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Abstract. Determination of a source term of release of a hazardous material into the atmo-
sphere is a very important task for emergency response. We are concerned with the problem of
estimation of the source term in the conventional linear inverse problem y = MxX is described
using the source-receptor-sensitivity (SRS) matrix M and the unknown source term X. Since
the system is typically ill-conditioned, the problem is recast as an optimization problem

min(y Mx)'TR 1y Mx)+x'B x: (1)

The first term minimizes the error of the measurements with covariance matrix R, and the
second term is a regularization of the source term [2]. There are di[erknt types of regularization
arising for di Lerknt choices of matrices R and B, for example, Tikhonov regularization assumes
covariance matrix B as the identity matrix multiplied by scalar parameter.In this contribution,
we adopt a Bayesian approach to make inference on the unknown source term X as well as
unknown R and B.We assume prior on X to be a Gaussian with zero mean and unknown
diagonal covariance matrix B.The covariance matrix of the likelihood R is also unknown. We
consider two potential choices of the structure of the matrix R. First is the diagonal matrix
and the second is a locally correlated structure using information on topology of the measuring
network. Since the inference of the model is intractable, iterative variational Bayes algorithm
is used for simultaneous estimation of all model parameters. The practical usefulness of our
contribution is demonstrated on an application of the resulting algorithm to real data from the
European Tracer Experiment (ETEX).

Keywords: Bayesian inference, atmospheric transport model, inverse modeling

Abstrakt. Urceni zdrojového ¢lenu Uniku nebezpe¢ného materialu do atmosféry je velmi
didlezitym Ukolem pro krizové Fizeni vzniklé situace. Zabyvame se problémem odhadu zdro-
jového €lenu v béZzném linedrnim inverznim problému y = M X, ktery je definovan pomoci matice
citlivosti (source-receptor-sensitivity, SRS) M a neznamého vektrou zdrojového ¢lenu x. Pro-
toze soustava linearnich rovnic je obvykle Spatné podminéna, problém je feSen jako optimalizacni
Gloha s regularizaci

rg_ié\(y Mx)TR 1y Mx)+x'B Ix: )

Prvni ¢len minimalizuje chybu méreni pomoci kovarianéni matice R, a druhy je regularizace
zdrojového ¢lenu. Existuji rdzné typy regularizace pro rdizné moznosti matic R a B, napfiklad

This research is supported by EEA/Norwegian Financial Mechanism under project MSMT-
28477/2014 SourceTerm Determination of Radionuclide Releases by Inverse Atmospheric Dispersion
Modelling (STRADI).



2 A. Belal

Tichonovova regularizace, ktera predpoklada kovarianéni matici B jako jednotkovou matici vyna-
sobenou skalarnim parametrem. V tomto pFispévku, pouZivdme Bayesovsky pristup k odvozeni
jak zdrojového €lenu x tak nezndmych matic R a B. Pfedpokladame, Ze apriorni rozlozeni X je
Gaussovske s nulovou stfedni hodnotou a nezndmou diagonalni kovarianéni matici B. Kovari-
antni matice R je také nezndma. UvaZujeme dvé moznosti vybéru struktury matice R. Prvni je
diagonalni matice a druha je lokalné korelovana struktura vyuzivajici informaci o topologii méfici
na sité. Vzhledem k tomu, Ze analytické FeSeni modelu neexistuje, pouzivame metodu variacni
Bayes pro simultanni odhad vSech parametrli modelu. Prakticka uZite¢nost naseho pristupu je
demonstrovana na datech z experimentu ETEX (European Tracer Experiment).

Klicova slova: Bayesovsk statistika, atmosféricky transportni model, inverzni modelovani

1 Introduction

The task of determination of a source term of an atmospheric pollutant is important
in many situations such as radioactive release from nuclear power plants or emission of
greenhouse gases.The source term is the vector of amounts of the pollutant released in
regularly sample time.The location of the release is assumed to be known.Uncertainty in
the source term is one of the largest source of errors in modeling and prediction of the
pollutant dispersion in the atmosphere, hence, any improvement of the reliability of the
source term estimation has significant impact The common approach for determination
of the source term is to combine the data measured in the environment (e.g., radionuclide
concentrations) with an atmospheric transport model. The quality of the estimated source
term to a given measurements can be modeled and optimized using various approaches
including the Bayesian approach[2]. Typically, the problem is formulated as a linear
regression. The vector of measurements is assumed to be a product of a computed source-
receptor-sensitivity (SRS) matrix determined using an atmospheric dispersion model and
an unknown source term vector.

2 Bayesian inference

The process of inferring data from observations can be described by using Bayesian infer-
ence, Here we formalize a Bayesian inference framework to make use of the observations
to infer the parameter values by updating our prior knowledge. This inferring process
can be formalized using the Bayes’ theorem:

P(yix: M)p(x; B)p(R)p(B)
P(yix; M)p(x)dx

p(X;R;Bjy; M) = ©)

where p(x) is the prior distribution, p(yjx; M) is the likelihood of the measurements. For
the choice of Gaussian models [1]

p(yix; M) =N(Mx;R 1); p(xjB) =N(0;B ') (4)

The result of the Bayes’ theorem (2) is a Gaussian distribution N (%;B 1), where R
corresponds to the solution of the optimization problem (1).



Bayesian Source Term Determination with Unknown Covariance of Measurements 3

3 Prior Models of Covariance Matrix of Source term

We use modified Cholesky factorization of a source term x unknown covariance matrix
= (W WT) 1 where W is a lower diagonal matrix.\We assume correlation only be-
tween the time adjacent parameters, i.e

2
1 0 0 0
W §w11 0 oz ding( )
= ; =diag( i):
0 . 1 0 i
0 0 wy,i 1

We define prior distribution of the model as follows:

' Myl Myl
G( 0; o)W N (Wo; 0); G (Yo o)
=1

i=1 i=1 i=

with selected prior constants o; o; o; Yo; o. The system is that ill-conditioned is usu-
ally related to rapidly oscillation solutions, and using this structure for modeling the
covariance matrix of source term favors in fact the smooth solutions.

4 Prior Models of Covariance Matrix of residue model

The main problem is the fact that small errors in the (SRS) lead to large errors in the
source determination. The errors in this matrix are caused by inaccurate priori knowledge
of meteorological conditions such as the wind field [1]. This can cause either spacial or
temporal displacement of the model. We model spatially- and temporally-correlated
matrix of the Gaussian distribution of the error. We consider the following structure of
matrix R:

O 01 1
dl 0 0 0
OE o d, 0 OE
R=L>DL: L= D=
|1 1 0 o 0 0
L1 00 0 d,

where the vectors of unknowns are Iq;:::; 1, 1;d =[ds;:::;dn]. The Bayesian formalism
requires to define prior distribution on all unknowns. We define prior distribution on
all unknowns vectors p(d;) = G(ao; bo) and p(l;j j)=N(lo; ; '). The spatial correlation
matrix is designed by vectors ly. For example,we assume all elements in the vector Iy to
have value (1), if the distance between the measuring stations is less than 100 km, and
zero otherwise.
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Figure 1: Estimated correlation matrix of residue model.

(5]

10

15

20

25

30

35

40

Figure 2: Estimated correlation matrix of Source term model.
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5 Approximations of posterior distribution

The task is to calculate the posterior distribution of parameters and hyperparameters
based on the Bayes’ theorem (3) which gives the posterior probability of the parameters
given the data and the model p(xjy; M) where p(x) is the prior distribution, p(yjx; M)
is the likelihood of the measurements. The associated Byaes rule is

p(Xjy; M) 7 p(yix; M)p(x); (%)

where symbol / denotes equality up to a normalizing constant.

It may not be possible to evaluate the posterior probability distribution analytically.
Minimising the Kullback-Liebler divergence (KL distance), also known as the Relative
Entropy, between the solution and the hypothetical true posterior, leads to a set of
implicit equations which have to be solved iteratively and convergence to local minima
is guaranteed [3]. To avoid negative results, truncated normal of prior p(x) to positive
domain are considered, to enforce the positivity of the retrieved source term:

p(xj) = tN(0; ,.*;h0; Li);

0-5 T T T T T
e N ((), 1
0.4} 0.1)
— N(0,1,0,00])
03}
0.2}
0.1}
0 L 1 1
-3 -2 -1 0 1 2 3

Figure 3: Example of the normal distribution N (1;1), blue line, and the truncated normal
distribution tN (1; 1; < 0; 3 >), red line.

6 EXxperiment

The European tracer experiment (ETEX) were two releases of perfluorocarbon that took
place in autumn of 1994 in north-western part of France. These releases were tracked
across Europe using a network of 168 ground stations with limited airborne support. The
aim of the experiment was to simulate an emergency response situation for meteorological
modellers whose task was to create long-range dispersion prediction models in real time.
In the first one, 340kg of perfluorocarbon was released in range of 12 hours.
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Figure 4: Domain of the ETEX experiment with source (red triangle) and receptors (blue

Crosses).
7 Example results
We study three models:
independent source term and residue models. R=w *l,,B= 1
correlated source term model with independent residue model. R = w *l,, B =
W wr) *
correlated source term model with correlated residue model R = (LDLT) !, B =
W wrt) *
40
as | cstimated retease | |
30
% 20
B 10
o s
0 20 40 50 80 100 120

Time (h)
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Figure 5: Shows estiamated source term with correlated source term and residue models.
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Figure 6: Shows estiamated source term with correlated source term model and independent
residue model.
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Figure 7: Shows estiamated source term with correlated source term model and correlatedt
residue model.

8 Conclusions

The models of linear regression with two prior models of covariance matrix of residue
model and source term are studied.

If smooth solutions are preferred, a model of correlated source term could be ap-
propriate.

The models of covariance matrix of residue source term model is estimated from
the observations.
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Abstract. We introduce several modifications of classical statistical tests applicable to weighted
data sets in order to test homogeneity of weighted and unweighted samples, e.g. Monte Carlo
simulations compared to the real data measurements. The asymptotic approximation of p-
value and power of our weighted variants of homogeneity tests are investigated by means of
simulation experiments. The simulation is performed for various probability distributions of
samples. Finally, our methods of homogeneity testing are applied to Monte Carlo samples and
real data sets measured at the particle accelerator Tevatron in Fermilab at DZero experiment
originating from top-antitop quark pair production in two decay channels (electron, muon) with
2, 3 or 4+ jets detected. Consequently, the final variable selection is carried out and the resulting
subsets chosen from 46 dimensional physical parameters are recommended for further top quark
cross section analysis.

Keywords: statistical homogeneity testing, data weighting, top quark

Abstrakt. Je predstaveno nékolik modifikaci klasickych statistickych testll pro vaZena po-
zorovani za Ucelem testovani homogenity rozdéleni vaZzeného a nevazeného vzorku, tj. Monte
Carlo simulace v porovnani se skute¢né naméfenymi daty. Radou simulagnich experiment( je
provérena asymptoticka aproximace p-hodnoty i sila vaZzenych variant testli homogenity. Vysled-
nymi metodami jsou porovnany vzorky Monte Carlo simulace a skuteCnd data namérena na
¢asticovém urychlovaci Tevatron ve Fermilabu pfi experimentu DZero pochéazejici z produkce
paru top-antitop kvarku ve dvou rozpadovych kanélech (elektron a mion) se 2, 3 nebo 4 a vice
jety. Nasledné je provedena finalni selekce vhodnych fyzikalnich proménnych. Tato podmnozina
ze 46 kompletnich parametr( je doporucena pro dalsi analyzu ucinného prifezu top kvarku.

Kli¢ova slova: statistické testovani homogenity, vazeni dat, top kvark

1 Introduction

Homogeneity testing is an important step in many analysis techniques, particularly in ma-
chine learning (ML) applications in physics research. It is often the case that physicists
apply a field-specific data preprocessing procedure called data weighting. Via assigning

This work has been supported by the grants LG15047 (MYES), LM2015068 (MYES),
SGS15/214/0HKA4/3T/14 (CTU) and GA16-09848S (GACR).
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their Monte Carlo (MC) simulation dataset so that it meets their requirements. A typ-
ical example is shifting data distribution so that the resulting distribution is positively
skewed. However, theory concerning statistical homogeneity tests does not handle any
weighting procedures, nor associates weights with observations. Therefore, the classical
homogeneity tests must be adjusted for weighted datasets. Despite relatively straightfor-
ward incorporation of weights into the classical homogeneity tests and their modification,
asymptotic properties of these tests can be no longer guaranteed. Thus, our goal is
to investigate the validity of asymptotic properties of homogeneity testing for weighted
observations.

The underlying problem the physicist might require us to solve may be a simple
signal/backgrounds binary classification task. In this typical ML application, we often
use MC simulation for both training and testing our ML classifier. We may then apply
the trained classifier to a real measured dataset (DATA). Naturally, we expect both MC

F and DATA G to be identically distributed: F  G. Otherwise, the classification
model will not perform well. Thus, we indeed need to test homogeneity of MC and DATA
prior to the modelling step.

2 Weighted Tests of Homogeneity

Prior to subsequent utilization of ML methods, it is vital to guarantee homogeneity of
DATA and MC distributions. For this purpose, we first define an analogy with empirical
distribution function (EDF) for weighted data set.

Fil )= Wilc 2a(X0); 1)

i=1
where 15(X) is the indicator of the set A.

Remark 1. In the case of w; = 1 for all i 2 h, that is the unweighted DATA, the
definition of WEDF goes over to usual EDF.

In order to avoid an investigation of an unknown parametric family, we shall pursue
our homogeneity testing only with nonparametric approaches. Thus, proceeding further
in this section, we present the Kolmogorov-Smirnov test based upon EDFs of two data sets

Xy = X®ox® X, = x®;x@ | with respective distribution functions
F; G. Also, we provide another class of nonparametric tests based upon -divergences,
with the purpose of verifying precedent homogeneity results. By the homogeneity hy-
pothesis, as our null hypothesis is Hy, we understand

Ho:F =G VS H:F&G at significance level 2 (0;1): 2
We require our homogeneity tests to meet the condition

P (WcjHo) ; 3)
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where W is a critical region for the specific test statistic T, i.e. we reject hypothesis Hg
if T 2Wc.

The nature of homogeneity testing prompted us to look for the p-value, i.e., the lowest
significance level  for which we reject hypothesis Hy. Thus, for every > p-value we
may automatically reject hypothesis Hy.

