni talohy.

1 Introduction

Previous collaborative work between BNL and NPT/ASCR showed that the global plan-
ning of data transfers within the Grid can outperform widely used heuristics such as
Peer-to-Peer and Fastest link (used in Xrootd)[1, 2]. Those results became the ground
for continuation of research and extension of global planning to the entire data processing
workflow, i.e., scheduling of CPU allocation, data transferring and placement at storage.

Long I/O overheads when accessing data from remote site can significantly reduce the
application’s CPUtime/WallTime ratio |3, 4]. For this reason, when setting up a data
production at remote sites one has to consider the network throughput, available storage
and CPU slots. When there are few remote sites involved in the data processing, the
load can be tuned manually and simple heuristic may work, but, as the number of sites
grows and the environment is constantly changing (site outage, fluctuations of network
throughput and CPU availability), an automated planning of workflows becomes needed.

As an intuitive example of optimization let us consider a situation when a given
dataset can be either processed locally, or can be sent to a remote site. Depending on
transfer overhead it may appear to be optimal to wait for free CPU slots at the local
site and process all the data there, or send a smaller fraction of the dataset for remote
processing. Commonly used heuristics such as “Pull a job when a CPU slot is free” will
not provide an optimization with respect to an overall processing makespan.

Another example arises from a workflow optimization which was done for inclusion
of the ANL computational facility into the Cloud based data production of the STAR
experiment [5]. In this case, and due to the lack of local storage at the site for buffering,
the throughput of a needed direct on-demand network connection between BNL and ANL
was not sufficient to saturate all the available CPUs at the remote site. An optimization
was achieved by feeding CPUs at ANL from two sources: directly from BNL and through
an intermediate site (PDSF) having large local caching and with better connectivity to
ANTL. This example illustrates an efficient use of indirect data transfers which cannot be
guessed by simple heuristics. A general illustration of distributed resources used for data
production and their interconnection is given at Figure 1.

Scheduling of computational jobs submitted by users (user analysis) has even more
degrees of possible optimization: selection between multiple data sources, grouping of
jobs that use the same input files. This case becomes even more complex due to a poor
predictability of the user analysis jobs. However, the main question for optimization
remains the same as for the examples above: How to distribute a given set of tasks over
the available set of resources in order to complete all the tasks within minimal time?

Problems of scheduling, planning and optimization are being commonly solved with
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= |nput data flow
== Qutput data flow
---------- Links between remote sites

Figure 1: Schema of data production in the Cloud.

the help of Constraint Programming (CP) [6]. It is a form of declarative programming
which is widely used in scheduling, logistics, network planning, vehicle routing, produc-
tion optimization etc... In the next sections we will introduce our Constraint Satisfac-
tion Problem (CSP) formulation for a data production at multiple sites and provide a
simulation-based evaluation of the proposed model.

2 Model formulation, assumptions and search approach

A Constraint Satisfaction Problem (CSP) consists of domain variables, domains (a set
of possible values of a variable) and constraints in form of mathematical expressions
over variables. A solution to CSP is a complete assignment of values to variables which
satisfies all the constraints. An optimal solution is the one with minimal /maximal value
of a target function of variables.

We will introduce only the core concepts of our CSP formulation and search algo-
rithms, omitting detailed mathematical expressions. The following input parameters are
necessary to define our CSP:

Computational Grid (see Figure 1) is described by directed weighted graph where
nodes are computational sites ¢ with a given number of CPUs cpu,. and storage
space disk.; edges are network links [ with weight slowdown; which is the time
required to transfer a unit of data (slowdown; = ——=——). A dedicated storage

throughput
facility, such as HPSS, can also be modeled as a node with cpu. = 0.
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Set of jobs. Each job j has a duration;, it needs one input file of inputSize;, produces
one output file of outputSize;, input file is placed at inputSourceNodes; and output
file must be transferred to one of outputDestinationNodes;.

Our goal is to create a schedule of jobs at computational sites, transfers over links and a
placement of files at storages for a given computational Grid and a set of jobs. In order
to solve this problem the variables of our model define the resource selection and timing
of each task:

Resource selection variables define a node ProcessingNode; where the job j will be
executed and a transfer path for each file f (either input or output of a job). The
transfer path is described by a set of boolean variables Xt where true means that
a file f will be transferred over a link [ and false means the opposite.

Time variables are: Js; is a start time of a job j, T'sy is a start time of a transfer of
a file f over a link I, F'sf. is a start time of a placement of a file f at a node c,
Fdury. is a duration of a placement of a file f at a node c.

2.1 Model assumptions

Two important assumptions which are reused in the current model were proven in a
previous work on global planning of data transferring in Grid [1].

The first assumption states that the entire set of jobs (queue) can be incrementally
scheduled by subsets (chunks) without significant lose of optimality. Such an approach
helps to reduce a search space and thus improve the planner performance. Moreover,
planning for shorter periods and more frequent generation of plans (or replanning) pro-
vides the required level of adaptability to changing environment (outage of resources,
fluctuating network bandwidth, etc).

The second assumption states that a network link can be modeled as an unary resource
with no loss of generality. In other words, in our model we consider that only one file can
be transferred over a link at a time. The measurements [1] have shown, that a sequential
transfer of a set of files does not require more time then a parallel transfer of the same
set of files over the same link.

2.2 Search overview

We use an incomplete search which can provide a suboptimal solution of required quality
within a given time limit because the final goal is to create a planner that can process
requests online. For a better search performance the overall problem is divided into two
subproblems and the search is performed in two stages:

1. Planning Stage: instantiate a part of variables in order to assign resources for each
task.
(a) Assign jobs to computational nodes.
(b) Select transfer paths for input and output files.

(c) Estimate a makespan for a given resource assignment est Makespan.
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(d) Find a solution for the subproblem with a minimal estimated makespan.
2. Scheduling stage: define a start time for each operation.

(a) Define the order of operations.

(b) Put cumulative constraints on resources in order to avoid their oversaturation
at any moment of time.

(c) Find a solution with a minimal makespan which is the end time of the last
task.

2.3 Constraints at the planning stage

At the planning stage the problem is to assign tasks (computational jobs and file transfers)
to resources (computational nodes and links) in such a way that the set of tasks could be
completed within minimal time. For this goal, an estimated makespan estMakespan is a
target function for minimization. It is defined as maximal time required by each resource
to process all the tasks assigned to it.

For each job we have to assign a transfer path for an input and an output file which
can be defined by the following constraints (see Figure 2):

1. An input file has to be transferred from one of its sources over exactly one link.
2. An output file has to be transferred to one of its destinations over exactly one link.

3. An intermediate node (neither source, destination nor selected for the job execution)
either has exactly one incoming and outgoing transfer or is not on a transfer path:
3 incoming transfer < 3 outgoing transfer.

4. There must exist exactly one incoming transfer of an input file and exactly one outgo-
ing transfer of an output file at the node which was selected for the job execution.

5. A file can be transferred from/to each node at most once.

In addition, we use constraints for loop elimination similarly as it is described in [7].

2.4 Constraints at the scheduling stage

At the scheduling stage the problem is to assign a start time for each task. The following
constraints on order of tasks are implemented:

e An outgoing transfer of a file from a node can start only after an incoming transfer
to that node is finished. The first transfer of an input file from its source and the
first transfer of an output file from the processing node are exceptions from this
constraint.

e A job can start only after the input file is transferred to the selected processing
node.

e An output file can be transferred only after the job is finished.
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. Input source . Output destination

. \‘I,‘ .
O Intermediate node ::“\:Processmg node

== nput transfer === Qutput transfer

Figure 2: An example of a transfer path. Illustration for constraints 1-4 in section 2.3.

Table 1: Variables and parameters used in cumulative constrains on resources.

Task Start Duration Usage Limit
Job Jsjc  duration; 1 cple
Transfer Tspy  sizes - slowdown; 1 1
File placement F'sg.  Fduryg, sizey  disk,

e A reservation of space for a file at a node is made when a transfer to that node
starts.

o A file can be deleted from the start node of a link after the transfer is finished.

e A reservation of space for an output file is made at the processing node when the
job starts.

e An input file can be deleted from a processing node after the job is finished.

Cumulative constraints are widely used in Constraint Programming for description of
resource usage by tasks. Fach cumulative constraint requires that a set of tasks given
by start times, durations and resource usage, never require more than a resource limit at

any time. In our case we use three sets of cumulative constraints: for CPUs, storages
and links (see Table 1).

3 Simulations

The constraint satisfaction problem was implemented using MiniZinc [8] and Gecode [9]
was used as a solver. The timelimit was set to 3 minutes for both planning and scheduling
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stages. The simulations were running under Windows 8 64-bit on a computer with Intel
i5 (4 cores) 2.50 GHz processor and 6 GB of memory installed. The Gecode solver was
running in a parallel mode using 4 threads.

Two sets of simulations were performed for testing of the proposed model. In both
cases the simulated environment consisted of 3 nodes: a central storage HPSS (cpuypss =
0) which was the single source for input files and the single destination for output files,
a local processing site and a remote processing site. The slowdown of links between the
central HPSS and the local site was set to 0, which means that transfer overheads to/from
the local site are negligible comparing to a job duration in both sets of simulations.
The number of CPUs at processing nodes and slowdown of links between the central
HPSS and the remote node were set-up differently for each set of simulations. Storage
constraints were not considered in these simulations. Four different scheduling strategies
were compared:

Local: All the jobs are submitted to the local site only. This strategy was used as a base
line for comparison against other strategies.

Equal CPU load: Jobs are distributed between nodes with the goal to maintain an
equal ratio of job duration per CPU. Each input file is transferred prior to the start
of a job. At each node jobs are executed in input order.

Data transferred by job: Each CPU pulls a job from the queue when it is idle, then
it has to wait for an input transfer before the job execution starts.

Optimized: This strategy is based on the model proposed in this paper.

In the first set of simulations the main idea was to evaluate different scheduling strate-
gies in a setup where overheads of an input and an output transfers to a remote site taken
together are comparable to the job duration. Obviously, in such environment transfer
overhead can significantly influence the overall makespan. The number of CPUs at both
local and remote sites was set to 10 and the slowdown from/to remote node was set to 1
(one time unit to transfer one unit of size). Several testing sets of jobs were created using
a random number generator. For each job an input size was equal to a random value in
interval 1..20 of size units. An output size and a job duration were proportional to the
input size with a random factor close to 1 and 2 respectively.

Results of the first set of simulations are presented at Figure 3. The plot shows the
dependence of a makespan on a number of jobs (bunch) scheduled in one experiment. As
it can be seen at the plot, maintaining equal CPU load at local and remote sites (Equal
CPU load) increases the makespan more then twice; while scheduling with consideration
of a transfer overhead (Optimized) reduces the makespan by 15% compared to local only
processing (Local).

In the second set of simulations the slowdown of the links to/from the remote site
was increasing in each simulation proportionally to a slowdown factor. The parameters
of jobs were taken from logging system of the STAR experiment’s data production at
computational site KISTT (South Korea) [10]. The average job duration was 3,000 minutes
and average time of transfer was 5 and 10 minutes to/from the remote site respectively (in
the simulations where the slowdown factor = 1). Then, in further simulations the transfer
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Figure 3: Results of testing simulations. In the simulated environment the 1/O transfer
overheads to a remote site are comparable to a job duration. The “Equal CPU load”
heuristics failed to decrease the makespan using remote resources, while the proposed
global planning approach (Optimized) has decreased the makespan by 15%.

times increase proportionally to the slowdown factor. In the simulated environment 80%
of CPUs were available at the local site and 20% at the remote site. 2,000 of jobs were
scheduled stepwise by subsets (chunks) of 200.

The plot at Figure 4 shows the gain in a makespan delivered by different schedul-
ing policies compared to the job execution at the local site only. The curves shows the
performance of the scheduling policies when an overhead of transfer to the remote site
increases proportionally to the slowdown factor. When the transfer overhead becomes
significant both heuristics (“Equal CPU load” and “Data transferred by job”) fail to pro-
vide an efficient usage of the remote resources (the makespan improvement goes below
zero). Negative makespan improvement means that, in this case, it would be faster to
process all the data locally than to distribute it between several sites relying on the
heuristic. The proposed global planning approach (Optimized) systematically provides a
smaller makespan and adapts to the increase of transfer overheads better then the other
simulated heuristics. It was able to provide a positive gain in makespan by using remote
resources even when the transfer overhead is comparable to a job duration.

4 Conclusion

A model for scheduling of data production over Grid was formulated in form of constraint
satisfaction problem and solved using constraint programming.

Testing simulations has shown that in an environment, where a remote site has the
same CPU number as a local site, but the data transfer overhead is comparable to a job
duration, maintaining equal CPU load at local and remote sites increases the makespan
more then twice; while scheduling with consideration of a transfer overhead can reduce
the makespan by 15% compared to local only processing.
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Figure 4: Results of simulations for real data production. Three strategies were evaluated
and compared to a ideal local production. The optimized solution (our model) clearly
provides the highest gain.

The simulations based on data extracted from log files of batch and data management
systems of the STAR experiment has shown that the proposed global planning approach
systematically provides a smaller makespan and adapts to the increase of transfer over-
heads better then the other simulated heuristics.

The proposed approach can provide an optimization and an automatic adaptation to
fluctuating resources with no need for manual adjustment of a workflow at each site or
tuning of heuristics.

The future development of global planning for data processing in Grid is ongoing. In
future we plan to test this approach on problems of larger size (more nodes, CPU’s and
links) and improve the search performance in order to enable online scheduling in real
environment.
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Abstract. Recently developed formalism of random unitary operations enables us to study the
asymptotic dynamics of a large class of open quantum systems with unprecedented accuracy.
In this work we focus on the general solution of the asymptotic dynamics of an ensemble of
identical quantum systems, each associated with finite-dimensional Hilbert space and local free
Hamiltonian. These systems interact with each other by random binary collisions, which are
well separated in time. We derive equations which determine the attractor space for such type
of open quantum system for a general binary interaction Hamiltonian and discuss the case in
which the free Hamiltonian commutes with the interaction Hamiltonian. Next, we choose the
interaction between systems to have a form of a well known partial swap quanum gate. We
show, that the asymptotic state satisfies the requirements of SSC (symmetric state consensus)
defined in [7]. For a factorizable initial state we next show that the reduced asymptotic state of
single system has the form of an weighted avarage of the initial states of systems

Keywords: Quantum network, asymptotic evolution, quantum consensus, collision model

Abstrakt. Nedavno vyvinuty formalismus ndhodnych unitarnich operaci nam dovoluje studium
asymptotické dynamiky velké tfidy otevienych kvantovych systémt s dffve nevidanou ptresnosti.
V této praci se zaméfujeme na obecné feSeni asymptotické dynamiky souboru identickych sys-
témt, kazdy s pifslusnym Hilbertovym prostorem a lokdlnim volnym Hamiltonidnem. Tyto
systémy spolu ndhodné interaguji bindrnimi kolizemi, které jsou oddélené v case. Odvodime
rovnice, které urcuji atraktorovy prostor pro tento typ otevienych kvantovych systémi pro
obecny binarni interakéni Hamiltonidn a diskutujeme p¥ipad, kdy volny Hamiltonian komutuje
s interakénim Hamiltonidnem. V dalsim kroku zvolime za konkrétni interakci dobfe zndmé kvan-
tové hradlo partial swap. Ukazeme, ze asymptoticky stav splituje pozadavky SSC definovaného
v [7]. Pro faktorizovatelny pocatecni stavu dale ukazeme, ze redukovany asymptoticky stav
pifslusejici jednomu systému mé tvar vaZzeného priméru pocatecnich stavi systémd.

Klicovd slova: Kvantoveé sité, asymptoticka evoluce, kvantova shoda, kolizni model

*Tato prace byla podpofena grantem SGS13/217/OHK4/3T/14.

125



126 J. Maryska

1 Introduction

Classical networks received a lot of attention in past decades as they are able to describe
complex systems as the internet or social groups [1, 2|. Classical network is consisted of
a set of nodes, often called agents, each node representing a single system. These nodes
are connected by edges, which represent a certain type of interaction between agents.
Quantum network [3, 4, 5| is a generalization of classical network, in which classical
systems, which are represented by nodes, are replaced by quantum systems.

A recently developed formalism of random unitary operations (RUO) [6] enables us
to analytically study open quantum systems, i.e. quantum systems which undergo a non-
unitary time evolution (usually due to interaction with an external system or because of
lack of knowledge about system), after sufficiently large amount of time of evolution. As
quantum networks are open quantum systems, we are thus able to study their asymptotic
properties with unprecedented accuracy.

In many application of both classical and quantum systems, one needs to reach a
consensus within a given network, i.e. the situation, in which all agents have certain
properties identical [7]. These could be the expectation values of some observable, the
state of agent etc.

Starting with a network consisted of N > 2 quantum systems equipped with Hilbert
space # = C¢, d € N (so-called qudits) with identical free Hamiltonian H, we let qudits
to intract with each other by a sequence of random binary interactions. These interactions
have the form of partial-swap interactions. We show that for an arbitrary initial state
p(0), the asymptotic state after n > 1 interactions ps(n) meets the conditions of SSC
(Symmetric State Consensus) introduced in [7]. Moreover, if the initial state is the
product state, the reduced single qudit asymptotic state is found as the homogenization
of the initial states of all qudits with free evolution.

This work is organized as follows. In section 2 we introduce random unitary operations
(RUO), we sum up their basic properties and show the method of finding their asymptotic
evolution. In section 3, we focus on the case of binary collisions in an ensemble of identical
systems. In section 4 we apply results from section 3 on the case of partial swap quantum
gate. We find the asymptotic state and show that it fulfils the requirements of SSC.
Furthermore we discuss the form of the reduced asymptotic state of a single system for
the factorized initial state. The summary of this work is given in section 5.

2 Attractor method for dynamics generated by RUO

Assume a quantum system associated with a finite dimensional Hilbert space . and
let us denote B(J¢) the Hilbert space of all operators acting on the Hilbert space .7
(equipped with Hilbert-Schmidt scalar product. One step of evolution is given by the
RUO & : B(s) — B(s¢) whose action on the system initially prepared in a general
mixed state p can be written in the form

®(p) = ZPiUz‘PU; (1)
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with unitary operators U; and probability distribution {p;};_,. RUO @ is a quantum
operation with Kraus operators defined by K; = /p;U;. It belongs to the class of trace-
preserving unital quantum operations leaving the maximally mixed state invariant. From
a physical point of view, RUO takes into account our lack of classical knowledge which
unitary evolution the system undergoes and incorporates in incoherent manner all ex-
clusive unitary paths of evolution represented by different unitary operators U; properly
weighted with probabilities associated with all these paths.

The evolution of the system results from repeated applications of RUO ®. Starting
from the initial state p(0), the n-th step of the iterated dynamics reads p(n) = ®(p(n—1)).
In general, the operator ® is neither hermitian nor normal linear map and consequently
a diagonalization of RUO ® in some orthonormal basis is not guaranteed. Fortunately,
the latter does not apply to the asymptotic part of evolution and one can exploit the fact
that the asymptotic regime of the evolution takes place in the so-called attractor space
Atr(®) C B(4) constructed as

Atr(®) = EB Ker(® — AI). (2)

/\60"1‘

The attractor spectrum o}y denotes the set of all eigenvalues A of ® with |A\| = 1. For
a given A € o}y the corresponding kernel Ker(® — AJ) is constructed as the solution of
attractor equations

UiX\,Ul = AXy; Vi (3)

Any state in the asymptotic regime, i.e. for large number of iterations n, takes the form

b= Y0 AT 01X X ¢

)\60"1‘ ,izl

where Dy = dim[Ker(® — AI)] and {X, ;|7 € {1,...,D,}} forms an orthonormal basis of
the subspace Ker(® — AI). Apparently, attractors solving equations (3) are not affected
by the particular form of the probability distribution {p;} provided that p; # 0. As a
direct consequence, the asymptotics of given RUO is independent on particular values p;
as long as they are different from zero.

At this point we have to stress that attractors are not, in general, density operators, i.e.
they do not represent states. This can cause difficulties in analysis of asymptotic dynamics
like fixed points, decoherence-free subspaces. To overcome this obstacle one may employ
the so-called pure-state method [8]. Without going into details we recapitulate its main
points. Let us denote {|¢, j,)} the orthonormal basis of common eigenstates of unitaries
{U;}, ie.

Uilbaja) = l@ajn) Vi, (5)

where index j, takes into account a degeneracy of common eigenvalue o. Any matrix
from the span of {|¢a,;,)(@s,5,|} With fixed product a = A, i.e.

X= 5 A Ibui ) b5 (6)

QBZA,ja 7j5
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satisfies equations
UXUl =XX  Vij (7)

and consequently belongs to the subspace of attractors corresponding to the eigenvalue
A of RUO ®. On the contrary, any operator satisfying (7) can be decomposed into com-
mon eigenvectors as (6). Attractors which can be constructed from common eigenvectors
are called p-attractors. As they satisfy more restricting set of equations (7) they do not
constitute the whole attractor space. In particular, the identity operator is an attrac-
tor but not a p-attractor (except the trivial case of an unitary evolution). The space
of attractors always contains, as a minimal subspace, the span of p-attractors and the
identity operator. Surprisingly, in some nontrivial cases this minimal subspace forms the
whole attractor set and asymptotic dynamics can be analyzed easier. Indeed, assume the
orthogonal projection 7 onto the subspace of common eigenstates of unitaries {U;}. Let
7 be its orthogonal complement projection satisfying @ + @ = I. Both projections are
fixed points of quantum operation (1), they both reduce the random unitary operation
(1) and the asymptotic dynamics after sufficiently number of iterations of the state p(0)
can be written as

Trlp(0)7) 5

Trr ’

for any pair of indices 7, j. In this case the asymptotic evolution can be understood as an
incoherent mixture of the unitary dynamics inside the subspace of common eigenstates
and the maximally mixed state living on the orthogonal complement of this subspace.
We often encounter the special case o)y = {1}, which further simplifies the asymptotic
evolution given by (8) to the form

p(n>1)=U"mp(0)7 <Uj)n +

pm:wmmw+3%%%ﬂﬁ (9)

In such situation any initial quantum state p(0) evolves towards the stationary state (9).

3 Binary interactions within scope of RUO

Formalism introduced in the last section is in many situations too general to work with, it
is thus convenient to adapt it to fit a particular case. Suppose we have at our disposal an
ensemble of N qudits. These qudits interact with each other by binary interaction. The
nature of these interactions is such that there exists a time resolution At within which
maximally one (random) pair of qudits interacts. All interactions are thus separable
in time, but otherwise they are uncontrollable. Let the interaction Hamiltonian during
collision between systems ¢ and j be Hii]’?t. Our goal in this section is to find connection
of the asymptotic evolution of such ensamble in which each qudit is equipped with free
Hamiltonian H, and the same ensamble without considering the free Hamiltonian of
qudits.

Let us first study the ensemble without considering the free Hamiltonian of qudits.
The total Hamiltonian during collision of qudits ¢ and j can be thus written as

o int
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A single evolution step is according to previous section described by a RUO ®; defined
as

Z Dij th th + pop (10)

with
Vit = exp [iAtH[M] .

The last component of (10) reflects the fact, that no collision must occur within the time
resolution At. For the solution of the asymptotic dynamics of such system, one needs to
find the attractor space Atr(®;) by solving equations (3). According to [6], all attractors
of such system correspond to the eigenvalue A = 1. We thus have

AtI‘((I)l) = Ker[CID — ]] = Span{XLl, e Xl,m}'

The asymptotic evolution has thus form
Poo = ZTr [p(O)XL-] Xy (11)
In the second case, the total Hamiltonian during collision of qudits ¢ and j has the

form
N
Hy;=> Hy+H",
k=1

where Hj, is defined by
Hk — [®k—1 ® H ® I®N—k

with H = H' being the operator on C¢ and I being the identity operator on C?. A single
evolution step is according to previous section described by a RUO &, defined as

Py(p) = sz'jvijﬂ(vz‘j)T + poUopUy (12)

ij
Hk] |

up = exp[iAtH],

Uij = explidt(H; + H; + HM)ul®.

with
Vij = exp [iAtH;;), Uy = exp [

-

Let us define following operators:

These operators satisfy V;; = U;;Uy. It is easy to show, that operator X € B(J¢) satisfies
equations (3) with A = 1 if and only if it satisfies the following equations:

ULXU; =X, Vi, j,

13
U XUl = AX (13)
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for certain |A\| = 1. All solutions of these equations form the attractor space Atr(®,).
Unlike in previous case, the particular attractors correspond to different eigenvalues .
We thus denote all solutions of equations (13) with fixed A as X, . The asymptotic state
then satisfies (4). One could think that the first set of these equations determines the
attractor space and the latter set determines the eigenvalues of particular attractors. This
is however true only if the free Hamiltonians comute with the interaction Hamiltonian,
i.e. when [Hi + Hj,Hf;ﬂ = (. If this is not the case, the latter set of equations can
narrow the set of operators found by the first set of equations.

The situation is furthermore simplified, when the free Hamiltonian commutes with
the interaction Hamiltonian, i.e. when [Hi + Hj, Hjj”q = 0. One can notice, that in this
situation, we have

Uiy = V™. (14)

This implies that the attractor spaces of ®; and ®, are identical. One can thus make use
of the solution for the asymptotic evolution (11) of ®; and write the asymptotic state in
the form

pocln) = D T [p(0)X ] Us Xa (U] (15)

By solving the asymptotic dynamics of ®; one thus in general solves the asymptotic
dynamics of ®,, which is given as a free evolution of the asymptotic state of ®.

4 Asymptotic evolution of partial swap interactions

In this section we study the asymptotic dynamics of an ensemble of N qudits equipped
with local free Hamiltonian H, which interact with each other via partial-swap interac-
tions [9, 10].

Partial swap interaction was introduced by Buzek et. al. in [9, 10] as a mean to
study thermodynamical properties of system of qubits. Althought it was defined as the
operator acting on pair of qubits, its generalization to the operator acting on pair of
qudits is straightforward. We consider a one-parameter family of operators U ](,f) acting
non-trivially on pair of qudits j and k according to the following formula:

U;If) = ¢ cos L, + ie”" sin @ Sik (16)

with I;;, being the identity operator on qudits j and £ and S;;, being the swap operator
on qudits 7 and k acting as

Sip([p1) @ @ [Y) @ @ |Yp) @+ @ [Yhn)) =
=)@ Q)@ Q) ®-- O |¢n) .
Operator (16) thus partially swaps the state of qudits j and k, hence its name. Partial

swap possesses a number of interesting properties. For our purpose, the most important
is the fact that partial swap commutes with an arbitrary local free Hamiltonian H [10].
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The previous section enables us to use this fact to solve the asymptotic dynamics of RUO
®¥) defined as

2o §j@k )' + poliplU{. (17)

with V( UOU To find the asymptotic state p(n), we first find the attractor space
of the RUO <I> deﬁned as

Zp] UL + pop. (18)

RUO (18) represents partial swap interactions without considering local free Hamilto-
nian H. The attractor equations (3) are significantly simplified when transfered to the
equations for attractor elements. For this purpose, we define the following notation:

X = (i1 X )
with {|i) |i € {0,...,d — 1}} forming orthonormal basis of C?. This notation takes into
account only those qudits, on which the operator (16) acts nontrivially. The indicies of
other N — 2 qudits are omitted for sake of simplicity. With the help of this notation,

the attractor equations (3) for operators (16) can be tranfered to equations for matrix
elements:

kl __ lk
XY =X (19)

Any operator X € B(.), whose elements for any pair of qudits satisfy (19) is an attractor
corresponding to eigenvalue A = 1 of RUO (18). From the form of equations (19) one can
see, that the attractors are a totally symmetric operators with respect application of the
swap operators S for any j, k. Let us denote i = (i1,...,iy) with i, € {0,...,d — 1}.
Operators constituting the orthogonal basis of the attractor space corresponding to the
RUO (18) can be denoted as X;. They are defined as

LN Jr(i) ()

" meSN

with Sy being the set of all permutations on the set {1,..., N}. However, in the set
{in]i,j} it contains a lot of duplicate operators. For fixed i and j, the operators in and

X;r((ji)) are identical for arbitrary m € Sy. A quick calculation reveals, that dimension of
the attractor space Atr(®pg) is

aim (aax(epe) = (1Y)

N

After discarding the duplicates and orthonormalization, we arrive to the orthonormal
basis of the attractor space {Y7,--- 7Y(d2+N,1)}. The state for n > 1 has thus the form
N

(ﬁ+N—w
N

> Ty (20)



132 J. Maryska

From the formalism developed in the previous section, we are immediately able to write
the state of the RUO (17) for n > 1 as

(d2+N 1)

Z Te[p(0)Y,TURY; U™, (21)

As all operators Y; are symmetric with respect to an arbitrary permutation and the second
set of equations (13) holds, this state is clearly symmetric with respect to an arbitrary
permutation and it thus satisfies the definition of SSC 7| for any initial state p(0). If the
initial state is in the form

p(0) =p1 ® - @ pn,

then after a lenghty, but not complicated calculation, one arives to the result

oB(n) = (Z pl) (22)

with pl) (n) = Trg[poo(n)], where Try -] is a partial trace over all systems excluding system
k. The reduced asymptotic state of a single system is thus found as a free evolution of a
state, which arises as an one system reduction of homogenization of an initial state p(0).

5 Conclusion

In the previous sections we introduced the RUO model which enables us to calculate the
asymptotic dynamics of a large class of open quantum systems analytically. Afterwards
we focused on the case of an ensemble of qudits, which evolve acording to local free
Hamiltonian A and undergo random binary collisions, which are described by interaction
Hamiltonian Hf;‘t. Main result of this section are the attractor equations (13) which
describe the asymptotic state of the ensemble. For the case, when the free Hamiltonian
commutes with the interaction Hamiltonian, these results imply, that the asymptotic
state of such ensemble is givem by free evolution of the asymptotic state (11).

Regarding partial swap interactions, we derived the form of the asymptotic state of
such interactions (21) and showed, that it satisfies the definition of SSC introduced in [7].
For factorizable initial state, we have found a simple expression (22) for the asymptotic
state of a single system.

There are still open questions regarding partial swap concerning its connection to
thermalization processes in interacting quantum system. It is easy to see, that the oper-
ators which form an orthonormal basis of the attractor space of arbitrary RUO form an
complete set of the integrals of motion of the corresponding RUO. From the properties
of the attractors, one can easily see, that the asymptotic state can be written as a gen-
eralized thermal state (at least in the limit of its parameters). Thermalization of qudits
and its connection with partial swap will be focused in the future research.
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Abstract. This article concerns with the bifurcation problem for an equation —Au + Au +
g(A\,u) = 0 with an interior unilateral condition. A form of a solution of the variation inequality
is found and regularity of the solution around the obstacle is discussed.

Keywords: bifurcation, Laplace equation, unilateral condition

Abstrakt. Tento ¢lanek se zabyva bifurkaci pro rovnici —Au + Au + g(\, u) s jednostrannou
podminkou na ¢asti vnitfku oblasti, na které rovnici fesime. Je nalezen tvar feSeni a dokizana
regularita v okoli vnitin{ hranice.

Klicova slova: bifurkace, Laplaceova rovnice, jednostranna podminka

1 Introduction

Let Q,Qy C R? be open sets and suppose Qpy CC Q, i.e. Qy C Q. Moreover, let 9 be
of a class C? and Q, Qy be a simply connected sets. Situation is scetched on the Figure
1.

Figure 1: Area

We define a map g(\, §) : RxR — R which satisfies for p > 1 following growth conditions:
301G VAER VEER: g\l < Ci(1+[¢]%),

dg dg £
‘5@,5)‘ + %(/\,5)‘ < Co(1+[¢]2). (1)

Then N : (\,u) — g(\u) and N : (u,\) — ¢(\ u) are continuous operators from
the space R x LP(Q) to the space L*(€2). For the derivatives of g with respect to u, a
symbol ¢'(A, ) will be used. Moreover, we suppose that g(, u) and its derivatives satisfy
additional conditions:

VAeR: g(\0)=g'()0)=0.

*This work was supported by the Grant Agency of the Czech Technical University in Prague, grant
No. SGS13/217/OHK4/3T/14.
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We consider a problem with unilateral interior conditions on the set €2:
Au+Au+gAu)=0 on Q\Qy, u=0 on 01, (2)
u>0, Au+du+g\u) <0 on Qu, u-(Au+ u-+g(Au))=0on Q.
A weak formulation of this problem is a variational inequality:

ueK, NeR: /QVU-V(ap—u)—()\u—i—g()\,u))(cp—u)20, Voe K, (3)

where the set K is a convex cone:
K :={peW;*(Q)] ¢ >0ae on Q}.

In the following text, we will work with this weak formulation of the problem.

2 Idea of this paper

We will prove that the first eigenvalue of the Laplace operator on the set Q\;; with the
homogenous Dirichlet boundary condition is a bifurcation point of the inequality (3).
Using the Dancer theorem, we will find a sequence (A, u,) which satisfy

(A, tn) € RxWy 2 (Q\Qy) - V- Vo—Aptin+g (A, ) )v dx = 0 Yo € Wi (Q\Qu),

Q\Qu
(4)
where u
)\n — )\07 Up — Ug, — — —Uop,
[ ]

and —uy is the eigenfunction corresponding to the eigenvalue \y. We will show that the
functions u,, extended by zero on the set {2y are for sufficiently large n solutions of the
inequality (3) and consequently, A\ is a bifurcation point of the inequality (3).

3 Bifurcation of the Laplace equation

3.1 Theorems and lemma used for the proof of the main theorem

We formulate the problem (4) as an operator equation on the space W, (Q2\Qy) with
the scalar product and norm defined as:

(u,v) = - Vu-Vods  Vu,v e Wy (Q\Q),
U

|ul| = /Q\Q Vul|? dx  Yu € Wy (Q\Qu).
U

We consider a nonlinear problem on the set Q\Qy.