2.1 Two Sample Kolmogorov-Smirnov Test

Let Fn,; G, denote the EDFs of the two data samples X;; X, with respective sample
sizes nq1; N,. We consider the test statistic

Dniyin, = sUpjFn,(X)  Gn,(X)j: 4)
X2R

It is clear from the Glivenko-Cantelli lemma that under the true Hy it holds Dy, ¥ 0

for ny;;n, ¥ A, Furthermore, due to [6] it holds for the true Ho and > 0 that

—_
X
. NNy _ k 1, 2k2 2,

nl;lnlgng 1P Ny +n, Dn1;n2 =1 2 ( 1) € . (5)

k=1

i ; I31 k 15 2k? 3 —
erefore, we obtain the approximate p-value as 2 -, ( 1)< ‘e o, where ¢ =

nino
ni+ns Dnl,nz'

However, for weighted data sample we are forced to replace EDFs Fy,; Gn,, and the
numbers of entries nq; Ny, with their respective WEDFs FW1 an , and the sums of weights
Wy; W, in (4) and (5). Instead of (4), we thus obtain the test statistic

DWWz — sup Foi(x) GR2(x) : (6)

Nni;N2

Remark 2. The Definition 1 of WEDF makes it clear that the statistic Dy/1 V2 T 0
for n;;n, ¥ 1 and W;; W, ¥ 1. Nevertheless, it is important to notice some of the
weaknesses inherent in the above approach. This modified test for the weighted data
sample does not have to obey the asymptotic property (5). Let us stress that the p-value
obtained using the statistic D;*,)'> can not be considered a regular approximate p-value
without subsequent detailed research This is why we propose numerical verification of

our approach in Section 3.

2.2 Divergence Tests of Homogeneity

This particular class of tests converts the problem (2) to testing homogeneity in multi-
nomial populations. It does not utilize the EDF and therefore serves as an indepen-

dent verification. We recall our notation of two samples X; = Xl(l); T 'X(l) X, =

XP;::: X2, and the pooled sample X;; X,g with N = n; + n, observations. Let

fty;:::; tcg denote a partition of R such that for all x 2 £X;;X,g it holds x 2 [to; t].
Hereby we make binning over the populations X; X, consisting of k bins. For i 2 f1;2g
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and j 2 R we denote by pij the probability that a randomly chosen observation from X;
lies in the j-th bin [t; 1;t;]. Instead of (2) we now test equivalently the hypothesis

Ho : p1j = Py forall j2R Vs Hi : Ho is not true: (7)

P
For i 2 f1;2g it holds }‘:1 pij = 1. This will provide us with the k 1 free parameters

p(By= 5o (10)

where Nj; denotes the number of observations x 2 X; belonging to the j-th bin. First,
we construct the vector of joint probabilities

b= %p(bl);%p(bz) = i S : (11)

Secondly, we consider the vector

n n n n n n
p ()= PCigP(2) = §ppuitiiiggPuiyPaiiiiigPa @ (12)
Furthermore, adopting the definition of -divergence from [4], we arrive at
D (b;p ()= SR (13)
i=1 j=1 N Nipij

where is a certain function selected from the convex family of real non-negative valued
functions on (0; 1.). We now apply the previous MLE b of (9) to p ( ). Thereafter we
can define the statistic of the divergence test of homogeneity

Np pp® = N N

by =
H®)= 00(1) 00(1) =1 je1 N N niNj

(14)

The distribution of (14) is ?(k 1). Accordingly, the approximate p-value can be
computed as
pvalue=1 % (H (O)): (15)
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Remark 3. An important special case of (14) is the 2 test of homogeneity for (x) =
%(x 1)2. Moreover, the test (14) coincides with the likelihood ratio test for (x) =
xlogx X+ 1. Notwithstanding, the 2(k 1) distribution of (14) holds independently
on the underlying convex function  (numerically verified in [1]). Throughout what
follows, we shall use only the case of the 2 test of homogeneity though.

Remark 4. The statistic (14) makes it evident that the divergence test of homogeneity
is dependent of the choice of the number of bins k as well as the subsequent binning

[1]. However, in order to carry out the construction of the test, we must make a judicious
choice of k. Because of the large number of observations in DATA (or sum of weights
W in MC, as W  #DATA for each ensemble under consideration), the test would loose
its power with increasing bin number k, see [3], (numerically validated in [1]). Thus, we
choose the following wise number of bins k = d1 + log, We, due to [2]. Finally, let us
state once more, we might want to supersede the members Nj;; N;j; ni; N, in (14) with the
corresponding sums of weights at the sacrifice of losing some control on the asymptotic

property (15).

Figure 1 provides comparison of the divergence test of homogeneity (represented by

2 test) with the Kolmogorov-Smirnov and Anderson-Darling [5] test. Notice that the

divergence tests produce generally higher p-values compared with the tests based on the
EDF.

Kolmogorov-Smirnov Anderson-Darling M@ ——, =01 —, =005 —, =001 —— , =0:001
1\\\\\\‘\\“\\\\\‘\\\\\\\\\\\‘\\\\\\\\\\\\\\\

0.1

0.01

0.001

0.0001— —

le-05 —

| |
VAUB RO ON® 000 NG OO DD DAY (P P P P PR D e oD PP D Ak oD 1 Y D D20

Figure 1: Homogeneity tests of MC and DATA distributions: p-value for all m = 46
variables in MC channel Electron 4+ Jets.

3 Simulation

3.1 Ensemble Modification and p-value Validation

In Remarks 2 and 4, we have already mentioned the problem of insecure asymptotic
properties when applying weighted modifications of the standard tests. WWe now turn our
attention over the numerical simulation. For our purposes here, the best way would be
to validate the asymptotic properties using standard, unweighted tests. This requires us
to plug into the testing an unweighted data set (only instead of weighted MC; DATA
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is unweighted already). We shall do this by appropriate transformation of the weighted
ensemble MC into the unweighted ensemble MC,.

We make two requirements for the transformation. Firstly, we desire to preserve or
exploit information contained in weighting in MC. Since the weight of an observation
states to what extent the distribution should be present in the neighbourhood of the
observation. Secondly, we require that the sum of weights in MC corresponds to the
number of observations in the unweighted MC,. Continuing in this manner, we now
proceed as follows.

Denote bylg = Xay; i1 Xy the ordered sample in MC with weights (wy;:::;wy)
and let W = L w;. Let N = bWc denote the desired number of observations in the
new transformed ensemble MC,. Given both our requirements regarding MC,, we are
constructing special weighted averages from X. For simplicity, we presume 0 w; 1
for all i 2 h. Into the set intended for the first weighted average we include the smallest

D 4
1 wi < 2: (16)
i=1
Thereby, for all | < k;
X
w; < 1 17
i=1
The portion of weight w, of the observation X,y which contributes above 1 to the sum
(16) will not be included into the first weighted average. Hence, we denote this residual
portion as

g = w; 1 (18)
i=1
Thereafter the first observation Y(;y in MC, can be defined as the following weighted
average

k1
2 XiyWi Xl
Yo = —=p0— Stk (19)
i=t Wi Tk
From (18) we arrive at
b & <t
Yoy = XopWi Xepha = XopWi + Xag) (W, i) (20)
i=1 i=1

The residual portion ry, will be added to the next weighted average for Y. In general,
for Yy we write

p- ¢
g = Wi g1 1 (21)
i=kj 1+1
<t
Y(j) = X(kj 1) rkj 1 + X(i)Wi + X(kj)(ij rkj): (22)

i=kj 1+1
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Repeating the same steps we transform the original weighted ensemble MC with X =

Xay i1 Xy into the new unweighted ensemble MCy with Y = Y010 Y@ - We
have distributed the weights from the MC so that there is the unit weight for each
observation Y(y. Therefore, we are authorized to apply standard homogeneity tests,
which guarantees the asymptotic properties.

0.001

0.0001

le-05

0

Figure 2: Kolmogorov-Smirnov test: p-value for all m = 46 variables in MC/MC, channel
Electron 4+ Jets.

Now, we can finally verify the correctness of the modified tests, used to weighted data.
Indeed, the resulting p-values from the standard tests, performed over MCy, remarkably
matches with accuracy p-values from the modified tests performed over MC. This is true
even for small orders of magnitudes of p-values, as evidenced by comparison in Figure 2.

3.2 Generic Validation

As we verified eligible usage of modified weighted tests in previous section with datasets
originating from high energy physics, we aim to provide more general verification now.

the expected value:
W Beta( ; ) =) E[W]:T: (23)

The appropriate number of simulation data points was determined by preliminary con-
vergence studies. Otherwise, the simulation steps proceed as follows:

1. Generate n random weighted data points (>X; W), e.g. n = 3;500; 000.

2. Estimate weighted distribution from all the observations (3X; W) (using kernel den-
sity estimation). Repeat all the following k times, e.g. k = 1;000:

(@) Draw m,, = ¢ weighted observations from (3X; W) as your current MC sample,
e.g. my, = 3;500.

P
(b) Generate m, i w; unweighted observations from estimated weighted
distribution as your current DATA sample, e.g. m, = 1; 000.

(c) Apply weighted homogeneity test MC vs DATA.
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(d) Rearrange MC into unweighted sample MC, and apply standard unweighted
test.

Thus, we obtain k p-values from the weighted tests and also another k corresponding
p-values from the unweighted tests. We may now check asymptotic properties of both
weighted and unweighted tests.

For all the distributions under consideration we arrived at two main results. First,
the significance level condition (3) is uniformly satisfied as shown in Figure 3, i.e. both
EDFs are located under the diagonal in graph. Second, both weighted modifications
and unweighted tests have the same resulting p-value distribution. This can be tested via
ordinary classical homogeneity tests for unweighted data. Nevertheless, the extraordinary
correspondence is obvious from the graph already.

0.1

5 % significance level .
09 508 -

0.06 ’
08 s >

0.04

an _-/_/—’J_ - 4
0.02 _,_/_,_J_/ ,
ol

0.6 -

0 0.02 0.04 0.06 0.08 0.1
L
005 4
L
04 -
03 ) J
021 ' :
ot —weighted tests
' - -unweighted tests
00 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

p-value

Figure 3. EDF of p-value for weighted and unweighted tests of homogeneity. Underlying
data are taken from the lognormal distribution.

4 Conclusion

We performed numerical validation of modified statistical homogeneity tests for weighted
data. Our simulation verifies that the approximate asymptotic properties remain the
same for both weighted and unweighted tests. In consequence, in practice, we may either
utilize modified weighted tests or we may apply the rearranging technique from Section
3.1 directly with the unweighted standard tests (where the asymptotics are proven). In
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future research, we aim to investigate the e [edt of various homogeneity tests and di [erent
weights distribution on the overall significance and power. We also plan to explore the
possibility of proving the validity of weighted tests for arbitrary data distribution as well
as potentially perform multivariate testing. The former may be reached by limiting the
possibilities for the weights distribution as there exist only limited number of physical
motivations for weighting procedures in practice.
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Abstract. With use of the multivariate trigonometric functions, the Chebyshev polynomials
of the fourth kind are generalized to orthogonal polynomials of several variables. The general
form of recurrence relations is obtained. These polynomials are further investigated in dimension
three, exact form of recurrence relations is obtained and the first four polynomials are calculated
using trigonometric identities. Then the first ten multivariate Chebyshev-like polynomials of
fourth kind are generated.

Keywords: Chebyshev Polynomials, Multivariate Trigonometric Functions, Orthogonal Polyno-
mials

Abstrakt. Za uZiti trigonometrickych funkci vice proménnych jsou Cebysevovy polynomy
Ctvrtého druhu zobecnény na ortogonalni polynomy vice proménnych. Je ziskdn obecny tvar
rekurentnich relaci. Pro dimenzi tfi jsou tyto polynomy dale zkoumany, je ziskdn prFesny tvar
rekurentnich relaci a prvni ¢tyfi polynomy jsou spofteny za uziti trigonometrickych identit.
Nasledné je vygenerovano prvnich deset vice dimenzionalnich Ceby3evovych polynom( &tvrtého
druhu.

Klicova slova: CebySevovy polynomy, Trigonometrické funkce vice proménnych, Ortogonalni
Polynomy

1 Introduction

In mathematics and physics we often encounter special functions on n-dimensional Eu-
clidean space which are symmetric or antisymmetric with respect to permutation of
variables. Example of such functions are multivariate trigonometric functions defined
by Klimyk and Patera [10] as determinants and permanents of matrices, which entries
are one dimensional trigonometric transforms. These functions inherit many important
properties from the classical trigonometric functions and properties of determinants and
permanents and due that are extensively studied [7, 8, 9].

One of application of multivariate trigonometric functions is to use them for general-
ization of discrete trigonometric transforms [1]. For multivariate discrete sine transforms

This work was supported by the Grant Agency of Czech Technical University in Prague, grant No.
SGS16 /239/0HK4/3T/14
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this was done in [7] and for multivariate discrete cosine transforms in [2]. Another ap-
proach is to use the multivariate trigonometric functions as a starting point to define
multivariate orthogonal polynomials.

Orthogonal polynomials [4, 5] are appearing in many parts of mathematics and physics
and are intensively studied. Orthogonal polynomials which are connected to trigonomet-
ric functions are the Chebyshev polynomials [6, 11]. These polynomials are connected
to e [edtive methods of numerical interpolation and approximation and thus their multi-
variate generalizations is interesting topic to study. Using the multivariate trigonometric
functions one can generalize the classical Chebyshev polynomials and obtain multivariate
Chebyshev-like polynomials. In total there exist four kinds of Chebyshev polynomials,
each of them can be generalized using symmetric or antisymmetric multivariate trigono-
metric functions. The generalization of the Chebyshev polynomials of first and third kind
was done in [7] the generalization of Chebyshev polynomials of second kind in [3]. The
generalization of Chebyshev polynomials of fourth kind is part of this paper.

2 Multivariate trigonometric functions

The multivariate generalizations of trigonometric functions are defined as determinants
and permanents of matrices with entries cos( ix;j) resp. sin( ix;) in [10]. The antisym-
metric trigonometric functions cos (x), sin (X) and symmetric trigonometric functions

cos™ (x), sin™(x) of variable x = (X1;:::;Xn) 2 R™ with parameter = ( (;:::; ) in
the form:
X
cos (X) = sgn( )cos(  ,xp)cos(  ,X2) cos( . Xn);
: : : : )
sin (X) = sgn( )sin( ,xg)sin( ,Xz) sin(C ,Xp);
2Sn

for the antisymmetric trigonometric functions and

X
cos(x) = cos(  ,xi)cos(  ,Xz) cos(  .Xn);

R 2)
sin"(x) = sin( ,xg)sin( ,Xz) sin(C . Xn);

2Sn

for the symmetric trigonometric functions.

For our applications we will only consider parameters inform =kor =k+
where k 2 Z" and = Z;%;:::;3 . Further, due (anti)symmetries, we will consider
parameters k only lexicographically ordered, i.e.,

ki ko it Ky €))

Due to properties of determinants and permanents the functions can be considered only
on closure of the fundamental domain F(§25! of the form:

F(8Y'=Ff(x;; X2, ;%) 2R j1 x4 X i1 X, O0g; 4
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which can be further restricted by omitting boundaries in specific cases due to additional
properties discussed in [2], i.e,

Xi = Xi+1;1 2 f1;::0;,n 19 for cos, (X)

Xi = Xij+1;1 2 110,09, X3 =1 or X, = 0 for sin, (X)
Xi =Xi+1; 1 2 FL 02,0 1g or X3 =1 for cos, . (X)
Xi = Xi+1;1 2 FL::0,n 19 or X, = 0 for sin, . (X)
Xy = 1 or xn = 0 for siny (x)

x; =1 for cosg, (X)

Xn = 0 for sin,, (X)

3 Chebyshev polynomials

The classical Chebyshev polynomials of one variable are connected to e [edtive methods of
interpolation and numerical integration and due that they are well known and extensively
used class of orthogonal polynomials [6, 11]. There exist four kinds of the Chebyshev
polynomials defined as

PA(X) = Tn(X) =cos(n ); P (x) = Vn(x) = COSCO:-l_l-E ;
| n nal (5)
sin(+) ) " 0ol

- , P (x) = Wn(x) = 21—
sin() sin 1
with variable x =cos( ), x2[ 1;1].
For further uses we will focus mainly on the Chebyshev polynomials of the fourth
kind. These polynomials are orthogonal on interval ( 1;1). i.e.,
Z 1
W (OWm() (1 x)2(1+x) 2dx=0; n& m: (6)
1

Prlxl(x) = Un(X) =

The first two polynomials can be obtained using of trigonometric formulas as:
Wi(x) =1; Wy(X) =2cos( ) +1=2x+1: @)

The recurrence relations for following polynomials can be obtained using theory of or-
thogonal polynomials. However it is easier to obtain it using the following trigonometric
identity:

. 1 . 1 . 1
sin n+§ +1 + sin n+§ 1 =2cos( )sin n+§ (8)

which in coordinates x = cos ( ) gives recurrence relations:
Wh(X) = 2xWp 1(X)  Wh 2(X); n=2,3::: )

This together with knowledge of the first two polynomials generates all polynomials.
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4 Multivariate Chebyshev-like polynomials of the fourth
kind

The multivariate generalizations of trigonometric functions can be used to define mul-
tivariate Chebyshev-like polynomials. In total for any dimension there exist eight mul-
tivariate Chebyshev-like polynomials. Every classical Chebyshev polynomials can be
generalized by use of symmetric or antisymmetric multivariate trigonometric functions.
The Chebyshev polynomials of the first and the third kind were generalized in [7]. In this
paper we focus on symmetric multivariate Chebyshev-like polynomials of fourth kind.

X1 =€0S( 5.0y X2 =COS(yg; i1 Xn = COS(pg. gy (10)
Now the multivariate symmetric generalization of the Chebyshev polynomials of the

fourth kind can be introduced in a form:

sin,, (X)
P|V+ XX X k+ 11
k ( 1 2 ] n) S|n+(X) ( )
where = 2;1;:::;1 . These functions are well defined for all points of interior of

fundamental domain F (S3T).
We use ordering of the polynomials from [7], we say that a polynomial P;V3+ is greater
than polynomial P,s"*, k & K" if for all i, k; k! and smaller if for all i, ki k..

4.1 Recurrence relations

To obtain recurrence relations for the generalized Chebyshev-like polynomials PQOV;“L one
has to consider generalized trigonometric identity which can be obtained using the clas-
sical identity (8):

. . 1 X X
1M (X) cos (X) - 2_n SIn(k1+all @ihkn+anl (n))(X): (12)
28n Iilz;IZZJ;-n
Specially case where | = ; =(1;1;:::;1), i.e,
. . nt X<
siny (X) cos 1(X) = % sm(k1+a1;:::;kn+an)(x); (13)
aj= 1
i=1;:5n

the recurrence relations then obtain form:

P 2" X P X P P
SN =Sk 1y Xn SIN 5y, SIN 2y 2, <5 S o1 21, w21y,
) i i;i=1
i<j

(14)
where |; is vector with 1 on i-th coordinate and 0 for the rest.
Using identity (14) each polynomial can be expressed as linear combination of lower
polynomials and combination of products of lower polynomial with variables X;. There-
fore each polynomial can be defined recursively.
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4.2 Three-dimensional polynomials

Properties of generalized sine functions together with generalized trigonometric identity
(14) leads to the following set of recurrence relations for P('Q’l;;zks). The first four poly-
nomials are obtained using trigonometric identities in form:

_ . 1

1V; 1. 1V; — .
Poooy = L Pooy = Xt L

e _ 2., 2 v A (15)
ID(l;i;O) = §X2 + §X1 +1 ID(i;i;l) = §X3 F2X+ X + 1

Following polynomials are then obtained using recurrence relations:

. _ _ . 1V;+ _ 1V;+ 1V;+ 1V;+ 1V;+
K Zke=ks =0:  Pioion = Poq 100Xt Pia 2000 2P 10 ¥ 2P 100)

ki 1>ky>kg=0: P+ =—plVi+ —~x  plVi* 4 plv

(k1;k2;0) (k1 1;k2;0) (k1 2;k2;0) (k1 1;k2;0)
1V;+ 1V;+ 1V;+
P(kl 1;k2+1;0) P(kl Lk 1,0) P(kl 1;k2;1)
. — . 1V;+ — 1V;+ 1V;+
Ki 1>k =ks>0: Pioiom) = Pia tkeia Xt Pl 2ikike)
1V;+ 1V;+
2P(k1 L;ko+1:k2) 2P(k1 Likokz 1)
. . 1V;+ _ 1V;+ 1V;+ 1V;+
K 1>ke>ks>0" Pigioiey T P skt Pla zieka P 1otk
PIV;+ 1V;+ PIV;+
(k1 Lka 1:ks3) (k1 1;kz;kz+1) (k1 Lkzks 1)
o L=k >k=0: Pl = Ipive X1 Pyt
1 -2 3T Y (kika 1,0) 7 97 (ki Lk L,0)7M (k1 Liki 2;0)

2 (a Lki 1) ° 9" (ki Lki 10)

. 1 . .
— . 1V;+ — 1V;+ 1V;+
ki 1=k, >k;>0: P(kl;kl Lks) — EP(kl Lka 1;|<3)><l P(kl Lki 2ks)

1 1V;+ 1 1V;+
Ep(kl L;ki 1ks+1) Ep(kl ki Liks 1)

: 1 v :
— k. = . plvir = —plvi+ plvi+
ki 1=k =ks>0: (kika Lk 1) 7 37 (ki Lka Likg 1)Xl (ki Lk Lki 2)

(16)
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ki=ko=2ks=0: PGt =2P V% X, 2P} Xy + P/ X,

(2;2;,0) (3;1;,0) (1;0;0) (1;1;0)
1V;+ v+ v+ v+
P(1;1;1)Xl + P(0;0;0) + 6|:)(1;1;0) 4P(l;0;0)
1V;+ 1V;+
+ I3(2;1;1) P(1;1;1)

— . —0N - 1V;+ — 1V,+ 1V;+ 1v;+
ki=ke>2ks =00 Proin = 2P 1k 1072 2Pq 1 20Xt Py’ 1 1%

v+ v+ v+ v+
+P 10)X1 ¥ P 20 200 74P 10) Y 2P 1 2

(k1 Lka (k1 Lka
+ 2P "1 200 2P 1k 300 Pl 1 12 Pl ik 1)
ki=ky>ks +2>2: Puipus = 2P g 1umXe 2P 1y 20
P(Ilyl;Jrl;kl 1ks+1) X1 P(Il:/l;+1;k1 1ks X1
+ P(Ilz/1;+2;k1 2ks) T 2'Z)(I|2/1;+1;1<1 2:ka+1)
+2P(II2/1;+1;k1 2;k3 1)+4P(Ilz/1;+l;k1 1ks)
+2P(II2/1;+1;k1 3:k3) P(Ilzll;+1;kl 1;kz+2)
+ PIV;+

(k1 Lki 1;ks 2)

ki=ky=ks+2=3: P =2P V" X, 2P Xy Zpivir X3

(3:3;1) (2:2;2) 211 3 (@22
1V;+ 1V;+ 1V;+
P(2:2;O)X1 + P(1;1;1) + 5P(2;2;1)
1V;+ 1V;+
+ 4P(2;1:0) + I:)(2;2;0)

_ — . 1V;+ _ 1V;+ 1V;+
ki=ke=ks+2>3: Py 2= 2P0 1 1 2%2 2P 1 2 21

2 _wvir 1V;+
§P(k1 Lky 1;kq 1)X1 P(kl Lky 1;kq 3)X1

1V;+ 1V;+
+P(k1 2;k1 2;k1 2)+5P(k1 1;k1 l;kl 2)

1V;+ 1V;+
AP 1k 2k 3 TP 1 1k 4)

) 2 : .
— — — 9. v+ _ 1V;+ 1V;+
k]_ = k2 = k3 +1=2: P(2;2;1) = §P(l;1;l)X2 P(l;l;o)Xl

1V;+ 1V;+ 1V;+
+Proo *Puiy  Paio

. 2 ) .
— _ . 1V;+ _ 1V;+ 1V;+
ki=ke=ks +1>2° Pioiqmq 1= §P(k1 vtk X2 Pog 1tk 1 2%t
1V;+ 1V;+
+ P(kl ke 2;k1 2) + P(k1 Lka L;ki 1)
1V;+
+ P(kl Liky Liki 3)
. 4 ) ) . .
— — — . 1v,+ __ 1V;+ 1V;+ 1V;+ 1V;+
ki=ky,=ks =2: P(2;2;2) = §P(1;1;1)X3 6P(1;1;0)X2 + 3P(1;0;O)X1 3P(1;1;O)X1

1V;+ 1V;+ 1V;+ 1V;+ 1V;+
+ 2|:)(1;1:1)x1 I:)(0;0:0) 9P(1;1;0) + 6P(1;0:0) + 3P(1;1;1)

(17)
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. 4 . . .
—_ — _ . v+ __ 1V;+ 1V;+ 1V;+
Ki=ke =ks =3" Plagg = 3PaanXs  6P20Xe + 3P 51X
1V;+ 1V;+ 1V;+
+ 2P ooy X1 +3Poog Xt P

1v;+ 1v;+ 1v;+
Pezy OPeio +Pezo

: 4 ) .
— — . PIV’+ — PIV,+ PIV,+
ki =ky =ks>3: (K1;Ka;k1) 3 (ki Lki Lk l)><3 6 (k1 1ki Lika 2))<2 (18)

1V;+ 1V;+
3P0 1k 2k X1 2P0 g 1 e

1V;+ 1V;+
3P 1 1k 9% Pl 2m 2 2)

1V;+ 1V;+
gp(kl Lk Liki 2) 6P(k1 Lki 2;k1 3)

1V;+ .
3P(k1 Lk 1ky 4)

which are obtained from the generalized trigonometric identity (14).
With the use of recurrence relations one can obtain the exact form of first ten poly-
nomials (k  (2;2;2)) as follows:

Poso = 1

P ooy = %xl +1;

oty = Do e

Pl = gxg +2X, + Xy + 1

P 200 %xf gxz + %xl 1;

P ooy = %xf + %xle gxg %xz %xl 1;

Piigy = %xf + gx3xl gxle %xz %xl 1;
Piosoy = gxf + gxg gxgx1 gxg + gxz %xl +1;
Py = %xf + %xg + gxgx2 + gxg +2X, + gxl +1;

. 16 8 16
Plosmy = —X3  4X3+ X2 + KXo AXeXy DXy + o Xs 12X+ Xy L
(19)

From the first ten polynomials one can see that the polynomial P('Q’l;;z;kg) is of order k;
for k; 2, which can be proven generally for any k; using the generalized trigonometric
identity (14).
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5 Conclusion

The generalization of the Chebyshev polynomials of fourth kind was done using the sym-
metric multivariate trigonometric function. The generalization by antisymmetric function
follow similar procedure but is slightly more complicated due to the antisymmetry con-
dition. This generalizations completes the set of eight multivariate Chebyshev-like poly-
nomials. The multivariate Chebyshev-like polynomials inherited many usable properties
from the one dimensional cases, and thus are interesting topic for further study.

One of possible applications of the multivariate Chebyshev-like polynomials is to ob-
tain cubature formulas. Cubature formulas allow replacing weighted integral of poly-
nomial function with a linear combination of polynomial values at some points. This
allows faster computation and therefore can lead to e [edtive numerical methods. For the
multivariate Chebyshev polynomials of first and third kind this was already done in [7].
The cubature formulas obtained from multivariate Chebyshev polynomials of second and
fourth kind are point of current study.
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Abstract. There are many approaches to evaluate density within pedestrian scenarios, including
point approximation, Voronoi cells or more sophisticated methods. In this project we focus on
the individual density, where each pedestrian is considered as a source of density distribution. A
cone can be considered as a reasonable shape, with its diameter as a blur parameter. Naturally,
pedestrians adapt their velocity and path selection with respect to the conditions around them
in given range. The correlation of density and velocity, respective density and exit angle was
evaluated on laboratory experiment data for all acceptable blur — range combination. Because
negative correlation corresponds to more significant response of velocity (exit angle) to the
density, the correlations seem to be a perfect tool to estimate density parameters.

Keywords: crowd dynamics, individual density, velocity response

Abstrakt.  Existuje mnoho pfistupl k vyhodnocovani hustoty v ramci systém( chodcl, jako
je bodovéa aproximace, Voronoiské buriky nebo dalSi, sofistikovanéjSi metody. V tomto projektu
se zameéfujeme na individualni hustotu, kde je kazdy chodec povaZzovan za zdroj distribuce hus-
toty. Za vhodny tvar mize byt povazovan kuzel jednotkového objemu, jehoZ priimér vyjadiuje
parametr rozostfeni. Chodci zifejmé pfizplsobuji svou rychlost a vybér cesty okolnim pod-
minkam v daném okoli. Korelace hustoty a rychlosti, popfipadé hustoty a Uhlu k vystupu byla
vyhodnocovana na zakladé Gidajl z laboratornich experimentt pro vSechny myslitelné kombinace
parametr(l rozostfeni a rozsahu okoli. Vzhledem k tomu, Ze vice negativni korelace odpovida
vyraznéjSi odezveé rychlosti (Uhlu vystupu) na hustotu, zda se, Ze tyto korelace jsou vhodnym
nastrojem pro odhad parametr(i hustoty.

Kli¢ova slova: dynamika davu, individualni hustota, reakce rychlosti

1 Introduction

The pedestrian movement, including egress situations, walking in corridors or in cross-
section areas has been widely studied in last twenty years [4]. This period seems long
enough to bring the answer to such fundamental question as "how pedestrians react to

GACR 15-15049S & SGS15/214/0HK4/3T/14
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their surrounding”, but so far, there are only qualitative studies or macroscopic approxi-
mations. Moreover, the definitions of fundamental quantities are not unified [5] and the
only criteria to use some method is to bring the prettiest data.