Au+ Au+ g(Au) =0 on Q\Qp, (5)



Bifurcation of the Laplace Equation with anlnterior Unilateral Condition 137

u=0 on 0QUINy.

We will find a weak solution of this equation which is an element of the space W, (Q\Qp):
u e Wy (Q\Qw) : / —Vu-Vo+dup+ghu)eds=0 VYoe W,*(Q\Qy). (6)
2\Qu

When u € W,*(Q\Qy) is a solution of (6), then Au € L?*(Q). It is because the
equation (5) holds in the distributive sense. We rewrite this equation in the form
—Au = Mu+ g(A\u). The function A\u + g(A\,u) € L*(Q\Qy), which implies that
Au € L2(Q\Qp).

We define two new operators A and N as follows:

AW (Q\Qu) — W (0\Qu), N :Rx Wy (Q\Qu) — Wy (Q0\Qu),

(Au,v) = / w-vdx, (N u),v)= / g\ u)-vds  Yu,v € Wy (Q0\Qp). (7)
ON\Qu N\Qy
Using these operators the equation (6) can be formulated as an operator equation:
u— Nu— N\ u)=0 (8)

Definition 1. Characteristic value of the operator A : Wy*(Q) — Wy*(Q) is a number
A € R such that

Ju € Wy (Q\Qu), u#0:
ANy = u.

The function u is said to be an eigenfunction to the characteristic value \.
Lemma 1. The first characteristic value of the operator A is simple and positive.

Proof. The equation for characteristic value can be written in an integral form:
/ Au v dx = Vu-Vodx Yo e Wy (Q\Qp).
O\ 0N\

This is weak formulation of the eigenvalue equation for the Laplace operator. The lowest
number A for which the solultion exists is positive and for this value the equation has a
unique solution [3]. O

We denote the first characteristic value of the operator A as A\g. The first eigenfunction
correspondent to this characteristic value will be denoted as ug and is a solution of the
equation:

/ —Vug - Vo 4 dugp dx =0 Vi € Wy (\Qy).
O\

This eigenfunction does not change sign for a.a. x € Q\Qy [3].



138 J. Navratil

Definition 2. The point X is called a bifurcation point of the equation (8) if for any
neighbourhood of (X,0) € R x WE2(Q\Qu) there is a solution (A, u) € R x Wl2(Q\Qp)
of (8) with u # 0.

The point A1 is called a bifurcation point of the inequality (3) if for any neighbourhood of
(A1,0) € R x W)2(Q) there is a solution (A, u) € R x Wo*(Q) of (8) with u # 0.

In the following theorem we consider general operators A and N on a Hilbert space

H:

Theorem 1. Let the operators A : H — H be a compact linear operator, N : RxH — H
be a nonlinear compact operator, \g be a simple characteristic value of the operator A,
ug be the eigenfunction corresponding to the characteristic value \o. Moreover let for any
bounded set M C R the operator N satisfy a condition:

N\ u)

1m
lul| =0 |[u]

=0 uniformly for all \ € M.

Denote S the closure of all solutions of the equation (8) with u # 0, i.e.

S={(\u) | u+#0, uis a solution of (8)}.

Then (X\o,0) € S, i.e. Ao is a bifurcation point of the equation (8). Denote C the com-
ponent of S which contains (Ao,0). Then C consists of two connected sets CT,C~, C =
CtUC~ such that

C*NC™ N B((M,0);p) = {(X,0)} and CF N IB((Ao, 0); p) # 0,

where B((Xo,0); p) is a ball with sufficiently small radius p. The sets CT and C~ are
esther both unbounded or

CTNC™ # {(\,0}.

For more information see e.g. [1|, Dancer theorem. During a proof of main theorem
the Hopf lemma will be also used:

Lemma 2. Let Q be a bounded domain in R" and u is a function which satisfies Au > 0
on the set €. Let xo € 0S) be such that

e u s conlinuous at xg,
o u(zo) > u(x) for all x € Q,
e u satisfy the interior sphere condition, i.e there exists a ball B C Q with zo € 09,

Then the outer normal derivative u at xq, if it exists, satisfies the strict inequality

)
a—;(xg) > 0.

For proof see [2]. For the boundary 9 at least of a class C? the interior sphere
condition is automatically fulfilled for all points xq € 0f).
To prove a local regularity of the solution of the equation (6) the regularity theorem will
be used.
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Theorem 2. Let Q C R? be an open subset and u is a solution of the equation Lu = f
on the set 1 with the homogenous Dirichlet condition. Moreover, let 0S) € CH1 and
f e Wk2(Q). Then u € W*22(Q) and

[ullere2 < Cllulle + 11 f]lk.2)-

Proof can be found in e.g. |2].

3.2 Main theorem

Theorem 3. The first eigenvalue Ao € R of the Laplace operator on the domain Q\Qy
with homogenous Dirichlet boundary condition is a bifurcation point of the inequality (3).
Let ug be an eigenfunction correspondent to the eigenvalue \g. There exists a sequence
(Ansun) of solutions of (6) such that

U
Up — 07 /\n - )\07 m — —Up,
n

and for sufficiently large index n the functions wu, extended with zero on the set Qy are
solutions of the inequality (3).

Proof. The operators A, N defined in (7) satisfy assumption of the Theorem 1, A is a
simple characteristic value of the operator A. The meaning of the sets C* in the Dancer
theorem 1 is the following. In the first set C't there are solutions of the equations (6)
bifurcating in the direction 4wy, in the second set C'~ bifurcating in the direction —uy.
Concretely, let us consider a two sequences (\,, ul) € CT resp. (\,, u;) € C~ such
that

lim ! =0, limwu, =0, lim \, = ).

n —
n—oo n—oo n—oo

Then the limits of the normalized functions u /||u,|| are

+

lim —n = +ug, lim
n—00 [|uy |

Uy,

= —Ugp.
n—00 [|uy |

We will work with the functions from the set C~ and denote them simply as u,, i.e.
Up = U, .
We define the prolongation w, for the functions u,

a u, if r € Q\Qy
"o 0 ifq:EQU.

The functions u,, are elements of the Sobolev space WOI’Q(Q). Moreover, because u, =0

on )y for all n € N, it holds @, € K for all n € N. We will prove that the functions u,,
are solutions of the inequality (3), i.e. that it holds

ieK: / Vit - V(o — i) — Ovniin + 9O, 1)) (0 — 1) > 0 Vip € K.
Q
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We divide the integral into two parts - integration over the set Q\Qy and integration over
the set Q. The functions @, have a support on the set Q\Qp therefore the integral over
the set Qp is zero and we can write:

U, € K : /QV&n V(e — ) — (Mnln + g( A, @) (@ — Ty) =

_ / Vit - V(e — i) — nin + GO, @) (0 — )
O\Qy
Vo € K.

Because Au € L*(Q\Qy) we can use Green theorem and write the integral as

Aty
[~ g me-m+ [ %
Q\Qyr

— (¢ — u,) dS.
O0UANY on ( )

The functions @, solve the equations Ad, + A,y + g(Ay, 4,) = 0 almost everywhere on
the set Q\Qp, hence, the first integral is equal to zero. Furthermore, the functions ,
and ¢ satisfy:

Uy, =00n 00Uy A =0 on 02 Ap >0 on 9Qy.

The integral over the boundary then reduces to the expression:

/ a“”(go—mds:/ O as.
o] 0

QUINY on Qu on

We will prove later that the functions Y1, are elements of the space W32()'), where
is a subset of Q\Qy:
O cc () A 0N =,

and has a boundary of the class C? and y is a cut-off function on the set Q'. We will also
prove later that

H .
3,2,

I
Then %L; has a meaning in the classical sense for all x € " and converges uniformly on
the set ' to the normal derivative of the function —ug. To determine the sign of the
normal derivative % on the set 0y we will use the Hopf lemma 2. Fulfilment of the
first assumption of this lemma will be proved later. We will prove now the fulfilment
of the second assumption. Because —ug = 0, and for all x € Q" is —ug < 0 the second
assumption is fulfilled. Furthermore,

n

A(—ug) = —Ao(—ug) > 0.

The interior ball condition is fulfilled automatically, because 99y € C%. Now we can use
the Hopf lemma to conclude that

d(—up)
on

Je>0: (x) >¢e Yo e dy. (10)
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Because the normal derivative

1 8ﬁn (—811,0)

_)
lial 07 i

uniformly on the set €y, for sufficiently large index n it holds

%%@ﬁMLVxEMM - Ot

"o dS > 0. 11
o, O (11)

Thus the functions 1, are solutions of the variational inequality (3) and A is a bifurcation
point of the inequality (3).

To finish the proof, it remains to prove (9). For an arbitrary Lipschitz set Q € R? the
space ) )
W2(Q) — LP(Q), Vp € (1, 00).

Let us remind that when g(\, u) satisfy first growth condition in (1) then N : u — g(\, u)
is a continuous operator from the space L4(Q) to L*(f).
We consider a set Q" such that

Q' ccQ cc (Q\Q) A IV NIV = 00y.
Moreover, let Q" € C%. We define a smooth function y which has the property
(Vz € Q") (x(z) = 1) A (Vo € (ND))(x :=0).
The function x does not depend on the index n. We consider on the set €)' the functions
(unx) : Y = R:  u,x(z) :=un(x)x(z) for a.a.x e .
which are solutions of the equation
A(xUn) = upn AX + Aty X + 2V, - VXU, = Ax — A X — 9(An, U)X + 2V, - Vy, (12)

upx = 0 on 9Qy U O

The r.h.s. of this equation is an element of the space L?(Q2\Qy). For further purposes,
let us denote R
Jaltin, A) := upnAx — g(An, un)x + 2V, - V.

A

On the set Q" it holds g(\,, up) = f(An, Un)-

The functions @, = u,y are elements of the set W,*(Q\Qy) and are defined on the set
with the boundary of a class C2. Theorem 2 about regularity can be applied to the
equation (12) to obtain

A, = f, € LX(Q) = Ad, € LX) = 4, € W2(Q).

Because W22(Q)) — C%(€Y) for a suitable a € (0, 1), the functions 4, are on the set )/
Holder continous and bounded.
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Now we suppose that ¢'(\, u) satisfies the growth conditions (1). Then derivative of
function g(\, u(z)) with respect to spatial variables x is an element of the space L*()
()

2 2
- g
Q/ /
2

ou
(1 -+ ’U‘r+1)2 a— dx < OHUHLZQ/ <0 =

2 ou

(1+ Jul™")=—

Vu € W)
)
g\ u) oz,

\/g;l a”IJz
0

= (Vi e {1,2}) (8@» (9N u(z))) € LQ(Q’)) = g\ u(z)) € WH(Q). (13)

dg ou

ou
<
dX_C/Q, 9%

2
dx =

2

i

(2

This result can be used to prove higher regularity of solution. Because @, € W2({Y)
and g(\,,d,) € WH2(), it holds that

fn = (unAX - /\nunx - g(/\na un)X + QVUn : VX) € WLQ(Q/)'

As x has a support on the set €, the functions fn have supports also on the set 2. The
function @, is a solution of the equation A, = f,, and from Theorem (2) it results that
i, € W32(QY). Because W32(Q)) — CH(’) the normal derivative is on the set Q' well
defined in the classical sense. Similarly it can be proved that dg € W32().

The last step is to prove that the functions u,/||4,| converge to the function ug in the
norm of the space W32(Q'). We can use the estimate from Theorem 2

[unllwsziry < C (unllwrz@y + | fllwie) -
The function uy must satisfy the equation
A(ugx) = Aoug + Axug + Vug - Vx, ug =0 on 9. (14)
Similarly the functions u, are solutions of the equations
A(upX) = A + gy un) + Axun, + Vu, - Vy, u, =0 on 09 (15)

Our goal is to find that 4, /||@,| — uo in the norm W32(€Y'). We will divide the equation
(15) by ||4,]] and add to the equation (14) to obtain

Unp Unp, Un
Alli——4u | x| —(Ax) |7 Ftu ) = 7 +uo ) X+ (A — Xo)uox—
|| || ||
—gn(An’uwx -V ( i uo) -Vx =0, (16)

[ [

U, = 0 on 0.

The equation can be written in the form

2|7

+u0) X} = fn, up =0 o0n 00y U,
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Gn(An; Un)

fni=A, Mt +uo | x — (A — Xo)uox + ————=x+V -Vy.
[[tn]| [[2n]| [[unll nH

To prove the convergence, we will use the estimate from Theorem (2)

| (g +0) e (H(ﬂ “)x

The first term on the r.h.s. is simple, because the sequence w,, /||u,|| converges in Wy%(Q)
norm to the function —ug. The function y is smooth and can be estimated by a constant
(we will omit the subscript 1,2,Y)

1,2,

+ anle,Q') :

(g o) =g ] -
[ |
The proof that || f,.|| — 0 is more complicated
n n n An? n
[ [ [

(n [ ““) VAl

U,
<m + Uo> XH + [An = Aol [Juox]| —
nAn7 n n
Ol o (o) <

[ [

(IR
[ |

<0 (HZ—H+ ) H“ Oy (HU—H+U0)X + CaAn — Aol o]l —
n)\na n
-l (||u 1 el (n || *“0) '

First three term converge to zero. For the fourth term we have to prove that nonlinear
term containing g(\, u) converges to zero. We only know, that

9(An, un)

o\ [ |

tn|] — 0 = vdx — 0, YueW,*Q).

We want to prove that also derivatives of g(\, u(x)) with respect to x converges to zero.

i g(An,w) / B (gw,un>> u i)
— | =/ | vdx = — | =/ | =—vdx = e (g(\ uy))v dx.
/Q, a( Tl o 2u\ ] ) o, o Tunl 99 )

The L? norm of a fraction

[Vun|l2

<C,
[[n |

H@u 1

0 [[uall ||
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is bounded. We can estimate

ou ou
9z O 15 Il2
0x; / Ox
= —(g(Apyup))v dx < (ess sup g ()\n,un(x))) o]l dx <
o ||un|| Ou weQ o [lunl

<C (esssupg'(kn,un(ll?))) [v]l12 — 0,

zeQ)

where we used the condition (VA € R) (¢/(\,0) = 0) and Holder and Poincare inequality.
The convergence to zero of the last term in (16) can be proved as follows

Hv (i + ) 90 )]

u
() ] + D =l + 125l
[ [ |
The Poincare inequality was used again. The conclusion is that the normalized solutions
on the set ' are convergent in the W32(Q') norm and their limit is the function —uj.
The convergence in the Holder norm follows from the Morrey’s inequality

The functions u, converge in the C**(Q') norm for a suitable a to the function —uy,
hence, (9) is proved which finishes the proof. ]

’S)\’!L

Un,

[

Un,

[

+ ug

— 0.
3,2,

+ ug

Cl,a(ﬂ/) B '
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Abstract. We study the Schrodinger operator with a harmonic oscillator and imaginary cubic
oscillator potential and focus on its pseudospectral properties. The summary of known results
about the operator and its spectrum is provided and we emphasize the importance of examining
its pseudospectrum as well. This is achieved with employing scaling techniques and treating
the operator using semiclassical methods. The existence of pseudomodes very far from the
spectrum is proven and as a consequence, the spectrum of the operator is unstable with respect
to small perturbations. It is shown that its eigenfunction form a complete set in the Hilbert
space, however, they do not form a Riesz basis.

Keywords: pseudospectrum, harmonic oscillator, imaginary qubic potential, P7-symmetry,
semiclassical method

Abstrakt. Studujeme Schrodingeruv operator s potencidlem harmonického oscilatoru a ima-
ginarniho kubického oscilatoru a zaméfujeme se na jeho pseudospektralni vlastnosti. Shrnujeme
znamé vysledky o tomto operatoru a jeho spektru a zduraznujeme dulezitost studia i jeho pseu-
dospektra. Toho je dosazeno aplikaci skalovacich technik a zkouménim operatoru vyuzitim
semiklasickych metod. Je dokédzdna existence pseudomdédu velmi daleko od spektra a jako
dusledek je spektrum operdtoru nestabilni vaéi malym porucham. Ukazujeme, Ze jeho vlastni
funkce tvofi Uplnou mnozinu v Hilbertové prostoru, avSak netvoii Rieszovu bazi.

Klicovd slova: pseudospektrum, harmonicky oscilator, imaginarni kubicky potencial, P7 -symetrie,
semiklasickd metoda

*This contribution is based on the forthcoming submission to the International Journal of Theoretical
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Abstract. This paper aims to find the minimum sample size of the camera reference image set
that is needed to build a sensor fingerprint of a high performance. Today’s methods for building
sensor fingerprints do rely on having a sufficient number of camera reference images. But, there
is no clear answer to the question of how many camera reference images are really needed?
In this paper, we will analyze and find out how to determine the minimum needed number of
reference images to remove the mentioned uncertainty. We will introduce a quantitative measure
(a stop-criterion) stating how many photos should be used to create a high-performance sensor
fingerprint. This stop-criterion will directly reflect the confidence level that we would like to
achieve. By considering that the number of digital images used to construct the camera sensor
fingerprint can have a direct impact on performance of the sensor fingerprint, it is apparent that
this, so far underestimated, topic is of major importance.

Keywords: image ballistics, source camera verification, pattern noise, PRNU, fingerprint perfor-
mance, laplace distribution

Abstrakt. Tento c¢lanek si klade za cil nalézt minimalni velikost mnoziny referen¢nich fo-
tografii, kterd je potfeba k vybudovani silného otisku fotoaparatu. Dnesni metody se spoléhaji
na dostatecny pocet referenénich snimka kamery, ale nepfinasi jasnou odpovéd na otézku, kolik
snimki je ve skutecnosti potfeba. V tomto ¢lanku budeme analyzovat a zjistovat, jak urcit min-
imalni potfebny podet referen¢nich snimki a tim odpovédét na tuto otdzku. Zavedeme kvantita-
tivni opatieni (stop-kritérium) urcujici, kolik fotografii by mé&lo byt pouzito k vytvofeni silného
otisku snimace. Toto stop-kritérium bude p¥imo odraZet troven spolehlivosti, které chceme
dosdhnout. Toto téma je velmi dulezité, ackoli je v literatufe velmi podcefiovano. Ponévadz
to z kolika snimku je otisk senzoru vytvoren mé vliv na uspésnost jeho detekce na testovanych
obrézcich.

Klicovd slova: obrazkova balistika, ovéfeni zdrojové kamery, Sum senzoru, PRNU, tspésnost
otisku, Laplaceova distribuce
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TThis work is published in Proceedings of the IWDW 2014:Babak Mahdian, Novozamsky Adam and
Stanislav Saic. Determination of stop-criterion for incremental methods constructing camera sensor
fingerprint. In: 13th International Workshop on Digital-Forensics and Watermarking. Taipei, Taiwan ,
October 1-4, 2014. Paper 81.

147



148 A. Novozamsky

References

1]

2]

3]

4]

5]

6]

7]

18]

19]

H. T. Sencar, M. Ramkumar, and A. N. Akansu, Data Hiding Fundamentals and
Applications: Content Security in Digital Multimedia. Orlando, FL, USA: Academic
Press, Inc., 2004.

M. Arnold, M. Schmucker, and S. D. Wolthusen, Techniques and Applications of
Digital Watermarking and Content Protection. Norwood, MA, USA: Artech House,
Inc., 2003.

N. Nikolaidis and I. Pitas, “Robust image watermarking in the spatial domain,” Signal
Processing, vol. 66, no. 3, pp. 385-403, May 1998.

B. Mahdian and S. Saic, “A bibliography on blind methods for identifying image
forgery,” Image Commun., vol. 25, no. 6, pp. 389-399, 2010.

T.-T. Ng and M.-P. Tsui, “Camera response function signature for digital forensics -
part i: Theory and data selection,” in IEEE Workshop on Information Forensics and
Security, Dec. 2009, pp. 156-160.

Z. Lint, R. Wang, X. Tang, and H.-Y. Shum, “Detecting doctored images using cam-
era response normality and consistency,” in CVPR ’05: Proceedings of the 2005
IEEE Computer Society Conference on Computer Vision and Pattern Recognition
(CVPR’05) - Volume 1. Washington, DC, USA: IEEE Computer Society, 2005, pp.
1087-1092.

A. Popescu and H. Farid, “Exposing digital forgeries in color filter array interpolated
images,” IEEE Transactions on Signal Processing, vol. 53, no. 10, pp. 3948-3959,
2005. [Online]. Available: www.cs.dartmouth.edu/farid /publications/sp05a.html

B. Mahdian and S. Saic, “Blind authentication using periodic properties of interpo-
lation,” IEEE Transactions on Information Forensics and Security, vol. 3, no. 3, pp.
529-538, September 2008.

B. Mahdian and S. Saic, “Detection of copy—move forgery using a method based on

blur moment invariants,” Forensic science international, vol. 171, no. 2-3, pp. 180—
189, 2007.

[10] A. E. Dirik, S. Bayram, H. T. Sencar, and N. Memon, “New features to identify

computer generated images,” in IEEE International Conference on Image Processing,
ICIP 07, vol. 4, 2007, pp. 433 — 436.

[11] J. Fridrich and T. Pevny, “Detection of double-compression for applications in

steganography,” IEEE Transactions on Information Security and Forensics, vol. 3,
no. 2, pp. 247-258, June 2008.

[12] M. Chen, M. Goljan, and J. Lukas, “Determining image origin and integrity using

sensor noise,” IEEE Transactions on Information Forensics and Security, vol. 3, no. 1,
pp- 74-90, March 2008.



Stop-Criterion for Constructing Camera Sensor Fingerprint 149

[13] J. Lukas, J. Fridrich, and M. Goljan, “Digital camera identification from sensor
pattern noise,” IEEE Transactions on Information Forensics and Security, vol. 1,
no. 2, pp. 205-214, June 2006.

[14] I. Amerini, R. Caldelli, V. Cappellini, F. Picchioni, and A. Piva, “Analysis of de-
noising filters for photo response non uniformity noise extraction in source camera
identification,” in Proceedings of the 16th international conference on Digital Signal
Processing, ser. DSP’09.  Piscataway, NJ, USA: IEEE Press, 2009, pp. 511-517.
[Online|. Available: http://dl.acm.org/citation.cfm?id=1700307.1700392

[15] E. J. Alles, Z. J. M. H. Geradts, and C. J. Veenman, “Source camera
identification for heavily jpeg compressed low resolution still images,” Journal
of Forensic Sciences, vol. 54, no. 3, pp. 628-638, 2009. [Online]. Available:
http://www.science.uva.nl/research /publications,/2009/AllesJFS2009

[16] C.J. Yongjian Hu, Binghua Yu, “Source camera identification using large components
of sensor pattern noise,” in Computer Science and its Applications, 2009. CSA ’09.
2nd International Conference on, Jeju Island, Korea, 2009.

[17] Y. Li and C.-T. Li, “Decomposed photo response non-uniformity for digital forensic
analysis,” in e-Forensics, 2009, pp. 166—-172.

[18] Y. Hu, C. Jian, and C.-T. Li, “Using improved imaging sensor pattern noise for
source camera identification,” in JCMFE, 2010, pp. 1481-1486.

[19] J. Lukas, J. Fridrich, and M. Goljan, “Detecting digital image forgeries using sensor
pattern noise,” in In Proceedings of the SPIE. West, 2006, p. 2006.

[20] M. Chen, J. Fridrich, M. Goljan, and J. Lukas, “Source digital camcorder identifica-
tion using sensor photo-response nonuniformity,” in Proc. of SPIE Electronic Imaging,
Photonics West, 2007.

[21] M. Chen, J. Fridrich, and M. Goljan, “Digital imaging sensor identification (further
study,” in In Security, Steganography, and Watermarking of Multimedia Contents IX.
Edited by Delp, Edward J., III; Wong, Ping Wah. Proceedings of the SPIE, Volume
6505, 2007.

[22] D. Williams, V. Codreanu, P. Yang, B. Liu, F. Dong, B. Yasar, B. Mahdian,
A. Chiarini, X. Zhao, and J. Roerdink, “Evaluation of autoparallelization toolkits
for commodity graphics hardware,” in 10th International Conference on Parallel Pro-
cessing and Applied Mathematics. Warsaw, Poland: Springer, 2013, to appear.

[23] D. Williams, V. Codreanu, J. B. Roerdink, P. Yang, B. Liu, F. Dong, and A. Chiarini,
“Accelerating colonic polyp detection using commodity graphics hardware,” in Pro-

ceedings of the International Conference on Computer Medical Applications, Sousse,
Tunisia, 2013, pp. 1-6.






Finalization of New Data Acquisition System
for COMPASS Experiment*

Josef Novy

2nd year of PGS, email: josef.novy@cern.ch
Department of Software Engineering
Faculty of Nuclear Sciences and Physical Engineering, CTU in Prague

advisor: Tomas Liska, Department of Software Engineering
Faculty of Nuclear Sciences and Physical Engineering, CTU in Prague

Abstract. This paper discusses finalization of the new data acquisition system (DAQ) of the
COMPASS experiment at CERN and mainly focuses on description of development process and
interaction with users. The new DAQ is developed to replace old DAQ written originally for the
ALICE experiment and works together with upgrade of readout hardware. It uses extensively
possibilities of state of the art field programmable gate arrays (FPGA) technology. The new
DAQ software is based on state machines and C++ with usage of the QT framework, the DIM
library, and the IPBus library. System is presently in its final stage of preparation.

Keywords: data acquisition, Qt, GUIL, FPGA

Abstrakt. Tento ¢lanek se vénuje dokoncovacim pracem na systému pro sbér dat experimentu
COMPASS v CERN a zaméfuje se hlavné na popis interakce s uzivatelem. Novy systém je vyvi-
jen s cilem nahradit stary systém pivodné vytvofeny pro experiment ALICE a pracovat spole¢né
s vylepSenim vyéitavaciho hardwaru. Rozsahle vyuZziva moznosti nejmoderngjsich FPGA tech-
nologii. Novy systém sbéru dat je postaven na stavovych automatech a jazyce C++ s pouzitim
Qt frameworku, knihoven DIM a IPBus. Systém je momentalné ve finalnim stadiu piiprav.

Klicovd slova: sbér dat, Qt, GUI, FPGA

1 Introduction

This paper presents structure and user interfaces of the new data acquisition software
package designed to work together with new upgraded structure of readout chain of the
COMPASS experiment at CERN, but focuses mostly on its interaction with user, develop-
ment process as whole and last steps of development in particular. For more information
about design please see |6, 8, 7]. COMPASS [10] is a fixed target experiment at CERN
which in previous years had a usual data rate of approximately 1500 MB/s during ap-
proximately 10 second on-spill with 45 second off-spill. Its present DAQ system was built
during years 1999-2001. The Data Acquisition and Test Environment(DATE) [2], origi-
nally developed for the ALICE at CERN, was used to control DAQ and event building
in old system and its graphical user interface was used as base for designing of the new
one.

*This work has been supported by grants LA080L5 and SGS11/167/0OHK4/3T /14
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Development of the new DAQ software and hardware was started to improve reliability
and speed of system. Both parts has been developed in parallel, but full cooperation and
regular communication was kept as they are closely dependent on each other. Main idea
of hardware upgrade is to use FPGA technology for event building purposes and thus
reducing number of used computers to just eight. Hardware event building was previously
tried out by the CDF experiment [3] at Fermilab and the NA48 experiment [12, 13| at
CERN. Both these experiment went back to software event-building due to problems
either with reliability or flexibility,but now we have possibility to make reliable, flexible
and cost-effective hardware event-building thanks two improvements in FPGA technology.
The new software have to cope with challenges linked to control of such new hardware
event-building network and allow user to operate whole system efficiently.

2 Used technologies

DAQ software package of big experiments can be fairy complex system and as such uses
many different kind of technologies. Used technologies are, in this paper, divided to three
groups for sake of lucidity. Hardware technologies are in the first group. The second
group is composed from programing languages and frameworks. The last group contains
communication libraries.

2.1 Hardware technologies

The FPGA technology is key feature of the new DAQ. FPGA chips are special integrated
circuits whose behavior can be changed in the field by uploading a new firmware. These
chips are usually equipped with many high speed serial links, they are cost effective,
and reliable in these days. This, together with high speed DDR3 memory, optical fiber
transceivers, and fast Ethernet for control purposes, has made possible to create DAQ
module for event-building.

2.2 Used programing languages and frameworks

DAQ system have to address many different aspects, thus there are many different lan-
guages used. C++ was chosen as language for core processes as they need to be fast
and have good control of used resources. It is supported by MySQL for database ac-
cess and Python with bash scripts for minor tasks. PHP, HMTL, javascript, and AJAX
have been used for creation of web-based configuration interface. The Qt framework, a
cross-platform application framework, has been used for all main graphical user interfaces
(GUIs) and to speed up development of core applications. Some support GUIs, written
in Tool Command Language (TCL), were taken from old DAQ and reused in the new
one.

2.3 Used communication libraries

There are two kinds of communication in new DAQ and for each different libraries are
needed. The first one is communication between processes. The Distributed Management
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System (DIM) library has been used for this purpose. Request to use this library came
out from initial studies as it is widely used in the COMPASS experiment. The DIM
is a multi-platform library that serves for an asynchronous 1 to many communication
through the Ethernet. It was originally developed for the DEPHI experiment at CERN.
The second type is communication with FPGA DAQ modules. The TPBus package is used
for this communication. It was developed for the level one trigger update of the CMS
experiment. This package consists of firmware part and software part. The firmware part
mediates access to registers and memory of a FPGA card through Ethernet when properly
loaded. The software part is implemented in C++ and contains all classes needed for a
connection to the interface of the firmware part.

3 Design of the new DAQ
The new DAQ system, as is shown in figure 1, can be divided to three main sections:

e detectors, frontends and preprocessing modules,
e main DAQ hardware event-building network,

e readout computers, DAQ software and data storage.

3.1 Detectors, frontends and preprocessing modules

Detector setup of the COMPASS compose from different kinds of tracking detectors,
calorimeters and detectors for particle identification. These detectors have around 300
000 channels which are read out by various frontend cards. Frontend cards concentrate
these channels to approximately 1000 links which are connected to CATCH, HGeSiCa
or GANDALF data-concentrator module. Part of modules are then connected directly
to next stage and part are connected to Slink multiplexer or TIGER VXS modules for
future data concentration. This part of system is in the same form as it was in previous

DAQ.

3.2 Main DAQ hardware event-building network

This part was the most challenging one from hardware point of view. Software event-
building network running on 50 computers has been exchanged for hardware event-
building on eight new DAQ FPGA modules with multiplexer firmware and one module
with switch firmware. New DAQ module is based on VIRTEX6 XC6VLX130T FPGA
middle size chip. It is equiped with 4 GB of DD3 memory, 1 Gb ethernet, and 16 serial
links.

3.3 Readout computers, DAQ software and data storage

The last part incorporate eight servers with special PCI-e card called spillbuffer to which
the optical fiber from the switch is connected. Event data are temporary stored in buffer of
spillbuffer. Then they are read out by slave readout process and stored on RAID10 array
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of 8 harddisks, before transferee to The CERN Advanced STORage manager (CASTOR)
for long term storage. All main DAQ) processes are running on these computers.

DAQ software is divided to six processes: Master, Slave-readout, Slave-control, Con-
trol GUI, MSGLogger, and MSGBrowser.

3.4 Sections interconnections and synchronization

All sections are connected to trigger control system (TCS), which is responsible for sharing
informations about collected events and synchronization. Inner COMPASS Ethernet
network is used for control and communication between first and third section. This
network is used for all other computers in the experimental too. Dedicated network is
used for all IPBus communication between second and third section.

4 Development process of the new DAQ

Development process of DAQ for bigger experiments is complicated process, thus it is
necessary to divide it to several steps and set some milestones. The first milestone
was creation of basic communication prototype. The next step was simple readout test
without additional layers. One DAQ module with multiplexer firmware has been added
in the third step. One more layer has been added to setup in fourth step. Last milestone
is the full system test. All intermediate steps are shown in figure 2. More information
about intermediate steps can be found in [6, 8, 7.

5 Finalization of the new DAQ

Finalization is done with full setup, but instead with smaller one composed of 5 MUXes,
one SWITCH and 2 readout engine computers. It have to prove that system is reliable
and can readout messages with high enough rate. In this phase detector experts are
incorporated to development process as they are needed both for check of consistency of
processed date and testing of graphical user interface(GUI). Input from users is extremely
important for finalization of GUI design. The DAQ was in this phase at time of finalization
of this paper.

6 User interfaces

This section is dedicated to description of new user interfaces. They are used to provide
access to different aspects of a DAQ. Those aspects are:

e configuration,
e control,

e monitoring.
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Figure 2: Prototype steps

The first interface is web interface written in php with use of javascript and AJAX.
This interface is used to change configuration of system. It is divided to several pages
with different tasks from small thinks like description of FPGA registers up to definition
of connections between detectors, multiplexers, switch, and computers.

The second interface for users is the one of the run control GUI program. It is the
most important one because it will be used by both experts and normal collaboration
members on a shift duty. It is written in C++ with use of Qt framework. It compose
mainly from main run control window shown in figure 3, link overview window shown in
figure 4, and load window shown in figure 5.

The main run control window serves for control of the state of system and for moni-
toring of processes’ state, FPGA’s status, trigger control system status, DAQ computers
status, and event size.

Link overview window is representation of system layers. It is composed from sub-
widgets which are dynamically created during start of the window. One can track errors
to their origin, check details of data flow, or activate/deactivate ports from this window.