In this paper, the study of pedestrian reaction starts with quantification of state of
his neighborhood and quantification of his reaction. The main idea has been presented
and described at the conference PED 2017 [3]. This paper partially discusses some part
of density evaluation and concludes preliminary results.

The reaction consisting of velocity and direction changes is considered to be induced
by the trend of density. There are many ways to evaluate density and even the reaction
range should be parametrized, thus the pedestrian behavior in front of the exit is analyzed
on parametric grid with respect to multiple defined densities (defined bellow). This
parametric grid is generally based on two features:

blur, e.g. the size of area al[edted by one pedestrian,
range, e.g. the size of area aledting one pedestrian.

At the end, Pearson correlation coe LCcieht

Re( 1 iv)= pol V)

" Var( , ) Var(v) @

is used as a metric to select the density with the best fit to pedestrian reactions.
Numerical study is based on the egress experiment organized in the study hall of
FNSPE CTU in Prague in 2014, see [1], [2].

2 Definitions

As mentioned above, the analysis is provided on pedestrian trajectory data. The velocity
v (t) of pedestrian is defined as usual using central dilerknces of space coordinates.
The exit angle # (t) 2 [O; ] is defined as angular deflection from the ideal direction of
the pedestrian to the exit

The density is the only flexible variable in this study. Its value is integrated over the
distribution generated by each pedestrian individually

R RP, w R
N AP()dx :lp(x)dx: AP (3)dx

—— — = —— 2
IA] JA] JA] JA] @)

=1

There are several methods to define the individual density distribution function (ker-
nel) p (%):

point approximation
P ()= xx;

1 if x 2A;

R
where o OX= 0 therwise:
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stepwise function
= if x2A;

= JA ]
P (%) 0 otherwise;

where special cases are

1. cylindrical distribution
2 if j%x xj<R;
. - R2 )
P (xR) 0 otherwise;
2. Voronoi distribution, where A is a voronoi cell — the whole space is segregated
into pedestrian cells A according to a simple rule: each point %
is assigned to the nearest pedestrian % ,
linear (conic) distribution
(RJ x x1J) if jx x]jJ<R;

3
. — R3
P (x%R) 0 otherwise;

Gaussian distribution

1 1 T 1
p(x)= e ") )
2 ]
with covariance matrix = 21, ,, where I, , represents identity matrix.
blur = 0.5 m
0.02 -
£ 0.015 -
2
2
Z 0.01-
el
2
‘% 0.005 —
=]
]
el
0-
6
/5
1
Yy 0 0 x

Figure 1: Example of density distribution

In this paper, linear (conic) distribution was used due to its decreasing trend with
increasing distance, limited support and independence of one pedestrian to others. An
example of density distribution generated by the method mentioned above is visualized
in Figure 1.
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3 Analysis

Basic overview is provided by of velocity — density, resp. direction — density relation of
all trajectories. For each blur and range parametric set, Pearson correlation coe [cieht
was evaluated over the whole trajectory, and then averaged over all trajectories of the

experiment, see Figure 2.

velocity response

10.1

10.05

1-0.05

exit angle response

R (P> Vo)

=

1-0.02

1-0.04

1-0.06

1-0.08

1-0.1

1-0.12

blur [m] 1 05 1 ]
range [m

range [m]

Figure 2: Correlation coe [cieht over the whole trajectory, mean over all trajectories

We can see expected zero correlation for zero range point approximation in case of
both, velocity and the exit angle as well as natural negative velocity correlation for short
range narrow approximation. On the other hand, positive velocity correlation for any
long range approximation and negative exit angle correlation for all reasonable sets of
parameters weren’t expected at all. Moreover, the absolute value of correlation is rather
small, indicating week dependency of density and pedestrian reaction.

To see the source of positive or negative correlation, we have to go to individual level
and check rolling correlation (window width 1:56 s) for segments of one trajectory, see
Figure 3.

There is strong positive correlation of velocity and long-range density in free flow
area that can be explained by competitiveness between pedestrians. Strong negative
correlation of velocity and all densities in avoiding/joining the cluster area corresponds
to adjusting velocity to higher density. And at the end, positive correlation of velocity
and all densities in the cluster area is caused by the flow conservation law — closer the
exit, lower number of participants carry the flow, the velocity at the exit is much higher
than inside the crowd, even the density is higher as well.
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memory time = 1.56 s

blur=0.2 m, range =0.5m
—blur=0.8 m,range =0.5m 2
blur=0.2m, range =1.5m /
blur=0.8 m, range =1.5m

0.5
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“/

-0.5
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Figure 3: Correlation coe [cieht of four density combinations and velocity

4 Conclusions

Correlation between velocity and density isn’t obviously as clear as expected on the
first sight. Expected decrease of velocity implied by increasing density is observed only
in transition phase between free flow and congested areas. Others situations produce
di Lerent behavior due to the complex dynamics.

In general, individual pedestrian density reflects phase transition changes very well,
as can be seen in Figure 4. The value of correlation of velocity and one specific density is
not stable, but di [ers with the tra Cc_nhode around, personal preferences and individually
selected strategy. The analysis of such complexity is a subject of further research.

Yet these preliminary results described and explained unexpected positive correlation
in the exit area by the flow conservation law. We hope that deep decomposition and
clustering of trajectories reveal more fundamental facts that increase our ability to predict
the pedestrian reactions.

Figure 4: Changes of blur (blue dotted neighborhood) and range (yellow neighborhood)
parameters according to the phase transitions.
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Abstract. This study presents a mathematical model of density pro le computation for multi-
component mixtures of two commonly used phase geometries. The model uni es the description
of multicomponent systems of planar and spherical interface geometry. The mathematical model
is supplied with PC-SAFT equation of state for thermodynamic property evaluation. The fun-
damentals of the presented model lie in the gradient theory approximation used to formulate
the governing di erential equation. An innovative approach to the problem formulation divides
the solution into two simple parts. The solution method applicable for arbitrary geometry was
developed and a special case for planar and spherical interfaces was solved. In addition to
the density pro le and the surface tension are computed for modelled system. Binary system
COy; C4H1p was investigated and compared with available experimental data. Surface tension
estimate was found to be in good agreement with experiment.

Keywords: phase interface, gradient theory, multicomponent system, surface tension

Abstrakt. P edm¥tem studie je zkoumAn fAzov ch rozhran dvou zAkladn ch type geometri .
Jedn/ se o rovinn@ a sf@rick®d geometrie, kterd jsou ve studii zkoumAny jednotn m modelem.
Tento model vyu” v/E poznatky gradientn teorie a je dopln¥n o stavovou rovnici PC-SAFT,
kter/E vy£ sluje termodynamick@ vlastnosti zkouman@ho systdmu. Pomoc origin/ln ho p stupu
je model rozd¥len na dva v pofetn kroky. Ve studii jsou zkoumAny ob¥ geometrie na vybrand re-
aln@ smx¥si obsahuj €C0O5; C4H10. Vypo£tend v sledky jsou nEsledn¥ srovn/ZEny s dostupn mi ex-
perimentIn mi daty. V sledky srovnZn pro povrchovZA nap¥t jsou v dobr@ shod¥ s vytvo en m
modelem.

Kl £ovA slovafAzovd rozhran , gradientn teorie, v ceslo’kov@d syst@dmy, povrchovd nap#t

1 Theoretical background

The methods for accurate modelling of phase interfaces are important for the under-
standing of natural processes and applications in technology. One such application is

The research has received funding from the Norwegian Financial Mechanism 2009-2014 under Project
Contract no. 7F14466
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carbon capture and storage (CCS). In particular, the prediction of non-equilibrium phase
transitions requires a detailed knowledge of the phase interfaces.

The gradient theory (GT) framework presented here was initially used for pure systems
only. The initial aim was to predict interface properties of said pure system. Through the
recent years the originally simple description of pure systems was extended into multiple
component systems for example [15, 16]. The authors derived the formulas and governing
equation system for the multi-component problems and provided comparison with avail-
able experimental data. But during the derivation authors restricted themselves to the
planar phase interface geometry. There also exist group of authors who extend the the-
ory to the more complicated spherical interface geometry [6, 17, 20]. While these authors
derived the terms for the special geometry e.g droplets, they also restricted themselves
and constructed the models for the pure systems only. Based on our observation there
is no uni ed framework which describes how to approach spherical phase geometry in
multi-component systems.

The presented study continues in line with mixture systems research by Viet. al.
[19] and combines the spherical interface geometry research by Planket&al. [18].
The aim of this study is the prediction of multi-component systems with spherical phase
interface geometry initially outlined in [4]. The method is extended into derivation of the
generalized computational approach for two interface geometries in multiple-component
system. This study also present the comparison of investigate two-component system
with experimental data in the last section.

2 Theoretical background

2.1 Cahn-hilliard gradient theory

The main advantage of gradient theory approach is the computational speed and the
overall simplicity compared to the full density functional theory (DFT) or molecular
simulation models. But the simplicity of the approach comes at the cost of lowered
accuracy in regions with large gradients of Helmholtz energy.

Gradient theory formulate the work of formation and uses it to describe the op-
timal density prole. The work of formation is de ned as the di erence between the
homogeneous system and the non-homogeneous system where the phase interface e ects
are accounted for. Same formulation can be expressed in multiple thermodynamic po-
tentials, but for the case of multi-component mixtures the grand potential is the most
suitable:

( ): inhom( ) hom( ): (1)

Grand potentials here depend on the molar density which can be understood as an
universal descriptor of a system. It is also usual to search for the molar density sys-
tem description in form of density prole. In an arbitrary system such density pro le

is a function of the systems coordinates for example = (s;;S;;S3). With this for-
mulation the solution becomes substantially complex. Therefore, it is usual to assume
that the system is non-uniform in only single coordinates; denoted further simply ass.
Helmholtz energy of inhomogeneous system is then expressed as Taylor expansion around
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homogeneous Helmholtz energy with higher order terms omitted as follows:
1
finhom:fhom( )+C1 I’2 +§C2 (r )2::: (2)

According to the approach used by Cahn and Hilliard [3] the Taylor expansion is utilised in
the formulation of the grand potential. With a simpli ed notation the following equation
for grand potential di erence is obtained.
z )
1 @
P( (9)+ 5C = Sds; 3
s 277 @s

Here C; parameters contain the Taylor expansion coe cients and ! is the grand po-
tential density which can be also expressed in following form:

| = X G G-
()= frhom () i it P 4)

i=1

It can be noted that formation work in eq. (3) was derived for generalized type of interface
geometry parametrized withs and S. This geometry can be speci ed later with the choice

of coordinate system best describing the intended interface geometry. Selecting Cartesian
coordinates the planar geometry can be described and similarly spherical coordinates can
be used for droplets.

2.1.1 Core problem derivation

When the task is transferred into grand potential formulation it can be noticed that it is
also a functional formulation for an unknown density pro le function . With the problem
then understood as functional problem of nding the saddle point the variational calculus
can be used with advantage. The required criterium for optimal density pro le can be
formulated accordingly as:

[ 1-0=0 (5)

The extremal point of previous formulation is found by Euler-Lagrange equations.

@' (,s* e @ @ d X @
@ 2i;j L, @ @s @s ds _ @s

i=1

=0; k2 1:::n: (6)

In such form the set of equations is overly complex. The following three simpli cations
are proposed for the iterative solution approach taken in the model.

@!( (s _
@«

Secondly the equation (6) also contains the non-diagonal in uence parametefi 6

j. This type of inuence parameter is rarely tabulated and has to be inferred from
experimental data. This approach is available only for narrow substance range therefore
the approximation of parameter is usually used instead.

(7)

Ci;k : p Ci;i Ck;k (8)
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Lastly the in uence parameterc;; is also assumed to be independent on molar density.
This assumption is valid for most systems exhibiting a very weak density dependence.

@« ®)

By combining the (7,8,9) together with a special derivative notation = @;=@she set
of equations (6) is substantially reduced into:

X p

S
Gi Gk 4o Oy 0= k21l (10)
i=1 S
Core problem is now formulated as the set of second order di erential equations with
non-zero right hand side (RHS).

3 Model description

As stated in the previous section 2 the core problem lies within the solution of the
second order di erential equation set. Moreover the RHS of equations (10) is generally
analytically non-integrable due to the fact that  is computed from the EoS. Complex
eqguation of state without analytically integrable chemical potential  (such as PC-SAFT)
prohibit the analytical solution. Additionally the left hand side contains dS=dsfactor
dependent on the interface geometry. To answer both problem simultaneously an uni ed
numerical method for the two investigated geometries is proposed here.

X
P d—SiO+ 00 = K- k21:::n (11)
i=1 ds Ciik

While solution of aforementioned core problem is possible in this form. It would
require a substantial computational e ort coupled with the increased error of solution
and fundamentally problematic situation for system with more than two components. It
is therefore quite favourable to modify the form of a problem. A similar approach as
[5, 13, 9, 12] was used to transform the original set into algebraic problem and simpli ed
di erential problem. An idea similar is to restructure the set (10) in such a way that all
elements withk index are transferred to the right hand side of the set and subtract the
rst equation form the rest. This creates the system of nonlinear equations and single
di erential equation to solve.

According to this schema the di erential equation has to be modi ed to preserve the
connection between sections. The connection can be expressed as a single vadalliso
referred as an arti cial variable.

X=p— (12)
C11
In addition to the variable X the partial densities are also treated. Introduced mod-
i cation is inspired by the problem of monotonous density. It is known that multiple
component systems in gradient theory require at least one density to have a monotonous
character along the coordinate axis. The same requirement was formulated by Cahn and
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Hilliard [2] and later further investigated by Liang et. al. [10]. This requirement implies
the remaining partial densities are expressed as functions of the one selected monotonous
density.

Proposed approach inspired by [10], introduces a new modi ed density With this
modi ed density the problem with selection can be softened and all partial densities are
processed in same manner as a functions -of

= PR (13)
i=1 G
Heren is the number of components in mixture and;; is in uence parameter of pure-th
component. Monotonous character is justi ed by the existence of monotonous component
with high in uence parameter as in case of investigated system.
With modi ed density (13) and arti cial variable (12) the di erential section of prob-

lem can be written as:

(;_SJ* 0= Ty (14)
S i=1 C|;|

This shape of equation is expressed for arbitrary geometry and specialized solver can be
used for individual geometries. For example, when the factoiS=ds= 1 the problem can
be numerically integrated. In other cases a numerical solution of di erential equation is
searched for.

The algebraic section is also treated with notation (12,13). Consequentially one equa-
tion has to be added into a system for modi ed density. The linear system is then
composed oh nonlinear equations:

2 = X
Co:2
n - x
-
X N
P = -~ Pon (15)
i=1 i=1

Algebraic system here does not depend on the type of interface geometry as a trivial
result of the previous derivation. This feature of system permits the independent solution
regardless of the geometry type.