The last of the listed windows is load window in which user can look at specific
detector and see all information about its connection chain in DAQ, but main task of this
window is different. Tt is used to issue load command to service named config server. This
service than loads all necessary settings to selected device. These settings are extracted
from the frontend database.
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Main monitoring interface shown in figure 6 is called message browser. It is written
in C++ with use of Qt framework. This interface is used only for monitoring purposes.
It can work in online mode, in which it gathers messages directly from running processes,
or in offline mode, in which it gets messages from database. Users can use filters to select
just specific messages.
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7 Conclusion

Demands and restriction on the new data acquisition system were extracted from initial
studies and discussion in collaboration of the COMPASS experiment at CERN. The new
DAQ software and hardware has been prepared based on these demands and restrictions.
The first full version of software package has been tested and used during preparation for
winter 2014 data taking. Complete DAQ setup is in final stage of preparation at time
of finalization of this paper. Tests performed so far proved viability of the new system,
thus the system was approved for usage in winter 2014 data taking.

References

[1] V. Jary: Analysis and proposal of the new architecture of the selected parts of the
software support of the COMPASS experiment Prague, 2012, Doctoral thesis, Czech
Technical University in Prague

[2] T. Anticic, et al. (ALICE DAQ Project): ALICE DAQ and ECS User’s Guide CERN,
EDMS 616039, January 2006.

[3] T. M. Shaw, et al.: Architecture and development of the CDF hardware event builder
IEEE TRANSACTIONS ON NUCLEAR SCIENCE, VOL. 36, NO. 1, AUGUST 1989

|4] J. Novy: COMPASS DAQ - Basic Control System Prague, 2012, Master thesis, Czech
Technical University in Prague

[5] M. Bodldk: COMPASS DAQ Database Architecture and Support Utilities Prague,
2012, Master thesis, Czech Technical University in Prague

|6] M. Bodlak, et al. Developing Control and Monitoring Software for the Data Acqui-
sition System of the COMPASS Ezxperiment at CERN. Acta polytechnica: Scientific
Journal of the Czech Technical University in Prague. Prague, CTU, 2013, issue 4.
Available at: http://ctn.cvut.cz/ap/

[7] M. Bodlak, et al. FPGA based data acquisition system for COMPASS experiment.
Journal of Physics: Conference Series. 2014-06-11, vol. 513, issue 1, s. 012029-
. DOIL: 10.1088/1742-6596/513/1/012029. Available at: http://stacks.iop.org/1742-
6596,/513/i=1/a=0120297key=crossref.78788d23de2b4a6a34d127¢361123b8¢

[8] M. Bodlak, et al. New data acquisition system for the COMPASS experi-
ment. Journal of Instrumentation. 2013-02-01, vol. 8, issue 02, C02009-C02009.
DOI: 10.1088/1748-0221/8/02,/C02009. Available at: http://stacks.iop.org/1748-
0221/8/i=02/a=C020097key=crossref.a76044facdf29d0fb21{9eefe3305aa5

[9] M. Bodlak, V. Jary, J. Novy: Software for the new COMPASS data acquisition system.
In: COMPASS collaboration meeting, Geneva, Switzerland, 18 November 2011

[10] P. Abbon, et al.(the COMPASS collaboration): The COMPASS experiment at
CERN. In: Nucl. Instrum. Methods Phys. Res., A 577, 3 (2007) pp. 455-518



160 J. Novy

[11] L. Schmitt, et al.: The DAQ of the COMPASS experiment. In: 13th IEEE-NPSS
Real Time Conference 2003, Montreal, Canada, 18-23 May 2003, pp. 439444

[12] E. Bal, et al.: The NA48’ Data Acquisition System IEEE TRANSACTIONS ON
NUCLEAR SCIENCE, VOL. 45, NO. 4, AUGUST 1998

[13] M. Wittgen, et al.: The NA48’ Event-Building PC Farm IEEE TRANSACTIONS
ON NUCLEAR SCIENCE, VOL. 47, NO. 2, APRII. 2000



Parametric Study for
Kernel Based Classification®

Jiri Palek

2nd year of PGS, email: jiri.palek@gmail.cz
Department of Software Engineering
Faculty of Nuclear Sciences and Physical Engineering, CTU in Prague

advisor: Jaromir Kukal, Department of Software Engineering
Faculty of Nuclear Sciences and Physical Engineering, CTU in Prague

Abstract. The variability in kernel methods is done by kernel functions. These functions are
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Abstrakt. Jadrové metody poskytuji uZivateli velkou variabilitu diky mozZnosti volby jadrové
funkce. Tyto funkce jsou parametrizované a proto je nutné pii jejich pouZiti vytesit otazku
vhodné volby téchto parametri. Tento ¢lanek se zabyva schématem pro volbu parametru v ja-
drové PCA s Gaussovskou a exponencialni jadrovou funkci. Teoreticky pristup vychézi ze studie
vlastnosti jader pfi zaokrouhlovani v kone¢né aritmetice, ktera se pouziva v softwarovych imple-
mentacich vypocetnich prostiedi. Teoreticky koncept je nasledné testovan na dvoudroviovém
klasifika¢nim modelu, ktery je slozen z analyzy hlavnich komponent a kvadratické diskriminac¢ni
analyzy. Model je pouzit pro diagnostiku Alzheimerovy choroby.

Klicovd slova: Gaussovska jadrova funkce, exponencidlni jadrova funkce, parametricka studie,
zaokrouhlovéani, jadrova PCA, whitening, kvadratickd diskrimina¢ni analyza, diagnostika, leave-
one-out kifzova validace

1 Introduction

Kernel-based methods represent popular and well established tools for various data min-
ing tasks.

Let {(x1,v1), ..., (Xn, Yn)} is a set of observations x; € X and modeled property y; € V),
n € N. The principle of kernel methods is to embed another Hilbert space H between the
input space X’ and the output space ) and perform a dot-product-based methods there.
A connection between distances in spaces X and H is done via so called kernel functions
k: X x X — H. The Hilbert space H and the kernel function k are so constructed that

*The paper was created under the support of grant SGS11/165/0OHK4/3T /14 CTU in Prague

161



162 J. Palek

the followig equation holds k(x;,x;) = (x;,%;), where (-,-) is a dot-product in . The
original set of data {x,...,x,} is consequently transform into so called kernel matrix K,
which is defined as (K);; = k(x;,x;),Vi,j € {1,...,n}. For more detailed description see
|1] and [2].

Exaples of kernel functions can be found in [1| and [2]. In general, these functions are
parameterized and, therefore, in application it is necessary to deal with the choice of this
parameter. In this paper we restrict our attention to the following two exponential-based
kernel functions

e exponential kernel with parameter o > 0

k(x;,X;) = exp (—w) , (1)

g

e Gaussian kernel with parameter o > 0

(x5, 5%) = exp (_”X‘—X”) , 2)

202

and find some general rules for choosing their parameter o.

There is a finite arithmetic in computers: fixed and floating point systems with finite
representation. We suppose finitness of floating point mantisa and create a model for
choice of parameter o on it. The main idea is to use the following expansion of exponential
function

k

o) =31

k=0

for the kernel functions (1), (2) as model for rounding error in software finite arithmetics
and contract the set of possible values for parameter o > 0 to relevant ones. The algo-
rithmic details are left out.

The final stage is testing our theoretical approach on Alzheimer’s disease diagnos-
tics. The two-level classification system, kernel principal component analysis (PCA) and
quadratic discriminant analysis (QDA), is used for this task.

2 Properties of Exponential and Gaussian Kernel

Necessary theoretical background is developed in this section. First of all, the considera-
tion is done for exponential kernel, and then the results are reformulated for the Gaussian
kernel.

For simplicity of notation, we write d;; instead of ||x; — x;[|o. Additionaly, from now
on, 1 denotes the set {1,...,n}, Ny =NU{0}, 0 € R, 0 > 0, diax = max{d;;|i,j € n,1 #
J} and dyin = min{d;;|i,j € n,i # j}.



Parametric Study forKernel Based Classification 163

2.1 Properties of exponential kernel function

Let us begin with properties of simple exponential kernel function.

Definition 1. The finite exponential kernel k. of order N € Ny U {oo} is given by

N k
(=D* (dy
ke(mi,mj;N,U):Z L] FJ .
k=0 '

Definition 2. The accuracy of the finite exponential kernel of order N € Ny is defined
by

( e(a%>a%’ ) )) -
’ (:Izi,wj,N+1,a)—ke(:z:i,:z:j;N,o)]:

i (®)”

00 o (1] k dl k

Proposition 1. Let 0 > d;;. Then for the following series > (—1)fay = > ( k') (—]) ,
k=0 k=0 : o

it holds

(3)

(i) the sequence (ag)72, is positive and strictly monotonically decreasing, ag = 1,
[&.°]
(ii) the series S (—1)*ay, is convergent,

(1ii) the partial sum satisfies

o8] N 1 dij N+1
Sty e (3)
Proof.
(i) When o > d;; then 2 < 1 and %2 = %A < 1 for all k € Ny,

(ii) Convergence implies from Leibnitz criterion and (i).

00 N

> (=DFar — 32 (=1)fay| =

k=0 k=0

(iii) In the case of convergence, we can directly estimate

ans1 + > (=D)*any14k| < angr. The last inequality holds from the fact that the

sum > (=1)*ay 14 < 0.
[

Proposition 1 states that the finite exponential kernel k. is an approximation of proper
exponential kernel (1) and that the accuracy (3) is upper estimation of an error of this
approximation.
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Definition 3. Let 0 > d;; and 1 > € > 0 be a counting error. The minimum order of k.
is given by N = min{N € Ny|a(ke(z;, z;; N,0)) < €}.

Theorem 1. Let 1 > € > 0 be a counting error, o > d;j, N € Ny, and ke(z;, z;; N,O’) be
a finite exponential kernel.

(i) The ke has a minimum order N =0 if and only if o € (dijL;00).

(1i)) The ke has a minimum order N >0 if and only if o € <dij Ntl/m; dij ¥ /$>

00 0 k
Proof. The members <ak)z‘iﬁ+1 of the series ko (x;, x;;00,0) = > (=1)Fa, = > (_k—l,)k (%)
- k=0 k=0

are nonnegative and strictly monotonically decreasing, and therefore they are not counted
if and only if it holds
N+1
B 1 <dij)
= | — < €.
(N+1)!\o
By solving this inequality we obtain

N 1
g > dij N+l ————
e(N +1)!

The above formula is lower bound of each interval; the first one is (di]%; oo), the second

is (dij,'/i'dij%> and so on.

(_1)]V+1

AN1

e2l’
According to the assumption on ¢ and e, the intervals are meaningful and thus we
have the assertion of the Theorem 1. O]

2.2 Properties of exponential Kernel Matrix

Next, let us turn to kernel matrix K. In what follows, K. stands for the kernel matrix K
based on finite exponential kernel, (Ke);; = ke(x;,%;; N;j,0)

Definition 4. A kernel matriz K, (K¢);; = ke(a:i,wj;]vij,a) for all i,j € n, has a
minorder N € N f

(i) (Vi,j €n)(i # ])(KQJ is @ minimum order of k),
(i) (Vi,j € n)(i # j)(Ny > N),
(iii) (3,5 € 0)G £ )Ny = N).
Definition 5. A kernel matriz K, has a mazorder N € Ny if

(1) (Vi,jen)(i+#7)(Ni is a minimum order of k),

(ii) (Vi,j € )i # j)(Ny < N),
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(iti) (3i,j € )i # §)(Nyj = N).
Definition 6. A kernel matriz K, has an exaorder N € Ny if

(i) (Vi,j € n)(i # j)(Ni; is a minimum order of k),

(ii) (Vi,j € n)(i # j)(Ni; = N).
Theorem 2. Let 1 > € > 0 be a counting error, 0 > dpax, Ke, (Ke)ij = ke(a;, zj; Nij,a)
for alli,5 € n, is a kernel matriz, and N;; are minimum orders.

K. has a minorder N € N if and only if o is in interval (dmin N1/ m; Arnin $>

N (dpax; 00)-

Proof. The proof is straightforward verification that ¢ from the introduced interval fulfils
the conditions (i), (ii) and (iii) from the Definition 4:

(i) Directly implies from the assuption of the theorem.
(ii) Property (Vi,j € n)(i # j)(ﬁw > N) can be equivalently formulated using Theo-
rem 1 into (Vi,j € n)(i # j) (0 < d; N,/ﬁ). Therefore o < dyin Nw/ﬁ.

(iii) We apply Theorem 1 on the condition (3i,j € n)(i # j)(N;; = N) and rewrite

it as follows (3i,j € n)(i # 7) (06 < i VY v N+1" d;j ezlvv>)' To fulfill this
condition, ¢ has to be in the interval ( min N /m; max N/W>'

Combining conditions from (ii) and (iii) with the assupmtion ¢ > dyax, We obtain the
assertion of the Theorem. O

By analogy, we can formulate and prove following Theorems.

Theorem 3. Let 1 > € > 0 be a counting error, 0 > dmax, Ke, (Ke)ij = ke(@;, j; Nij, 0)
for alli,j € n, is a kernel matriz, and N;; are minimum orders.

K. has a mazorder N € N if and only if o is in interval (dmax N4/ m; Amax \/ $>ﬂ

(dmax; 00).

Theorem 4. Let 1 > € > 0 is a counting error. K, has an exaorder 0 if and only if o is
i interval (dmaX%; oo).

Theorem 5. Let 1 > € > 0 is a counting error. K, has an exaorder 1 if and only if o is
in interval (dmax 62,,almm >
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Figure 1: Leave-one-out cross validation error for QDA with Gaussian Kernel PCA with
two (uppet) and seven (bottom) components. The dashed vertical lines represents the
intervals based on dyy.

2.3 Properties of Gaussian kernel matrix

The thoughts are the same as in Section 2.2, and therefore only the conclusion is presented
in the following part.

Theorem 6. Let 1 > € > 0 be a counting error, o > d\?%", K, (Ky)ij = ko(zi, x;; Nij,a)

for alli,j € n, is a kernel matriz, and N;; are minimum orders. Ky has

(i) a minorder N € N if o is in interval

dmin 1 . dmin 1 dmax .
(W 2N+2/6(N+1)!’ i 2N/m> N ( ¥ ,OO) )

(1) a mazorder N € N if o is in interval
dmax 1 . dmax 1 dmax .
( e 2N+2/6(N+1)!7 v 2N/m> N ( e ,OO) 7
(iii) an exaorder 0 if o is in interval (dmﬁ \/g; oo),
dmin l
v2 \ e/

3 Two Level Classification System

. . . . . d x 4 1 .
(iv) an exaorder 1 if o is in interval (%\/§7

The theory build in previous section will be tested on two-level classification system. A
kernel-based principal component analysis (PCA) [1] is used for the reduction of dimen-
sionality of the problem in the first part, whereas the quadratic discriminant analysis
(QDA) [3] is performed to the analysis itself. We will touch only a few aspects of the
kernel-based PCA and QDA in this section.
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3.1 Kernel PCA

Kernel PCA is extension of classical PCA [6]. In general, PCA is a transformation of
data into new coordinate system which is defined by eigenvectors.
The eigenvalue decomposion is in classical PCA done from covariance matrix C =

n
1 21 x;x, of centered data satysfying
1=

in:@)p’l,XiEX:Rp’l. (4)
i=1

Let (v1, ..., v,) denote the eigenvectors of matrix C and (\q, ..., A,) detones the consecutive
eigenvalues. The transformation matrix A of old coordinates X into new one Z = AX,
where X = (x4, ...,X,,), is defined as A = (vy,...,v,), where Ay > Xy > ... > ), holds for

eigenvalues. Instead of using matrix A, normalized matrix W = { L, ..., V—\/§_> can be
'

used in the case of data whitening [1].

There is shown in [1] that doing kernel PCA is equivalent to doing classical PCA with
kernel matrix K instead of covariance matrix C. The centering operation (4) can be done
in kernel PCA by following transformation of kernel matrix K called kernel whitening

K =K- l:IIn,n]K - lH<]In,n + i]In,n]KI[n,n'
n n n

2

Finally, the kernel PCA is done by eigenvalue decomposion of the matrix K.

3.2 Quadratic Discriminant Analysis

The principal of QDA algorithm [3] is to approximate the data from different classes by
normal distributions. The classification of new observation is then made by calculating
the probability of pertinence to every class and choosing the one with the maximum
value.

Let us assume that we have M classes Cy, i € M, with distributions filx),x € X =
RP!. The goal is to decompose X into N sets A;, X = UM, A;. The classification rule is
then given by formula

xe(;,&xc A (5)

Finding the optimal decomposition is equivalent to finding the minimum of functional
M M
L= [ Somb, (©
i=1 Y Ai j=1

where 7; is a priori probability of class C;. There is shown in [3] that the classification
rule (5) with respect to the functional (6) gives following condition for classification

(xee) e ((vt€aT) G #6) (mfix) > mf(x) )

Where normal probability distribution f; ~ N(u;, ;) is used in the case of QDA.
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Figure 2: Leave-one-out cross validation error for QDA with Gaussian Kernel PCA with
five and eight components. The dashed vertical lines represents the intervals based on

dmin .

4 Experimental Part

4.1 Alzheimer’s Disease Diagnostics

With increasing life expectancy across the world, the number of elderly people with
dementia is growing rapidly. Dementia is characterized by irreversible and progressive
decline of cognitive functions interfering with common activities of daily living and social
and working skills. It has many causes. The most common neurodegenerative disor-
der is Alzheimer’s disease (AD). Other frequent diseases with dementia include vascular
dementia, frontotemporal lobar degeneration and dementia with Lewy bodies.

The treatment of AD is the most effective in the initial phase. Therefore it is of a great
importance to identify patients with AD among the whole spectrum of dementia diseases
accurately and early. The correct diagnosis of AD in the incipient stages is difficult.
Clinicians can diagnose probable AD based on clinical findings. AD is considered definite
if both clinical and histopathological evidence are present. Clinical accuracy for AD
according to the National Institute of Neurological and Communicative Sisorders and
Stroke and Alzheimer’s Disease and Related Disorders Association (NINCDS-ADRDA)
criteria is 80 % at the experienced centers and decreases in less trained physicians. There
is no single diagnostic test for AD or most of other types of dementia. The new revised
research criteria for AD have introduced biological markers as supportive features in
the diagnosis of AD [5]. They include magnetic resonance imaging, cerebrospinal fluid
biomarkers and positron emission tomography (PET). However, single photon emission
tomography (SPECT) of the brain is more widely available and cheaper than PET.
Since the diagnostic accuracy estimates is bellow prerequisite 80 % level required by the
Reagan Biomarker Working Group. 99M Tc-HMPAO SPECT identifies diagnosed AD
with moderate sensitivity (77 - 80%) and specificity (65 - 93%) [5]. Therefore SPECT
of the brain is not recommended investigation for AD according the Furopean and US
guidelines [5],[4]. This modality should be used in an unclear case after clinical and
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structural imaging work up. Therefore there is space to increase the diagnostic potential
of this functional neuroimaging to detect AD correctly, especially in the earliest stages.

4.2 Data Description

Two groups of patients (AD/CN) were investigated via 19m F-deoxyglucose radiomarker
of brain aktivity using SPECT technique. Patient scans were represented as 3D matrces of
size 79x95x69 which were space normalized using SPM-7 techique [7],[8]. Intensity maps
were also normalized to obtain nonnegative intensities with unit patient sums. First
group conists of 38 Alzheimer’s diseased patients (AD). The second group consists of 56
Control normal patients (CN). Space and intensity normalizations enable to use voxel-
by-voxel analysis of patient and group differences, where every patient is represented by
intensity vector of length 517 845, which makes statistical analysis difficult in general.
But our methodology is based only on patient-by-patient distances, which form a single
distance matrix of size 94 x 94.

4.3 Methodology of Data Processing

The diagnostics of 3D SPECT images was divided into two parts. In the first step, the
Kernel PCA was processed on the whole dataset to obtain principal components and new
coordinates of the data. Calculations were performed for a wide variety of parameters of
exponential and Gaussian kernels. This allowed us to study the dependence of result on
choice of parameters. The next step was the own classification performed by QDA with
leave-one-out cross validation. All calculations were performed in MATLAB environment.

Finally, we study the dependency of the leave-one-out cross validation error on the
choice of the sigma parameter.

4.4 Analysis of Results

We used from one to eleven components for QDA. Results for selected number of com-
ponents used are on Figures 1 and 2.

All figures have the same structure. The x-axis represents the log,, o, whereas the y-
axis represents the leave-one-out cross validation error for QDA with the selected number
of Kernel PCA components with (Gaussian kernel. The grey area denotes the exaorder
0 and 1 from Theorem 6 (iii) and (iv). The vertical solid lines are bouindaries dp, and
dmax and the dashed lines represents the intervals based on Theorem 6. The minorder
intervals (i) are used in Figure 1 and the maxorder intervals (i) in the Figures 2.

5 Conclusion

It can be seen from the Figures, that our model for the choice of parameter is able to
describe changes of results. The general model for the choice of the parameter can be
state as follows:
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(i) The most interestin region is interval <dmm /N2, i/ \/§> for Gaussian kernel and

interval (dmin, dmax) for exponential kernel. We recomend to equidistantly search it
with respect to the size of the dataset.

(ii) Otherwise, we do not recomend to use sigma from the intervals with exaorders

one and zero. This is (dﬁ {‘/;; oo) for Gaussian kernel and (dmax./i; oo) for

exponential kernel.

(iii) For the choice of o from the area between (i) and (ii) we can state that higher the

o, lower the interesting of result. Because of it we recomend to

(a) start with smaller o,

(b) take as many of them as you can with respect to the maxorder or minorder
intervals and stress the smaller ones.

For example, you can take geometric means of intervals (i) or (ii) from Theorem 6
for Gaussian kernel and geometric means of intervals from Theorem 2 or Theorem

3.

(iv) For the rest interval use again the equidistant search with respect to the size of

dataset.
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Abstract. This paper deals with the simulation of NAPL vapor transport driven by gas flow in
porous medium. The mathematical model describing this phenomenon combines mass balance
equations with the Darcy law and the ideal gas equation of state. In order to solve the governing
equations, a numerical scheme based on the finite volume method is derived. Finally, some of
our numerical results computed by this scheme are presented.

Keywords: porous medium, vapor transport, finite volume method

Abstrakt. Tento piispévek se zabyva simulaci transportu par litek typu NAPL proudicim
plynem v poréznim prostiedi. Tento jev je popisovan matematickym modelem, ktery spo-
juje zékon zachvani hmoty s Darcyho rychlosti a stavovou rovnici idedlntho plynu. Pro feSent
ziskanych rovnic je metodou kone¢nych objemt odvozeno numerické schéma, jehoz vysledky jsou
v zé&veru prezentovany.

Klicovd slova: porézni prostiedi, transport par, metoda koneénych objemt

1 Introduction

Flow of gases in porous medium and transport of contaminants driven by this flow is
a part of a variety of complicated natural processes and, for this reason, it has been
researched and simulated for years. In our research, this contaminant is NAPL (Non-
Aqueous Phase Liquids) vapor. The NAPLs are liquids that do not easily dissolve in
water, e.g., gasoline or TCE.

The conservation laws describing the previous phenomenon cannot be solved numer-
ically simply by applying, for example, the standard Galerkin finite element method
because such an approach results in non-physical behavior of the numerical solution.
Therefore, we test an approach combining the finite element method with finite volume
method that is described in [4] for a different type of problems; it seems, however, to
work in our case as well.

*This work is partly supported by the project “Development and Validation of Porous Media Fluid
Dynamics and Phase Transitions Models for Subsurface Environmental Application” Kontakt IT LH14003
of Czech Ministry of Education, Youth and Sports.
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2 Mathematical Model

We consider NAPL vapor transport driven by gas flow in soil. By the term ’gas’, we
denote the first component of the whole mixture of the two gases. Typically, it will be
air. The governing equation for the flow of the mixture in a rectangular domain Q C R?
is derived ([7], |9]) by substituting the Darcy velocity of the mixture,

1
u=——k(Vp—pg), (1)
i
into the continuity equation of the mixture
dp

ki ko

[m?] the permeability tensor,
ks ky

where p [rl:l—%] is the dynamic viscosity, k = (

g= (i;) [3] the gravitational acceleration vector, p [Pa] the pressure, p [£5] the density,

¢ [—] the porosity, t [s| the time and F [m—k%] the sink/source term of the mixture.
The state variables of the NAPL vapor as well as the gas are assumed to be related
by the ideal gas equation of state. Therefore, the pressure and density of the mixture

satisfy the ideal gas equation of state in the form

M X, X\
NV A Bt S 4
P=Ppp (Mn+Mg) ’ (3)

where M, and M, [H%} are the molar weights of the NAPL vapor and gas, respectively;
X, and X, [—] the mass fractions of the NAPL vapor and gas (X, + X, = 1), respec-
tively, in the mixture. R[] denotes the gas constant and T [K] the thermodynamic
temperature.

Equation (3) will be used in the form

M, 1
P:pﬁ ; .
1+ X, (Mf—l)

(4)

Carrying out the time differentiation in (2), we get the following equation for the
unknown pressure p and mass fraction X,

dp 0X,
0X, Ot

9p dp
Op Ot

+¢ +V - (pu) = F, (5)

where p is defined by (4) and w by (1).
The NAPL vapor transport within the mixture is assumed to be governed by the
continuity equation in the form

9 (Xup)
ot

o) + V- (Xupu — DpVX,) =Ry,
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where D [mTQ] denotes the diffusion coefficient and R, [-£] the sink/source term of the
NAPL vapor. Carrying out the time differentiation and substituting for the derivative of
the density from (2), we obtain

00Xy
ot

Again, p is defined by (4) and u by (1).

The mass concentration c, [%] of the NAPL vapor and mass fraction X, are related
by the equation ¢, = X p.

Equations (5) and (6) are considered for ¢ € I = [tin, tan], and they are subject to the
initial conditions

op

+ V.- (Xupu—DpVX,)—X,V-(pu) =R, — FX,. (6)

p(z, tin1) = pini(z), T € Q, (7)
Xn(xa tini) - Xn,ini(x)a S ﬁ (8)

and boundary conditions

p|Fp,Dir = Pp.Dir and (pu)’[‘ * M = ({p,Neu; (9)

p,Neu

AXVn|1“X,Dir - XnX,Dir7 (anu - DPVXn) * T = @X,Neu and V‘Xvn|FX,per n = 0; (10)

|FX,Neu
where T' pir UTp New = 09 and T'p pir N T New = 05 T'x pir U T New U T'x per = 92, I'x New C
I'p New, and I'x pir, I'x Neus I'x per are pairwise disjoint. The symbol n stands for the unit
outward normal with respect to the boundary.

In this contribution, the points in € are denoted by (x,y) if the spatial coordinates
need to be distinguished (g; and g, correspond to x and y, respectively); otherwise, they
are denoted simply by x € Q.

3 Numerical Solution

In order to solve problem (5)—(10), the author derived two different numerical schemes
based on the finite volume method, the explicit and semi-implicit one. In this contribu-
tion, however, only the second one is discussed. Deriving it, we follow the ideas in [4]
and [5].

The unknown functions p and X, are approximated employing the classical finite
element space based on the linear Lagrange elements (|2]), where the domain (2 is covered
by the triangulation 7 = {Te}é\zl depicted in Figure la, where N7 is the number of
triangles in 7. Each vertex x; of the triangulation is associated with the basis function
¢;. Further, we use the node-centered dual mesh of finite volumes V = {V;}fvz"l based
on the Voroni diagrams ([4], [5] and [8]), where Ny denotes the number of nodes in 7.
This mesh will be described later on. Finally, the time interval I is divided by a strictly
increasing sequence (tn)f:f;(), where tg = tin; and tyn, = tgn.

We shall use the following notation:

o X = {z;}7% is the set of all vertices in the triangulation 7~
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o A= {i|z; € T¢};

o N, ={j|3T° € T)(x; € A°Nz; € A} \ {i};

o Né=ANA;

o AV =A;n{jlz; € 00}

o \;,j={elie A°NjeAY;

o A" ={e|x; € A°Y};

e 7, is the midpoint of the line segment connecting the vertices z; and z;;
e 1. is the circumcenter of the triangle 7°;

e I'7, is the line segment connecting the vertices z. and z; j;

) I‘Zj is the line segment connecting the boundary vertices z; and z; ;;

o [, = UjeAi UeEAiJ‘ Ff,j?

o It = Ujenr I, for z; € 00

e 7, is the midpoint of I'{ ;;
e 7 is the midpoint of I'} ;;
i Ag,Neu,i = {j € Aﬂﬁg S Fp,Neu}S

o Al))(,Neu,i = {j € Afm)g € FX,Neu};

o VE=ViNTS

x;) = f;, where the possible time coordinate is omitted;

e

xfj) = fi;, where the possible time coordinate is omitted;

xfj) = filfj, where the possible time coordinate is omitted;
e f. is the constant value of f on T° € T;

o f5 is the value of f in the barycenter of 7 € 7, where the possible time coordinate
is omitted;

o f(t,) = f", where f = f(t);
e X7, denotes the special upwind term defined in Section 3.3;

o T = % if the sequence (t,)2t, is arithmetic.
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r ir r ir
1.0 p.D 1.0 XD
AN
\ 1—Wp.,Ncu FX,Nou
N
y [m] Y [m]
\ Fp,Neu FX,per
0 z[m] 1.0 0 z[m] 1.0

(a) Primary (solid) and dual

(dashed) mesh (b) Boundary conditions for p. (c¢) Boundary conditions for X,.

Figure 1: Meshes and boundary conditions.

The preceding notation is used for scalar (f) as well as for vector-valued (f) functions.
The finite volume V; associated with the vertex x; is defined as the open set surrounded
by the piecewise linear curve I'; (i.e., 9V; = I';) for z; ¢ O and by the piecewise linear
curve T;UT? (ie., OV; = T;UTI?) for z; € 9. The dual mesh of finite volumes is depicted
in Figure la.
The numerical schemes are based on the following local mass balance equations derived
by integrating equations (5) and (6) over the volume V; and applying the Green formula:

0p8p dp 0X, _/
/w dp Ot / ox, ot Ly, (11)

Xn,ou~n—i—/pu VX, —l—/(anu—pDVXn)-n:/Rn—/FXH.
0 i i

V; i Vi

In order to compute the integrals in (11) and (12), we substitute the functions QB, D,

aXn Xy, p, u, Fand R, by approximations from our finite element space (except for wu,
they are standard, e.g., p = >, p;¢;) and employ the following approximation techniques
(the possible time coordinate is omitted):

o [, f(x)dx = Zeem V| fi, where |V¢| denotes the area of V¢;

o fv z)dr = ZeeA;L Vel f5-9%:

. fr z) mdr =3 ZeeAe |T5, | f5,;-ng,, where |T¢; | denotes the length of
the hne segment I'7 ; and ny, “the unit outward normal with respect to I'] ;;

. be )-ndr = Z]GA” | I i | f” n! ; for x; € 02, where | T P | denotes the length

of the llne segment I'? ; and n?; the unit outward normal with respect to I'? .

The approximation of the Darcy velocity w and the function X, in the first part of
the last integrand on the left-hand side of equation (12) requires more careful treatment;
it will be discussed further. We also assume that the permeability tensor and porosity
take constant values k. and ¢., respectively, on each triangle T° € T.

Now, we can put together the aforementioned numerical scheme.
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3.1 Semi-Implicit Scheme

If equations (11) and (12) are considered at time ¢, 1, the time derivatives are approx-
imated by the backward finite differences, some terms (they are chosen heuristically)
from time ¢, ., are approximated at time ¢, in order to get a system of linear algebraic
equations for the unknown values p”Jrl and Xr’ffl, the approximation techniques above
mentioned are applied, and the boundary conditions (9) and (10) are considered, we

obtain the following system of equations for n =0,1,..., Ny — 1:
8,0 n pn+1 Xn+1 Xn.
S ele (22) B - S vl NS e B
e€AT @ e€AT i T e€AT
1 bn+1
o Z Z ‘FE,J ‘ pen en+ nij Z ‘F ‘ qugu,i,j
]EA ec; g JEAp New,i
(13)
for i = 1, 2, ceey Ny7 Z; ¢ Fp,Dir;
Pt =pit fori = 1,2, Ny, z; € Ty pirs (14)
n+1 Xn ) .
n ) n,i
D Vil bept =0 = = Y VEIFIXIT Y Y T | A X e
e€AT e€AT JEA; e€A; ;
+ 20 T I X i — D IV el VX
jGAg( Neu,i eEA"
_Z Z ‘F |p nt (Xen-i-l en De VXen—i—l)
irj n,i,j
JEA; e€A; ;
b | bntl 1
- Z ‘Fi,j ‘ QX?\Ieu,z,g + Z |Ve’ Rn+
jeAl))(,Neu,i eEAn
(15)
for 1 = 1, 2, ceey Ny7 Z; ¢ FX,Dir;
Xt = XX, for i = 1,2, Ny, 2; € Ix pir. (16)
The upwind term X -e’»"H and the approximation of the velocity u are defined in
Sections 3.3 and 3.2, respectlvely Computing the term wu;’ ”H, pf]"H is approximated
sn
by pff“ (g—g) . Remark that the sums over the boundary nodes are correct because
%,J

1—‘X ,Neu C I‘p Neu and Ap Neu,i
The initial conditions are

= A% News = 0 for z; ¢ 09.

0
P; = Pinii, Xn

This system is solved by the DGESVX subroutine from LAPACK (|1]). This sub-
routine equilibrates the matrix of the system in order to reduce its condition number
first, then solves the system via the LU decomposition, and finally applies the iterative
refinement.

Y= Xujuig fori=1,2,... Ny. (17)



Numerical Simulation of NAPL VaporTransport in Soil 177

3.2 Approximation of Velocity u

The approximation of the Darcy velocity w should be carried out very carefully because
it results in an additional numerical flux. If, for example, the pressure p and density
p are both approximated in the aforementioned finite element space and substituted to
formula (1), than, due to (3), the velocity which is nonzero under hydrostatic conditions
is obtained.