3.1 Algebraic system solution

This subsection o er a solution method for the nonlinear algebraic set of equation ob-
tained from core problem derivation. Because of the nonlinear character of problem the
Newton-Rhapson solver was selected. The numerical properties of a solver were further
improved with rearrangement of the set so that Jacobean matrix is symmetric. The fact
is straightforward consequence of the partial derivatives interchangeability also previously
shown by [10].
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N
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o

Gi i ~ Gi =0 (16)

The computational procedure of the algebraic solver can be therefore developed around
the Newton-Rhapson iterator with the Jacobean inversion method. The whole procedure
is in steps applied across the modi ed density discretization and individual solution are
found. These values are coupled into the following data structure evaluated for discrete
modi ed densities ~*; ~2; ::: ~Hisc,

This data structure is fundament for the piecewise cubic interpolation used after-
wards. The interpolation enables to use fewer discretization points and alleviate some
computational strain without su ering much greater error. It is also useful for following

3.2 Dierential equation solution

The initial algebraic solution is followed by the di erential solver. In developed solver
an arti cial variable interpolation X (~) is used and a general approach is undertaken to
produce the density pro le dependenceqs)

Utilising the previous knowledge of selected interface geometry permits the specialized
di erential solver to be developed. This is especially useful for planar geometry case where
solution can be found analytically. The analytical solution is presented in next section 3.3
. In this study we develop the general solution method primarily used for the spherical
geometry. Therefore, the following equation is written withdS=dsfactor substituted for
spherical geometry case.

F2~o+ 00— _p ;(1( )a (17)
1= ,

From the performed analysis of the problem and through the trial and error it has
been determined that the shooting method coupled with the predictor corrector type
solver can be used. Wide range of methods were tested and deemed to be not useful
because of the widespread convergence issues.

The solution method in theory translates the originally boundary value problem into
the initial value problem. Therefore, the investigation of droplets in this case can access
an information about gas density of surroundings. Also the initial bulk liquid density
derivative is known and understood as being zero, because of the requirement of homoge-
neously distributed density in volume in the centre of droplet. The task for the shooting
method is to nd initial density that yields the density pro le nishing at the a priory
known gas density. For droplets the shooting parameter is the initial liquid density which
correspond with experimentally measured systems.
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The shooting method is also supplied with a decision criteria. The criteria is respon-
sible for the selection of the next shooting parameter . It was found out that a
bisection method construct a reliable criteria and is able to cope with steep nature of
investigate searching task for opimar Shooting parameter.

3.3 Density pro le computation

As mentioned in the previous section the core problem can be solved analytically in
special case of planar phase interface geometry. This was well investigated [13, 8, 11] and
found out that the shape of planar phase interface density prole can be computed as
following integral:

z uPn _ a
_ ii=1 G @z
z( )= 2o+ > d (18)

<

Q@
@z

0

Here the o and zy stand for initial selected values for initial density of integration
as the centre of pro le respectively. These two parameters determine how is the pro le
oriented and where it begins. This approach also replace di erential for numerical integral
computation and only the partial densities are left to be determined.

In spherical case geometry the di erential solver produces result in a form of mod-
i ed density function of radius ~(r) further modied into ir. The process includes
transformation of modi ed density and partial density computation base on algebraic set
solution. With interpolated functions ;(~) the transformation of ~r) into ;(r) becomes
trivial. This operation depends on the monotonousness of modi ed density which implies
injectivity required for transformation.

The main property of interface is surface tension. This property states the force
exerted onto the dividing surface that holds the phases separate. For the systems with
planar interface geometry the generally known [21, 12, 14] expression for surface tension
is used as:

\/

u
X . :
N c T ]

G - . ; @z @z (19)
Following the argument by Lianget. al. [10] the integration can be also performed

in modi ed density which gives a negligible boost to the accuracy, because this way the
computation does not rely on modi ed density backward transformation. The second case
of spherical geometry o ers no such direct approach and the Young-Laplace equation
have to be used for computation. It should be noted that saturation of system plays
important role as input parameter in droplet density pro le computation. This state can
be identi ed with the Laplace pressure p. After a simple treatment the equation for
spherical surface tension is obtained.

= (20)
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Figure 1: Planar density pro les ofC4,Hio Figure 2: Spherical density proles of
CO; mixture for T = 300K, p = 1:36 MPaC4H;; CO, mixture for T = 300K, p =
and p=0MPa 1.85MPaand p=5:53MPa

4 Results

Density pro les give the information about phase interface and they are computed with
either (18) equation for planar geometry or according to the method described in section
about di erential equation solution. These solutions are presented for th€;H,y CO»,
mixture depicting both investigated geometries. Distinct feature of both gures is the
substantial adsorption of carbon dioxide. The adsorption is more pronounced with in-
creased p illustrated with gures for p=0 and p=5:53MPa It can be also noted
that pro les are computed until the stop criteria evaluation which in spherical case result
in longer gaseous part of pro le. Because of a direct computation of planar case geome-
try the Fig. 1. have no such feature. Additionally the planar geometry has an arbitrary
selected initial distance of computation here set ta = 0. This means it should be used
only as reference for interface width in contrary to the spherical geometry where radial
distance is directly related to the size of droplet.

For the more complete comparison we also calculated the surface tensiorCgifl;o
CO, mixture and compared it with the measurements of surface tension performed by
Brauer and Haugh [1] at Fig. 3. and Hsu, Nagarajan and Robinson [7] at Fig. 4. Both
gures depict the planar case because the experimental data for surface tension of droplets
are presently non-existent.

Figure 3. show good agreement of the experimental data with model across measured
temperatures. The model is qualitatively very well aligned to experiment with constant
over-prediction under 10% of modelled value. More troubling is problem with aborted
computation visible for lower temperaturesT <= 327:59K. These points were omitted
because the computation was terminated prematurely due to the improper equilibrium
conditions. Such problem is caused by non-compatible prediction of equilibrium state
from equation of state as compared with experimentally measured values. This issue
remain a task for future development with the aim for more robust equilibrium evaluation.
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In second comparison folC4H;; CO, mixture at Fig. 4 three datasets are com-
pared. System conditions were well reproduced by model with a stunning precision for
higher temperatures34430K and 37730K. The prediction for temperatureT = 319:30K
provides appropriate estimation for higher pressures and deviates slightly more in region
of lower pressures around:2 0:35MPa Aforementioned precision of prediction can
be attributed to selected EoS and system combination with medium carbohydrate and
carbon dioxide. Similar behaviour is expected for larger carbohydrates where prediction
of thermodynamic properties is better.

5 Conclusions

This study presents the uni ed mathematical model for two types of phase interface
geometry targeted at multi-component mixtures. The model is based on gradient theory
description of interface and utilise an advanced PC-SAFT EoS for equilibrium and system
properties calculation. The study also present an overview of proposed model together
with derivation of model key points. At the end of derivation the used formulas for
density pro le and surface tension results are presented.

The proposed solution utilize the special shape of the simpli ed problem and enables
the innovative two step solution. The presented solution also uni es the two types of
investigated geometry previously not mentioned in literature. The model was tested
on binary system of carbon dioxide and methane which falls into the category of CCS
relevant mixtures. Modelled results were compared with experimental values of surface
tension and a close correspondence of prediction and data was observed.
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Abstract. Fractal investigation of a signal often involves estimating its fractal dimension or
Hurst exponent H when considered as a sample of a fractional process. Fractional Gaussian
noise (fGn) belongs to the family of self-similar fractional processes and it is dependent on
parameter H . There are variety of traditional methods for Hurst exponent estimation. Our novel
approach is based on zero-crossing principle and signal segmentation. Thanks to the Bayesian
analysis, we present a new axiomatically based procedure of determining the expected value
of Hurst exponent together with its standard deviation and credible intervals. The statistical
characteristics are calculated at the interval level at rst and then they are used for the deduction

of the aggregate estimate. The methodology is subsequently used for the EEG signal analysis of
patients su ering from Alzheimer disease.

Keywords: fractal dimension, Hurst exponent, Bayesian approach, EEG, Alzheimer disease

Abstrakt. Hurstev exponent H je u”iteEnou charakteristikou pro frakt&lIn anal zu sign/Elu,
kter je zkoumZn jako realizace n/Ehodn@ho zlomkovdho procesu. Zlomkov Gaussev tum (fGn)
pat do t dy sob¥podobn ch zlomkov ch procese a je zA&visl na stejn@m parametruH. V
soufasnd dob¥ existuje ada tradi£n ch metod, kter@ slou” pro odhad Hurstova exponentu. Nov

p stup k odhadu je zalo’en na charakteristice prechode sign/lu nulou a vyu” VA jeho segmentaci.

S vyu'it m Bayesovsk@d anal zy je p edstavena novAE axiomaticky zalo’en/ procedura odhadu
H, kter/E poskytuje jeho standardn odchylku a kon den£n interval. Statistick®d charakteristiky
jsou nejprve odhadovZAEny na cerovni jednoho segmentu a nZ&sledn¥ jsou pou’ity pro stanoven
celkov@ho odhadu. Metoda je pou”ita na anal zu signlu EEG pro identi kaci paciente, kte

trp Alzheimerovou chorobou.

Kl £ovA slovafraktEIn dimenze, Hurstev exponent, Bayesovsk p stup, EEG, Alzheimerova
choroba

PIn&E verze: M. Dlask, J. Kukal, O. VWysata. Bayesian Approach to Hurst Exponent
Estimation. Methodology and Computing in Applied Probability 19 (2017), 973 983.
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Abstract. In practise we can encounter many problems where is useful (and sometimes neces-
sary) to employ small area estimation (SAE) methods to obtain reliable estimates of characteris-
tics of interest (means, totals, quantiles, etc.). The contribution deals with an area-level gamma
mixed model that can be useful in some applications involving only positive responses (e.g. in a
nancial sector). To obtain estimates of regression parameters and predictors of random e ects
the PQL algorithm and the ML Laplace approximation algorithm are introduced. In order to
check the behaviour of the tting algorithms we perform simulation experiments and compare
acquired results of both of them.

Keywords: Area-level model, Generalized linear mixed model, PQL algorithm, ML Laplace
approximation algorithm

Abstrakt. V praxi lze narazit na adu probl@me, kde je u’iteEn@d (a £asto nezbytnd), pou”t
metody odhadovAEn v mal ch oblastech, abychom z skali odhady charakteristik, kter@ n/&s za-
jmaj (stednch hodnot, kvantile, atd.). Tento £l/£nek pojedn/&EvAE o statistickdm modelu na
cerovni oblast , kde p edpoklEdAEme, "e odezvy maj gamma rozd¥len . Domn vEme se, "e by tento
model mohl bt u”iteEn v praktick ch aplikac ch vy"aduj ¢ ch pouze kladn@ odezvy (nap . ve -

nan£n m sektoru). K odhadu regresn ch parametre a predikci n£hodn ch efekte pou”ijeme PQL
algoritmus a ML Laplacesv aproxima£n algoritmus. N/ZEsledn¥ provedeme simulaEn experiment,
abychom ov¥ ili kvalitu v stupe obou algoritme.

Kl £ovA slova:Model na cerovni oblast, Zobecn¥n line&rn sm ten model, PQL algoritmus,
ML Laplaceev aproxima£n algoritmus.

1 Introduction

Small area estimation models can be divided into two parts: area-level models and unit-
level models. Considering area-level models, data are available (unlike unit-level models)
only at the area level. Data collected for each domain are usually used to compute the
direct estimate of investigated characteristic (e.g. mean). In unit-level models there are

some auxiliary data even at the individual level. One of the most basic area-level models
is the Fay-Herriot model that can be expressed as (see [1])

Ya= Xy +Vg+ e d=1;:::;D;

This work was supported by the grant SGS15/214/OHK4/3T/14. This work has arisen in coopera-
tion with Domingo Morales: the author used some parts from a still not published article dealing with
this topic.
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where is a vector of regression parameterggs N (0; 2) are independent sampling
errors andvg N (0; 2) are independent random e ects. It is also assumed that the
random e ects are independent on the samplings errors and the variances:::; 3 are
known. The model hagp+1 unknown parameters: =( ;:::; )" and 2. The task is
then to estimate the quantity 4= X + vg. In this work we suppose that the responses
have the gamma distribution and we try to estimate unknown parameters.

2 Model
We consider a set of random e ectfvy : d = 1;:::;Dgsuch thatvg " N(0;1). In matrix
notation we havev = (vy;:::;wp)"  Np(0;lp), i.e.
— 1 17
fy(v) = Wexp §V %

The conditional distribution of the target variable yq given vy is

YajVg Gamma O|;ad:—d; d=1;:::;D
d

and the density follows

d d
f (Yajva) = (add)ydd Yexpf  agyad! 0.1 )(Ya) = —Z )Ed »

The expectation and variance of the conditional random variablg; given vy are
2

; — d _ . . _ V4 _ ]
Elyajva] = - varlygjva] = o _:

da 1

exp —:Iyd lo:1)(Ya):

The canonical link for the gamma distribution (see [2]) is the inverse linlg(x) = % then
we model the conditional expectation 4 as

g( o) = 1:xg + vy d=1:::::D;

where =( 1;::1; p)" and x] = (Xa1;:::;Xqp). Considering the datay = (y1;:::;¥p)"
satisfy the assumpEié)ns of GLMM the random variableggjvgy, i = 1;:::;D, are indepen-
dent, i.e. f (yjv) = iD:1 f (ydjzd). Finally, we get
f(y)= f(yjv)fy(v)dv = (y;v)dv; 1)
RP RP
where
T \'Z dyd 1
yiv)=@ ) exp - L Ylexp
2 (| d) d
_ vTv Y dy d 1 X )
=2 ) PPexp  —- 74— exp alog(xg + V)
2 d=1 ( a) y ¢
( X0 ' X
exp dYdXdk  k dYdVd

k=1 d=1 d=1
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The partial derivatives of 4= — are
Xqg tVd
@q _ Xdr - g 2 @q _ Vg _ oy 2
=T T I - dr g = = d d-
@ (X§ + Vva)? @ (X§ + Vva)?
There arep + 1 unknown parameters in this model: = ( ;:::; ;)T and . Due to

the fact that the integral in (1) cannot be calculated explicitly we employ two di erent
methods to obtain estimates of these parameters: PQL algorithm and ML Laplace ap-
proximation algorithm.