In our numerical schemes, we employ the method (|3] and [6]) that approximates the
velocity w on a triangle 7°¢ € T as

vt |9 (47) - (5)] (19

u

where

y 00

Yy
h(t,z,y) :/ —gop(t, z, s)ds and h,(t,x,y) :/ —gga—p(t,x,s)ds. (19)
x

Y1 Y1

In these formulas, the tilde denotes the standard finite element approximation of the
function, and y; is the y-coordinate of the vertex that corresponds to the point (0,0)
if the triangle 7° is mapped to the reference triangle with the vertices (0,0), (0,1) and
(1,0) and the local coordinates (£,7) by a map defined as the inversion of the mapping

r=x(&n) = Z:L‘nglgn)andy—yﬁn Z%%ﬁﬁ

=1

where (z;,y;) is the vertex of T and ¢; is the basis function associated with the i-th
vertex of the reference triangle.
Using this approximation, we also assume that ¢g; = 0.

3.3 Types of Upwind

If the NAPL vapor spreads mainly by convection, the term X, in X,pw in equation (6)
requires a special treatment in order to prevent the numerical solution from oscillating
non-physically. This treatment is carried out by means of a suitable definition of the term
X5 ’j"H in equation (15). We test the options mentioned in [4] and [5]| (the exponential
upwind was modified by the author), where the number 75 ; is defined as

5= DiVei(at,) - Y T | niy,
keAs
and

e e e
‘Fm‘ | Wi T

e ,J
e
Vij

is an analogy of local Peclet number. Here, we list only the options used in Section 4.
All of the values in the definitions of 7f; and Pf; are from time ¢,.
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e Full upwind

e {Xn,i, u n” >0

i?j -
Xij’ ’U%J ’I’I,z’J < 0

e Exponential upwind

For 77, > 0, we define

XZEJZX ( +9) n]9

where
L[ 1py] <107
o 1 5
Pf- expP" — ‘ J‘ > 10~
and
(2) 1+x+x2+$3
w(z) = — —
21 31 4l 517

otherwise, the full upwind is used.

4 Numerical Results

In this section, the results of one of our numerical simulations are presented. The sim-
ulation was performed by the scheme described in Section 3, where the term Xf,’j"Jrl in
equation (15) was defined by the exponential upwind option in Section 3.3.

The domain Q was of the form (0,1) x (0, 1), where the units are [m], and there were
41 nodes on each side of the spatial mesh (see Figure 1a). The time step was 7 = 0.01.
The permeability tensor k was always a scalar multiple of the identity, i.e., k = kI k is
spatial dependent. The values of the physical constants used are listed in Table 1. The
values of porosity and permeability are from [10].

The following initial and boundary conditions and k and ¢ were considered (the
division of OS2 is depicted in Figure 1):

b pp,Dir(t7 x, y) = Dref +5- 1047 592y

i pini<x>y) prefeXp< RT >7
1, ify=0

0, otherwise o X, mi(z,y) =0;

L Qp,Neu(tax7y) = {

e values of k = ko are depicted in
the background of Figures 2a—2d;

J— ¢2 k k
® gxNeu(t,z,y) = 0; * o(r,y) = P 2 ( 1) + ¢

The numerical results are shown in Figures 2a-2d. We can see that the NAPL vapor
really spreads like a wave.

e X.x pir is computed from c; ;er and

Pp,Dir;



Numerical Simulation of NAPL VaporTransport in Soil

179

parameter value unit

-1

1.81-107° | kg-m~!-s

0.02896 kg - mol ™

0.13139 kg - mol™*

8.3144621 | J- K~ - mol™*

parameter value unit
Pref 101325 Pa
R, 0 kg -m™3.s71
Cnref 3-1072 mol - m™3

01 0.339 —

288.15 K

02 0.433 —

0 m-s 2

kq 1.726 - 107° m?

—9.81 2

m-s—

ko 2.012-1071° m?

-1

=[S 8 Nz R

0 kg -m—3-s

D 1075 m? . s7!

Table 1: Values of physical parameters.
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Figure 2: Numerical results. The arrows indicate the direction and magnitude of u. The
shades in the background of the figures are the values of k£ (’k0’).
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5 Conclusions

The numerical scheme derived in Section 3 seems to solve the governing equations without
producing non-physical oscillations in the NAPL vapor concentration. Therefore, the
results can be compared with experimental data, and the approach on which the scheme
is based may be employed on more complex equations.
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Abstract. A new way to treat the problem of electricity markets analytically is proposed
here. We consider several electricity producers and a central authority of an independent system
operator (ISO). We model such conflict situation in a standard way as a bi-level non-cooperative
Nash game, where ISO is a leader player and producers are considered as followers. Using
analytical formula for a solution to the ISO problem [1], we provide a detailed analysis of the
problem of a producer. We conclude by providing the conditions for existence of the best
response, which is then described by an explicit formula. We note that the topology of the
electricity dispatch network is not considered at the moment.

Keywords: electricity markets, bi-level Nash games

Abstrakt. V této praci je pfedstaven novy pristup k modelovani trhu s elektfinou. Uvazujeme
nékolik producentti elekt¥iny a nezavislého systémového operatora (ISO). Tuto konfliktni situaci
modelujeme standardné jako dvoutiroviiovou nekooperativni Nashovu hru, kde ISO je uvazovan
jako lidr a producenti jako jeho nasledovnici. S pouzitim analyického TeSeni ISO problému
[1], jsme provedli detailni rozbor problému producenta. Ziskali jsme podminky pro existenci
jeho optimélni akce, ktera je pak popsana explicitnim vzorcem. Poznamenévame, Ze topologie
elektrické rozvodné sité neni zde neni uvazovéana.

Klicovd slova: trhy s elekt¥inou, dvouturoviiové Nashovy hry

1 Introduction

The modelling of the electricity networks is a very current topic, since in the last two
decades they were privatized in many countries. The ultimate aim of such movement
was to enhance the effectiveness of electricity production and distribution, and so natu-
rally also electricity markets were founded, typically at the national level. Later, these
markets were consolidated; soon there will be just one pan-European electricity market.
Moreover, also an operational requirements of the so-called smart grids, i.e., electricity
dispatch networks with non-stable wind and solar power plants of various scales, are
newly considered. Thus, many practical and at the same time scientifically interesting
questions arose within this area.
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Further, we consider only the electricity market itself, omitting all the problems con-
cerning electricity dispatch network. We may observe that such market can not run
in the same way as, for instance, stock market. Indeed, electricity is a special kind of
commodity which is hard to store effectively. Thus, either all the produced electricity
is consumed at the very same moment, or we undergo high economic losses (either by
overproduction, or by possible black-out). On that account market has to be regulated
by an Independent System Operator (denoted by ISO in the sequel), which is typically
a state company. Then, all the electricity producers and consumers participating in the
market have to obey the decisions of ISO. This fact is the very novelty when modelling
such market and has important mathematical consequences.

From the point of view of producers and consumers, the electricity market may be
modelled as a non-cooperative Nash game. However, the presence of ISO makes this
problem much more complicated. In general, such bi-level problem is a special kind of
Equilibrium Problem with Equilibrium Constraint (EPEC), where the lower-level leader
problem, i.e., ISO problem in our case, is considered as an equilibrium constraint for
the upper-level problem, which is a Nash game of producers and consumers [5]. Since
this explicit dependence on the solution of ISO problem does not preserve any convexity,
we can not use the classical Nash theorem for existence of solution to EPEC in general.
Then, some more assumptions are needed [2], or only a more specific setting with just
two players may be considered [3].

In this article, we avoid the general problem of EPEC, and analyse the problem of the
electricity market directly. We have already shown [1] that under a very natural assump-
tions the ISO problem possesses one solution on general. In this article, we substitute
this solution of lower level problem directly into the upper level problem, avoiding all
these previously mentioned difficulties. Finally, a discussion of the obtained results is
provided. Further, we denote

* D > 0 the overall energy demand.
* N be the set of producers (N being its cardinal, N > 1).

* ¢; > 0 represents the non-negative production of i-th producer, i € N

* a;,b; > 0 are coefficients of i-th producer bid function a;q; + b;q?

For ¢ € RY we denote by ¢_; € Rf’l vector ¢y = (quy -+ Gio1, Gis1y - qN)-

2 ISO’s Problem

Based on the bids of all producers, the aim of the ISO is to minimize the total cost
of production, taking into account that the demand has to be satisfied. Each producer
provides to the ISO a quadratic bid function a;q; +b;¢? given by non-negative parameters
a;,b; > 0. This bid cost function may differ from the real cost function of producer i.
The ISO, knowing the bid vectors a = (a1,--- ,ay) € RY and b = (by,--- ,by) € RY
provided by producers, computes ¢ = (q1,...,qn) € ]Rf in order to minimize the total
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generation cost, that is to solve the following optimization problem

in D (aigi + biag)

ieEN .
ISO(a,b) >0, Vie N
ieN

for positive overall demand D > 0. Then, it is a well-known fact that this problems
admits at least one solution. Nevertheless, the market problem can be ill-posed if the
solution set of ISO(a,b) contains more than one point, see e.g. [4]. In |2, 3] the uniqueness
of the response of the ISO(a,b) comes from the hypothesis that producers are bidding
true quadratic function with b; > 0, thus implying the strict convexity of the objective
function of ISO(a,b) problem. Since in our work, we allow linear bid of a producer, even
eventually of all of them, an additional assumption is needed to guarantee uniqueness of
solution of ISO(a,b) problem. On that account, we add equity property assumption

(H) (ai, b)) = (aj,b;) = q; = q;

which is supposed to hold for all 7,5 € N. This assumption acctualy formalize that
ISO makes no difference among producers. Let us remark that the optimization problem
ISO(a,b) assuming (H) is as follows

min Z(@i% + big})
I ieN
q; Z 0, Vi € N

(a;,b;) = (a;,b;) = ¢ = ¢;,Vi,j €N

Z%ZD

ieN

ISO(a,b)+(H)
s.t.

and therefore all the following results concerns this formulation of the problem, even
though we will speak about the problem ISO(a,b) and hypotesis (H) separately.
To analyse this problem further, we introduce index set mapping N, (\)

No(\) = {i € Nla; < A} C .

This set represents, for a given price ), the subset of producers being "in the money".
Then we define several critical parameters of ISO(a,b), namely a critical market price
AX(a,b), a critical value of the overall demand D¢(a,b), and a set of producers bidding
critical (linear) bids N¢(a,b) C N

/\C(a7b) = 'eﬁ%}l—oai
Ne(a,b) = {ie Nlai=X(a,b),b; = 0} (1)

DYab) = Y Marb) -

iENL (A (b)) 2b;
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For the case of NV (\°(a,b)) = 0, ie., a; > A°(a,b) for all i € N, we put D(a,b) = 0.
If there is not any producer bidding linear function, i.e., we have b; > 0 for all i € N,
we set \°(a,b) = D%(a,b) = +o0o. For the cardinality of N“(a,b) we use the notation
N¢(a,b) = |N(a,b)|.

These critical parameters have clear economic meaning. First, A°(a,b) denotes the
minimum price such that at least one linearily bidding producer (b; = 0) will participate
in the market. Since such producer can provide arbitrary amount of electricity at this
price, A°(a, b) is also the highest possible price in the market. Then, D¢(a,b) will be later
identified with the overall amount of electricity produced by sub-critical producers, i.e.,
those participating in the market having b; > 0, see the proof of Theorem 2.3. Finally,
N¢(a,b) is the set of all the critical producers that may possibly participate in the market.
Next, we denote A" (a) = min;ep a;.

Remark 2.1. (a) From the definition of \°(a,b) we clearly have that a; < \°(a,b) im-
mediately implies b; > 0. This means that if the linear term of the bid of producer i is
strictly smaller than the critical market price, then this producer is bidding quadrati-
cally.

(b) We note that condition D(a,b) = 0 means that no sub-critical producer, i.e. producer
bidding b; > 0, will participate in the market, cf. the meaning of D(a,b) discussed
above. Moreover, this condition may be equivalently stated as N™(a) = A\°(a, b).
Next, we define A = {(a,b,A) € RZ"'|A™(a) < A < X(a,b)} (considering sharp in-
equality for the case of \°(a,b) = +00) and function F': A — R, as

/\—(li
Fla,b\) = ) T (2)
PENL(N) v

We note that for A > A\°(a,b) formula (2) is ill-posed because there exists i € N(a,b) C
N, () such that b; = 0, and that by the definition of A we have N, (\) # 0.
Consider any (a,b) € R?V fixed. As an immediate consequence of the definition of F
we have
lim F(a,b,\) =0, ,
A=A (a)
lim F(a,b,\) =400 if  Xa,b) = +o0,

A—~00

F(a,b,\°(a,b)) = D(a,b) if  X%a,b) < 400

Moreover, for any (a,b) € R?* function A — F(a,b,\) is continuous and piece-wise
linear on [A™(a), \°(a, b)[ and aditionally it possesses monotonicity property playing an
important role in the sequel.

Lemma 2.2. For any (a,b) € RN function X — F(a,b,\) is strictly increasing.

A technical proof of this Lemma is included in [1]. This lemma justifies the following
definition of function A(a, b, D) : R2V x]0, +-00[— R

NER, s.t. F(a,b,\) = Dif D €0, D*(a, )|
Mt DY =3 \e(a, ) if D > D*(a, b) (3)
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For any (a,b) € R?Y function A(a,b, D) is continuous and piece-wise linear in D owing
to the same properties of F'(a,b, \). Next, we state a convenient implicit formula for the
unique solution ¢(a, b, D) to the convex minimization problem ISO(a,b) assuming (H).

Moreover, in [1| we shown that for any fixed configuration of bids of producers (a,b) €
R2Y, function A(a,b, D) assign to each demand D > 0 the respective market marginal
price of the production.

Theorem 2.3. Let D > 0, then for (a,b) € RN such that X\°(a,b) > 0, the regula-
tor’s problem ISO(a,b) admits a unique solution q(a,b) obeying the equity property (H).
Moreover, this optimal solution is given by
)\2%5? Zf a; < A\
qi(a,b, D) = %ﬁjb) if a; =X\ 0; =0 (4)
04fa; >N\ ora;=Xb; >0

with A = Aa, b, D) determined by (3).

This theorem was shown in a detail in [1]. The main idea is to use KKT system
corresponding to ISO(a,b), and by a detailed analysis show that it possesses only one
solution. In general, A\(a,b, D) is not a smooth function, but we may compute several
directional derivatives easily. This is our main technique to tackle the problem of a
producer in the next section.

3 Producer’s problem

In this section we stress the point of view of a particular producer denoted by ¢ € M. We
assume that the set of all producers N is fixed and we suppose that the true production
cost function of producer i € A is given by A;q; + B;q? with coefficients A; > 0 and
B; > 0 being known only to producer i. All the following results may be extended to
B; = 0, but to avoid several technical issues we omit it here. We argue that B; = 0 is
not realistic since the real marginal cost of electricity production is increasing in ¢;. Now,
producer i € N aims to maximize his profit m;(a, b, D) given by

7i(a,b,D) = (a; — A;) ¢i(a, b, D) + (b; — B;) qi(a, b, D)? (5)

manipulating his own strategic variables a;,b; > 0 with the rest of variables (a_;,b_;) €
RiN_2 kept fixed. In other words, the i-th producer’s problem P;(a_;,b_;, D) reads

Pi(a,i,b,l-,D) %z = sup m(ai,a,i,bi,b,i,D).
ai,b;>0
Then, the solution to this problem, i.e., the best response of producer i € N, provides
him with a clear instruction how to bid in the modelled market situation. We consider the
overall demand D as a parameter and our aim is to provide a full discussion of solution
to Pi(a_;, b_;, D) with respect to the value of this parameter. This closely corresponds to
the actual needs of producers in the real-world electricity markets. Generally they have
only some expectations on the overall demand D, and so they consider several possible



186 M. Pisték

scenarios with various values of D thus yielding different optimal bid functions. To this
end the statement of the forthcomming and concluding Theorem 3.7 is presented in terms
of the overall electricity demand D.

Finally, we explicitly state that we search only for a solution to P;(a_;,b_;, D) such
that m;(a,b, D) > 0, that is we assume that producer will not participate in the market
otherwise. Indeed, since we model only one time period here, it makes no sense to
participate in the market having non-positive profit.

At the moment, since the strategic variables (a_;, b_;) € R*~=2 of the other producers
are supposed to be fixed, we have to abandon the previous symmetry of the notation.
There are several variables describing the (potential) situation in a market without pro-
ducer i € N, i.e., a market consisting only of producers in N\ {i}: we define

MO0 = A
and similarly also the other critical parameters N¢(a_;,b_;), D(a_;,b_;) of E-ISO(a_;,b_;, D).
In the same manner, we may define function F(a_;,b_;,\) and derive market price
Aa_;,b_;, D) in analogy to (3). Meaning of all these reduced variables fully corresponds
to the case of the full market definitions. We note that also Theorem 2.3 is valid for
the setting of E-ISO(a_;,b_;, D). Having such a notation established, we illustrate the
influence of the i-th producer’s bid on the market price A(a, b, D).

Lemma 3.1. Consider demand D > 0 and bid vector (a,b) € R?N. Then
(a) Na,b,D) < Xa_;,b_;, D),

(b) a; < Xa,b, D) if and only if a; < Ma_;,b_;, D),

(c) if b; >0, then, a; < N a, b, D) if and only if a; < Ma_;,b_;, D).

Note that all the statements in this section will be given without a proof, an interested
reader can found the details in the forthcomming publication.

Although this lemma can appear to be only a technical issue, it has some straightfor-
ward economical interpretations:

(a) part (a) states that the price in the market including producer i is always less or
equal to the price in the market without producer ¢

(b) part (b) enlightens that if producer ¢ considers to enter the market with a bid (linear
or quadratic) lower than the present marginal price (in the market without him) then
the modification of the market price due to his participation to the market can not
make him out of the money.

(c) part (c) means that if producer ¢ is in the money with a quadratic bid in the market
including him, then the price in the market without him would be strictly higher
than the linear coefficient of his bid.

Next, we show what values of (a;,b;) € R2 are of potential interest for the i-th
producer.
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Theorem 3.2. Assume D > 0 and take (a_;,b_;) € R3N"2. Then, considering the
unique solution q(a,b, D) to the requlator’s problem E-ISO(a,b,D), the i-th producer profit
mi(a,b, D) satisfies one of the following statements:

(a) for a; < Na—;,b_;, D) and b; > 0,

Ma,b,D) — a;
42

mi(a,b,D) = laibi — 2A:b; + a; B; + A(a, b, D)(b; — By)], (6)

(b) for a; < M a_;,b_;, D) and b; =0 (and so a; = \°(a,b) and N¢(a,b) = {i}),

mi(a,b, D) = (\(a,b) — 4;)(D — D(a, b)) — B;(D — D%(a,b))?, (7)
(¢c) for a; = Aa_;,b_;, D) and b; =0 (and so a; = \(a,b) and i € N°(a,b)),

D — D(a,b) i (D—Dc(a,b))27

mi(a,b, D) = (A(a,8) = A) =5 N<(a,b)

(8)

(d) for a; > N a—_;,b_;, D) it holds m;(a,b,D) =0

Note that the different cases of Theorem 3.2 are described in terms of comparison
between a; and A(a_;,b_;, D) thus independently of the value of A(a,b, D), which is not
known when producer ¢ wants to decide his bid (a;, b;). Let us now emphasize, through
the following corollary, that as soon as the linear coefficient A; of the production cost
function of the i-th producer is greater than the price A(a_;, b_;, D) in the market without
producer i, then there is no bid (a;, b;) for producer ¢ ensuring him positive profit.

Corollary 3.3. For any D > 0, (a_;,b_;) € R2N"2 and A; > Ma_;,b_;, D), the i-th
producer’s profit is non-positive, that is m;(a,b, D) < 0.

Next we introduce a level of production

)\C(CL,Z', b,Z) — Az

2B, (9)

gi(a—u b—i) =

having a significant economic meaning for producer i € N.

Remark 3.4. Let (a_;,b_;) € R*72 a; = X(a_;,b_;) and b; = 0 be fized for somei € N.
Then, if we consider q; in (5) as a free variable for the moment, the profit of producer
i s given by 75(q) ¢ — (MN(a_s,b_;) — As) ¢ — Biq?. Then, the mazimum of 7$(q;)
is attained for q¢; = ¢;(a_;,b_;), thus corresponding to a kind of ideal production rate for
producer i. This follows from B; > 0, then for production quantity higher than ¢;(a_;,b_;)
the additional production cost will be higher than the respective additional gain. Finally,
we note that §; > 0 and 7¢(g;) > 0 provided A; < X\°(a—;,b_;).

Further, we investigate only values of (a;,b;) € R% such that assumptions of Theorem
3.2 (a), (b) and (c) are satisfied. Otherwise, the i-th producer’s profit would be non-
positive and we assume that under such conditions the producer will not enter the market
at all. Then, we characterize conditions for the existence of a solution to P;(a_;,b_;, D),
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determine this solution and show that it is unique. Some more preliminary notation is
necessary. We introduce two more quantities of electricity production being significant
for producer i € N :

)\m(a_,-) — Az
o —1 b—i = ’ L
4 (CL ) 2Bz + m* (a—i7 b—i) A’m(a—l)) ( 0)

)\C(Cb_i, b—z) — Az

q; (a—i7b—i) = 2Bz +m—(a_“b_i,)\c(a_i,b—i))‘ (11)

Lemma 3.5. For any (a_;,b_;) € R2"2 it holds ¢™(a_i,b_;) < Gi(a_i,b_;) and ¢f(a_;,b_;) <
Gi(a_;,b_;). Moreover, we have ¢*(a_;,b_;) < ¢f(a—;, b_;) provided A; < X\°(a—;, b_;).

Now, recall that function f : R — R is quasiconcave if for all z,y € R and all
u € [z,y] it holds f(u) > min{f(x), f(y)}. Moreover, function f : R — R is strictly
quasiconcave if it is quasiconcave and for all x,y € R,  # y and all z €]z, y[ we have

f(z) > min{f(z), f(y)}.

Proposition 3.6. Let (a_;,b_;) € R¥ "2 D > 0 and b; = 0 be fived. Then, m;(a;,a_;,0,b_;, D)
is strictly quasiconcave in a; on [0, \(a_;,b_;, D)[, and problem

-pi(a—iab—iu-D) sup Wi(al‘,(l_i,o, b—iaD)
aiE[O,/\(a,i,b,i,D)[

admits a solution if and only if one of the following alternatives holds:

(a) A; < Ma—;,b_i, D) < X(a—;,b_;) (implying \™(a—;) < M a—;,b_;, D)),

(b) AN™(a-i) < Ma—i,b4, D) = X(a_s,b_;) and gf(a_;,b_;) > D — D*(a—i, b_y).
Moreover, if a solution exists, it is unique. Denoting it by a;, it is given by

ELZ' = /\m(a_i) Zf D < qzm(a—ia b—i)a

<D-F —1 b—i> % S =
2B; + m~(a—;, b, a;) — (a ) 2B; + m*(a—;, by, a;)

’Lf D > ql-m((l_i, b—i);

(12)
and satisfies a; € [N (a_;), A\(a_;, b_;)[. Moreover, the respective mazximal profit is pos-
itie, m;(a;,a_;,0,b_;, D) > 0. Additionally, if a solution does not exist, then m;(a,b, D)
is strictly increasing in a; on [0, X(a—;, b_;, D)].

It may occur that there is no maximizer in problem Pj(a_;,b_;, D), i.e., the best
response of producer ¢ € N does not exist. However, if the supremum of the profit 7;
defined in Pj(a_;,b_;, D) is positive, a sequence of bids (a¥, bF). is said to be a limiting
best response of producer ¢ if it yields the optimal profit 7;, i.e.,
k Bk

iy A—i, 05, b_i,D) = 77'7, (13)

lim m(a
(@f,bf)—(ai,bi)

In such a situation we will present in the forthcomming theorem one bounded limiting
best response, thus providing a limiting best response strategy to producer ¢ € A. Then,
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we call 7; a limiting profit, and the respective production quantity will be referred to
as a limiting production quantity. Next, we introduce the final theorem of this article
discussing (existence of) the best response of producer ¢ € N with respect to various
values of the overall electricity demand D > 0 and bid functions of other producers
(a_i,b_;) € R =2 kept fixed. In this setting we define ¢¥(a_;,b_;) = F(a_;,b_i, A;)
provided A; < X°(a_;,b_;), thus allowing reformulation of Corollary 3.3 in terms of pro-
duction quantity.

Theorem 3.7. Let D >0, (a_;,b_;) € RZ¥"2 for some i € N and consider the problem

Pi(a_;,b_;, D) T 1= sup mi(a;, a_q, b, by, D). (14)

a;,b; >0

If D(a_;,b_;) > 0 then either A; > X(a_;,b_;) and 71; < 0, or one of the following
alternatives holds:

(a) if D €]0,¢)(a_;,b_;)] then 7; <0,

(b) if D €]qi(a—s,b_;), D(a—;,b_;) + q{(a—;,b_;)[ then @ > 0 and there is a unique best
response (a;,b;) given by a; € [N (a—;), A°(a—;, b_;)[ satisfying (12) and b; =0,

(c) if D € [D(a—i, b_;)+q5(a_i,b_;), D(a—;, b_;)+Gi(a—;, b—;)] then 7; > 0 and a limiting

best response (af, b)y is given by a¥ 7 X(a_;,b_;) and b¥ =0,

(d) ZfD G]DC(CL_Z‘, b_i)—f—di(a_i, b_z‘), —f-OO[ and D 7£~Dc(a_i, b_i)—f—(NC(a_i, b_z)—f-]_) qu(CL_Z‘, b_z)
then 7; > 0 and a limiting best response (a¥, b5y is given by a¥  X(a_;,b_;) and
b N\, 0 satisfying

2B;bk

B; + b

)

C~Lk = /\C(G_i, b—z) —

(]

Gi(a—i b)), (15)

(e) if D= D(a_;,b_;) + (N°(a—s,b_;) + 1) Gi(a_s,b_;) then 7; > 0 and there is a unique
best response (a;,b;) = (A\°(a—;,b_;),0).

For D(a_;,b_;) = 0 all these alternatives are still valid provided ¢f(a—_;,b_;) := 0.

Having D(a_;,b_;) = 0, i.e., N"(a—;) = AX°(a_;,b_;) due to Remark 2.1 (b), and
Ai < /\C(CL,Z‘, b,i), it holds q?(a,i,b,i) = F(a,i,b,i,AD S F(a,i,b,i, )\C(a,i,b,i» =
F(a_;,b_;;\"(a_;)) = 0 with regards to Lemma 2.2, thus alternatives (a) and (b) can
not occur since we put ¢f(a_;,b_;) := 0. Thus, only alternatives (c), (d) and (e) of the
theorem have to be considered for the case of D°(a_;,b_;) = 0. Note that ¢f(a_;,b_;) was
not previously defined once A™(a_;) = A(a_;, b_;), see (11).

We note that the presentation of the statement of Theorem 3.7 closesly corresponds
to a real-world needs of electricity producers, which look for the optimal bid function
considering several scenarios with vairous values of electricity demand D.
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4 Conclusion

This article closely follows the ideas developed already in [1]. We found a new way how
to treat the modelling of the electricity markets. Using the analytic formula for the ISO
problem, we are able to finally resolve analytically even the problem of a producer, thus
obtaining Theirem 3.7. This way we have a complete picture of the best bidding strategy
for the considered producer.

The proposed way of research seems to be truly promissing. Further extensions of this
model may directly lead to more realistic results, whereas such an analytical approach
will still make these model ameanable to a detailed examination. This is however beyond
the scope of this article.
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Abstract. This paper focuses on the topic of adaptive knowledge testing. The concept of testing
is briefly reviewed as well as the structure of Bayesian networks, which are used to control test.
Special attention is given to the data collection with a knowledge test. The test is analysed here
and the paper brings its psychometrics evaluation that proves it is a correct tool to collect data.
Test results are summarized and data obtained are used to model a Bayesian network for this
case. In the end we demonstrate adaptive testing with this network.
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Abstrakt. Tento ¢lanek se vénuje tématu adaptivniho testovani znalosti. Je pfiblizen koncept
testovani a struktura bayesovskych siti, které jsou k nému vyuzivany. Znacn& pozornost je
vénovina zptsobu sbéru dat pomoci testu znalosti, ktery je zde analyzovan. Clanek prinasi
psychometricky rozbor testu a prokazuje, Ze je vhodnym néastrojem pro sbér dat. Vysledky
testu jsou shrnuty a nasledné jsou sesbhirana data vyuzita k tvorbé bayesovké sité modelujici nas
pripad. Na zavér na této siti demonstrujeme zptisob adaptivniho testovani.

Klicovd slova: adaptivni, testovani, bayesovké sit

1 Introduction

Educational testing plays an important role in the modern society. Every person partici-
pates in a large number of tests that are used to prove different qualities through his/her
life. While tests vary in their questions, style, thoroughness, and improve over time with
more elaborate questions and better sets of questions, the way of testing itself does not
change much. There is usually a large set of possible questions which are adequate to
be asked but only a fixed subset is selected for a single version of the test. Reasons for
this are obvious as it is not possible to force an examinee to answer hundreds or even
thousands of questions. It is possible to pick questions at random but that could lead
to “lucky” and “unlucky” selections of differing difficulties. Other methods for selecting
questions can be used but there will always be a large amount of questions which were
not included in the test.

One way of solving problems mentioned above is Computerized Adaptive Testing
(CAT). It is a knowledge-based testing concept where the examinee is not required to
answer all questions from the question pool. Questions for the examinee are selected
by the computer based on his/her previous answers and the data set modelled from
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many previous respondents. It means that there is no fixed version of the test and every
individual gets his/her test crafted while answering questions. This concept provides a
way to obtain a measurement of student’s abilities with the reasonably high accuracy
and confidence, but require fewer responses, less time and have positive effect on the
examinee’s morale as, typically, the student should answer about a half of questions
correctly. It is also possible to take the advantage of a large question pool as every
questions which has a significant information value is asked for some examinees and on
the other hand question with no or small information value are asked less often.

Examples of a successful adaptive testing deployment are TOEFL language exam and
GRE — graduate record examination |[5].

2 Adaptive Testing and Bayesian Networks

CAT can be divided into two phases: model creation and testing. In the first one the
model of the system is created while in the second one the model is used to actually test
the examinees. There are many different model types which can be used for adaptive
testing but in this paper we are going to focus on the Bayesian networks only.

Bayesian network is a conditional independence structure. It consists of the follow-
ing: A set of variables and a set of directed edges between them which form a directed
acyclic graph (DAG). Each variable has a list of mutually exclusive possible states. The
conditional probability distribution is defined for each variable with its parents in the
conditioning part (variable A with parents Bj,Bs,...,B, has the conditional probability
table P(A|By, B, ..., B,))'. For example the structure in the Figure 2 is a graphical
representation of a Bayesian network (probability tables are not shown).

The goal of the model creation is to describe the relations between questions and
student abilities. In order to construct a Bayesian network it is necessary to identify
random variables. There are two types of variables. The first type is an observed variable
which is a response to an individual question. Collection of these variables is called a test
model. The second type is an unobserved, student model, variable. This type of variables
corresponds to abilities of the examinee and since there is no way of direct measurement
of these variables they cannot be observed. For the first type, there is a variable for every
question. For the second type, there is no exact rule how to create these variables. One
way of creating them is expert knowledge where an expert describes a set of abilities and
what abilities he/she is expecting to play a part in each question. This forms connections
to create a DAG. To finish a Bayesian network creation it is necessary to add initial
values into conditional probability tables. It is again usually done be an expert. In order
to reflect data it is necessary to perform a fitting. This step is called learning and it can
be done with different machine learning algorithms.

When the network is set up as described it is possible to use it for predictions. The
theory behind the use of Bayesian networks is quite extensive and we will bring only
a brief overview of the most important mechanism?. There are two main key points
in the calculations with Bayesian network. The first one is evidence. Evidence e is

!Note that the variables with no parents have the table in the form P(A)
?Detailed explanations and further reading can be found for example in [3] or [1]
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a piece of information we obtained (in our case as an answer to a question) about the
variable A. This information fixes the state of the variable A. This corresponds to setting
probabilities of states of the variable A to zeros except for the state 7. The second key
point is a belief updating (also called inference). It allows us to propagate the information
obtained as evidence through the network and also to evaluate marginal probabilities for
a single variable. There are different methods for inference but in general they all consists
of repeated steps of multiplications of potentials® and marginalizations of variables. It
is usually performed over the junction tree constructed from the network. One of the
inference mechanisms is the lazy propagation which takes advantage of local structures
in the network to improve the efficiency of calculations [4].

3 Test design

In order to perform our research with CAT we collected data as an input for a further
analysis and the test creation. The paper test for high school students was designed
to serve this need. The test focuses on mathematical knowledge and it is intended for
students attending last two years of high schools. The test was revised and updated
several times before it reached its final state.

It is essential to note that this test is not meant for student school qualification and
no grades which would influence student’s school results are given.

During the assessment of the test the analysis of common mistakes was performed.
Based on this analysis questions were further broken down into sub-questions and every
sub-question was graded separately. This step was performed to provide a neater scope
of separation and better connection of responses to student’s abilities. Each sub-question
is graded with 0-4 points and each question consist of 1-3 (in one case 8) sub-questions.

In addition to answers to problems information about students is collected. This
includes mostly some personal factors as sex, age, and grades from mathematics, physics,
and chemistry from the recent period. These factors will be used to better differentiate
between students and to better predict their performance as well as to verify the validity
of the test.

Feedback for students
To increase the motivation of students the test results are stored online and every student
can view his/her performance. The comparison with the rest of the test sample is provided
(in the form of quantiles). The idea is to provide students with reflection of their abilities.
A website was designed to meet these needs and if the student enters his/her email in
the test he/she is notified when the result is uploaded. It is then possible for the student
to display the result. There is also a utility on the website which allows one to enter
additional information missing in the test (or unavailable during the filling time) such as
the final exam grades.

The final shape of the test, respondents
There are 29 questions in the final version of the test which are divided into 55 sub-
questions. The maximal score is 100 points. There is a time limit of 45 minutes (it has to

3To clarify: probability tables are special case of potentials, tables during the course of operation
need not be probability tables (sum to 1 etc.).
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fit one high school lesson). To this date the test was answered by 110 students from two
Prague’s high-schools in the age of 16 - 20. More students should attend the test in the
year 2014/2015. There were 33 men and 63 women in total, the remaining 11 students
did not provide the sex.

4 Test assessment

In the following section psychometrics analysis methods from [6] are summarized. Results
of the analysis is presented as well.
True scores and reliability
The goal of the test is to measure variables from the student model described in the sec-
tion 2 and to use these to predict answers to other questions. As always the measurement
process is obstructed with measurement errors. The error is caused by many different
factors (the examinee could have a bad day, be ill, guess the answer, or get distracted
while solving a single problem,...) and it is reasonable to expect them to have an im-
portant influence. The value obtained as a measurement x of the variable X is called a
raw score and is in the form
r=T+e

where 7 is the true score and e is an additive error.

There is an obvious question whether the raw score is influenced more by the true
score or the error. For many measurements the maximume-likelihood estimator of the
error is the variance of many consecutive measurements of the same factor. In our case
it proves to be impractical to measure one person multiple times and it is not as well
possible to use the variance of many different examinees as their true values most likely
differ. The variability of scores in the data set is then caused by actual differences between
examinees (different true scores) as well as errors. It is usually expected that the data
set satisfies homoskedasticity condition*. With this assumption true scores and errors are
statistically independent and thus the observed variance o, is a sum of variances of true
scores o, and errors o..

Op =0, + 0

The best possible situation is that the variance of the measured variable X is fully mod-
elled by true scores. This situation is very unlikely to happen. To determine the level of
the relationship we introduce the value called reliability which is defined as follows:

or or

T.’L’[L’ - -
O Or + 0,

The higher the value the better. Unfortunately variables o, in the nominator as well as
o in the denominator of the second fraction are hidden (unobservable) variables and as
such we are unable to evaluate their variance. The reliability has to be estimated with a
different approach.

There are many possible approaches and we will elaborate more into one of them
which is known as Cronbach’s alpha coefficient only. The idea is that the items of the

4Homoskedasticity means that the size of an error is not correlated with the size of the measured
variable
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test are measuring the same factor and thus they should correlate with each other. The
amount of pair wise correlations for ¢ questions is k = (1((;2_—1)' All these correlations are

put together in the Cronbach’s alpha coefficient which can be calculated as

n 2
n ._10;
ma= (1o Eet)

n—1 o

where o; is the variance of the ith item of the test, o; is the variance of the whole test and
n is the number of items in the test. The coefficient should reach high values. According
to [2] any value below 0.5 means the test is of no use. To provide reasonable comparison
results it should be over 0.9.

For our data set the following values were calculated:
Cronbach’s alpha for numeric classification: o = 0.92
These values show reasonably high reliability of the test.

Normalization and standard scores
In order to use scores to distinguish between different examinees raw scores have to be
transformed to standard scores. There are many different types of standard scores and
all of them are obtained by a linear transformation of raw scores (note that it means that
the order of examinees is not changed by this kind of transformation) by the following

formula
(z —p)

I/:/,L/‘f—o'/

Where 2’ is the transformed score, p/ and ¢’ are desired mean and variance values of
the standardized score, p and ¢ are previous mean and variance values and z is the
raw score. To apply these transformations it is required that the raw score belong to
the Gaussian distribution (ideally with the mean value in the middle of possible scores).
Standardized scores differ in the chosen parameters of 1/ and o’ and some special selections
are generally recognized. The most commonly used is the z-score with the mean value 0
and the variance 1. Another well known standard score is the IQ) score (' = 100, o’ = 15)
used mostly for intelligence testing. Other well known scores are also stens, stenines,
percentiles, and t-scores.

The set of scores obtained from our data set did not belong to Gaussian distribution.
The proof is displayed in the Figure 1 where it can be clearly seen that it does not even
fit the Gaussian distribution with the mean value 44.182 (instead of middle 50 points)
due to very low p-value. The solution to this problem is provided by the McCall’s area
standardization [6] which transforms raw scores to the Gaussian distribution. This step
was performed at first and then scores were transformed to standardized score scales. To
illustrate these scales a short excerpt from whole scale tables for the z-score and the 1Q
score is shown in the Table 1.

Table 1: Standardized scores
raw 0 10 20 30 33 36 46 56 66 76 86 93

z -2.61 -1.36 -0.59 -0.05 0 0.10 051 094 1.16 146 1.74 2.61
IQ 61 80 91 99 100 102 108 114 117 122 126 139

Validity
Another question it is important to ask is whether the test is actually measuring the factor
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it is supposed to measure (i.e. in our case if the score obtained reflects mathematical
skills rather than for example the ability to read the question or the writing skill of the
examinee). This characteristic is called validity and there are many different ways of
proving the test is valid. Most validity proofs come from outside the test. One way is
to let examinee to answer a new different test measuring the same factor (ideally a test
which is already well established). Another way is to consult other factors known about
the examinee, which is what was performed in our case.

in addition to answers to problems student’s grades from subjects (mathematics,
physics, and chemistry) were obtained. It is reasonable to expect a correlation between
these grades and the score reached. The correlation is present and its values are shown in
the following paragraphs. Because of this fact, although the complete validation would
require more thorough examination, it is expected that the test is valid.

Results
The Table 2 shows the reached scores divided by gender and school. It seems that
there is no obvious correlation between sex of the student and the score the student
obtained. This is supported by the calculation of the correlation which evaluated to
c(score, sex) = 0.03. With the null hypothesis that there is a correlation the statistical
test results in the p — value = 0.7572 disallowing the rejection of independence. Inter-
estingly there is a connection between the filling of the name cell (some students did not
fill their name) and their score where the correlation coefficient is ¢(score, name) = 0.33
with p — value = 0.0004 which means that a person who filled his/her name was likely
to score better in the test.

As mentioned above, the correlation between grades of the student and achieved score
was measured. Obtained values are shown in the Table 3. It is clear that these correlations
are as expected (a better grade (smaller) leads to a higher score - negative sign in the
correlation). Also the correlation with mathematics is the highest and chemistry is the
lowest with physics in the middle. This fact was not predicted and it is an interesting
although not surprising one.
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Table 2: Average score achieved in two high schools ("Na Prazacce" and "Arcus")

Na Prazaéce Arcus Total

Total 46.68 4276  43.86
Males 40.08 51.40 46.94
Females H4.86 42.53  45.27

Table 3: Correlations of the score with grades

Mathematics Physics Chemistry
Correlation with score -0.58 -0.44 -0.36
p-value 0.0000 0.0000 0.0004

Some questions were in the form of real life problems rather than mathematical prob-
lems. These questions were correlated with the score independently as well. The result
is displayed in the Table 4. In the first column it is possible to see that there is a strong
correlation with the total score. Also in this case there is not a strong correlation with
the sex of the student even though the value is a bit higher (in favour for men). More-
over the trend of correlations with grades is preserved but values are lower. It leads to
an assumption that students with worse grades from these subjects answered correctly
rather this kind of questions than other questions.

Table 4: Correlations of the real life problems with other factors

Score Female Mathematics Physics Chemistry
Correlation 0.72 -0.11 -0.36 -0.18 -0.17

5 Current Bayesian Network

Based on the data collected and the experience from the assessment of tests a Bayesian
network was created®. Its structure is displayed in the Figure 2. As explained above there
is a node for each sub-question (yellow/white) and there are 7 ability nodes (red/grey).
The abilities correspond to different mathematical skills and are described in the Table 5.

Each question is connected to at least one ability (groups in the top part of the graph)
or more (groups in the bottom part of the graph). This network’s design was based on
our expert knowledge and there were also initial probabilities inserted (not shown in
the Figure 2). The network is then learned using the Hugin’s EM algorithm to update

®We use the Hugin environment to model the network and to perform calculations (www.hugin.com).
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Table 5: Skills present in the student model

S1 graphs (recognize functions, draw,...)

S2  points in the graph (find points, plot points, read from graph,...)
S3  monotonic functions (analysing, using for calculations,...)

S4 domains of functions

S5 function formulas (create, use)

S6 equations

S7 real-world problems

Figure 2: Bayesian network constructed with our expert knowledge
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probabilities to reflect our data set. After this step probabilities associated with each
node, corresponding question /skill for an average student, can be viewed in Hugin.

The main goal is to use the Bayesian network for the adaptive testing. Once we have
the learned network we should be able to do this. The testing is performed in turns which
correspond to answers to questions. In every turn following steps are performed:

1. The question with the best information value is selected

2. The student responds to the question

3. The answer is inserted into the network as new evidence

4. Probabilities in the network are updated (inference is performed)

This sequence is repeated until a criterion is reached. Either we test for a fixed number
of questions or a determination goal could be set: the test is stopped when it reaches a
state where an examinee can be assigned a score (or group of students) with a certain
confidence. Steps 3 and 4 from the list above are performed with the mechanisms outlined
in the Section 2. The second step is the task of the examinee. The remaining step 1 could
prove quite hard to perform. It is necessary to select the question which gives us the best
information value and allows us to differentiate the examinee from the rest of the group as
much as possible. The best candidates to select are questions which in the current state
of the network have probabilities close to the uniform distribution. Since these questions
are the hardest to predict and they provide the largest information gain as well.

Next we provide an example simulation of the testing process with the network in
Figure 2. First, the network is learned with the EM algorithm. Then, we select one
question with high information value - Q12 (P(Q12 = 0) = 0.4273, P(Q12 = 1) = 0.0909,
P(Q12 = 2) = 0.4818). In our simulation the student answers correctly to this question.
Inserted evidence modifies the probabilities of other questions as well as the skill it is
attached to (S5). Updated probabilities of some of the variables are shown in the top
part of the Table 6. Probabilities are updated only for variables connected to the skill S5
where the probability of the student having this skill increased. The next question is Q32
(P(Q32=0)=10.4633, P(Q32=1)=0, P(Q32=2)=0.5367). The student answers
this question incorrectly. The bottom part of the Table 6 shows updated probabilities.
In this case two skill nodes updated and as well are variables connected to them. In
both cases observed changes correspond with our expectations - correct answers yielding
higher probabilities for other correct answers and vice versa.

For more credible verification it is necessary to collect more data and then perform
additional tests. It is planned to run the leave-one-out cross-validation which consist
of the following steps. First, a single observation (examinee’s result) is removed from
the data set and the network is learned from the remaining data. The network then
simulates the testing. Questions are selected as described above and answers are fed from
the previously removed observation. The failure ratio is recorded as the relative ratio of
wrong predictions. This procedure is repeated for every observation (n times). The goal
is to have the average ratio over all examinees as low as possible. It would mean that the
network predicts examinees’ answers correctly (makes only a small number of mistakes).



200 M. Plajner

Table 6: Changes in probabilities after inserting evidence e;(Q12=2) and then
e2(Q32 = 0). In skill variables (S2, S5, S6) states are h-have/hn-have not the skill.

P P(S5 = hley) P(Q9 = 1|e) P(Q37 =0ley) PQ30 = 4|e;)
Before 18.35 58.60 61.82 32.93
After 34.30 66.69 53.85 41.05

P P(S2 = hley,ez) P(S6 = hnler,es) P(Q24 =0|ey,eq) PQ29 = 4leq, er)
Before 0.4313 0.6264 0.8000 0.3770
After 0.3695 0.9258 0.9490 0.2874

6 Conclusion

The most important result presented in this paper is the empirical proof that the test
brings valid data about examinees. It is possible to continue collecting data in the same
way. [t is necessary to increase data volume to continue our work. Nevertheless, it was
already possible to construct a Bayesian network which seems to provide reasonable pre-
dictions. The following step is to prove this assumption with more elaborate procedures.
An additional software tool to perform the inference and to manage more advanced tasks
with the network is also being developed. It will allow us to do operations outside of the
Hugin environment in a controlled and specific way. This tool will be later used in the
implementation of a computerized version of the test in its adaptive form.
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Abstract. Molecular dynamics simulations for water were run using the TIP4P /2005 model for
temperatures ranging from 250 K to 600 K. The density profiles and the surface tension were
calculated as a preliminary results. The surface tension values matched quite nicely with the
TAPWS correlation over wide range of temperatures. As a partial result, DL POLY Classis was
successfully used for tests of the new computing cluster in the Institute of Thermomechanics.

This text is a short version of the one that will be presented at Experimental fluid me-
chanics 2014 in Cesky Krumlov (18.11.2014 - 21.11.2014). Whole text subsequently published
in The European Physical Journal.

Keywords: Density gradient theory, nucleation, PC-SAFT, Cahn-Hilliard theory

Abstrakt. Provedli jsme simulace molekularni dynamikou pro vodu s pouzitim modelu TIP4P /2005
pro teplotu od 250 K do 600 K. Jako predbézné vysledky jsme spocitali profily hustot a povrchova
napéti. Hodnoty povrchového napéti dobfe koresponduji s hodnotami TAPWS pro dirokou skéalu
teplot. Jako mezivysledek jsme rozbéhali a otestovali program DL POLY na novém vypocetnim
klastru Institutu termomechaniky.

Tento text je kratkou verzi préace, kterd bude prezentovana na konferenci Experimental
fluid mechanics 2014 v Ceském Krumlové (18.11.2014 - 21.11.2014). Cely text nésledn
publikovan v Zurndlu The European Physical Journal.

Klicovd slova: Gradientni teorie, nukleace, PC-SAFT, Cahn-Hilliardova teorie

1 Introduction

Water is perhaps the most studied substance in the world due to its importance in daily
life, industry or physical, chemical or biological processes. Due to its many anomalies
and non-standard behavior it is however very hard to model. The non-trivial phenomena
are caused by its polar character and consequently by its formation of hydrogen bonds.

Motivation of this work is to shed light on the discrepancies between experiments
and simulations, e.g. the second inflection point of water [4], to reproduce measurements
of the surface tension of supercooled water as well as to enhance our theoretical work
concerning nucleation rates predictions [10] and capillary waves modeling [3].

In this paper the preliminary results are published as part of our newly formed simula-
tion group. Primary objective was to get the software executing the simulation procedure
working in our new cluster in the direction of our interests. We used DL POLY Classic

201



202 B. Plankové

Table 1: Simulation parameters of TIP4P /2005 water molecule atoms: oxygen O, hydro-
gen H, mass-less charge M. m is molar mass, M charge in units of elementary charge, €
and o are Lennard—Jones parameters.
atom | m (g/mol) M (e) € (kJ/mol) o (A)
O 15.99940 0.000 0.77490  3.1589
H 1.00794 0.5564 - -
M 0.00000  -1.1128 - -

program on 4 x 24 Intel(R) Xeon(R) CPU E5645 @ 2.40GHz CPUs, debugging and early
computations were executed on computer with 4 AMD Phenom(tm) 9600 Quad-Core
GPUs.

A water slab for various temperatures from 250 K towards the critical point (which
was not exceeded) stopping at T = 600 K was simulated. To have a relevant reference
point, we followed specifications of papers [11] and [12].

2 TIP4P /2005 model

There are many water models that are simple and ridig but describe the water properties
quite well. Perhaps the most universal one is the so-called TIP4p/2005 model, based on
TIP4P [6], which introduces an auxilliary atom M. This atom carries the negative charge,
is massless and close to oxygen atom (0.15 A). The model is TTP4P /2005 was proposed
by Vega and Abascal [1] in 2005. They tried to combine good phase diagram of TIP4P
with target properies of SPC/E improving the melting point. It has been shown [14, 13|
that TIP4P /2005 behavior is even better than that of SPC/E. Therefore, in this work
we use the TIP4P /2005 model. Another extension TIP5P was proposed by Mahoney et
al. [8] to carry the negative charge on two auxiliary atoms. However, the performance is
not better than of TIP4P /2005.

TIP4P /2005 model includes Lennard—Jones interactions between oxygen atoms only;
hydrogens have negligible mass compared to them, which makes the simulation easier.
Other interaction is electrostatic which occurs between hydrogen H and charge M atoms.
TIP4P /2005 parameters are listed in Tab. 1.

3 Simulation methods

The simulation was performed as follows: first, a liquid cubic box of 1372 molecules was
run for 50 ps, then the z-size of the box was expanded to approximately 3x the original
proportion and run for 10 ns to provide reliable data for surface tension determination.
Sizes of the box were calculated depending on the NIST [7] values of the water saturated
liquid density for particular temperature. For supercooled region, a constant box size
corresponding to 300 K system was used. Periodic boundary conditions were used in all
directions. Timestep of the simulation was chosen as 2 fs (same as in [11]) with velocity
Verlet integrator. To maintain constant temperature, the Nosé—Hoover thermostat was
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used with relaxation constant 100 fs. Cutoffs of Lennard—Jones interactions and van der
Waals forces were set to 14.5 A. For electrostatic interactions, direct Ewald method was
used, with automatic parameter optimization constant set to 107°. Density was computed
as a histogram in z-direction in every step and averaging through the time. Examples of
the density profiles converted to g/cm? for 300 and 500 K can be seen in Fig. 1 depicted

by the solid lines. Snapshots of the simulations for two temperatures are shown in Fig.
reffig2.

0.9

p (g/cm3)

0 L L L
50  -25 0 25 50
2 (A)

Figure 1: Density profiles p as functions of z-coordinate for systems having temperatures
T = 300 K and 500 K. Solid lines are time-averaged profiles obtained from the simulations,
dashed lines are fits of the right-hand profiles (liquid - vapor) to the hyperbolic tangent
profile, Eq. (1).

The density profiles were divided to two halves approximately in the centre of the
simulation box. One half of the density profile was subsequently fitted to a hyperbolic
tangent density profile model,

p(z):PL;PV _pL;PV tanh <Z—d20)’ (1)

where p;, and py are fitted bulk densities, zy is the position of the Gibbs dividing surface
of the interface, d is the parameter for the thickness of the interface. The results of the fit
are depicted as the dashed lines in Fig. 1. The fitted values were used used to evaluate
the surface tension 7 in the following manner:

L,

P + P,
Y= 5 <Pzz - %) + 1277—60-6(pL - pV)2

2
1 0o 3 _
X / / coth (%)38 ® drds. (2)
0 Te
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Figure 2: Snapshots of two configurations during the simulations for two temperatures,
a) T = 300 K and b) 550 K. Liquid cubes are in the middle, vapor is on the left and right
side (not so apparent for lower temperature).

In Eq. (2), L, denotes the box size in z direction, P; is the ii-th component of the pressure
tensor, € and o are the Lennard—Jones parameters for oxygen atom, and r. is the cutoff
for the Lennard—Jones potential. Their values as well as other model parameters are
summarized in Tab. 1. Second term in Eq. (2) corresponds to the Lennard-Jones tail
correction [2].

4 Results

Insipired by the work of Sakamaki et al. [11], molecular dynamics simulations of a water
slab enclosed by the vapor were performed for temperatures T = 250 K, 270 K, 275 K,
300 K, 350 K, 400 K, 450 K, 500 K, 550 K, and 600 K.

Given by the parameters stated in previous section, computations ran approximately
3 days if running on all 24 CPUs. Melting temperature for TIP4P /2005 is T,, = 249 K,
therefore even for lowest temperature of 250 K we did not encounter any of the liquid
water during the simulation.

Figure 2 shows an example of two configurations for two temperatures (300 K, 550 K).
The liquid phase persisted in the centre of the simulation box, while the vapor phase
gradually expanded into the vacuum space after the box got stretched in the z-direction.
As can be seen at low temperatures, the molecule escaping from the liquid phase into the
vapor phase was rather rare event. On the other hand at the elevated temperatures, the
vapor phase got significantly denser.

Surface tension computed using Eq. (2) is shown in Fig. 3 as circles, the TAPWS
values [5, 7] are shown as a solid line. Simulated values nicely describe the reference data,
despite the disagreement with the bulk density values.
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Figure 3: Surface tension 7 as a function of temperature 7" as predicted by this work,
computed using Eq. (2) (circles), compared to the IAPWS values [5, 7] (solid line).

5 Conclusions

In this work MD simulations were performed for water for various temperatures ranging
from 250 K to 600 K. As a water model TIP4P /2005 was used which is probably the
best rigid non-polarizable water model available at the moment. The surface tension was
computed as a preliminary result.

In future, we would like to perform more simulations in the supercooled region of
liquid water using the TIP4P /2005 and the SPC/E models to compare simulated results
with our recent experiments. [4].

Also, we would like to model the so-called capillary waves contribution to the surface
tension, i.e. to simulate, how the thermal motion of molecules affect (lower) the surface

tension for planar phase interface. New molecular simulations will support our theoretical
work [15, 9, 16, 10, 3.
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Abstract. This paper reports on progress in the development of patterns and feature space for
automated recognition of well-designed data types in software source code. It summarizes work
from previous year, deals with formulation of new patterns, and describes new testing data set.
Last but not least, new set of features is proposed at the end of this paper, together with reasons
that led to formulation of this proposal.
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Abstrakt. Clanek informuje o postupu prace na vytvareni vzoru a piiznakového prostoru pro
automatickou detekci znamych struktur ve zdrojovém kodu softwarovych projekti, shrnuje kroky
provedené v poslednim roce a pfedstavuje nové vzory a testovaci datovou sadu. Ve svém zavéru
se ¢lanek vénuje formulaci nové skupiny priznaki a uvadi divody, které k tomuto kroku vedly.

Klicovd slova: Java, analyza zdrojového kodu, navrhové vzory

1 Introduction

Automated source code patterns recognition efforts date back to 1998, when Antoniol et
al. |1] focused on detection of five structural design patterns [3, 9] in C++ source code.
This approach consisted of four steps: AOL (Abstract Object Language) representation
extraction, AOL representation parsing, class metrics extraction and pattern recognition.
In the third step, metrics were collected from AOL representation of each particular class
of the analyzed source code. These metrics comprised number of private /public/protected
attributes and operations, as well as number of associations, aggregations and inheritance.
Last step represented a multi-stage process in which a set of constraints were gradually
applied to collected observations in order to filter required patterns.

Later In 2004, Guéhéneuc et al., inspired by Antoniol’s work, continued on improve-
ment of feature space [4]. Guéhéneuc’s team presented an improved metric space divided
into four categories: size (number of methods or fields), filiation (number of parents
or children), cohesion (degree to which class features belong together), and coupling
(strength of associations among classes). Metrics were collected for individual classes
that participate in design patterns, with regard to the fact that each class can act in
different role in various patterns. Based on metrics fingerprints were introduced; each

*This work has been supported by the grants SGS 11/167/OHK4/3T /14 and LA08015
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fingerprint corresponded to a specific role of class in a particular design pattern, and
together they formed a set of rules for individual patterns. These rules were mined from
a repository, created from source codes of various software projects.

Ferenc et al., in contrast to Guéhéneuc, used machine learning algorithms to detect
design pattern as a whole instead of individual classes [2|. They formulated a list of
predictors for each design pattern to depict its unique properties. During the learning
process predictor values were collected from ASG representation of source code, conse-
quently decision trees and backpropagation neural networks were used to create model
files with acquired knowledge.

Lerthathairat and Prompoon came up [5] with the idea to classify a given source
code to clean, bad, or ambiguous using standard software metrics [6] and fuzzy logic.
Moreover they presented a design of tool for suggestion of refactoring techniques for
ambiguous code.

Our approach [7, 8, 10, 11] is to classify individual classes as patterns that could (but
not neccessarily do) represent fragments of design patterns. We believe that if a part of
given software project is composed from well designed data types (classes), then these
particular classes could together form a higher-level stucture - a design pattern, which
might be revealed in the subsequent analysis. In other words, we intend to detect well
designed data types (design pattern fragments, UML stereotypes) in source code over
poorly designed classes (a noise); However, in contrast to [5] we have more than one
classification pattern for the “clean” (well designed) code.

2 Materials and methods

2.1 Previous work
2.1.1 Pattern identification

In the year 2013, a number of software projects was examined and representatives of
well-designed classes (data types) were identified. Consequently, a list of patterns was
introduced. This list contained 11 patterns including: adapter, bean, builder, composite,
constant, dao, decorator, factory, proxy, utility, and worker. For detailed explanation of
these patterns see [10].

2.1.2 Data sets collection

Later, training and testing data sets were prepared. Training data set consisted of 175
java source files that were selected from different open source projects or design pattern
tutorials. A special effort was devoted to cover a wide range of possible implementations of
each pattern. Testing data sets were represented by three open source projects: JaHoCa,
JHotDraw, and AndFEngine. Files in all mentioned sets were manually examined and
classified. For detailed explanation of data sets see [7].
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2.1.3 Feature space definition and collection

After acquisition of data, a metric space was developed; it contained over 40 features in
four categories: expression, statement, member, and relation. Brief description of features
can be found in [10], for more detailed information see [8]. Collection of features from
source code was also a non-trivial task, an abstract syntax tree (AST) representation
of source code was utilized and two different approaches for AST querying were imple-

mented. Brief description of feature collection using XQuery and Groovy can be found
in [11].

2.1.4 Classifiers implementation

In 2014, more than ten classifiers were implemented by Matej Mojzes and Josef Smolka.
These classifiers comprised, for example, of: Linear Discriminant Analysis (LDA), Sup-
port Vector Machines (SVM), K-Nearest Neighbours (KNN), Parzen Discriminant Anal-
ysis (PDA), or Desission Tree (DT). In order to reduce feature space dimensions sub-
models were introduced. Since there were 20 — 1 sub-models, it was hardly possible to
search systematically for the optimal one. Therefore FSA heuristic has been used for
finding the best sub-model; the heuristic has been applied repeatedly for each classifier
and best results from each run have been recorded. Finally, a list of frequently used
features in the most successful submodels has been created. In the general the member
fatures performed the best. The list together with classifiers explanation can be seen in

8],

2.1.5 Software design and development

Paralelly to conducted research a cross-platform tool for source code analysis of Java
software projects was developed. Requirements for mentioned tool were formulated in [10]
together with tool design in which four main tool components were proposed: collector,
classifier, validator and launcher.

Currently all four major components are implemented and the tool is functional.
User is provided with both text and graphical interface, where he can specify a location
of project for validation, or locations of train and test projects for classification; user can
also choose a method of feature collection, required validator, or classifier. Data of each
project are collected into the ProjectObservation class instance which serves as storage for
feature values of every class file in project’s source code - TypeObservation. Moreover, a
user classification can be loaded for training purposes. An instance of ProjectObservation
can be injected into selected classifier or validator for subsequent analysis. Once analysis is
performed, results from project’s classification are saved into ProjectClassification object,
while results from project’s validation are kept in the ProjectValidation instance. Both
classes share same interface, so they can be treated in the same way. For example, all
results can be exported to CSV in order to be published or archived. Relationships among
the mentioned classes are depicted in the Figure 1.
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Figure 1: A class diagram of developed tool’s interfaces.

2.2 New patterns
2.2.1 Implementation pattern

During analysis of the results from test projects classification, a question has arisen, if
worker pattern is not overly generic. There were many classes that were classified as
worker pattern, but did not satisfy its definition: “A worker uses other objects in order
to perform the core logic of a certain part of the application.” After the analysis of badly
classified data types, it was decided to introduce a new pattern: implementation. It
could be, for instance, a simple abstract class that implements certain interface, or a
class that overrides methods of its parent. The important point is that these classes do
not introduce new attributes; they only implement or reimplement simple logic.

2.2.2 Read only bean pattern

It was concluded that it is quite common that software projects contain beans that can
be accessed solely in read-only mode. These beans generally contain only getter methods
and no setters, instead their data are injected through constructors. For this reason a
rbean pattern was introduced.
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Table 1: Classification results for Neuroph project (SVM).

| Pattern | Success |%] | TOP misinterpreted as | In [%] |
utility 95 | factory 5
worker 87 | dao 4
factory 71 | utility 29
rbean 67 | composite 33
implementation 57 | adapter 17
bean 40 | worker 53
adapter 0 | worker 63

2.3 Data sets update

As new patterns were introduced, data sets had to be updated. Examples of implementa-
tion and rbean patterns were added to training data set together with new representants
of worker, factory and proxy patterns. Training data set now contains 230 java classes.

2.3.1 Neuroph project

The set of test projects was extended with a new project - Neuroph. Neuroph is neu-
ral network framework, which can be used to create and train neural networks in Java
applications. Neuroph code is very clear and contains a large number of patterns, in-
cluding: adapters, beans, rbeans, workers, implementations, utilities, factories and other.
Approximately 200 classes of neuroph project were manually classified and prepared for
analysis.

3 Results

After numerous classifications of test projects (including Neuroph) were performed, var-
ious results were observed. In case of Neuroph project acceptable results were achieved
by SVM classifier for utility, worker, and factory patterns. However, results for bean
and adapter were unsatisfactory. All results can be seen in Table 1. Dao, builder, proxy
and constant patterns are not listed in the table, because of the low incidence of these
patterns in the project. Third column of the table contains the most frequent pattern
that was misinterpreted as valid one, the frequency is recorded in the last column.

In the training data, bean patterns consisted purely of attributes, setters, getters, and
sometimes of constructors. However, in the reality, for example in the Neuroph project,
many beans can have additional methods that are used, for instance, for: serialization,
minor computations, or attribute derivation. This fact causes that the classification
strongly depends on how many pure setters and getters are in the classified bean. If
there is a lack of setters/getters, then this bean can be classified as worker.

Similar issue was recorded for the adapter and the proxy patterns. In such patterns,
the majority of methods usually mediate access to an adaptee or a proxied object. Im-
portant role for the worker pattern detection plays feature fm#amr [10] that expresses
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Table 2: Interesting method types according to accessibility aspect.
‘ H d parameter ‘ 3 attribute ‘ non-void oultput ‘

Transformation Yes No Yes
Derivation No Yes Yes
Computation No Yes No
Addition Yes Yes No
Combination Yes Yes Yes

how much a selected class uses its attributes in its methods. This feature reaches high
values for both worker’s “computation” methods and adapter’s “mediator” methods.

4 Discussion

Unsatisfactory results for bean and adapter were caused by fact that the current fea-
tures do not sufficiently take into account behavior of methods, but mostly depend on
their external properties. The current version of feature space tries to cover all possi-
ble combinations of method properties like static/non-static, abstract/non-abstract, pri-
vate/public/protected; nevertheless, purpose of these methods is not considered. That is
the reason, why an improvement of feature space was proposed.

4.1 Feature space improvement proposal

Based on repeated analysis of Neuroph classification results an idea was born to divide
methods classes by two fundamental aspects: method accessibility and method purpose.

4.1.1 Method accessibility

Accessibility aspect takes into account inputs and outputs of methods, thus it is based
on three pieces of logical information: if a method has at least one parameter, if method
uses at least one attribute of its owning class, and if method returns any value. Five
frequent combinations of these properties were identified and named according to their
role (Table 2). Transformation method transforms its parameters to an output without
using owning class attributes. Deriwation method derives an extra information merely
from the class attributes and returns it as a result. Computation method, in contrast to
the derivation, stores computed result locally in the owning class. During addition an
external information is added to the method through the parameters in order to update
the owning class. In the case of combination a parameter is combined with local attributes
to produce an output. A scope for accessibility aspect are public, non-static, non-abstract
methods that are neither setters nor getters.

4.1.2 Method purpose

The second - purpose point of view deals with meaning of a code inside the method
definitions. So far, six examples of this aspect were named: mediation, usage, recursion,
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production, creation and build. If at least one member method of an attribute is called
from within other class method, it is called mediation. On the other hand, when a mem-
ber method invokes at least one other method of same class, it is called usage. A special
case when a method calls itself was named as recursion. Production is when a method
introduces a local variable which is instantiated within this method and returned as a
result. However, creation is when local variable is created a returned without instantia-
tion. Last but not least, if an attribute is instantiated within a method, we call it build.
A scope for purpose aspect are public, non-abstract methods that are neither setters nor
getters.

Since every important method should be described as combination of one accessibility
aspect and one or more purpose aspects, we belive that these new features will help us
to better classify our patterns.

5 Conclusion

The paper dealt with automated analysis of software project’s source code. At first brief
overview of the current state of the art was given; subsequently, our progress in this
topic was reported and description of developed software tool was provided. Next, two
new patterns the implementation and the read only bean were introduced, together with
the new testing data set - the Neuroph project. In the following section, results from
classification of Neuroph project were presented. Finally, in the discussion section, an
improvement of current feature space was proposed in order to capture the purpose of
class methods.

In the nearest future we will concentrate on the implementation of collectors for the
newly proposed features. Once they will be collected, we will continue on reduction of
feature space dimensions. Additionally, we would like to employ graph theory algorithms
to perform a posterior analysis of improperly designed data types that do not match any
standard pattern.
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Abstract. We present a new kind of ambiguity in Noether identity generated by dipheo-
morphism invariance due to the covariantization procedure. The problem arising from non-
commutativity of covariant derivatives is illustrated on simple examples of Lagrangian linear
and quadratic in second derivatives of metric tensor. General case is then studied and covariant
Klein identities are used for proving the conservation of Noether current.

Keywords: Noether identities, dipheomorphism invariance, Lagrangian field theory, Einstein-
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Abstrakt. Prezentujeme novy druh nejednoznacnosti identity Noetherové generované invari-
anci vici difeomorfismim, ktery je disledkem kovariantiza¢ni procedury. Problém vyvstavajici
kvili obecné nekomutativité kovariantnich derivaci je ilustrovan na jednoduchych ptikladech s
Lagrangiany, které jsou line4rni a kvadratické v druhych derivacich metriky. Je zkouméan obecny
pripad a v ném jsou kovariantni Kleinovy identity pouzity k dikazu zachovani Noetherovského
proudu.