Remark 1 In practise, yq is a direct estimate of a domain total or mean with estimated
design-based variance? = var (yq). By equating var(yqjvq) to 3 and substituting 4

by ya, We get 3= %,

3 PQL algorithm

The ML-PQL estimator of and predictor ofv (see [3]) maximizes the joint log-likelihood

D 1 X h&
Il =log (y;v)= §|092 > Vi+  (alog a+( ¢ 1)logys log ( a))
d=1 d=1,
Yo XX ' Yo
+ alog(x§y + V) Yd dXdk K Yd dVd:
d=1 k=1  d=1 d=1

We use the Newton-Raphson algorithm to maximizé= I( ;v). The rst derivatives of
| with respectto andv are

@|: x» dXdr X
@r d=1 Xg + Vg

I
Q: Vd+ Td—
@y Xqg * Vg

The second derivatives of with respectto andv are

Ya aXar; T =150105p;
d=1

Up+d = Yaa d=1;::1;D:

@ XaXan .l .
Hiyr, = = T 5 furz=1;:000p;
@I’l@rz d=1 (Xd + Vv d)
@l dXdr
Hrp+a = = ;o r=1;0p,d=15:D;
_ @ _ a2
Hptdpra = @—g— 1 m, d=1;:::;D;
H __o =0; dp;dy=1;:::; D; di 6 dy:
p+di;p+dy — M_ ’ 1, U2 — PRI | ) 1 2-
1 2

The updating equation for the Newton-Raphson algorithm with xed is

k+) = (K R 1( (k))U( (k)); (2)
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.....

D 1 X
1K) = log2  Dlog = U xT (2,

d=1

By taking the rst derivative of 1) with respect to and equating to zero, we get

@ _ b, 1%

=5 (o0 o W

— 11k —
O—U()—@ -

d=1
1)E l)E 2
2 (k) T (kK\2 — (k)2 (k)=
0 T )2z w227 7,

D d=1 D d=1

Finally, the ML-PQL updating equation for is

1 » 2
(k+1)2 — (k)2 — Vc(ik) : (3)

D d=1

3.1 Algorithm

The PQL algorithm calculates predictors ofv and estimators of and . Steps of the
algorithm:

1. k := 1 (k denotes iterations), set the values @, v©® and ©.

2. Run (2). Use & 1 as known value and & ¥, vk 1 as algorithm seeds. Let
and v(K) be the output.

3. Update by using the updating equation (3), i.e.

(k)2 —  (k 1)21XJ V(k)z.
= 5 R
d=1

4. Repeat the steps 2-3 until the convergence of, v{ and ®).

4 ML Laplace approximation algorithm

4.1 Laplace approximation to the likelihood

Let h: R 7! R be a twice continuously di erentiable function with a global maximum at
Xo, I.€. h(Xp) = 0 and h(xg) < 0. Taylor's series expansion dfi(x) around Xy yields to

() = hixo)+ N(X X0+ oix Xo?)  hlxo) + Zh(xo)(x xo)”
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The univariate Laplace approximation is
z

1 1 1
gt g0 exp E( h(Xo))(X  Xo)? dx

1 1

1 X X
21 8P 3 The) =

- 1=2 1=2 ~h(xo)
@ V7R S

=(2 )?( h(xq)) ) (4)
Recalling assumptionsys;:::;vqy  N(O; 1) are independent and
yaive™ Gamma 4 -2 ;4= (Vo) =(X] + vy & d=1;:::;D:
d

The marginal density ofyy can be expressed as
1

f(ya) = f (YajVa)f (Va)dvg
1
Z 1 dy a 1 1
= %expf alogxd + vg)  aya(x§ + vagexp évg dvg
1
dyd 1 1 V2
= m exp Ed"‘ alog(Xy + va)  aYa(X§ + va) dvg
1
dyd 1 YA 1
= m ) expf h(vg)gdvy;
where
V2
h(va) = §d+ alogxf + va)  aya(xg + Vva); (5)
d
Vg)= Vgt — = vyt V :
h(vq) d xg F v, dYd d d d(Va) dYd
2
h(vq) = 1+ ——3% = 1+ 24 3(va):

(x§g + vag)?

Let voq denote the global maximum ofh then h(voq) = 0 and h(veg) < 0. By applying
(4) in vg = Voq, We get

dy, d 1
f (Ya) d(y—dd)(1+ 2 4 2(vpg)) 12
2

Y
exp '+ alogg + Voo)  aYa(xg *+ Vod)

It holds that il Yo are unconditionally independent gnd then the likelihood has the

formL( ; )= "2, f(yi). The log-likelihood isl( ; )= 2, l4, where

2

Yo' Vod T
——~— 5l0g oa —+ alog(xqy + Voa)

lg =log f (ya) loa =logQ C > >

de(Xg + Vod);
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where o =1+ 24 3,and og= 4(Vog). The rst derivatives of o4 and o4 are

@ og > @od 2 3
=  Xdr og> odr = = 2 ° aXdr o
@, @
@ o4 5 @oq 2 2 3
—— = Vod oo 0d= —— = d od 2 ° dVod og-
@ @

The rst derivatives of loq with respectto , and are

@dy 1 oar @4y 1 o
= = + dXdr od dXdrYdi —— = 5—* dVod od dVodYd-
@ 2 od @ 2 od
It holds that
@Odr 2 4 @Odr 3 2 4
—— =6 “ gXarXds o6t —=— = 4 dXdr og 6 ° dXarVod ogs
@s @
@oq 3 2 4 @od 2 3 2 2 4
= 4 Xgr g9+t 6 “ aVodXdr of —=— =2 d og S dVod ogt6 ° dVog og-
@, @
The second partial derivatives oty are
@l og 195 05 oo ods o 2
- P dAdrAds od»
@s@r 2 (Z)d
@log _ 1% 00 oo od Vesr 2
- P dVvodAdr od:
@ @ 2 3
@ 2
@log _ 1@ o 0d V2 2.
= 5 dVod od-
@2 2 o
Forr,s=1;:::;p+1, the components of the score vector and the Hessian matrix are
_® @, _® @,
UOr - @_! U0p+1 - @’
d=1 r d=1
Has = Ho _XD @los ‘Horp+1 = Hops+1 _>@ @|0d'H0 1 1_)(D @|Od'
s — Sr — N~ ) rp+ - p+lr - N ) p+1 p+ - 2 -
- @@, - @@ . @
In matrix formwe haveUq = Ug( ) = (Upy;:::; Uop+1)T andHo = Ho( ) = (Hors)rs=1::p+1»

D=1 YU ©): (6)

(5), with = ( xed. The updating equation is

k).
(S N () h(Vé ), 0).
d - (k).

: 7
h(vd ’ 0) ()
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4.2 Algorithm
The ML Laplace approximation algorithm is
1. Set the initial valuesk =0, @, (Y= O+ 1., v =0,v{"Y=1d=
1,:::;D.

2. Until jj © & Dji< 9 v Dj<r, d=1;:1;D, do

(&) Apply algorithm (7) with seeds v((jk), d=1;:::;D, convergence tolerancé,
and = ® xed. Output: v{*P, d=1;:::;D.

(b) Apply algorithm (6) with seed (9, convergence toleranct; and voq = v{“"
xed, d=1;:::;D. Output: &*D

(c) k k+1

3. output: "= @ 9=y d=1;:::;D.

5 Simulation experiments

The target of simulations is to check the behaviour of the tting algorithms: PQL and
Laplace approximation algorithm. We set the true values of parameters ag = 0:05,

1=0:1and =0:01 i.e. p=2. Let D =50;100 150 200 be the number of domains
to be considered. Fod =1;:::;D, we generate 4 = 100, x4 = g, v¢ N(0O;1) and

d
ya Gamma 4 — ;where 4¢=( o+ 1Xg+ Vgq) &

d

Steps of the algorithm

(b) Calculate ", ™ and "),

2. For 2f o; 1; g, calculate
P K
BIAS = k=L

P
K ’ K '

As can be seen from tables 1 and 2, ML Laplace approximation algorithm seems to
work well. Despite of the very small values of both BIAS and MSE for the PQL algorithm,
there is a problem with estimation of the parameter . We suppose that the true value
of is 0:01 but the output of the PQL algorithm for is smaller by several orders. The
estimations of the regression parametersg and ; by PQL are, however, very well.
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D =50 D =100 D =150 D =200
PQL Lap PQL Lap PQL Lap PQL Lap
"o -0.0019 0.0042 -0.002 0.0042 -0.0018 0.0041 -0.0018 0.0041
", 0.0016 0.0013 0.0017 0.0014 0.0015 0.0016 0.0014 0.0016
" -0.01 0.0051 -0.01 0.0052 -0.01 0.0052 -0.01 0.0052

Table 1: BIAS depending on the number of the domains D.

D =50 D =100 D =150 D =200
PQL Lap PQL Lap PQL Lap PQL Lap
"o 1.96e-05 0.00006 1.17e-05 3.92e-05 8.39e-06 3.27e-05 7.07e-06 3.09e-05
", 6.32e-05 0.00012 3.37e-05 6.98e-05 2.16e-05 4.94e-05 1.71e-05 4.24e-05
" 9.99e-05 0.00003 1le-04 2.88e-05 9.99e-05 2.80e-05 9.99e-05 2.79e-05

Table 2: MSE depending on the number of the domains D.
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Abstract.  The anomaly detection is sub eld of articial intelligence the aim of which is
identifying data that are somehow di erent from an expected pattern. Anomaly detection is
also known as one-class classi cation because it is a similar task to the classi cation with the
only di erence: The training set contains the only class. This makes the task di cult because
the character of the anomalous data is unknown when the model is trained. We give a survey of
neural network based models for anomaly detection and their noise robust modi cations. The
performance is evaluated on the most advanced benchmark data for the anomaly detection

Keywords: Anomaly detection, autoencoder, replicator neural network

Abstrakt. Detekce anom/Eli je podoborem um¥I@ inteligence a zab v/ se nalezen m anom/lIn ch
prvke. Jako anom/ZlIn se daj pova’ovat data (pozorovAn ), kter/E jsou rozd In/ bw od vzorov ch
dat, nebo od ofek/AEvan@ho vzoru. Tato celoha se n¥kdy naz vA& jako jednot dn klasi kace a to
proto, "e pro trdnovAEn modelu jsou k dispozici pouze data z jednd konkrdtn t dy. Avtak detekce
anom/Zli je mnohem slo”it¥jt a obt"n¥jt oekol ne” klasi kace, proto”e pi detekci anom/Zlii
nen p edem zn/A Em charakter anom/ln ch dat a je nutn@ rozhodovat, jak velk@d v chylky mus
data dos/hnout, aby byla detekov/AEna jako anomAIn . V textu jsou popsAny ji” zn/Em@ modely
neuronov ch st pro detekci anom/Zli vEetn¥ t¥ch robustn ch ve£i fumu. V z/Ev¥ru je testovAEna

p esnost t¥chto metod na zat m nejpokro£ilejt ch testovac ch datech pro anom/AIn detekci.

Kl £ov/Z&E slovaDetekce anom/Zli , autoencoder, neuronovd s t¥

1 Introduction

Representation Learning is enabler of many types of models - classi ers, anomaly detec-
tors, etc. We focus on anomaly detection as the eld that is relatively least researched,
while constantly gaining on importance. The anomaly detection is identifying data, items
and observations that are di erent from the other data or does not conform the expected
pattern. It is widely applied in many elds such as medicine, banking and credit card
fraud detection, system health monitoring, intrusion detection and network security.

Our ultimate aim is to de ne models well usable in large scale data modeling in
the area of network security. This, however, will be the next step. First, we aim at
verifying our models on smaller scale benchmark data. The choice of benchmark data
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itself is a problem (see Sec. 3.4) - currently there is not available many good data sets
allowing reliable evaluation of methods [9] [12]. The existing anomaly detection models
very often fail to generalize well - some models work on some data but not on others,
with other existing models, it is the other way round. Hence our initial work focused on
1) reviewing existing models (see Sec. 2.1), 2) nding best methodology for performance
evaluation 3) researching options to utilize representation learning models to improve
anomaly detection (autoencoders have been used before but to limited extent only, while
in other elds - other than anomaly detection - they are known to provide signi cant
results), see Sec. 2.1.

2 Anomaly detection

Anomaly detection is a sub eld of machine learning and is also known as one-class classi -
cation and is similar to outlier detection. The goal is to detect a sample that is somehow
di erent from expected pattern or other observations. Contrary to the other machine
learning tasks such as classi cation, the anomaly detection is more di cult because the
character of the anomalous data is unknown when the model is trained. In addition to
that, the decision how much the sample must be di erent from others, to be detected
as anomalous, is a problem. To solve the anomaly detection problem, we need to ad-
dress the following concerns: 1) Choice of the model/ method with properties suitable
for the problem. 2) Address conceptual problems including thresholding and evaluation
(see Sec.3)

There is a number of methods for anomaly detection the survey of which is given in
[8], [21] and [25]. An example of a simple and popular method is one-class KNN [17] that
is bene cial for small scale data with an adequate structure. Next, there are methods
such as kernel PCA [23], kernel density estimation (KDE), robust KDE and one-class
support vector machine (SVM) that all have been dominated by neural network based
method proposed in [32] because deep architectures can learn and represent behaviour
and structure of the data more e ciently than shallow architectures like SVMs. Hence
the following text will be focused mainly on the neural networks. A paretical focus of the
work is on evaluation on real based data where the prior art is mostly lacking.

2.1 Neural networks in anomaly detection

Neural networks are utilized for anomaly detection, intrusion detection etc. in two di er-

ent ways. The rst is that the neural network detector is learned with the only regular
data as usual in anomaly detection. The result should be an anomaly score or an another
similar metric which can be thresholded. Such networks are autoencoders (see Sec.2.1.1).
The second way is a usage of knowledge about the possible outliers thus the problem is
more related to the classi cation. Despite that, it is applied as an anomaly detector (see
Sec.2.1.2). The following text expects a basic knowledge of neural networks which could
be found in 1992 Neural networks and fuzzy systems [18], 2014 Neural network design
[10] and 2016 Deep learning book [15]
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2.1.1 Autoencoders

The autoencoders are applied under various conditions with more or less su cient results.
First the autoencoder was applied on several problems in a simple way and the param-
eters of the neural network was the main issue. Then the autoencoder was extended to
deionising autoencoder which is powerful for noisy data. Finally, a few other types of
autoencoder have been introduced in last several years.

One of the earlier application was the autoencoder for credit card fraud detection [3]
introduced by Aleskerov in 1997. The paper also highlights the di culty of discovering the
optimal setup of the autoencoder and demonstrates the developed user friendly GUI tool
box for tuning the parameters. In 2005, Han proposed a paper about the methodology
of constructing an optimal structure of the autoencoder using evolutionary algorithm
[16]. Thompson demonstrated utilizing autoencoder in novelty assessment in [29]. They
recognized simulated anomalous behavior of computer with the CPU’s load metrics.