Klicovd slova: identity Noetherové, invariance vii¢i difeomorfismtim, Lagrangeovska polni teorie,
Einstein-Hilbertova akce, Gauss-Bonnetova gravitace, Kleinovy identity

1 Introduction

In [1] a general method for obtaining covariantized Noether identities stemming from
dipheomorphism invariance for second order Lagrangian using auxiliary metric was de-
veloped. Two classes of conserved currents were introduced based on switching order
of the second covariant derivatives which do not commute in general. In this paper we
would like to show some conceptual problems with this approach.

2 Linear Lagrangian
Let’s consider a Lagrangian with metric as a dynamical field, linear in second derivatives,

ie.
ﬁ(QmT“ gmn,a; gmn,ab) =V _g [Pw}aﬁ (gmn7 gmn,a) g;w,aﬁ + Q(an, gmn,a)] . (1)
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PrveB and Q are arbitrary functions of metric and its first derivatives. Now we introduce
auxiliary (background) metric g, and covariantize the Lagrangian, i.e. rewrite the partial
derivatives® as

Juv,a = Guria + QFZ(#QV)Ua (2)
Guv,a = Yuvias + 4FZ)(MQV)/JT(/B + Fgﬁguﬁp + QQP(Mri)a,ﬁ + QFZ(qu)ngU + 29p<ufﬁ)afga
= Guvap + K,uyaﬁ (gmn; Imnia; gmny gmn,a; gmn,ab) (3)

and we get the new Lagrangian

~

‘C* (ngm 9mnzas Ymniab; gmnv gmn,a; gmn,ab) = ﬁ(gm’m Juvia + QFZ(“gu)a; 9uviaps + Kuuozﬁ)a (4)
more elaborately
,CA* =\ —g [ijaﬁ(gmn; g;u/foa + QFZ(M.QV)U) [gwﬁaﬁ + K,uuoz,@(.gmn; Imnia; gmn; gmn,a; gmn,ab)]
+ Q(gmna g,ulffa + 2Fg(ugy)a)}
= VG [P s + P Koy 1 Q) 5)

where we denoted

p;waﬂ (gmna gmnﬁa; gmna gmn,a) = P,uuoz,@ (gmrm gulﬁa + 2]_:‘2(;“91/)0')7 (6)

Q(gmna gmn?a; gmna gmn,a) - Q(gmna g;wﬁa + 2Fg(ugy)a>- (7)

The partial derivative with respect to the second covariant derivatives of the covari-
antized Lagrangian is then simply

dL
ag uviaf

— V=g P ®)

2.1 Properties of P** (or ﬁwvaﬁ)

As partial derivatives commutes the only reasonable choice of P#**# is the one which
is symmetrical in (o, 8), P#*% = P8 No matter how do we choose antisymmetric
part P[5 the Lagrangian as a function remains the same because of the trivial identity
P“”[amgw,@g = 0. Let’s say that a physical theory is defined by its Lagrangian. Then
PrleBl hag no effect on the theory — hence it is irrelevant. This has the important
consequence on the covariantized Lagrangian. Generally, covariant derivatives do not
commute, so it would seem that our covariantization procedure depends on the order of
covariant derivatives as g,z = Guviga + 29p(uﬁpy)a5, but we have Pl = pr(eB) and
consequently

P“”(O“B)guu,aﬁ — prw(ab) (gleoéﬂ + Kul/ozﬁ) — prvaep (g;m(a,@) + K;W(a,@)) . (9)

!The auxiliary metric § defines the Riemann-Levi-Civita connection I and corresponding covariant
derivative V or in index notation ;.
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So the covariant derivatives appears only in symmetric combination and the ambiguous
antisymmetric part, which either can be or need not to be converted to Riemann tensor,
vanishes. In the end the partial derivative is

oL oL
agwﬁaﬁ aguuiﬁa

=/—g prv(aB) — \/__gf)uuaﬁ.

The analogous situation is with symmetricity of metric field g,,: P#% = plw)as,
Let’s review what will happen if we insist on keeping the antisymmetric part of P*8
in Lagrangian as is done in [1]. We have

P“”O‘Bguu,a/j _ (p/w(aﬂ) + Puu[aﬁ]) (gMV7’15 + Kuuaﬁ) (10)
— PO (o) + Kuntos) + PP (Guustos) + Kwiag)) - (11)

It can be easily checked that K, (o5 = —gp(upr)aﬁ, hence
Pwaﬁguv,aﬁ = prved Guvzap + PW(O{B)KMV(aB) - Puy[aﬁ]gp(uﬁ)pu)aﬂ' (12)

It should be emphasized that antisymmetric part P*[*5 can be completely arbitrary
as it does not contribute into Lagrangian at all. In the end we got partial derivatives
(arbitrarily) depending on the order of covariant derivatives

oL
OGyiap

oL oL
OGuvias  OYuvipa

= /—g PP, (13)

= 2\/—g Priesl, (14)

On the other hand, if antisymmetrized covariant derivatives are converted into back-
ground Riemann tensor, guas) = Jp(uft’v)ap, the arbitrariness originating from prvies]
cancel out

PP gap = P gusas) + PO g R yap + PO Ky — PO }gprp”)(a s )
15

leading to unambiguous expression (9).
At last we can switch the order of covariant derivatives in (12) via gup = gusa +

29p(uRpu)aB to get
Pwaﬁngaﬁ = PWﬁagwﬁaﬁ + PW(QB)K/AV(aﬂ) + Puy[amgﬁ(uRpV)aﬁ- (16)
Again, converting antisymmetric part of covariant derivative leads to unambiguous ex-

pression (9).

2.2 Example of Einstein-Hilbert action

The Einstein-Hilbert action has the exact form of our sample Lagrangian (1). In fact it
is the only possible choice if we demand the general covariance. Let’s find the symbol
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PrveB in this particular case. If one writes the Riemann tensor as

R o =T} —T) +D)T" — )T

TO,P Tp,0 o TOo no- Tp
1 L
= 59)\ (gLT,Up + gLU,Tp - gTU,Lp - gw,po - gm—,pa + ng,Lg) + anFZa - onFZp
vaf

= P)\TpUM 9uv,ap + QAT,DO" (17)

we find that
A pvof A Sv) so 5B A(H”)Ba_ o s(psv) B
P Tpo =g 67- [0-50] +g 6[05p]57’ g 67- 5[05;)}' (]_8)

And then the coefficients P**# (and Q) would be

pred = g P, (@=977Qx)- (19)

Giving the result Prvef = gong)f — giv gof wwhich is already symmetric in (o, 3). Never-
theless, as the non-contracted symbol P’\Tpa“ P il be important in more complicated

Lagrangians involving Riemann tensor (such as the case of Einstein-Gauss-Bonnet grav-

ity) the correct way is to consider only symmetrized part P)‘Tp(,“ ) To understand this
let’s have a look at "canonical" covariantization of Riemann tensor. Using identity

D, = T = A%, = 56 (o + Gisr — 9o (20)
we get
B = Ay = O3y, AL, — AL AL 4
= %QAL (Guriop T Giozrp — Gromup — Giripo — Guripo + Grpuo) + Q (21)
leading to
]5>\Tpalwaﬁ _ 9)\(“5:)5[?755} + gA(u(;E;)(gf](gg - gka5£/t5[Va)5§] _ P,\Tpauuaﬁ (22)

The chosen order of covariant derivatives effectively fixes the antisymmetric part
of PATPUWW . But again this choice is rather arbitrary as we could switch the order

of covariant derivative in each of six second order terms in Riemann tensor getting 2°

different symbols ]5’\7,,0” “*P " The resolution is again simple. We should realize that
prap

only the symmetric part of P*,,, is contributing to expression for Riemann tensor
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P’\TWWQ’BQWW + Q’\Tp(,. Covariantization with respect to this leads to

1
A AL
R Tpo — Qg (gLUT(Tp) = 9ro5(tp) — Guri(po) + ngT(LJ))

1., L

+ § [g)\ 5P (gmfa + Guoir — gTUTL) - g)\ By (gw?p + Gurip — ngTL)]
A A A

+ANAT — ANAT LR,

1 L DK DK DK DK DK
+ 59)\ (ZQH(LR T)op + gH(LR o)rp gH(TR oup T gH(LR p)TO + gli(TR p)w) (23)

1 AL
= 59 (gLGT(Tp) = 9roi(tp) — Guri(po) + ngT(LU))
1., L
+ 5 [gA P (gm—?a + Guor — gTUTL) - g)\ o (gm'?p t Gurp — gTPTL)] + AzﬂAZU o Ag‘TAZP
J R L DK DK DK
-+ Z I:R)\Tpg' + g)‘ (ng Lop + ng pTL + gnpR ULT)} . (24)

The important thing to remember from this rather complicated expression (in comparison
with the "canonical" covariantized one) is that partial derivative with respect to the g,,:0s
is always symmetrical in (a, ), i.e.

OR, ,, v(a V) o(a v) ¢(a
a__/’ =P, = g a5 0D — 55l g, (25)
Juviap

3 Einstein-Gauss-Bonnet gravity

Let’s now turn our attention to more complicated example with quadratic terms in second
derivatives as is the case in Gauss-Bonnet gravity with Lagrangian

Lice =+v/—g [R* = AR, R + Ry, o RN ] (26)

The structure of it is as follows
L=+—g [P;Vaﬁ[wdﬁguu,aﬁ 9uvag T lejaﬁguu,ab’ + PO-] (27)

with Fo, P, P> being functions of metric g and its first derivatives.

Once again it holds that PLvefrves — puedinas) o,q prred — prled) que to
commuting of partial derivatives. The covariantization leads to

L=+/—g [Pgmﬁumﬁ(guﬁaﬂ + Kuvaﬁ)(g,zﬁjdﬁ + Kgﬁafj) + Plumﬁ@wﬁaﬁ + Kuvag) + o
- > llaﬂ~l7&5~
=v—g [Pzﬂ g Juvi(aB) 9piri(aB)
S 1/04,6”5643 ~~176<B vaf Puvaf
+ <P2M : Kﬁﬂ(aﬁ) + P K[LD(&B) + Py ) Juvi(ap)

+ (pfyaﬁuyaﬁKuV(aﬁ)Kﬁﬂ(dé) + plﬂmﬁKW(aﬂ) + Poﬂ (28)
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tildas above P; denotes functional change due to substitution as in (6) and (7). Then we
have unambiguous and symmetrical expression for

oLr oL
agulﬁaﬂ agwﬁﬂa

_\/— Puyaﬁuuaﬂ (aﬁ)_i_P,uuaﬁ,uuaﬁg ~)

fivs(af

pvaBfivas fivafuvas o
+ P O Koai + P ] (29)

3.1 Calculation

Let’s perform an explicit calculation of the derivative with respect to the g,.:a3.

ILpen OR )y IR,y IR
=20/ | =— R\ —4—"7_R™ + R|. (30)
aguuﬁaﬁ aguu?aﬁ aguu saf 6guufocﬁ
We use the symmetrized result
aR>\7’ o a
T = gl 5060 — M) g6y (31)
ag,uzﬁaﬂ L P
with corresponding contractions
OR 1 1
7o u(; )5( — Zg®Bslegy) — — v sasB) 32
aguyfaﬂ 7' cr 2g T 70 2g T g ) ( )
OR
— B _ guv B 33
i A (33)
Finally, the result is shown below.
oL V) s(a
OLEGB _ 2\/—{ Tpo (g’\(“5[0)5(] 55) - g/\(a(s[ﬁ)(sgfdz))
agw o8 p p
Wela 1 1
_ARTC (gﬁ)(u(s(T)&((T) _ §ga657(_u(5g) _ 59“”(550‘(55))
+R (ga(ﬂg’/)ﬁ _ g/ﬂ/gaﬁ) ] (34)
- 2\/__9 [QRa(MV)ﬂ _4ga)(uRV)(5 + QQaﬂRW + QQHVRCYB + (ga(ugV)ﬂ _ gwgaﬁ) R} )
(35)

It is symmetrical both in (p,v) and («, ) and differs from results in [1], [2] and [3].

4 (General case

Consider the theory with arbitrary set of tensor densities as dynamical fields with second
order scalar density Lagrangian ﬁ(QB; QB QBop). In any case the indices of () o has
to be contracted to form scalar density. And this contraction reflects the symmetry of
partial derivatives as we demonstrated in preceding sections. The covariantization leads
to Lagrangian £*(Qg; Qp; Qpas; g; R) with antisymmetrical part of second covariant
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derivatives (Jpiop) vanishing. Hence the changing of order of covariant derivatives via
substituting Qp:as = Qp:sa + Q" R pap? does not change Lagrangian L* at all on the
contrary to what is suggested in [1].

If one insists on keeping arbitrary antisymmetric parts of tensor contracted with
second covariant derivatives we get nonvanishing derivative

oL 1 oL+ oL (36)
OQpiap) 2 \QBas  O0Qpipa |

then we truly get a Lagrangian L by switching the order of covariant derivatives.

In general a covariant conserved current has the following form i = 427 + mg &7 +
fzf,”ﬁgf . which satisfies the identity %% = 0 for every vector field £&. The formulas for
coefficients @, m and 7n are given in [1|. For each Lagrangian we get a set of current
coefficients and their difference is described by the following formulas

oL oL
AR = ——— Q" 37
ETop @sl, + 20 Qsl; . (37)

oL oL
AMET = —2—— Qpy + 2 : 38
ETop Qb ( ETap Qnl; >ﬂ (38)
oL oL _

AW = =2 —="—Qp: | +——— Qsl} R,.s. 39
(8@3@5} s; >~B 0Q Bilar] sl ’ (39)

These differences satisfy covariant Klein identities (see appendix A) for arbitrary

% i.e. the current %“ formed by coefficients (37), (38) and (39) is conserved. The

antisymmetric part

8@ is not defined by the original Lagrangian Lin any way. In par-
ticular, the result Cannot be generated by adding a divergence to the original Lagrangian
as divergence d9, produces current coefficients in the form

T me? = 26°d%, AP = 0. (40)

(e

5 Conclusion

We demonstrated that the new class of ambiguity in Noether currents appers due to
covariantization procedure. It doesn’t have the character of adding divergence to the
Lagrange function as it doesn’t change the original Lagrangian at all and also the resulting
current has different structure. The canonical covariantization should take into account
the symmetricity of partial derivatives present in the original Lagrangian and this is in
conflict with Petrov’s approach in [1] suggesting two, rather artificially chosen, classes
of currents. This discrepancy was demonstrated in the sketch of current coefficients
computation in the case of Gauss-Bonnet gravity.

?Quantity Qp|” is defined via geometrical properties of Qp (e.g. rank and weight of the tensor field
density) and by formula for Lie derivative L:Qp = £°QB,, — QBl" &9,



222 J. Schmidt

A Covariant Klein identities

We want to make use of the arbitrariness of € in conserved current :*. Let’s distribute
the derivative in 4%, and obtain

5,67 + (0960 + METED) + (MS€00 + ILEG, ) + 187 EG0 = 0. (41)

Coefficients at corresponding derivatives of vector field should vanish. But not all higher
derivatives are linearly independent — it is necessary to choose basis, e.g. 5‘@6 &7 aB)
— i.e. symmetrization of covariant derivatives. Antisymmetric parts are converted into
lower order via Riemann tensor. To achieve this we use Young projection operators to
decompose tensors m2™ and Aep) (see [4]) into

o — en) 4 plor) po8) _ jlams) | 2 piaalr | 2plepla (42)
g g g ) g 3 g 3 g
and using
25 el — RUPTOé £p7 (43)
26750 = B ppa &7 — BPrpa &5, (44)
28 frBle — = R g0 & + R prp S (45)
we finally get decompositions using only covariant derivatives of chosen basis
A~ S 1 A QT RO
Mg € = (M) +mieT)Es, = miMET ) + Mo 1 part” (46)
aT AOlT g AT Do 2AO{T ]"‘QT lea
SO 0 = 157 Gy + SR ol 305 R 5oy RS R . (47

Rearranging the identity (41) using above written decompositions leads to covariant Klein
identities

1 1
0= 0% + 55 R, + 3 R gy, (48)
2 _
O - ﬁf,‘ + mo‘ >\ + nTapR)\chp + gﬁngRan)\a (49)
0 = m{ + 5", (50)
0 = ALB. (51)
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Abstract. The paper presents results of application of five different classifiers to a problem of
pattern classification in Java source codes. Source code perception by tools for automated analy-
sis and transformation can be enhanced by finding a effective method of patterns classification.

Keywords: source code, classification, Java

Abstrakt. Prispévek prezentuje vysledky aplikace péti riznych klasifikatori na problém klasi-
fikace vzort ve zdrojovém kédu programii napsanych v jazyce Java. Nalezeni efektivni metody
klasifikace je zéklad pro zlepSeni vnimani kédu automatizovanymi néstroji pro jeho analyzu a
transformaci.

Klicovd slova: zdrojovy kod, klasifikace, Java

1 Uvod

Identifikace a klasifikace definovanych vzori ve zdrojovych kédech softwaru muze napo-
moci ke zlepSeni vnimani zdrojového kddu ze strany podpurnych néastrojiu vyvojare, jako
jsou napft. refaktorovaci a analytické nastroje, inteligentni editory, modelovaci néastroje
a obecné verifika¢ni nastroje, které se snazi ovérit implementaci vuci specifikaci. Tato
préce prezentuje experimentalni vysledky aplikace nékolika bézné pouzivanych klasifikac-
nich metod: k-NN, neuronovych siti, logistické regrese a SVM.

1.1 Navaznost prace

Myslenka rozpoznavani vzoru ve zdrojovém kédu nabyla na vyznamu s rozmachem ob-
jektové orientovaného programovani, které vytvareni takovych vzori znac¢né usnadiuje.
V roce 1998 Antoniol a kolektiv [1, 2| vypracovali metodu pro detekci malé mnoZiny
navrhovych vzort [7] ve zdrojovych kodech programi napsanych v C++. Ze zdrojovych
kédu extrahoval hodnoty definovanych metrik, pomoci kterych provadél samotnou de-
tekci vzoru. Tato prace rovnéz zakladé klasifikaci vzort na hodnotach priznaki ziskanych
ze zdrojového kodu, na rozdil od [1, 2| v8ak pro klasifikaci vyuziva jiné metody. Podobné
jako [6] a [9] vyuZiva tato prace metody strojového uceni. Tato prace piejima myslenku
uvedenou v [8] a zabyva se analyzou na trovni t¥id.

*Tato prace byla podpofena grantem SGS11/167/OHK4/3T /14 a LA08015.
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1.2 Vychodiska prace

Prace se omezuje na zkouméani struktur v programovacim jazyce Java. Divodem je roz-
siteni platformy Java, diky ¢emuz je k dispozici velké mnozstvi rozmanitych zdrojovych
koda ke zkoumani. Dale jsou volné k dispozici nastroje pro praci se samotnym jazykem,
které jsou nutné pro analyzu zdrojového kodu a sestaveni ptriznakového vektoru pro klasi-
fikatory. Zde uvedené postupy jsou vSak aplikovatelné i na jiné objektové orientované silné
typované jazyky. Naopak pouzité metody nelze aplikovat na dynamické jazyky, protoze
nékteré pouzité priznaky se spoléhaji na identifikaci datovych typt proménnych.

2 Metody klasifikace

Vzhledem k tomu, Ze hledané struktury, at uz se jednd o primitivni struktury jako
jejich konkrétni implementace se lisi v zavislosti na programéatorovi, zaméfuje se tato
prace predevSsim na metody strojového uceni s ucitelem, kdy jsou jednotlivé klasifika-
tory pfedem trénovany na vybrané mnoziné piikladia. Objektovy navrh softwaru, ktery je
stale popularni a pouzivany, dal vzniknout celé fadé znovupouzitelnych vzori. Jedna se
predeviim o navrhové vzory [7], které se staly v oboru softwarového inzenyrstvi hlavnim
zdrojem inspirace pii ndvrhu softwaru. Nicméné ve zdrojovém kodu lze vysledovat i jiné
vzory, které byt nejsou tak formalizované, mohou stale pomoct s orientaci ve zdrojovém
kédu. Navrhové vzory nejsou definovany exaktné, jednd se pouze o jistou Sablonu, ktera
popisuje problém a obecny navrh feSeni. Konkrétni implementace navrhovych vzori se
tedy mohou znac¢né lisit.

2.1 Klasifika¢ni t¥idy a priznakovy prostor

Pro zacatek bylo navrzeno 11 klasifikac¢nich t¥id, které pokryvaji nékteré jednodussi na-
vrhové vzory, UML stereotypy a jiné bé&zné se vyskytujici vzory [10]:

e Utility — Pomocna t¥ida obsahujici zpravidla statické metody. V UML se takova
tiida oznacuje stereotypem Auxiliary [12].

e Factory — Navrhovy vzor patiici do skupiny vzori zabyvajicich se tvorbou objektii.
Tento vzor se dotyka problémi, kdy je k vytvoreni nového objektu potreba naptiklad
jiny zdroj, ktery vSak nemé byt obsazen ve vysledném objektu. Vytvoreni objektu
je tedy delegovano na specializovanou tiidu — tovarnu.

e Builder — Navrhovy vzor, ktery patii do stejné skupiny jako Factory. Builder fesi
problém inicializace stavu zpravidla kompozitnich objekt se slozitym vnitinim sta-
vem. Vzor umoziuje postupnou konfiguraci stavu objektu po vytvoreni.

e Adapter, Proxy, Decorator — Skupina navrhovych vzori, které obecné resi za-
stupnost objektl s riznymi rozhranimi.

e Bean — Ttida, kterd pouze zapouzdruje data. Jedn& se o névrhovy vzor Crate a
UML stereotyp Type [12].
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e DAO — Predstavuje persistentni data. Jedna se o UML stereotyp Entity [12].

e Worker — Ttida implementujici hlavni logiku pracujici s daty. Predstavuje UML
stereotyp Focus [12].

e Composite — Trida predstavujici hierarchicka data jako jsou seznam, strom, a jiné.
Jedné se o navrhovy vzor Composite.

e Constant — Ttida obsahujici pouze konstanty. Zpravidla slouzi jako néjaka staticka
konfigurace systému. V UML se takova tiida oznacuje stereotypem Auxiliary [12].

Priznakovy prostor je definovan jako mnozina S = {Fi, Fy, F3, ..., F,}, kde p je pocet
definovanych priznakia a F; : C — R funkce, ktera transformuje deklaraci datového typu
¢ € C na realné ¢islo. Hodnota F; typicky vyjadiuje cetnost sledovaného fenoménu v
deklaraci datového typu a méla by byt invariantni k absolutni velikosti deklarace (af uz
méfeného pomoci poctu Fadkia kodu, poctu piikazii, nebo jinou metodou) [10].

2.2 Pouzité klasifikatory

V ramci této prace byly vyuzity vyhradné metody klasifikace s uc¢enim s ucitelem.

2.2.1 Algoritmus k nejblizSich sousedd (k-NIN)

V oboru klasifikace je k-NN jednim z nejjednodussich, piesto hojné pouzivanych a tc¢in-
nych neparametrickych algoritmi. Bod v pfiznakovém prostoru je klasifikovan podle k
nejblizsich sousedii v trénovaci mnoziné. Algoritmus vychézi z [4], jedna se vlastné o spe-
cidlni pripad pro k = 1. Slabinou algoritmu je ptipad, kdy rozloZzeni pravdépodobnosti
vyskytu tiidy v trénovaci mnoziné neni rovnomérné. Pak zastupci nejvice se vyskytu-
jici tiidy ovliviuji vysledek klasifikace. Algoritmus lze jednoduse modifikovat volbou k a
volbou metriky vzdalenosti.

2.2.2 Logisticka regrese

Logisticka regrese je pravdépodobnostni statisticky klasifikator. Pravdépodobnost, ze pr-
vek patii do uréité t¥idy je modelovana na zakladé vysvétlujicich proménnych (vektor
priznaki) pomoci logistické funkce (logitové transformace). Tato metoda se zacala pouZi-
vat v 60. letech jako alternativa k line4drni regresi. Klasicka logistické regrese fesi binarni
problém, kdy miize byt prvek zafazen pouze do dvou trid.

2.2.3 Perceptron

Perceptron je prvnim a jednim z nejjednodussich modeli umélé neuronové sité, ktery
predstavil . Rosenblatt jiz v roce 1957 [11]. Jedna se ve své podstaté o vazenou sit. Tento
vypocetni model ve své dobé podporil zajem o metody klasifikace s i¢enim, nicméné tento
zadjem opétovné opadl v dobé, kdy M. Minsky ve své knize Perceptrons ukézal, ze jed-
noduchy perceptron neni schopen simulovat boolovskou funkci XOR. Pozdé&jsi vyzkumy
vSak ukazaly, 7e vicevrstvy perceptron je jiz tohoto schopen, coz vedlo opét k oziveni
zajmu o umeélé neuronové sité.
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2.2.4 Vicevrstvy perceptron

Vicevrstvy perceptron odstranuje podminku linearni separovatelnosti klasického perceptronu
vlozenim jedné nebo vice skrytych disjunknich vrstev s nelinearni aktivacéni funkci mezi
vrstvu vstupni a vystupni. Vystup neuronii jedné vrstvy slouzi jako vstup neuronii vrstvy
nésledujici, pricemz kazdy neuron z jedné vrstvy je zpravidla propojen se vSemi neurony
nasledujici vrstvy.

2.2.5 Support Vector Machine

Metoda podptrnych vektori (SVM) Fesi problém nelinearni separovatelnosti dat prenese-
nim problému do prostoru vyssi dimenze. Zakladnim principem metody je nalezeni takové
nadroviny, ktera rozdéluje prostor problému na dva podprostory, kde kazdy podprostor
obsahuje prevazné zastupce jedné tiidy a pritom maximalizuje vzdalenost nejblizsich za-
stupcu téchto tiid (podpirné vektory) od hranice tvofené touto nadrovinou [3].

2.3 Redukce priznakového prostoru

S ohledem na velikost trénovaci mnoziny (cca 170 polozek) a velikost pFiznakového pro-
storu (40 p¥iznakii ) byly v rameci ladéni klasifikdtoru aplikovany heuristiky (zpétna hla-
dova eliminace, rychlé simulované zihani) pro nalezeni optimalniho submodelu.

3 Vysledky

Kazdy aplikovany klasifikdtor byl podroben analyze, v ramci které byla ladéna konfigurace

vvvvvv

kazdy typ klasifikatoru.

| Klasifikator | XV full | XV sub-model | # pfiznakii |
k-NN 0,2674 0,2036 25
Logisticka regrese 0,2963 0,2408 27
Perceptron 0,2411 0,2205 22
Slozeny perceptron | 0,2572 0,2050 27
SVM 0,2352 0,2018 25

Tabulka 1: Pramérna chyba klasifikace v kiizové validaci na plném modelu (XV full) a
nejlepsim nalezeném submodelu (XV sub-model).

U klasifikdtoru k-NN byly zkouSeny ruzné metriky pro méteni vzdalenosti mezi body
v piiznakovém prostoru: euklidovska, ¢ebySevova, kosinova a sitova. Nejlepsich vysledki
bylo dosazeno za pouziti sitové metriky d(z,y) = Y., |z; — yi| pro k = 5. U logis-
tické regrese byly pomoci heuristiky ladény parametry o a \. Nejlepsich vysledki bylo
dosazeno pro hodnoty a* = 0,999347 a A\* = 5,988688 - 107%. U perceptronu uceného
pomoci zpétné propagace byly zkouSeny dvé hlavni architektury: perceptron s vystupem
pro kazdou t¥idu a klasifikator slozeny s perceptronu, kde kazdy perceptron méa jeden
vystup. Dale byly zkouSeny rizné aktivacni funkce a mira uceni, aby nedoslo k pfeuceni
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klasifikdtoru. Jako nejlepsi se ukazal klasifikdtor slozeny z jednotlivych perceptroni pro
kazdou t¥idu s aktiva¢ni funkei ve tvaru o(§) = atanh(v€). U slozeného perceptronu byly
podobné zkouSeny architektury, kdy je klasifikdtor tvoren jednim slozenym perceptronem
s vystupem pro kazdou tiidu a klasifikitor tvoreny slozenymi perceptrony pro kazdou
tiidu. Déale byl zkoumén pocet neuront ve skryté vrstvé, vhodna aktivaéni funkce a mira,
natrénovani sité. Nejmensi primérnou chybu klasifikace meél opét klasifikator slozen z
jednotlivych vicevrstvych perceptront se 4 skrytymi neurony a stejnou aktivacni funkci
jako v ptredeslém pripadé. U SVM klasifikdtoru byly zkoumany rizné kernely a pomoci
SVM Kklasifikator s RBF kernelem k(x;,x;) = (—7||z; - 2;]|*) a hodnotami parametri
e =0,00079, v =0,32144 a v = 0, 15617.

Jednotlivé klasifikitory byly testovany pomoci kiizové validace, kdy byla testovaci
mnozina rozdélena na 5 rovnomérnych dili, postupné byly vzdy 4/5 pouzZity pro trénovani
a zbyvajici 1/5 pro ovéfeni klasifikatoru [5]. Takto byla otestovana celd mnozina. Cely
proces byl zopakovan 100 krat a chyba zprimérovana.

4 Zavér a dalsi prace

Pomoci postupného ladéni klasifikdtort bylo dosaZzeno pfesnosti klasifikace vybranych
vzort témdi 80%. To se da pokladat za dobry pocatecni vysledek do dalsiho zkouméni.
V ramci dal$i prace bude rozsifena mnozina klasifikovanych vzorii, bude dale revidovan
priznakovy prostor, rozsifena mnozina zkoumanych dat a vyzkouSeny dalsi klasifikac¢ni
metody.
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Abstract. Nafion is a solid polymer that is used as a proton conducting membrane in hydrogen
fuel cells. Proton conducting as well as mechanical properties of Nafion strongly depend on
its microstructure. Despite the extensive research, there is no model of Nafion microstructure
that would be generally accepted. This contribution describes the mesoscale model of Nafion
microstructure, that we are developing, and compares it with the experimental results.

Keywords: Nafion structure, modelling, MesoDyn

Abstrakt. Nafion je polymer pouzivany jako elektrolyt ve vodikovych palivovych ¢lancich.
Vodivostni i mechanické vlastnosti Nafionu vyznamné zavisi na jeho mikrostruktuie. Navzdory
dlouholetému vyzkumu stale neexistuje model mikrostruktury, ktery by byl bez vyhrad pfijimén.
Tento prispévek popisuje meziskalovy model struktury Nafionu, ktery vyvijime, a srovnavé ho s
experimentalnimi vysledky.

Klicovd slova: struktura Nafionu, modelovani, MesoDyn

1 Introduction

Nafion is the most common material used as a proton conducting membrane in hydro-
gen fuel cells nowadays. Nafion consists of a polytetrafluoroethylene backbone with the
randomly attached perfluorinated side chains ending by a sulfonate ionic group (figure
1).

Despite its wide usage and decades of intensive research, there are still heated dis-
cussions about Nafion morphology. There have been presented several models of Nafion
microstructure, but none of them is fully accepted in the fuel cell community.

The common feature in these models is the existence of the clustering of hydrophilic
domains inside hydrophobic polytetrafluoroethylene, but there is still heated debate over
the shape and structure of the ionic clusters. The complicating facts are the randomness
of the attachment of side chains to the polymer backbone and the sensitivity of the Nafion
microstructure to the processing methods and its history.

This contribution describes the mesoscale model of Nafion microstructure, that we
are currently working on, and compares it with the experimental data.

*This work has been supported by the grants CZ.1.07/2.3.00/20.0107 and SGS13/217/0OHK4/3T/14.
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Figure 1: Structure of Nafion.

2 Atomistic modelling

Modelling and simulations are very popular nowadays and they have helped with un-
derstanding almost all important aspects of membrane structure, including morphology
development, proton transport and the role of side chains in these areas.

Ab initio methods based on quantum mechanics provide the most accurate picture
of the local structure and have already given us much information about the proton
transport mechanisms, the dissociation of sulphuric acid and the aggregation of the side
chains with this acid through the formation of hydrogen bonds. But the accuracy is paid
by the size of the region, we are able to model. Ab initio methods compute with all valence
electrons in the system to gain the electronic structure, systems with a maximum of one
hundred atoms are generally modelled by these methods, so it can give us information
only about small sections of Nafion polymer.

Molecular dynamics is not so computationally demanding as ab initio methods as it
describes the motions of atoms without taking care about their inner structure. The
motion of particles is described by Newton’s second law in molecular dynamics. The
potential of the molecular system is not a function of electronic wave functions like in ab
initio models, but it is a function of the positions of nuclei U(éj). These functions U(ﬁj)
are evaluated by methods of quantum mechanics or empirically. Atoms and molecules
are considered as classical particles moving in this potential field.

d*v,
M e

The good choice of potential U (often called as a force field) is a crucial point in
molecular dynamics and it is determined by the bond types, desired accuracy and of
course our computational resources. Also comparison with measurements on thermo-
physical properties and vibration frequencies is necessary for choosing the most suitable
force field.

The result of the molecular dynamics computation are trajectories and velocities of
all particles in the system. This also requires a lot of memory capacity and sufficient

=—-vU (1)



Structure of Nafion 233

computer processor speed, so it generally provides motion of system of thousands of
atoms on a time scale of a few nanoseconds.

The molecular dynamics supports the idea of irregularly shaped ionic clusters [5],
although to model the space distribution of these clusters (2-5 nm clusters distant from
each other 12-15 nm) is out of the range of molecular dynamics. The mesoscale model
that would form a bridge between the fast molecular kinetics and slow thermodynamics
relaxation of macroscale properties is thus necessary.

Mesoscale models gain increasing attention nowadays. One of the popular mesoscale
models is MesoDyn which is a simulation code that was generated especially for describing
the mesoscale structures in polymer liquids [1].

3 MesoDyn code

MesoDyn is a mesoscale simulation program implemented in Accelrys Materials Studio.
It is based on a dynamic variant of self-consistent mean field theory.

The system under study is transformed to its coarse-grained structure, where several
atoms are taken as one unit. This unit is called as a bead. The original structure of
the bead is forgotten, but MesoDyn finds interactions for these beads corresponding to
essential physics of the original system.

Because the beads consist of several atoms, the time and space lengths of simulation
can be expand up to 100 nm.

The theory behind the MesoDyn code [1] will be shortly mentioned here, the details
of the numerical procedure can be found in the original paper from 1997 [2].

The fluid is described by the density distributions of the individual beads p; (7). The
density distributions dynamically evolve due to the gradient of chemical potential and
random thermal noise according to the Langevin equation

Opr .

5 = Mdiv(prVur) +nr, (2)
where M is a bead mobility parameter, p; is the chemical potential of the respective
bead (the derivative of the free energy with respect to the density p;), a noise n; brings
the kinetics of Brownian motion to the equation and satisfies the fluctuation-dissipation

theorem in the following form

<771(7?7 t)> = 07 (3)
5 ~ ~ 2Mv ~ R ~
(nr (7, t)ns (1)) = — E 6(t =) x V,.0(7" = 7)prps Vi, (4)
where ¢ is the delta function, v is the average bead volume and [ is the inverse temper-
ature kBLT

The bead mobility parameter is in a simple relation with bead diffusion coefficient
D = MkgT and its value is same for all species in the system. Tests showed, that
changes in this parameter have just small effect on the final structure, however they have
an influence on the rate, at which equilibrium is achieved [6]. The default value of the
bead mobility parameter is 10~"cm?s~! in MesoDyn code allowing thus to use time steps
of 50 ns for most of the fluids.
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The equations (2) can be transformed to the so called dynamic Langevin equations,
that are integrated on a cubic lattice using a Crank-Nicholson numerical scheme in Meso-
Dyn code.

The Langevin equations are constructed for incompressible system with a dynamic

constraint )
- = E ot 5)
v - pI<T7 )7 ( )

where v is a constant molar volume of a substance.

So at each step of the computation, the density distribution is calculated, starting
from an initially homogeneous mixture in a cube box with periodic boundary conditions.
Density distribution p;(7) evolves via the Langevin equations and forms a slowly chang-
ing external potential U;(7). The relation between the density and external potential is
through the derivative of the partition function 7

07z

r T——
p1(7) = —nrk 50,7’

where ny is the number of chains and k is the Boltzmann constant.
Such system generates Helmholtz free energy

93 | v ryar+ (6)
—Z//E[J |7 — 7|) pr(7) ps (7 drdrF + (7)

ki
2 Jv

O wvilpr(7) = pi©))?dr, (8)

1

where the first two terms represent the ideal free energy. The third term represents the
interaction between the chains and it has the following form in the MesoDyn code

ol

coallr =) = by (s ) ol g = 77 )

where €9, is related to the Flory-Huggins mixing parameters via xr; = 559 J-

The parameters in the last term (8) are Helfand compressibility parameter kg, the
average density of each bead p;° and bead volume v;. This term gives a restriction on
the size of the density fluctuation that can occur in the system.

Electrostatics may be included in the Flory-Huggins parameter, or may be explicitly
included for each bead in the system using the Donnan approximation.

The models using the Donnan approximation showed that the electrostatic effects do
not have a high influence on the membrane morphology, so using simple Flory-Huggins
theory is sufficient [4].

There are two steps in generating mesoscale model. First a coarse-grained model
of the original system has to be determined. The second step is the calculation of the
interaction energies ;.
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One has to be really careful, while creating the coarse-grained topology of the system,
and represent all chemically distinct units of the system by different beads. Otherwise
the original chemistry of material would be lost.

After determining all the beads, it is necessary to define the connectivity between
them. In the case of many small molecules, single bead can represent the whole molecule.
Small molecules with chemically distinct regions should be represented as a short chain
of more than one bead. Real polymers are represented by a Gaussian chain of respective
beads (intra molecular interactions are described by harmonic oscillator potentials) that
exhibit the same response functions as the original chain. It is worth to mention, that
the structures of the real and Gaussian chains can be different. Linear polymer can be
represented by a Gaussian chain with branches and vice versa.

The next step after finding the coarse-grained topology is to determine the interactions
between the species. Because the interactions must correspond to the interactions of
real molecules and they should be easily calculated, the interactions in MesoDyn are
calculated via the Flory-Huggins interaction parameters x;; defined for each pair of the
species presented in the system.

There are several ways how to determine the Flory-Huggins mixing parameters x. It
can be gained experimentally from e.g. the partial vapour pressure of solvent-polymer
solutions or interfacial tension. It can be also calculated from the energy of mixing.

There is a simple relation between Flory-Huggins mixing parameters between the
components I and J and Hildebrand solubility parameters d; and ¢ ; of these components.

V;“e 5_6 2
(01 —45) +x

X1J = — RrT $5 (10)

where V. is a reference volume - a mean molar volume of components / and J and x;
is the entropy contribution to the mixing energy. This term can be usually neglected,
because it is only a small correction to the first term.

Hildebrand solubility parameters can be found in the polymer handbooks or they can
be directly calculated from molecular dynamics simulations using the formula

Ecoh
= 11
V ) ( )

where % is a cohesive energy density.

4 Mesoscale model of Nafion

This section describes the mesoscale model of Nafion morphology, that was originally
published in [5].

The limitation of the dynamic self-consistent mean field theory, which is implemented
in MesoDyn, is that there is only one reference volume. So it means, that all beads should
occupy approximately the same volume.

The natural choice is to take the perfluorinated side chain as a single bead S. Its
volume is 0.31nm3. This volume corresponds to the four (—C'F,—C Fy,—) monomer groups
(0.33nm?) (bead P) and approximately to ten water molecules (bead W). The average
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between these volumes (0.32nm?) seems then as a good choice for the bead reference
volume. The bead reference volume v and the reference volume V. used in the equation
(10) are simply connected through Avogadro number - V,.; = vN4 = 1.9 x 10~ *m?*.mol .
The volumes of the beads were calculated using the SYNTHIA module.
Because of the average length of Nafion chains, a single chain of Nafion with equivalent
weight of 1100g.mol ! is represented by twenty repeating PPS monomers. This choice
leads to the coarse-grained structure depicted in figure 2.

Figure 2: Coarse-grained structure of Nafion

4.1 Molecular modelling of the cohesive energy density

The choice of the interaction energies €;; is crucial for obtaining the correct morphologies.
Hildebrand solubility parameters (11) will be calculated here.

The value of cohesive energy density is very sensitive to the used force field. The
molecular dynamic and ab initio simulations showed that COMPASS force field describes
all the important interactions in Nafion polymer with a sufficient accuracy. Wescott et al.
[5] slightly modified default COMPASS atom typing and partial charge assignments in
order to have higher agreement with experimental results. Their atom typing assignments
were successfully used in several studies. The same modified COMPASS force field were
used during the calculation.

Three bulk amorphous models of each beads were generated with AMORPHOUS
CELL in order to obtain the densities of cohesive energy for each bead.

One amorphous cell was filled with four polymers composed of 100 CsF; monomers,
the other amorphous cell was filled with 80 side chains. These two cells were generated
at a density of 2.05g.cm~2 that corresponds to the experimental value of Nafion density.

The third amorphous cell was filled with 300 water molecules with at a density of
lg.cm ™3,

The minimization of each of the cells with smart algorithm was used after the con-
struction. Then each of the cells was equilibrated by molecular dynamic simulation in
NVT ensemble starting at 200 K. The temperature increased to 300 K in steps of 25 K
with 20 ns dynamics with 1 ps time step. After equilibration, another 300 ns of NVT dy-
namics were carried to obtain the average value of the cohesive energy density. Andersen
thermostat was used during the calculations.
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There is a problem with the value of solubility parameter for water. The calculation
gives us the value of 47.2 MPaz. However this value is really high and leads to demixing
of all Nafion - water mixture at all hydration levels which does not correspond to the
experimental observations. Futerko and Hsing solved this problem by defining an effective
value of this parameter. They suggested the value oy = 25 MPaz for Hildebrand
solubility of water and this value was consistent with their measurements.

The reduction of the value of Hildebrand solubility parameter to the value oy =
23 MPaZ was eventually done in order Crank-Nicholson scheme to converge.

This reduction and the values of solubility parameters for Teflon (0p = 13.3 MPa%)
and for side chain (65 = 21.2 MPa%) lead to the following Florry-Huggins parameters
used in MesoDyn simulation

B 11.8 B 17.8 and - 0.6
Xps = RT’ XpPw = RT n XWS—RT-

4.2 Calculation of mesoscale structure

The details of the MesoDyn calculation of Nafion microstructure followed by the discus-
sion of the results will be described in this subsection. Nafion membrane with equivalent
weight 1100 g.mol ™! is comprised of chains with the same lengths. Each chain is repre-
sented by twenty repeating coarse-grained monomers FF(S), where bead F represents four
C5Fy groups and bead S represent the whole side chain in the original Nafion structure.
Ten water molecules are included in the W bead.

The simulations were carried on the cubic lattice with volume (29nm)® and grid
resolution 0.9nm. The calculation started from a homogeneous distribution of each bead
and the morphologies were equilibrated in 150us. This relaxation time corresponds to the
5000 time steps. The simulation temperature was 300 K.

Phase separation of beads can be characterized by their order parameters. The order
parameter is defined as

1 2 2
Pi=o /V(ef (r) — 0,2)dr, (12)

where 6; is dimensionless density (volume fraction) for bead I. The higher is the value of
order parameter, the higher is the phase segregation.

You can see the values of the order parameters for different level of hydration in Nafion
in figures 3, 4 and 5.

It seems that no phase segregation occurs for low level of hydration in Nafion (figure
3). The values of order parameters for respective beads increase with the increasing level
of hydration inside the membrane. The rate of segregation also grows with increasing
hydration which is in agreement with experimental results. However the phase segregation
should occur even in dry Nafion, so the model needs to be modified.

You can see no phase segregation for A = 2 also in figure 6 and high phase segregation
for A = 10 also in figure 7. These figures show the density distributions of respective
beads.

However these are just intermediate results and the model need to be improved to be
in better agreement with experimental results. It seems that the values of the Hildebrand
solubility parameters from molecular dynamics do not correspond to the reality perfectly.
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Figure 3: Order parameter for A = 2
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Figure 4: Order parameter for A =4

So it would be better to take them as a first trial and then slightly change these values
to obtain higher correspondence with the experimental results.

4.3 Conclusion and further work

The aim of my thesis is to find the model of Nafion microstructure, because we believe
that it has to be incorporated to the constitutive relation. The mesoscale model of
Nafion morphology was introduced in this study, however this model needs to be further
improved.

The values of Hildebrand solubility parameters do not correspond to the reality per-
fectly. So they will be taken as a first trial and their values will be changed to obtain
higher correspondence with the reality.

Also the size of the beads in the original model is too big according to us, so the next
step is to create different coarse-graining structure of Nafion.

The sulphonic acid has different properties from the rest of the side chain. So it will
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Figure 5: Order parameter for A = 8

Figure 7: Density distributions for A =
Figure 6: Density distributions for A = 2 10

be taken as one bead and the rest of the structure will be transformed according to this
choice of bead volume.

The electrostatics will be not comprised in Florry-Huggins parameters, but it will be
calculated explicitly.

Calculating parameters for this model with finer coarse-grained structure will be my
task in the following months.
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Abstract. Electroencephalography examination (EEG) records the brain activity. That makes
it important part of neurological diseases diagnosis, eg. Alzheimer’s disease. Modern methods
describe EEG signal as a chaos. With such an approach, new characteristics of chaotic systems
are calculated. The correlation dimension is one of those properties, however, its estimation
requires high time-complexity. The article compares EEG time series to known chaotic system
of Brownian motion and describes correlation dimension approach using Monte Carlo method.

Keywords: EEG, Brownian motion, correlation dimension, Monte Carlo

Abstrakt. Elektroencefalografické vySetifeni (EEG) slouzi k zaznamenavani mozkové aktiv-
ity. Proto je dulezitou soucasti pfi diagnostice neurologickych chorob, nap¥. Alzheimerovy
choroby. Moderni postupy nahlizZeji na EEG signal jako na chaos. Takovy pfistup tak p¥inasi
nové charakteristiky popisujici tento systém. Jednou z nich je i korela¢ni dimenze, jejiz vypocet
je viak ¢asové narocny. Clének srovnava EEG signél se znamym chaotickym systémem Brownova
pohybu a popisuje odhad korela¢ni dimenze pomoci metody Monte Carlo.

Klicovd slova: EEG, Browntiv pohyb, korela¢ni dimenze, Monte Carlo

1 Introduction

Electroencephalography (EEG) signal analysis have been widely adopted. The aim is an
early detection of disorders or confirmation of disease diagnosis which change the brain
activity in different ways. EEG electrodes record the sum of the graded potentials of the
many thousand underlying neurons. The time series of EEG signal seems to have irregular
and chaotic progress, at first sight, but we can recognize waves with some periodicity too
[1].

Beside time-frequency analysis, EEG signal can be considered to be generated by non-
linear dynamic systems with chaotic behaviour. One of the values used for description
of chaotic systems is correlation dimension Ds. Its calculation involves some difficulties
as algorithms developed from mathematical theorems are valid for noiseless and endless
chaotic processes. EEG signal does not meet this condition, EEG times series are not end-
less, but experimental data are long enough to make D5 calculation very time-expensive.

The aim of this article is to compare EEG signal data to a chaotic system with known
value of correlation dimension and approach this value using Monte Carlo method to
eliminate time complexity.
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(a) Brownian motion (H = 0.1) (b) EEG signal

Figure 1: Visualization of chaotic system and real data.

2 Fractional Brownian Motion

Fractional Brownian motion (fBm) is a Gaussian process By(t) with stationary incre-
ments and zero mean, which depends on a parameter H € (0, 1) called the Hurst expo-
nent [2|. For H = 3, it is the standard Brownian motion B(¢). For H > 3, the increments
of the process are positively correlated and they are negatively correlated for H < % The
higher value of H leads to a smoother motion as shown in Fig. 2.

Brownian motion is defined as a stochastic process B(t) that satisfies |3]:

e B(0) =0, Vt,

e random variables B(ts) - B(¢;) and B(t4) - B(¢3) are independent for 0 < t; <ty <
3 <14,

o the variable B(t + s) - B(t) is a Gaussian variable with zero mean and standard
deviation s, V(s,t) > 0,

e B(?) is a continuous function of t.

10 T T T T 20

4 L L L L —40 L L L L
0 200 400 600 800 1000 0 200 400 600 800 1000

(a) H=0.5 (b) H = 0.9

Figure 2: Fractional Brownian Motion
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3 Correlation Dimension Monte Carlo Approach

The traditional characteristic of chaotic behaviour is called correlation dimension [4].
The correlation dimension measures the dimensionality of the object, usually attractor,
formed from N points in some embedding space. Its value lies between topological and
Hausdorff dimensions |5] according to inequalities

Dy < Dy < Dy. (1)

Taken as two-dimensional space for ease of vizualization, the case corresponds to a
time series Xy where we draw a cirle of radius » > 0 around picked point and count
number of points inside the cirle. Grassberger and Procaccia [6] suggest to measure the
distance between every pair of points. Let C(r) be the number of points within all these
circles. Then C(r) is called the correlation sum and is calculated by

N N
2
Jj=11i=j5+1
where © is the Heaviside function, r; ; = ||Z; —||, and N is a number of data points. C(r)

converges to the correlation integral for N — oo and can be inspected as the probability
that two different randomly chosen points will be closer than r [7].

A slope of log C(r) versus log r plot in the limit of small r and large N is the correlation
dimension

... dlogC(r)
Do =lim = g r

(3)

For finite N, D, can be estimated via LSQ method using a linearized model

log C(r) = A+ Dylogr. (4)

The main disadvantage of this approach is the time complexity of C(r) calculation
for large N. The opossite problem is bias of Dy estimate which comes with small N.
Another possibility is to use the Monte Carlo approach. This methodology was desribed
and tested on past results [8] as follows.

Let M € N be number of Monte Carlo simulations [9]. Let A € N be given barrier.
The approach is based on the Monte Carlo estimation of C(r) for k = 1,..., M, where
ri are also results of simulation. Single simulation step is based on two random indices
i,7 ~U({1,2,..., N}) which are repeatedly generated until |i — j| > A. Vector distance
d, = ||z; — x| is stored as result of k™ simulation. After M simulations, we sort dj to
obtain non-decreasing series of dj and then

e = dm,
Clr) = k/M. (5)

Resulting pairs (ry, C(rg)) are censored using contrains

Pmin S C(Tk> S Pmax (6)
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Figure 3: fBm (H = 0.5) crossing with a median line

to avoid disturbances for extreme values of 7. Linear model (4) is then applied only to
censored data from Monte Carlo experiment.

The main advantage of this novel approach is in decreasing of time complexity in the
case of large time series but the estimation error also depends on M, A, puin, and prax-
Meanwhile, the time complexity of original correlation sum calculations is T(N) = O(N?)
per each fixed parameter value r, the time complexity of this approach is only T'(M) =
O(M log M) due to sorting complexity.

4 Numerical Experiment

Monte Carlo approach was verified on Fractional Brownian motion levelsets. Levelsets,
the generalization of zero sets Z = {t # 0|By(t) = 0} [10], are obtained by the crossing
of By(t) with a constant line By (t) = c¢. Moreover, the levelsets have known fractal
dimension 1 — H [3].

The fBm time series X = {x;}2 , for N = 10° were generated first and the trend
was subtracted. The median value was set as ¢ parameter for the levelset line. The time
series and the levelset line crossing points were used in Monte Carlo estimation.

The main aim of simulations is to map Dy approximation on fBm for different Hurst
exponent values H = 0.1, ...,0.9 with simulation length M = 10* which was chosen due
to time complexity. Monte Carlo estimation is performed for L = 10 loops to obtain its
mean value ED, and standard deviation s. Knowning only theoretical value of D3, the
point estimates in one-sample t-test are used as a kind of statistical pesimism. Results
of the estimation are shown in Tab. 1 including p—value of one-sample two-sided t-test
of Hy about ED, and Dj equity.

5 Alzheimer’s Disease Testing

Alzheimer’s disease is an irreversible neurological disorder that causes dementia. It phys-
ically defects neurons and their synapses. The result is a loss of memory, thinking, and
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Table 1: D, simulation for fBm

H | D5 | ED, s p—value
0.1 ]0.9]0.9171 | 0.0095 | 0.1058
0.2 ] 0.8]0.8385 | 0.0263 | 0.1777
0.3 ]0.7]0.7213 | 0.0273 | 0.4560
0.410.6|0.5739 | 0.0314 | 0.4298
0.5]0.5|0.5053 | 0.0378 | 0.8921
0.6 | 0.4 | 0.4300 | 0.0270 | 0.2947
0.7 1 0.3 | 0.3814 | 0.0301 | 0.0242
0.8 1 0.2]0.2899 | 0.0203 | 0.0017
0.91]0.1]0.4185 | 0.1120 | 0.0223

language skills. Due to changes in the brain, EEG takes a part in Alzheimer’s disease
study [11] as a research tool.

For testing, the real biomedical signal data were used. EEG time series were obtained
from two examined groups of patients consist of 139 control normals (CN) and 26 with
Alzheimer’s disease (AD) diagnosis. The signal was recorded in a form of multichannel
EEG using the standard 10-20 scheme with nineteen channels and two reference electrodes
[12].

Parameters of the simulation were kept same as for the Fractional Brownian motion
estimation. Instead of iterations, individiual D, values were simulated for each channel
for each group of patients. The length of EEG data varied patient by patient starting
at a b minutes minimum with the sampling frequency 200 Hz. The correlation sum was
calculated from M = 10* pairs of points.

Resulting values of the mean ED, and the standard deviation s of correlation dimen-
sion approaches are collected in Tab. 2. There is no theoretical number representing
ideal correlation dimension value Dj for EEG time series. Therefore, for a statistical
description of this model, a two-sample t-test was applied on significant level o = 0.05.
This method tests the hypothesis that two indepedent samples come from distributions
with equal means Hy : EX = EY [13|. Calculated p—value are also in Tab. 2.

To avoid false positive results, the standard methodology of False Discovery Rate
(FDR) was used [14]. The corrected critical value was determined as argrp = 0.0030.
According to this value, the third channel is significant. Other channels with p—value <
0.05 are 5, 9, and 11 which has p—value equal to apgp.

6 Conclusions

The Monte Carlo approach of correlation dimension was successfully tested on D, of
Fractional Brownian motion crossing its median levelset line with various Hurst expo-
nent values. Along with 10 simulations, it decreases the time complexity as expected.
Acceptable results were obtained also on real data set which was EEG signal obtained
from patients with control normal and with confirmed Alzheimer’s disease. Statistically
significant difference between these two groups was estimated on the third channel. The
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Table 2: EEG D, simulation results

CN AD

Ch | ED, s ED, S p—value
1 10.9622 | 0.0020 | 0.9547 | 0.0039 | 0.0370
2 | 0.9564 | 0.0019 | 0.9628 | 0.0034 | 0.6090
3 10.9563 | 0.0020 | 0.9688 | 0.0039 | 0.0018
4 10.9570 | 0.0019 | 0.9573 | 0.0028 | 0.7963
5 10.9600 | 0.0018 | 0.9620 | 0.0043 | 0.0156
6 | 0.9617 | 0.0018 | 0.9557 | 0.0045 | 0.3610
7 10.9575 | 0.0018 | 0.9571 | 0.0047 | 0.8129
8 10.9592 | 0.0019 | 0.9665 | 0.0043 | 0.6127
9 |0.9603 | 0.0018 | 0.9548 | 0.0049 | 0.0179
10 | 0.9586 | 0.0019 | 0.9550 | 0.0047 | 0.0671
11 | 0.9626 | 0.0017 | 0.9644 | 0.0032 | 0.0030
12 | 0.9603 | 0.0019 | 0.9578 | 0.0054 | 0.1420
13 | 0.9560 | 0.0019 | 0.9706 | 0.0050 | 0.2361
14 | 0.9559 | 0.0019 | 0.9610 | 0.0046 | 0.8306
15 | 0.9592 | 0.0019 | 0.9644 | 0.0040 | 0.6199
16 | 0.9586 | 0.0020 | 0.9604 | 0.0032 | 0.9315
17 | 0.9591 | 0.0019 | 0.9564 | 0.0057 | 0.1604
18 | 0.9590 | 0.0019 | 0.9545 | 0.0032 | 0.7327
19 | 0.9598 | 0.0017 | 0.9512 | 0.0042 | 0.1923

third electrod is placed over the frontal lobe as shown in Fig. 4 where also other channels
with low p—value are highlighted.

7 Discussion

The result of EEG analysis confirms conclusions of past studies and is in accordance with
biomedical hypotheses that Alzheimer’s disease causes atrophy mainly at frontal and
temporal lobes [15]. Due to a kind of statistical pesimism, only the third channel was
accepted as significant. The same channel was also significant for EEG linear prediction
study [16]. Better results could be obtained by changing model driving parameters as a
simulation length. Other important parameter is the length of tested data. The model
was tested for crossing only with median. The next improvement could be crossing with
more lines on different levels producing more points for comparison.

References

[1] A. Mekler. Calculation of EEG Correlation Dimension: Large Massifs of Experimental
Data. Computer Methods and Programs in Biomedicine 92 (2008), 154-160.



Monte Carlo Estimation of EEG Correlation Dimension 247

NASION

® @
ONOROXORL

ONONONONC

® ® O ® @

INION

Figure 4: Electrode 10-20 scheme

[2] D. Nualart Fractional Brownian Motion: Stochastic Calculus and Applications. Inter-
national Congress of Mathematicians, Madrid, Spain (2006).

[3] J. Gao, Y. Cao, W. Tung, J. Hu. Multiscale Analysis of Complex Time Series. John
Wiley & Sons (2007).

|4] P. Grassberger. Generalized dimensions of strange attractors. Physics Letters A 97
(1983), 227-230.

[5] J. C. Sprott. Chaos and Time-Series Analysis. Oxford University Press (2003).

|6] P. Grassberger, 1. Procaccia. Characterization of Strange Attractors. Physical Review
Letters 50 (1983), 346-349.

|7] G.P. DeCoster, D. W. Mitchell. The Efficacy of the Correlation Dimension Technique
in Detecting Determinism in Small Samples. Journal of Statistical Computation and
Simulation 39 (1991), 221-229.

[8] L. Tylova. Monte Carlo Estimation of Correlation Dimension for EEG Analysis. Dok-
torandské dny 2013 (2013), 293-300.

[9] C. Z. Mooney. Monte Carlo Simulation. SAGE Publications (1997).
[10] A. Dahl. A Rigorous Introduction to Brownian Motion. Summer Virge REU(2010).

[11] R. Rusina, K. Sheardova, I. Rektorova, P. Ridzon, P. Kulistak, R. Matej. Amy-
otrophic Lateral Sclerosis and Alzheimer’s Disease — Clinical and Neuropathological
Considerations in Two Cases. European Journal of Neurology 14 (2007), 815-818.

[12] W. O. Tatum. Handbook of EEG Interpretation. Demos Medical Publishing (2007).



248 L. Tylova

[13] M. Meloun, J. Militky. The statistical analysis of experimental data. Academia
(2004).

[14] Y. Benjamini, Y. Hochberg. Controlling the False Discovery Rate: A Practical and

Powerful Approach to Multiple Testing. Journal of the Royal Statistical Society 57
(1995), 289-300.

[15] A. Redolfi, P. Bosco, D. Manset, G. B. Frisoni. Brain Investigation and Brain Con-
ceptualization. Functional Neurology 28 (2013), 175-190.

[16] L. Tylova, J. Kukal, O. Vysata. Predictive Models in Diagnosis of Alzheimer’s Dis-
ease from EEG. Acta Polytechnica 53 (2013), 94-97.



Real Functions Computable by Finite State
Transducers in Mobius Number Systems*

Tomas Vavra

3rd year of PGS, email: t.vavra@seznam.cz
Department of Mathematics
Faculty of Nuclear Sciences and Physical Engineering, CTU in Prague

advisors:

Zuzana Masakova, Department of Mathematics
Faculty of Nuclear Sciences and Physical Engineering, CTU in Prague

Petr Kiirka, Center for Theoretical Study, Charles University in Prague

Abstract. We consider Mobius number systems with sofic expansion subshift. Let F: R — R
be an analytic function defined on the extended real line R = R U {co}. We show that if F
is computable by a finite state transducer, then it is in fact a Md&bius transformation, that is,
F(x) = Z;’is, ad — be # 0. The same problem for a different number system was also studied
in [1]. Furthemore, we show that unlike in modular Mébius systems, in bimodular systems, not
every rational M&bius transformation is computable by a finite state transducer.

This contribution has been presented at a conference by the author and the results have

been published in [2].

Keywords: exact real algorithms, transducers, mébius

Abstrakt. Uvazujeme Mobiovské Ciselné systémy se sofickym expanznim subshiftem. NechtF :
R — R je analytickd funkce definovand na R = R U {oo}. UkaZeme, Ze pokud je funkce F
pocitatelna kone¢nym transducerem, potom je F' Mdbiova transformace, tzn. F(x) = Z;IZ./ kde
ad — be # 0. Stejny problém, ale pro jiny systém, byl také studovan v [1]. Navic ukaZeme, ze
narozdil od modularnich Mébiovskych systémt, v bimodularnich systémech neni kazda Mobiova
transformace pocitatelnd koneénym transducerem.

Tento piispévek byl prezentovan autorem na konferenci a vysledky byly publikovany v [2].
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Abstract. We define and review basic properties of a higher Dorfman bracket, an extension of
a vector field commutator to a direct sum of tangent bundle and a p-fold wedge product of a
cotangent bundle. Lie algebra of its derivations and group of its automorphisms is calculated.
We introduce a notion of integration of first order differential operators. We find an explicit
formula for integrating automorphism of infinitesimal symmetries of higher Dorfman bracket.
Examples and an application to infinitesimal isometries of generalized metric are included.

Keywords: Generalized geometry, higher Dorfman bracket, automorphisms, generalized metric

Abstrakt. Definujeme a shrneme vlastnosti vyssi Dorfmanové zavorky, rozsiten{ komutatoru
vektorovych poli na direktni soudet te¢ného bundlu a p-nasobného vnéjsiho soucinu koteéného
bundlu. Spocteme Lieovu algebru jejich derivaci a grupu jejich automorfismii. Definujeme pojem
integrace diferencidlnich operatorti prvniho fadu a nalezneme explicitni vzorec pro integrujici
automorfismus infinitesimalnich symetrif vy8s{ Dorfmanové zévorky. Na zavér zahrneme piiklady
a aplikaci na infinitesimélni izometrie zobecnéné metriky.

Klicovd slova: Zobecnéna geometrie, vyssi Dorfmanové zavorky, automorfismy, zobecnéna metrika

1 Definition, basic properties

Let p be any non-negative integer. Consider a vector bundle £ = T'M & APT* M, where
we identify AT*M = M x R. There exists a well-known extension of a vector field
commutator to a bracket on I'(E), for p = 1 called a Dorfman bracket [3, 8]. It constitutes
a simplest example of Courant algebroid. For p > 1, there is a bracket on I'(F), usually
called a higher Dorfman bracket. Let us denote the sections of E as ordered pairs.
For e € T'(E), we will write e = (x,a,), where x € X(M) is a vector field on M and
a, € QP(M) is a p-form on M. A higher Dorfman bracket is defined as

(z,ap) o (y,by) = ([z,y], Lz, — dyday), (1)

for all (x,a,), (y,b,) € I'(E). For a detailed discussion of topics related to this definition
and its skew-symmetric counterpart, see [1, 4|. Since there is no known proper higher
analogue of a Courant algebroid, one has to stick to a more general notion of Leibniz
algebroid. Leibniz algebroid is a triple (£, p, o), where E is a vector bundle, p : E — T M
is a vector bundle morphism, and o : I'(E) x I'(E) — I['(E) is an R-bilinear bracket,
satisfying the following axioms:
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1. eo(fe) = fleoe) + (ple).f)e, (Leibniz rule)
2. eo(efoe’)=(eoe)oe”"+¢€ o(eoe”), (Leibniz property)

for all e, €', ¢” € T'(F). To avoid confusion, Leibniz property is in some literature called a
Loday identity, and Leibniz algebroid a Loday algebroid.

It is not difficult to show that if one chooses p = prras, a projection onto the first
summand of ., then (E,p,o) from the first paragraph of this section forms a Leibniz
algebroid. It is not a Courant algebroid, since there is no canonical R-valued bilinear
pairing on E.

Leibniz property establishes a following property. For each e € I'(E), we can define a
R-linear map x(e) : I'(E) — I'(E) using a higher Dorfman bracket:

(x(e))(e) =eoe (2)

for all e,e¢’ € I'(E). Leibniz property then states that y(e) is a derivation of the higher
Dorfman bracket:

(x(e))(€ 0 e”) = (x(e))(e") o €” + €' o (x(e))(e"). (3)

This is equivalent to an observation that y is a bracket homomorphism in a sense that

[x(e), x(e)] = x(eo€), (4)

for all e,e’ € I'(E). This can be easily proved directly from the definition of xy and a
Leibniz property. y can be thus viewed as a R-linear representation of o on I'(F). Note
that it is not a representation by C'*°(M)-linear maps (that is vector bundle morphisms
of E). Instead, there holds (x(e))(fe') = f(x(e))(€') + (p(e).f)e’ for all e, e’ € I'(E) and
f € C(M). This also shows that y(e) is a vector bundle morphism, iff p(e) = 0.

2 Derivations of the bracket

We will now examine a special class of R-linear endomorphisms of I'(E). Let F : T'(E) —
['(E) be an R-linear map, and assume that there is an R-linear operator D on a vector
space C°(M), such that

F(fe) = fF(e)+ (D-f)e. (5)

Consistency on the products of two functions requires D to satisfy:

D.(fg)=(D.f)g+ f(D.g). (6)

This implies that D is a vector field on M. Denote this vector field as z € X(M).
Condition (5) can be called "a locality property", since it ensures that F does not depend
on e € I'(E) in its entirety, but only on the values of e in a neighborhood of every point.
This means that if |y = €/|y in some neighborhood in M, then F(e)|y = F(€)|v.

Said in a slightly different language, see [7], F satisfying (5) are called first order
differential operators on E, and they form a space of sections of a vector bundle D(FE).
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The map assigning to F a vector field = can be then viewed as vector bundle morphism
a:D(E)— TM. It follows that (D(E),a,|-,]) forms a Lie algebroid.

Moreover, assume that F acts as a derivation of the higher Dorfman bracket (1), that
is there holds

Fleoe)=F(e)oe +eoF(e). (7)
Combining the properties (5) and (7) yields the equation
p(F(e)) = [z, ple)], (8)

for all e € I'(E). Recall that given x € X(M), we have the map x(z,0), defined in the
previous section, which satisfies (5), (7) and (8). Define a new map G : I'(E) — I'(E) as

F =x(z,0)+G.

It is easy to see that G is a C*°(M)-linear endomorphism of I'(E), that is a vector bundle
endmorphism of E (over identity). This means that vector field in (5) is zero for G.