In 2008, the deionising autoencoder was introduced in [30] and extended in [31] by
Vincent. The main point of the deionising autoencoder is that the training data are noised
and as a result, the network becomes noise robust. Salt and pepper noise is frequently used
in the literature for that purpose. Sakurada utilized autoencoder and extended denoising
autoencoder for the problem of processing the spacecrafts’ telemetry data in [27]. The
paper shows an e ectiveness of dimensionality reduction with autoencoder on a noised
and correlated data from spacecrafts’ sensors. In 2014 the potential of autoencoder’s
utilizing in general on a real data is demonstrated in [9] by Dau. The paper points out
the problem of comparison among methods and tests the autoencoder on six data sets
based on a real data.

Two di erent types of autoencoder were developed in last years. The main di erence
is the substitution of reconstruction error which forms the loss function that is minimized
while training and in addition it represents the anomaly score for each sample. The re-
construction error (see Sec. 2.2) is used standardly in all the presented papers above.
Variational Autoencoder based Anomaly Detection using Reconstruction Probability [4],
introduced in 2015, utilizes the reconstruction probability instead of reconstruction error.
Moreover the autoencoder is learned such that the training data must have a Gaussian
distribution in the hidden layer. The second method Deep Structured Energy Based
Models for Anomaly Detection[32], published in 2016, de nes energy model that mini-
mizes the energy for the training set while learning. The energy has an inverse relation
to the reconstruction probability from [4]. Both methods are demonstrated as a noise
robust.

2.1.2 Other neural networks

In 1998 Cannady designed a neural network for misuse detection [7]. The neural net-
work has two output neurons that represent anomalous and legitim sample. It has nine
xed input neurons and the number of hidden layers was determined empirically. The
disadvantage compared to the autoencoder is that the training needs samples of outliers.
Meanwhile Ryan introduced neural network for intrusion detection [26] that is trained on
computer’s logs and commands to recognize individual users. Then a log is detected as
anomalous if it is assigned to another user instead of the author. This is an example of
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a good utilizing of classi cation and the author obtained results with testing on random
commands , however, the network was not tested for commands and logs not seen before.
In 2005 Sarasamma proposed Hierarchical Kohonenen net for anomaly detection in net-
work security [28]. Single and multi-layer network is performed with KDD-99 based data
set. The method is designed with an expert knowledge of the data thus feature selection
is performed in advice and network is prede ned according to types of anomalous data.
Each neuron of the layer except one represents a class of anomaly and the one is active
of the anomaly is represented in following layer. In other words, in the rst layer the
only neuron is activated during detection and then either the neuron represents type of
anomaly or it is the only one without label that suggests to go to the next layer. In
addition to these methods there are many others which are similar such as [14], [33], and
[24].

2.2 Autoencoder principle

The autoencoder which is also known as replicator neural network or autoassociative
neural network is feed forward neural network that encodes the input to a compressed
form and then decode back to replicate the input.

Figure 1: Structure of the autoencoder as an feed forward neural network that encodes the
four-dimensional vector into two-dimensional (the hidden layer) and consequently decodes
to the original space. (Credit: https://www.researchgate.net/ gure/222834127 gl_-
Fig-1-The-structure-of-a-four-input-four-output-auto-encoder)

The autoencoder is composed of the encoder and the decoder such that the encoder
observes and performs nonlinear dimensionality reduction with minimal loss of informa-
tion and similarly the decoder performs a projection from the reduced space back to the
original one. In other words, the input vectorx 2 RY is encoded toy 2 R¥ which is
projected consequently tax®2 RY.

The encoding is performed as:

y=1f (x)= a(Wx + b)

wheref is parameterized by = fW ;bg, a is an activation function, W is ad® d
weight matrix and b is a bias vector. Similarly the decoding (reconstruction) is performed
as:

x%= go(y) = a(W% + b9
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The parameters of the model are optimized with a training set = fx®;x®;::;x(Mg
thus each vectorx® 2 X can be projected toy® and x%” such that the average recon-
struction error is minimized:

. :|.>¢I : di) 1 x : :
; © =argmin - L x®;x% =argmin - L xD:gof (xM)
’ i=1 ' i=1

whereL represents a loss function which may be de ned in many ways, however, the
squared errorL(x;x9 = jjx  xYj? is the most common. [30]

Since the autoencoder is trained to minimize the reconstruction error for the training
data, tested observations that do conform to the pattern of the training data will have
smaller reconstruction error than observations that do not. As a consequence, the re-
construction error could represent the anomaly score and its analyses can be applied for
determining outliers (see Sec.3.2).

2.2.1 Denoising autoencoder

The denoising autoencoder is a modi cation of the basic method which should be noise
robust. The only di erence is that the training data are noised for each training iteration.
The already proposed methods (see Sec.2.1.1) utilize salt and pepper noise such that the
only pepper corruption is performed. However the gaussian noise was not utilized in the
searched papers.

3 Thresholding and evaluation

3.1 Sensitivity

The sensitivity is an essential issue of all anomaly detection problems. In practice, dif-
ferent setups are required according to the problem. For example, the medical tests need
to be performed high sensitively not to neglect an ill patient. On contrary, the system
health monitoring must not be too sensitive because the operator would ignore the alarm
after many false alarms. Such a widely used setup of sensitivity gives an opportunity for
a failure of the detection thus a health patient could be redundantly treated and detained
in the hospital and a system could not run optimally without an alarm. However, this is
still a better case, than a dead patient or a crashed system due to alarm ignorance.

3.2 Threshold

The threshold is a numerical representation of the sensitivity and it decides whether the
tested sample is anomalous or not according to the anomaly score. The threshold is tuned
to the optimal value for the certain application. Theoretically, if the tested subject is
simple or the test is preformed perfectly, it is possible to nd a perfect threshold with

a total true rate. In other words, the informative value of the test’'s result is in the
separability of the distribution of regular and anomalous samples (see Fig.2). In addition
to the method’s quality, the training set has a signi cant in uence on the result of the
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Figure 2: Thresholding - The graph in the upper left corner shows the distribution of
anomaly score for the regular samples (left peak) and anomalous samples (right peak).
Possible threshold is demonstrated with the vertical line and the consequential clas-
si cation is indicated with colors and labels (True negative, false negative, false pos-
itive, true positive). The ROC curve, which is plotted in lower part, demonstrates
all possible thresholds and their probability of true positive and false negative.(Credit:
https://en.wikipedia.org/wiki/Receiver_operating_characteristic)

thresholding. Therefore it is tuned as one of the last parameters depending on the known
and current data. Anyway, since the thresholds may be di erent, it is more complicated
to de ne a metric for anomaly detection performance. If there was the only threshold,
the percentage of success could be used. [5]

3.3 Receiver operator characteristics and AUC

The performance measuring of the anomaly detection method must take into account alll
possible thresholds. Receiver operator characteristics (ROC) is utilized to analyze the
performance over all thresholds. The graphical representation, which is shown in Fig. 2,
is a parametric plot that shows proportion of true positive and false positive rate for all
possible thresholds. Note that these proportions are based on the data-set as described
in previous paragraph. The curve always starts and nishes in the corners because the
lowest threshold classify all samples as positive thus the false and true positive rate is 1.
Similarly the highest threshold hits the opposite corner. In an optimal case, the curve
is plotted near the third corner that represents high true positive and low false positive
rate. On contrary, thresholding an random variable will form the curve as an diagonal.
Which means that none method should have the curve under the diagonal. To conclude,
it has been shown that the better the method is the higher the curve is plotted which
allows us to represent the quality of the method as a scalar that is independent on a
speci ¢ threshold. This metric is called area under the ROC curve (AUC) and it is often
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used in anomaly detection. [6] [13] [22] [20]

3.4 Benchmarks

Several di erent benchmark sets and metrics have been used for the anomaly detection
performance evaluation thus the comparison among the anomaly detectors is di cult.
However, several benchmark sets are more frequent in the literature than others because
they are built for a speci ¢ purpose such as intrusion detection or image recognition and
are widely used by their community.

KDD-99 [1] is a data set used for The Third International Knowledge Discovery and
Data Mining Tools Competition, which was held in conjunction with KDD-99 The Fifth
International Conference on Knowledge Discovery and Data Mining. The competition
task was to build a network intrusion detector, a predictive model capable of distinguish-
ing between bad connections, called intrusions or attacks, and good normal connec-
tions. This database contains a standard set of data to be audited, which includes a wide
variety of intrusions simulated in a military network environment.

MNIST [19] is a database of handwritten digits. It has been created as a sample
of NIST database and the data have been preprocessed and formatted for easier usage.
These data are real world based and widely used for image recognition and many other
machine learning branches due to the simpli cation of MNIST set.

99 DARPA IDEVAL [2] is a data set for intrusion detection. It contains network
tra c and audit logs collected on a simulation network in three weeks. The rst and
third week does not contain any attack contrary to the second week when the network
faced various types of attack.

The great advantage of using one of these sets is the comparability of the results
among methods. On the other hand, the data sets presented above could be declared as
obsolete for the issues in present. In addition to that, the sets are narrowly focused on a
speci ¢ problem thus they are inappropriate to create a general benchmark for anomaly
detection. As a consequence, many authors in the led of anomaly detection rather
constructed their own arti cial data because the existing data sets were too di erent
from their problem.

In 2014 Sakurada [27] constructed arti cial data from Lorenz system for the purpose
of processing the spacecrafts’ telemetry data. In 2014 Dau [9] created the data sets by
their own from the multi-class problem in the UCI machine learning repository. In 2005
Sarasamma [28] used an expert knowledge of KDD-99 (internet security) to present his
method to operate optimal. He selected only the most representative features in advice,
prede ned several classes of outliers to the model and moreover, modi ed the data set.
However, this could have signi cantly a ect the performance. Such an approach prefers
the best results under given conditions (typically used in practise) rather than measure
the performance of the proposed method in general.

In 2013 Emmott probably reacted on the situation of missing general comparison
data set for anomaly detection and introduced his methodology of creating such sets with
using multi-class data set from the UCI repository in [12]. Besides creating a number of
carefully selected sets, they also measured performance of 6 popular methods for anomaly
detection and demonstrated their score. There is a large number of various multi-class
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data sets usually based on a real data in the UCI repository hence the constructed sets
for anomaly detection are real-based. The performance evaluation could be more e cient
and general due to utilizing a number of di erent sets. This might be a breakthrough in
anomaly detection performance measurement if other researchers start to utilize it. In
2014 Dau considered these methodology as the most advanced [9].

4 Proposed experiment

The aim of the experiment is to evaluate the selected state-of-the-art approach with the
most advanced benchmark data for anomaly detection because their evaluation is not
covered properly with a uniform and well de ned data set in the literature (see Sec. 3.4).
A similar idea was implemented in [9] but the author did not manage the original set and
did not replicate the methodology from the Emmott’s work [12].

A feed forward replicator neural network is utilized with several di erent setups. The
number of input and output neurons is equivalent to the dimension of the data set. We
use the following approach to nd out the near-optimal size of the "bottle neck (see Fig.
1)":

1. The required variations are prede ned. Exactly: 0.7, 0.8, 0.9, 0.95, 0.97 and 0.98.

2. Number of dimensions (neurons) is computed to preserve the variations in the
following way:

(a) PCA is performed and the variation of each component is the matter.
(b) The components are sorted with respect to the variation.

(c) The components are excluded consequently from the smallest one until the
variance of the rest forms the required proportion.

(d) The number of the included components is the result.

3. The experiment runs for each number of neurons in the "bottleneck” many times
and the results are averaged.

4. The best number of neurones is selected according to the results.

The algorithm above is an heuristic algorithm applicable generally. The best results
are expected for the chosen variance. However, the optimal number of neurons can only be
found with trial and error method for all possible values. Such an approach is mentioned
in the literature and is well applicable if the number of sets is low.

The utilized activation functions is ReLU ( (x) = max(0;x)) and linear (f (x) = x).
The experiment is performed with autoencoder consisting of 4 layers: Input(ReLU), bot-
tleneck(ReLU), output-hidden(ReLU), output (linear). The anomaly score is computed
as the reconstruction error in and the AUC of ROC evaluates the results (See Sec. 3.3).

The evaluation is performed with 29 data sets that were created in accordance to the
Emmott methodology proposed in [12]. The utilized datasets represent various problems
from the real world and have di erent properties such as dimension and number of ele-
ments. Each data set is composed of the target class (regular data) and anomalous data
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at four levels of di culty to detect: easy, medium, hard, very hard which are tested sep-
arately and are assumed as separate data sets in the following text. Random sampling is
performed such that 75% of the regular data are included to the training and the rest to
the validation. The number of sampling iterations is eight and input data are normalized
to [0,1].

Evaluation over multiple data sets o ers many sophisticated methods that are not
described in detail. However the survey is given in Statistical Comparisons of Classi ers.
over Multiple Data Sets [11].

The rst experiment compares the performance of the basic autoencoder and the PCA
with kernel density estimation. Pairwise comparison over multiple data set is carried out
with scoring a point for each data set as shown in Tab.1. In other words the comparison
counts the number of sets where the method outperforms the other.

Table 1: Performance comparison of basic autoencoder and PCA with kernel density

Winning method easy medium hard very hard Sum
Basic autoencoder 14 14 13 7 48
Tie or missing data 1 1 4 8 14

PCA and kernel density estimation 14 14 12 14 54

The second experiment compares the performance among the four selected methods
(see Tab. 2). The noise "intesity" was selected from values 0.2, 0.1, 0.05 and 0.01 in order
to optimize the performence. The "intensity" represents proportion of corupted features
for the pepper noise and variance for the gaussian noise. Friedman ranking is utilized
for comparison such that lower rank means better performance. The Table 2 shows that
denoising autoencoders outperofrm the PCA and that the gaussian noise is more suitable
for the real-based data.

Table 2: Performance comparison among all methods

Method Friedman rank
Basic autoencoder 2.94
Denoising autoencoder with pepper noise 2.53
Denoising autoencoder with Gaussian noise 2.02
PCA and kernel density estimation 2.51

4.1 Discussion

The results indicate that the Gauss denoising autoencoder have better performance than
PCA and other methods on real data in general. An unexpected observation is that the
Gaussian noise has a better performance despite that the salt and pepper noise is mainly
used in the literature. Possible explanation is that the "salt and pepper" deionising
autoencoder is robust to the missing values and that could be the case of their testing
data.

The performance comparison of autoencoder over such many sets that are constructed
on more di culty levels has never been done. The statistical signi cance should be proved
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to declare that any method is signi cantly better than other. The performance of the
methods in the rst proposed experiment is not signi cantly di erent according to the
Wilcoxon signed-rank test. The same for the second experiment where the Friedman test
was performed. The obtained critical value i€ = 6:1 but the required value for =0:1
isQ=7:78

5 Conclusion

The anomaly detection topic was introduced with a focus on the neural networks and
especially the autoencoders, the principle of which is explained in Sec.2.2. The di culties
of evaluation with respect to sensitivity and the state of the benchmark sets in present
were discussed in Sec.3.