Moreover, since the space of derivations is a vector space, G is also a derivation of the
bracket (1). Tt follows from (8) that p(G(e)) = 0. We can thus write G(e) in the block

form
0 0
o (2 2)(0)

where a division into blocks corresponds to the sum T'M & APT*M. Plugging back into
the condition (7) gives the conditions:

Gi(y) = —i,C, Ga(by) = A~ 1, 9)

where C' € QPF! (M) and X € Q9 ,(M). We have thus proved that the most general

closed closed

map F satisfying (5) and (7) is of the form
F(y,bp) = (x(2,0))(y, by) + (0, —=1,C + Aby) = ([z, y], Lab, + Aby — i, C), (10)
for (y,b,) € T(E), C € Q¥FL (M) and A € Q% _.,(M), and = € X(M). Each map F is

closed closed

thus determined uniquely by a triple (z, C; \). The space of all derivations of o denoted
as Der,(F) is a Lie algebra. One finds that

[(SB, C: >‘)7 (x/’ C> X)] = ([mv x/]> (Ez/ - X)C - (Lw - A)Clv O)' (11)

This proves that Der,(E) = X(M) x (Q55 (M) x Q0,...(M)), where Q5 (M) and
QY ..a(M) are viewed as Abelian Lie algebras. To conclude this section, recall that x(e)

presents an example of an element of Der,(F).

3 Automorphisms of the bracket

In this section, we will examine the vector bundle automorphisms of E, preserving the
higher Dorfman bracket. We will in fact show that the resulting group Aut,(FE) has
Der,(E) as its Lie algebra (not being rigorous, no infinte-dimensional manifolds are dis-
cussed). We will now consider vector bundle automorphisms over diffeomorphisms, that
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is pairs (F, 1), where ¢ € Diff (M) is a diffeomorphism, and F : E — E is a smooth map,
such that F : E,, — Eyn) is a a linear isomorphism for each m € M. Note that each
(F,1) induces a R-linear automorphism of T'(E) defined as (F(e))(v(m)) = F(e(m)),
for all e € I'(E) and m € M. Map F can be characterized by a property similar to (5):

F(fe) = (for™)F(e). (12)
This condition in fact ensures that F depends only on the values of e at each point
m € M, that it if e(m) = €/(m), then F(e)(o(m)) = F(€')((m)).
Now we will consider the subset of all vector bundle automorphisms of F, preserving
the bracket (1). We thus impose a condition

F(eoe') = F(e)o F(e), (13)
for all e, ¢’ € T'(E). We can again combine (12) and (13) to get a consistency condition:

(ple)-f) o™ = p(F(e)).(fov™). (14)

foralle € I'(E) and f € C*°(M). Let ¢ € Diff(M) be a diffeomorphism of M. Define a
vector bundle automorphism (7'(), ) of E by defining T'(¢)) : I'(F) — I'(E) as

T(W)(y, by) = (Vuly), v~ (b)) (15)

It is easy to see that (T'(¢), 1) satisfies (12) and (13). Now take arbitrary (F, ) satisfying
(12,13). Since such vector bundle morphisms form a group, define a new automorphism
(G, Idyr) by formula

Condition (14) for (G, Idy,) than says that p(e) = p(G(e)). In other words, G has a block

form Lo
-3, 2)(2)

where G5 is an invertible map. Plugging back into (13) yields the conditions:
Gi(y) = —i,C, Ga(by) = A- 1, (17)

where C' € QPF! (M), and A € QU,,.,(M). Invertibility of G, implies that A(z) # 0
for all x € M. Denote the group (Witll respect to multiplication) of locally constant

everywhere non-vanishing functions as Q% __,(M). We have thus found that (F, ) has
the form

‘F(y7bp) = (%(?J)ﬂﬂ_l*()\bp - ZYO))?
where ¢ € Diff(M), C € Q2! (M) and X € QY. ,(M). Every element of Aut,(E) is

closed closed

thus determined uniquely by a triple (¢, C; ). We can then find a composition rule:
(1, C,A) o (¥, O N) = (P!, C + (PN, (M) N). (18)

This proves the group isomorphism Aut,(F) = Diff(M) x (Q5F! (M) x QO ..(M)). We

see that this is in a good agreement with the previous results we have found for Der,(FE).
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4 Integration of infinitesimal symmetries

We have shown in the first section, that to each e € E, there corresponds a map y(e) €
Der,(F). We suspect that there should be a corresponding 1-parameter subgroup of
Aut,(F) of the bracket automorphisms, integrating the map x(e) in the following sense.

Let G be any first order differential operator on E, that is (5) holds. We say that
1-parameter subgroup of vector bundle automorphisms (F;, 1) integrates the map G, if
there holds

Gle) = — | Fule), (19)

=0
for all e € T'(E). Since 1y is 1-parameter subgroup of Diff(M), it corresponds to the
flow of some vector field. It follows from (19), that it is exactly the vector field D in
the locality property (5) for G. This is another reason to consider first order differential
operators on F as Lie algebra of Aut(£). We write formally F_; = exp(tG).

Let us start with some simple examples. Consider fist the map G = x(z,0). We
have G(y,b,) = ([z,y],Lsb,). Let ¢f be a flow of z € X(M). One can guess that
(Fi, ) = (T(7), ¢F) will do the trick. We thus have to check that for all m € M:

d d

(G(e))(m) = — To(cb”it)(e(cbf(m))) =7 (jﬁft*(quﬁ(m)% ¢ (bolozomy))-

The right-hand side is exactly ([z,y], L,b,) at m, as we wanted.

Second example is G = x(0,a,). We thus have G(y,b,) = (0, —¢da,). Since G
is C°°(M)-linear, we get immediately that ¢, = Idy. It is then easy to guess that
Fi(y,b,) = (y,b, + tiyda,). In this case it is almost trivial to verify the condition (19).

The main pursue of this section is to find the automorphism integrating the map x(e)
for general e € I'(F), and show that it is an automorphism of higher Dorfman bracket
(1). Main idea follows from the previous two paragraphs. We know how to integrate
x(e) for e = (z,0) and for e = (0,a,). We can thus guide our steps by suitably using the
BCH formula. Define X = x(z,0) and Y = x(0,a,). Now observe that (4) implies that
only non-trivial nested commutator of X’s and Y’s is the one containing single Y, and
(n — 1)-times X:

X, =X, [X,....[X,Y]]...]. (20)

We will use a variant of the BCH formula, called a Zassenhaus formula [2]. This formula
states that in the above special case, we have

tXFY) — tX H Cu(t, X,Y), (21)
n=1

where C,, (¢, X,Y) = exp((—1)""'£.X,). Note that C,, commute with each other, and the
product in (21) becomes an exponential of the sum:
[e.e] . tn
!X = e Xexp (Y (-1) +15Xn).

n=1
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Inverting this expression, and interchanging X <+ —X and Y < —Y gives the opposite-
order equality:

oo tn
! XHY) — exp(z ﬁXn)etX. (22)

n=1

To proceed, recall the definition of X and Y and (4). One gets
X, = x(0, L 'a,). (23)

We thus obtain (a formal expression):
etx(e _ eXp Z En Lo Y)etx :(:0)‘

Recalling the first two examples, we get the (still slightly formal) expression for e"x(¢);

Ny by) = (61 ()67 (by) — e (D 2 ). (24)

See that sum over n can be rewritten as an integral of the power series over ¢:

0 tn t
Zﬁﬁgfl = / etFedt. (25)
: 0

n=1

But e'*= is nothing but a pullback by a flow ¢*. We thus get

Oy by) = (61,0 687 ) — e [ (60" () }). 26)

It is easy to see that this map indeed satisfies the integration condition (19), that is

C?t (e )(y, bp) = x(€)(y.b,) = €0 (y,by). (27)

Now, we expect that X(¢) will be an automorphism of the Dorfman bracket. Accord-
mg to the Section 3, this accounts to the verification of the closedness of the form
fo {¢7*(day,) }dt. The exterior differential operator commutes both with integration (imag-
ine it as a differentiation with respect to parameter of the integrand) and with the pull-
back. Closedness of this form thus follows from d(da,) = 0.

Example 4.1. Let us try to show the integration on the example. Let M = R2(y!, 3?).
Let x € X(R?) be defined as
r=y'0y — y?0;.

Let p = 1. 1-form a; is defined as a; = y'dy?. First, we have to find a flow corresponding
to x. This is a standard calculation, giving:

Oy, y?) = (y' cos(t) — y*sin(t), y' sin(t) + y* cos(t)).
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We see that z is a complete vector field, with uniform rotation along R? origin as its flow.
Now, we are supposed to calculate the pullback of the form da, = dy* A dy*. Pullback of
a 2-form just multiplies it by a Jacobian of the map, which is of course |J| = 1 in this
case (rotation is orthogonal). Thus ¢7*(dy' A dy?) = dy' A dy*. This also follows from
the fact that rotations are symplectomorphisms with respect to the canonical symplectic
form da; on R?. We then obtain:

I,(day) = /0 (67 (dar)} = ¢ - dy* A dy. (28)

Finally, we will calculate the action of eX(¢) on the section (y,b;) = (y,0), where y = y'0;.
Pulling back the vector field y gives

¢ 1. (y) = {cos(t)(y" cos(t) — y sin(t)) }0 + {sin(t)(y” sin(t) — y' cos(t))}0».

Plugging this into the 2-form (28) gives:

—ige o Ii(dar) = {tsin(t)(y*sin(t) — y" cos(t)) }dy" + {t cos(t)(y*sin(t) — y" cos(t))}dy”.

To conclude this example, see that x(z,a,) acts on (y,0) as

(x(, 1)) (y,0) = ([z,y], —iydar) = (—y*01 — y' 0o, —y'dy?). (29)

It is easy to see that there indeed holds

d .
7| (@Ce(y), —ior, o Ie(dar)) = (—y*0n — y' s, —y'dy?). (30)

5 Example

Let us show the application of the formula (26) in finding a finite transformation corre-
sponding to infinitesimal isometry of generalized metric on E. It is a fiberwise metric G
on vector bundle F, naturally appearing in the Hamiltonian of membrane sigma models.
For details, see for example [5|. First recall that given metric g on M, one can define a
fiberwise metric g on the exterior product bundle APT M as

917 =061 " Grrjy -+ - Ghpiy- (31)

where I = (i3 < -+ < jp) and J = (j; < --- < j,) are strictly ordered p-indices,
labeling the local basis of I'(APT'M) = XP(M) induced from arbitrary local basis (e;)!",
of (TM) = X(M) as e; = e;, A...Ne;,. Not only that g is a symmetric C°°(M)-bilinear
form on the module XP(M), but it is non-degenerate in a usual sense. Its signature (as a
quadratic form) depends only on the signature of g, and for positive definite g, g is also
positive definite.

Writing C' as a matrix, we mean a rectangular n x (Z) matrix C;; defined as C;5 =

Cle;,ez) for a (p+1)-form C € QPT(M). Note that the transpose matrix C7 corresponds
to the map x — 4, C. A generalized metric G is defined by a symmetric block matrix:

+Cg'ct —Cg!
G = (g _’gV—glCT ’g’—gl ) . (32)
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Having the fiberwise metric G, we can define a generalized Killing vectors e € E to be
the sections of F satisfying the generalized Killing equation:

p(e).G(e,e") = G(eo€,e")+ G(¢',eoe”). (33)

Such sections have certain physical significance. They correspond to Noetherian currents
conserved in time evolution, for details, see [6]. Thanks to (4) it is easy to prove that
given generalized Killing sections e, ¢’ € T'(E), their higher Dorfman bracket eoce’ is again
a generalized Killing section. It follows that the set of generalized Killing vectors of G
forms a Leibniz algebra. Writing e = (, a,), we can extract the content of the equation
(33) to get a set of three equations:

L.9g=0, L,C =da,, L,g9=0. (34)

The last one in fact follows from the first one, although this is quite tedious to show.
Interpretation of the first condition is obvious, x is a Killing vector field of g, generating
thus an isometry of g. What is a meaning of the second condition?

We can integrate the infinitesimal isometry x(x,a,) to the automorphism of a higher
Dorfman bracket usmg the formula (26). We see that we have to find the (p + 1)-form
f(f{gbt (day)}dt = fo{gbff* (L£.C)}dt, where we have used the generalized Killing equation
for (z, ap) Glancing at the original power series expression for the integral, one sees
that fo {¢7*(day,)}dt = ¢7*C — C. But we know that this is a closed form (see the
discussion after (26)). In other words, action of the isometry ¢7 on C' only makes a gauge
transformation by a closed (p+1)—f0rm fot {¢7*(day,) }dt. The automorphism corresponding
to the map x(e) is according to (26):

eXO(y,b,) = (621.(y), 7 (by) = e, ) (67°C = O)). (35)
It is not difficult to verify that eX(¢) is moreover an isometry of G, that is there holds
G(eNO(e), X (")) = G(e, ") 0 ¢, (36)

for all ¢/,¢” € T'(F). To conclude, see that one can find the generalized Killing vectors as
follows. First find an ordinary Killing vector = of g. Necessary condition for £,C = da,
to have some solution is a closedness of the form on the left-hand side. That is there
holds

0=d(L,C)=L,(dC) = L,F,

where F' = dC' is a field strength corresponding to C'. Generalized Killing equation has
the solution for given x € X(M), only if x is an infinitesimal symmetry of F'. If we work
locally or on a contractible space, we can always find a form a,, such that £,C' = da,.

Example 5.1. Let M = R?(y!,5?), and g = (dy')? + (dy?)? be an Euclidean metric on
R2. Consider p = 1, and let C' = (y' + y?)dy* A dy*. We would like to find all generalized
Killing vectors of generalized metric G. Killing algebra of g is generated by translations
t; = 0; and a rotation along the origin: r = 329, — y'9,. We may find the potentials for
L.C separately - the condition is additive. For translations, it is very simple:

L, C = L,C=dy* Ndy* = d(y*dy?).
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The set of possible choices of a; for ¢; is thus a cohomology class [y'dy?]. For a rotation
generator r, we get
L,C = (y* —y")dy' Ady*.

We can find a potential for £,.C' easy enough. We can choose

m =~ Ly’ + () dy?). (37)

Set of all such a; is again the cohomology class of the above particular solution. The set
of all generalized Killing vectors GK(G) can be thus described as

GK(G) = {(arts + sty + Br,(ar + az)y'dy® — g{(yZ)Qdy1 + (y")?dy*} + df)

| Oé17a2,/6 € Raf € COO(M)}

(38)

We see that Leibniz algebra GK (G) is not finite-dimensional (as is in the ordinary Killing
vector algebra), because there is always an infinite-dimensional ambiguity in the condition

L,C = da,.
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Abstract. The Wigner—Kirkwood (WK) expansion was originally presented in two seminal
papers [2, 3] and since its very inception it has had two important implications. On the one
hand, it has been used for studying the equilibrium statistical mechanics of a nearly classical
system of particles obeying Maxwell-Boltzmann statistics. WK expansion is in its essence an
expansion of the quantum Boltzmann density in powers of Planck’s constant A, or equivalently
of the thermal de Broglie wavelength A = h\//3/M, where ( is the inverse temperature and M is
the mass of a particle. On the other hand, it has paved a way for new alternative mathematical
techniques and practical calculational schemes that are pertinent to the high-temperature regime
in quantum systems.

In this paper, we pursue the study of the WK perturbation method by means of the path
integral (PI) calculus. The relevance of the PI treatment in a high-temperature context is due
to several reasons: PI’s allow to connect evolutionary equations (Bloch equation or Fokker—
Planck equation) with the underlying stochastic analysis [4], they are tailor-made for obtaining
quasi-classical asymptotics [5], they allow to utilize some powerful transformation techniques to
simplify the original stochastic process, etc. Besides, PI’s also provide an excellent tool for di-
rect numerical simulations of the underlying stochastic dynamics including many-body systems.
One of the key advantages of the PI approach is, however, the fact that the techniques and
methodologies used can efficiently bypass the explicit knowledge of the exact energy spectrum.
In particular, one can progress without relying on the explicit use of approximate expressions or
interpolation formulas for the energy eigenvalues which are often difficult to judge due to lack
of reliability in their error estimates.

The idea to use PI’s as a means of producing various WK-type expansions and related
thermodynamic functions is clearly not new. Indeed, the first systematic discussions and analyzes
of these issues emerged already during the early 1970’s. Among these belong the early attempts of
PI treatments of the high-temperature behavior of partition functions for anharmonic oscillators
and gradient expansions of free energy [5]. These approaches belong in the class of the so-called
analytic perturbation schemes which account for an explicit analytic expressions of the coefficient
functions. For many practical purposes it is desirable to have explicit analytical expressions for
coefficients in the WK perturbation expansion. This is so, for instance, when the symmetry
(Lorentz, gauge, global) is supposed to be broken by quantum or thermal fluctuations. Though
these issues are more pressing in quantum field theories, they have in recent two decades entered
also in the realm of a few-body finite-temperature quantum mechanics. The catalyst has been
theoretical investigations and ensuing state-of-the-arts experiments in condensed Bose gases,

*This work has been published in [1].

261



262 V. Zatloukal

degenerate Fermi gases, quantum clusters or strongly coupled Coulomb systems. It is not only
the zero-temperature regime that is of interest in these systems. Many issues revolve also around
finite-temperature or “high”-temperature questions. These include, thermal and thermoelectric
transport of ultra-cold atomic gases, hydrogen, helium, and hydrogen /helium mixtures and their
astrophysical implications, Lennard-Jones He and *He gases, etc.

A serious weakness of existent analytic WK expansions and their various disguises (be they
based on PI’s or not), resides in their inability to progress very far with the expansion order.
This makes it difficult to address thermodynamically relevant intermediate-temperature regions
that is particularly pertinent in molecular and condensed matter chemistry (binding energies,
self-dissociation phenomena, order-disorder transitions, etc.). The best analytic expansions are
presently available within the framework of the world-line path integral method (known also as
the string inspired method) [6]. In this approach the expansion coefficients are available up to
order O(/3'?), subject to the actual interaction potential. Other more conventional approaches,
such as the recursive or non-recursive heat-kernel calculations or higher derivative expansions by
Feynman diagrams, achieve at best the order O(7). The key problem is a rapid escalation in the
complexity of higher-order terms which is difficult to handle without some type of resummation.
In the present paper we derive a new resummation formula that provides a rather simple and
systematic way of deriving the coefficient functions. Its main advantages rely on both an analytic
control of the high-temperature behavior, and on an accurate description over a wide temperature
range via numerical calculations that can be simply carried out at the level of an undergraduate
exercise.

The structure of the paper is as follows. To set the stage we recall some fundamentals of PI
formulations of the Bloch density matrix and the ensuing partition function and Boltzmann den-
sity. With the help of the space-time transformation that transforms the Wiener-process sample
paths to the Brownian-bridge sample paths we obtain the PI that represents a useful alternative
to the original Feynman—-Kac representation. Consequently we arrive at a new functional rep-
resentation of the Boltzmann density which is more suitable for tackling the high-temperature
regime than the genuine Wigner-Kirkwood formulation. While the method resembles in princi-
ple the Wentzel-Brillouin—Kramers (WKB) solution for the transition amplitude, its details are
quite different. In two associated subsections we examine some salient technical issues related
to the low-order high-temperature expansion in one dimension. To illustrate the potency of
our approach we consider the high-temperature expansion of the one-dimensional anharmonic
oscillator. In particular, we perform the Boltzmann density and ensuing partition function ex-
pansions and compute the related thermodynamic quantities. The expansions obtained improve
over the classic results of Schwarz [7] and Padé-approximation-based expansion of Gibson [§].
We proceed by extending our expansion to the whole Bloch density matrix. The expansion thus
obtained is compared with the more conventional Wick’s theorem based perturbation expansion
based on the Onofri-Zuk Green’s functions. There we show that our prescription comprises
substantially less (in fact, exponentially less) terms contributing to higher perturbation orders.
Also the algebraic complexity of the coefficient functions involved is substantially lower in our
approach. The paper is accompanied by Mathematica code that generates the higher-order
expansion terms for arbitrary smooth local potentials up to 18th order in 5.

Let us add a final note. Most of the presented mathematical derivations are of a heuristic
nature — as it should be expected from the mathematical analysis based on the path-integral
calculus. The basic purpose of this paper is to find explicit formulas for the coefficient functions,
and in doing so to reveal the elaborate algebraic and combinatorial structure present in these
functions. A more rigorous treatment of the aforementioned mathematical aspects is possible,
but would involve different language and techniques than are employed in this paper.
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Abstract. This contribution deals with modeling of mechanical manifestations within saturated
soil, which are induced by freezing of the pore water. A simple 2D mechanical model of the phase
transition in a portion of a pore is presented. This model is based on the Navier equations and
on the continuity equation and serve mainly for a verification of the dynamics of the mechanical
reaction. A basic qualitative computational study of this model is presented. Further, this
model is generalized by supplementing it with a heat balance law onto the thermo-mechanical
model describing the mutual interaction of all pore components. Thus, the extended model
enables more realistic description of the studied dynamics in a more general part of the soil pore
material. For this model, some basic qualitative studies, which indicate non-trivial progress of
the mechanical interaction, are presented as well.

Keywords: freezing, model, phase-transition, soil, micro-scale

Abstrakt. V prispévku se zabyvdme modelovanim mechanickych projevli v saturované pidé,
které jsou vyvolany zamrzanim vody v poérech. Je zde pfedstaven jednoduchy 2D mechan-
icky model fazové zmény ¢asti saturovaného poéru zalo¢eny na Navierovych rovnicich a rovnici
kontinuity. Tento model slouzi pfedev§im pro ovéfeni dynamiky mechanické reakce. Je zde
predstavena zakladni kvalitativni vypocetni studie tohoto modelu. Déle je tento model zobec-
nén, pfiddnim tepelného bilanéniho zdkona, na termomechanicky model popisujici jiz vzdjemnou
interakci vSech slozek porézniho materidlu. Rozgifeny model tak umoziuje realnéjsi popis zk-
oumané dynamiky na obecnéjsi ¢asti pidnfho porézntho prostiedi. Také pro tento model jsou
predstaveny zakladni kvalitativni studije naznacdujici netrividlni pribéh mechanické interakce.

Klicovd slova: zamrzani, model, fazova zména, ptida, mikro Skala

1 Introduction

In regions suffering from freezing seasons or the climate change, upper layers of soil
ground exhibit structural changes due to the phase transition of a wet component of soil.
Therefore these phenomena introduce an unceretaint into designs of building structures
in the cold regions or an ambiguity into ecological problems associated with impacts of
the climate change.

*Partial support of the project of the “Development and Validation of Porous Media Fluid Dynamics
and Phase Transitions Models for Subsurface Environmental Application, project of Czech Ministry of
Education, Youth and Sports Kontakt IT LH14003, 2014-2016” and of the project “Advanced supercom-
puting methods for mathematical modeling of natural processes, project of the Student Grant Agency
of the Czech Technical University in Prague No. SGS14/206/OHK4/3T /14 2014-16".

265



266 A. Zak

Although there are several macro-scale models of one of the most significant freezing
phenomena ( [2], [3], [4]), the frost heave, they are not sufficiently general and complex,
or are one-sidedly oriented, or are based on some simplified assumptions. One of the
reasons for such state of complex understanding of the freezing soil problem is that
there is a little studies, experimental or theoretical, concerning with the behavior of the
phenomenon on the pore-scale level. Therefore one of the aims of this work is to improve
the understanding of the impacts of soil freezing on such level.

This work freely follows the preliminary models of soil freezing described in [1]. In
this contribution, firstly, we present a 2D micro-scale continuum model capturing the
basic mechanical response within a pore during freezing of its water component. This
model helps to reveal the dynamics of this response and serve generally for the study and
verification of the induced structural changes. Secondly, we further generalize this model
in terms of thermo-mechanical coupling and in terms of a general geometric scenario.
This model is capable of providing the dynamics of the freezing processes within an ideal
pore region. Computational studies for the both stages of model are also presented.

2 Artificially driven phase and structural model

To get a basic insight into the structural dynamics of freezing water in a nontrivial shaped
domain, we have designed a simple two-dimensional mechanical model capturing both
the solidification of water in terms of a local change of the stress tensor of water and the
structural change induced by the solidification. As the model has been intended to serve
purposes of study of the issue, the both changes are driven artificially by a step function
T, T = Y(t,x,y), where its arguments stand for the temporal and spatial coordinates,
respectively.

2.1 Mathematical model

The default mathematical description for this model is the homogeneous isotropic elastic
model involving the Navier equations for the displacement vector u in two dimensions
and the mass conservation equation. The latter equation provides an additional relation
for the pressure p as for the another dependent variable. Let €2, denote the considered
domain, then our system of equation reads

0%u P
— =V .0 in (), — 4+ V-u=0 in Q,,
01 12 > 0B, >
where g; stands for the density of water, o is the stress tensor, and E; is Young’s modulus
of water.

In order to be able to capture the forementioned changes, the default description is
altered in terms of the modification of the water stress tensor, o. It is expressed as
a temporal-spatial dependent tensor field controlled only by use of functions T in the
following way

o=o(tx,y) =Tt z,y)o+ (1Tt z,y))or, (1)
where o, stands for the stress tensor for the Newtonian fluid,

oy = —pl+p(Va+ (Va)') ,
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and o; stands for the stress tensor of an isotropic linear elastic material extended with
terms introducing the structural change during the solidification of water,

BV - TS
v, E;V - u B T

E, .
%= Sy VW) e g tioan

where p is the (dynamic) viscosity of water, E; and 7; stand for Young’s modulus and
Poisson’s ratio of ice, respectively, and §; represents the inner stress ratio.

The system of equation is supplemented with the boundary and initial conditions.
Their particular form follows from the nature of the shape of a pore and is discussed in
following subsection.

2.2 Geometry

When interested in applications of induced forces in soils as in porous media, it is useful
to consider the domain of study as a somehow idealized part of a pore area. A convenient
shape can thus be an isosceles trapezoid representing the cross-section of a simplified
meniscus between two soil grains.
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Figure 1

In our study, we use this shape of domain (see Figure 1a) and consider that narrower
of the parallel sides represents the contact point of two grains, so points on this side
are fixed in the horizontal direction, and that wider side experiences a symmetrical force
influence, so points on this side are also fixed in this direction. The remaining sides are
considered to be subjected loosely to the stress conditions within domain. Rewriting
these conditions on the boundaries in terms of the displacement vector u, we have

u(;) = 0 , on the parallel parts of boundary O£, ,

o -1 =0 ,on the remaining parts of boundary 02, .

The initial conditions are set to be constant; no initial displacement is assumed and
Pini = 0.

To simulate the natural process of gradual propagation of ice into a meniscus, we
prescribe functions T as follows

A

Y(t,z,y) = vt —t1) —x), Y(t,z,y) = v(t—t1) —x—h), (2)
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where v is the artificial velocity of the propagation, ¢; is a delay, and h is the distance
between the steps of both functions. The parameter h has the meaning of a test tool
for the distinguishing the effects of the phase transition of water and of its structural
response. For simulation of the real process of freezing, the simultaneous action of the
both effect is assumed, i.e h = 0.

2.3 Simulations

To avoid the convergence difficulties, we use a smoothed form (with smoothing parameter
e) of the step functions. An illustration of such a regularization is shown in Figure 1b.
For further simplicity, all physical parameters are kept constant and their exact values
are shown in Table 2.

Solutions are obtained by use of the FEM method in combination with the BDF
solver. Solving process is controlled by an error condition; the step is accepted if the

following inequality holds
N 2\ 2
1 el )
— - <1 3
<N (Aﬁmeir)) / @

where u is the solution vector, e is the solver’s estimate of the local error, A; is the
absolute tolerance for degree of freedom i, R is the relative tolerance, and N is the
number of degree of freedom.

3 Thermally driven phase and structural model

Been focusing on a more realistic problem, we have generalized the previous model in
several aspects. We have included the adjacent domains into our considerations, but still
the smallest appropriate region of a soil pore structure is considered. We have passed
to the temperature, 7', as to the natural initiator of phase change and made physical
quantities dependent on the current phase.

3.1 Geometry of the problem

Problem scale of the interest is such that dimensions of pores are not negligible with regard
to the dimensions of the considered pore region. Therefore, phases contained in soil are
clearly distinguished and occupy separated subdomains. Thus generally, a representative
domain of freezing saturated soil, 2, consists of subdomains for liquid water, ice, and
skeleton and of all their mutual boundaries. The domain illustration and the particular
notation of all domain parts are shown in Figure 3a.

3.2 Mathematical model

To cover the thermo-mechanical interactions within saturated soils during their cooling
(and warming) on pore-scale (micro-scale) level, the previous model for the water do-
main has been extended with the modified heat equation, capturing the phase transition
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(a) Here the inception of the phase change and (b) Here the inception of the phase change and
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2e—6m. time, h = Om.

Figure 2: Simulations of the phase change propagation in the simplified meniscus. The
color signifies the values of function T + 1. The arrows stand for the displacement, and
the displacement of the domain is 10 times scaled.
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of water and representing a heat balance relation, and with the pair of corresponding
equations for the skeleton domain as well.

Further some conditions must be also prescribed on the mutual boundaries between
the domains in order to the assembly of the equation could be performed. Therefore
we assume that the temperature and the displacement vector are continuous on the
inner boundaries, that the heat fluxes are continuous over the boundaries along the grain
surfaces, and that the momentum is balanced on these boundaries.

Functions T initiating the changes during the phase transition are now naturally
defined as functions, which are explicitly dependent on the tempriture; in particular,
they are defined in following way: Y(T) = T(T) = 9(T — T.), where T, stands for the
local freezing point depression. This value can be obtained from equilibrium condition

T, — Ty
T,

Qzl =K, (4)
which generally holds on a curved equilibrium interface between liquid and solid phases
and where Tj is the bulk freezing point of water, v denotes the surface tension, and &
stands for the curvature of the interface.

Under these assumptions, the governing system for the micro-scale model of the phase
and structural change within a freezing saturated soil reads:

or  oY(T . oT -
0654»0[ agf ) :V(kVT) 1n QlUQiUFZia QSCSE :V (]CSVT) 1n Qs;
2 2
Qaa—tl;:V-UiHQlUQiUFli, ng_tl;:v'o-s inQS’
p

ol +V-u=0 in (),
where p is the effective value of the density of water, ¢ is the effective value of the
volumetric heat capacity of water, [ stands for the volumetric latent heat of water, k
is the effective value of the thermal capacity of water, o is the effective form of the
stress tensor, and subscript s signifies the analogous quantities of the skeleton, and where
the effective values of the water properties are taken as the convex combinations of the
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effective values of the corresponding quantity of each pore component; i. e.

o="T(T)o; +(1—="(T))o, c="(T)e;+ (1 —"(T))¢c,
k= T(T)/{?z + (1 - T(T))/{Zl y g = T(T)O’Z + (1 - T(T))O'l s

where subscripts ¢ and [ signify the quantities of ice and water, respectively.

3.3 Simulations

The following scenario has been designed to provide a basic information on the inter-
action between the freezing pore water content and the surrounding (uncemented) solid
skeleton. The problem scenario considers a vertical cross-section through a small region
of saturated soil with an ideal geometry but with the real physical dimensions and prop-
erties. The geometry comprises a group of four untouching quadrants, which represents
the skeleton grains, and the remaining region, which stands for the pore filled with water.
The particular geometry with all sizes is illustrated in Fig. 3b.

The outer boundary conditions for this scenario have been provided in the following
manner: Heat flux ¢ has been prescribed on the top boundary; the remaining boundaries
have been assumed as thermally isolated; movement of the grain sides points has been al-
lowed only along the geometry sides, and the free condition has been set for displacements
of the outer points of the pore domain.

AT 1e—7[1] A | 1e—12[1] B; | 1.3044¢8]1]

ci | 21e3[J kg7t kY| o | 42e3[J kg7t kTN || ¢ | 1e3[J kgt kT
E; | 7.8¢9[Pal| E; | 5.33¢9[Pal E, | 7.5e10[Pa)

v 7.5e—2[Pa-m™!] ki | 218[W-Ktm Y| k |06W-K 1 -m
ke | 2[W- K1 -m™ l 3.34e5[J - kg™ '] i 1.8e2[Pa - s

v; | 0.33[1] vs | 0.3[1] R | le—2[1]

0i | 9.2e2lkg - m™3] o | 1e3[kg-m™3 0s | 2.5e3[kg - m™3]

Table 1: Values used in the simulations - the thermally driven model.

To stress the importance of the geometry effect, two simulations have been run. One
under the assumption of a constant freezing point of the water in the pore and another
under the assumption of the spatially dependent freezing point distribution induced by
the equilibrium condition (4). The maps of freezing points are shown in Figure 4a and
Figure 4b, respectively. The simulation results are then shown in Figure 5 and Figure 6.

4 Conclusions

The presented micro-scale model includes a basic heat and force balance and has been
designed for the purpose of a study of structural change dynamics within saturated soils
caused by the phase transition of the water content. Simulations so far provided by
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A | le—12[1] B | 1.3e—2[1]

E, 5.33e—9[Pal 5 5e—T[1]

o 1.8e3[Pa - s] z 0.33[1]

R le—2[1] o1 le3[kg - m™3]
v Se—Tlm-s7' | t 0.5[s]

Table 2: Values used in the simulations - the artificially driven model.

the model indicate non-trivial progress of the thermo-mechanical interaction, but for a
general conclusion wider testing will be needed. Results obtained from existing and future
studies on this level are planned to be used for upscaling the relevant information into
our macro-scale model ([1]).
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Figure 5: The simulated dynamics of freezing of the considered domain. The freezing
point is constant as in Figure 4a. The color stands for the density; the isolines signify 20
current uniformly distributed isotherms - their color legend is not shown.
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Figure 6: The simulated dynamics of freezing of the considered domain. The freezing
point is distributed as in Figure 4b. The color stands for the density; the isolines signify
20 current uniformly distributed isotherms - their color legend is not shown.