The performance of four methods for anomaly detecion (PCA based and three types of
AE) was compared with using 116 di erent problems (data sets). The experiment showed
that the noise robust autoencoder could outperform PCA. However, the comparison of
these methods over multiple data sets, does not proof that any method is better for all
sets but only for more sets than any other method. In other words, there might be a
number of data sets for which the worst ranked method is the most suitable. Moreover,
the tests (Wilcoxon and Friedman) did not prove the signi cance of the results.

It was discovered that there an universal method has not been Discovered yet (At
least among the autoencoders) and the existing have many imperfections such as abilities
to detect di cult data, no general key to nd out the optimal structure and properties
of the neural network etc... Solving that is a future challenge. Especially with respect
to the increasing importance of applications on big data with di cult properties, both
robust and sensitive methods will be required.
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Abstract. This paper presents rst part of support of distributed computing systems in the
Template Numerical Library (TNL). This library is developed at Department of mathematics

at FNSPE. The TNL library uses the Message Passing Interface (MPI) for communication be-
tween compute nodes, since it is the most often communication standard on high performance
computing clusters. This paper shortly presents a domain decomposition of a regular rectan-
gular mesh and some implementation details which is used in the TNL library. A performance
measurement is presented at nal section.

Keywords: Cluster, Domain decomposition, MPI, TNL

Abstrakt. V t@to prAEci prezentujeme prvn kroky v plidZn podpory distribuovan ch v potet-

n ch systdmg do knihovny Template Numerical Library (TNL), kter/&E je aktivh vyvjena na
katedle matematiky na FJFI. Pro komunikaci mezi v potetn mi uzly vyu vZ& knihovnha TNL
standarad Message Passing InterfaceMPI), proto e je jedn m z nejroz, ten j, ch zpgsobg ko-
munikace mezi v potetn mi servery na clusterech pro vysoce v konnd pot t&An . V tomto LIAEnku
nejdt ve ptedstav me pou it pravideln ch pravocehl ch st v TNL a dZle se zam t me na imple-
mentaci distribuovan ch st v knihovn TNL. ZAv rem tdto prAce ptedstav me v sledky m ten
rychlosti synchronizac distribuovan@ st .

Kl LtovA slovaCluster, Dom@nov4A dekompozice, MPI, TNL

1 vod

Meassage Passing Interface (MPI) je standard pro komunikaci na clusterech pro vysoce
v konn@ pot tAn . Je primZ&rn navr en pro komunikaci mezi servery, ale dA se vyu t i
pro meziprocesovou komunikaci bez jak@hokoli zAsahu do aplikace. Tento standard mA
v ce implementac , mezi nejzn/£m j, patt OpenMPI [2], MPICH [3], Intel MPI [1] a dal, .
Pro testovAEn jsme zvolili knihovnhu OpenMPI, ov,.em d ky standardizaci je mo nd ptelo it
knihovnu TNL i s jinou implementac MPI. Mezi zA&kladn funkce MPI patt blokujc a
neblokuj c zas|&n zpr/v, dAle rozes |IA£n hromadn ch zprAv a redukce.

Template Numerical Library (TNL)[4] je numerickZE knihovna vyv jen/& na katedte
matematiky FJFI a je zam ten/ na v pokty na v cej/&drov ch procesorech (CPU) a na

Tato prAEce vznikla za podpory projektg CERIT Scientic Cloud (LM2015085) a CESNET
(LM2015042) nancovan ch z programu M'MT Projekty velk ch infrastruktur pro Vaval.
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gra ck ch kart£ch rmy nVidia podporuj ¢ ch technologii CUDA (GPU). Pomoc ,ab-

lon jsou implementovAny zAkladn i pokrotild objekty pro rezn hardware, co umo uje
pouhou zm nou ,ablonov@@ho parametru zm nit hardware, na kterdm celoha bude pot -
t/Ena, bez dal, ch zAEsahg do k du. Knihovna TNL podporuje v potty na strukturovan ch
pravocehl ch s t ch, tak i nestrukturovan ch st ch.

Prvn m LASst knihovny TNL s podporou distribuovan ch systdmg je podpora dekom-
pozice vt,ch strukturovan ch pravocehlch st mezi vce vpotetnch uzlg. V tomto
LlI/Enku ptedstav me dom@novou dekompozici 1D, 2D a 3D st. Knihovna TNL s touto
podporou bude schopn/Z provZd t napt klad v potty explicitn ch te,itg na distribuova-
n ch systdmech. Jako ptklady budeme uvAEdt 2D s », implementovAEna byla i 1D a 3D
S ».

2 Dekompozice 2D a 3D st

Dekompozice st mezi v ce uzlg prob h/A nAsleduj c m zpgsobem. S » rozd | me na pod-
st, kterd jsou pokud mo no stejn velkd, a dA&le tyto lok&EIn st zvt, me o ptekryv

se sousedn m v potetn m uzlem. Velikost ptekryvu vol me dle celohy. Napt klad te,, me-li
Laplaceovu rovnici pomoc explicitn ho sch@matu konetn ch diferenc , pak n£m stat. pte-
kryv jednoho prvku. Na obrZ&zku 1 je dekompozice 1D st a na obr/AEzku 2 je dekompozice
2D st. Na obrAzku 3 je ,ipkami naznatena komunikace pro 8-mi okol . Volba okol tak@d
z/Evis celoze. Naptklad v ,.e zm n n diskretizovan Laplacegv oper/tor zAvis pouze na
4 okoln ch bodech. Pak je zbytetn@ v r/Emci dekompozice st uva ovat 8-mi okol , kter@
bere v cevahu i rohov@d sousedy. Stejn zpgsobem Ize provdst i dekompozici ve 3D. Zde
se mg eme bavit o 6-ti okol , pro sousedstv ptes stny, o 18-ti okol pro sousedstv ptes
hrany a st ny a pIn@ 26 okol .

Volba okol tak@ urkuje potet navAEzan ch spojen mezi v potetn mi uzly, co mge
mt vliv na rychlost komunikace. Druh parametr, kter mA& zAsadn vliv na rychlost
komunikace je mno stv pten/,ench dat. Zde maj nejvt, ptsp vek hrany pro 2D a
stny pro 3D. Mno stv pten/Z&,en ch dat zAvis na velikosti st a na pottu v potetn ch
uzlg a jejich distribuci. V nZ&sleduj ¢ m pt kladu uva ujme 2D s » a 4 okol . Nech» st mA
n m prvkg a mAEme v potetn ch uzlg, dZ&le nechiN Ize rozlo it na soutini . Pak
potet pten&,ench prvkg stS je

S=m( 1+n(i 1)
a potet navAEzan ch spojen je
P=(i L1j+(j i

Pro lep, ptedstavu vlivu distribuce uzlg na tyto parametry uve me tabulku pro rgzn@
distribuce PEp_S »100 100a pro 24 uzlg. Teoretickd minimum ptenesen ch dat nastAEvAe
proi =] = N, vych/z-li celot seln.

Nakonec tdto LAsti uve me, e velk@d v potetn clustery mvaj kruhov@d s »ovd topolo-
gie, kterd je pro tento typ distribuce st velmi vhodn. KruhovAE s »ovA technologie mA
pt m@ propojen sousedn ch uzlg. Pt spr/AEvn@dm namapovAEn na, oelohy na cluster maj
sousedn uzly, ve smyslu dekomponovand st , pt m@ propojen a neblokuj s »ov provoz
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ObrAEzek 1: Dekompozice 1D st s 15 prvky mezi 3 v potetn uzly. hlopttn m ,rafovZ-
n m jsou vyznateny ptekryvy mezi v poketn mi uzly, ,ipkami je naznatena komunikace
mezi nimi a svisl m vinit m ,rafovAEn m jsou vyznateny hranitn prvky st.

Distribuce | Potet prvkg Potet spojen
1 24 2300 23
2 12 1200 34
3 8 900 37
4 6 800 38

Tabulka 1: Potet ptenesen ch prvkg st a potet navAEzan ch spojen mezi v potetn mi
uzly v zAvislosti na zvolen@d rozlo en 24 v potetn ch uzlg do dvojrozm rn@d mit e. De-
komponovan/Z s » ni) 100 elementg.

Jin@ komunikaci, ptenosy pak prob haj pin paraleln . MA-Ii cluster kruhovou s » o ni,,
dimenzi, ne na,e s », pak je vhodnd dekomponovat s » prAEv v dimenzi kruhovd st.

3 Distribuovan Grid v TNL

Nejdt ve se pod v/Eme jak je strukturovan/ pravooehl/E s » v TNL implementovAEna. Tato
S » je reprezentov/Ana ,ablonovou tt dégrid. Tt da gridu sama nenese data s »ov@d funkce
vyhodnocovan@ na tdto s ti. Pouze popisuje prostorovd uspot/EdAEn uzlg, bun k i hran, ob-
sahuje soutadnice potAtku a prostorov krok. Nad t mto gridem se vytvAEt s »ovAE funkce,
reprezentovan/ tt doMeshFunction Tato tt da spojuje informace o gridu s pamt alo-
kovanou pro jednotlivd hodnoty funkce. Ty se uklAdaj v t,inou do tt dyector.

Grid poskytuje pro pr&ci s s »ovou funkc thi zAEKkladfraversary. Prvn z nich vy-
hodnocuje pouze vnitin prvky st, druh vyhodnocuje v,echny prvky st a posledn
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Obr/Azek 2: Dekompozice 2D st12 12 prvky mezi 9 v potetn ch uzlg. hlopttnm
.rafovZEn m jsou vyznateny ptekryvy mezi v potetn mi uzly a svisl m vinit m ,rafov/En m
jsou vyznateny hranitn prvky st.

vyhodnocuje pouze okrajov@d prvky st, kde prvky mohou bt bu ky, hrany nebo uzly
st. Tyto zAkladn traversary jsou vyu vAny ttdami oper/torg, Li jin mi tt dami pra-
cuj ¢ mi se s »ovou funkc . Pou it pravideln@ pravooehld v TNL je pak nZsledu;jc:

typedef MeshType Grid<2,double,Host,int>;
MeshType grid(size);

int dofsize=grid.getEntitiesCount()
Vector<double, Host, int> dof(dofsize);

MeshFunction<MeshType,2,double> meshFunction;
meshFunction.bind(grid,dof)

functionevaluator.evaluateAllEntities(meshFunction,
somefunction);

Pro implementaci dekomponovand st jsme zavedli tt dDistributedGrid. Tento objekt
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Obr/Azek 3: Detail komunikace 2D dekomponovan@d st . Vyznatend jsou kop rovand entity
pro v potetn uzel vlev@d horn LAsti obrAzku. cehlopt £n jsou vy, rafovAEny odes lan@ entity
tohoto uzlu, vinit jsou vy,rafovZEny prvky ptij man@ t mto v potetn m uzlem.

nenahrazuje pgvodn grid, pouze uchovAEVA informace o distribuci st mezi v potetn mi
uzly, velikosti lok&EIn st, velikosti ptesahg a podobn . Distribuovan grid na ka ddm

v potetn m uzlu tak@ ptedpot tZ t sla sousedn ch v potetn ch uzlg v,emi smry, pokud
existuj . Pokud je v potetn uzel na kraji pgvodn st, pak nemA t mto sm rem souseda

a distribuovan grid si pro tento smr ulo tslo 1. Dky tomu je snadn@ a rychl@
ve v poktu urkit, zda v potetn uzel obsahuje dan m smrem okrajov@d entity, Li zda
mA dan m sm rem plesah. Nakonec distribuovan grid obsahuje metodu, kter& nastav
parametry lok&EIn st ptedstavovan@d pgvodn m gridem tak, aby jednotlivd lokAIn +AEsti
na sebe navazovali. LokZ&EIn grid pak obsahuje pouze ptesahy ve smrech kde mA dan
v potetn uzel souseda.

Pro sprAvnou funkknost traversarg plibyla gridu reference na distribuovan grid. Po-
kud nen nastavena, pak se pou ij pgvodn traversary. Pokud je nastavena, vyhodnocuj
se pouze entity mimo ptesahy a hranice se vyhodnocuj jen na v potetn ch uzlech zpraco-
vAEvajc okraj st. Tyto informace z sk/Evaj traversary prAv z objektu distribuovan@ho
gridu.

Po vyt slen s »ov@d funkce je potteba doplnit hodnoty s »ov@ funkce v ptesaz ch. K
tomuto cetelu byl sestaven n/EstistributedGridSynchronizer kter u ivateli zakr vAE
ve,kerou pr&ci s MPI. Tato tt da v konstruktoru podle distribuovan@ho gridu, kter pte-

b r/&E jako parametr, ptedpot t4& velikosti poslanch dat jednotliv mi smry a vytvot
zas lac a pfijmac buery. Po zavol/£n funkce synchronize, kter/E bere jako parametr



74 V. Hanousek

tt du s »ov@d funkce, kter/E mA bt synchronizovZ&Ena, napin plijmac a odeslac buery
daty z lok&EIn s »ov@d funkce a zajist komunikaci, pomoc asynchronn ho zas |AEn zpr/v
MPI. Funkce provede zahZ&jen pos|&An v,ech zprAEv pomoc fuvitelsenda zah/Zjen

pt jmu v,ech zprAEv pomoc funkc#PI _Irecv a pot@ potkA na dokonten v,ech operac po-
moc funkceMPI _Waitall. Pro funkce MPI _Isenda MPI _Irecv byly vytvoteny ,ablonovd ,

kter@ automaticky dopluj parametr MPI _Type, dle typu zas lan ch dat. Dt ve uveden

pt klad pou it gridu v TNL se pti roz, ten na distribuovan systdm zm n nZsledujcm
zp@sobem:

typedef MeshType Grid<2,double,Host,int>;

MeshType globalGrid(size);
DistributedGrid<MeshType,2> distributedGrid(globalGrid);
MeshType localGrid;
distributedGrid.SetupGrid(localGrid);

int dofsize=localgrid.getEntitiesCount()
Vector<double, Host, int> dof(dofsize);

MeshFunction<MeshType,2,double> meshFunction;
meshFunction.bind(localgrid,dof);

functionevaluator.evaluateAllEntities(meshFunction,
somefunction);
distributeGridSynchronizer.Synchronize(distributedGrid,
meshFunction);

Nakonec uve me, e distribuovan grid v TNL pro rozm stn v potetn ch uzlg do 2D

ti 3D mt e vyu VA funkci MPI_Dims_create Tato funkce umo uje u ivateli vynutit
distribuci uzlg v n jakdm smru rukn . Distribuovan grid tento zpgsob ovlivh n roz-

m st n v potetn ch uzlg umo uje pomoc voliteln@ho parametru, kter pracuje stejnm
zpgsobem. D ky tomu mg eme dosAhnout jednodimenzionZIn dekompozice 2D st . Dis-
tribovan grid i synchronizer podporuj plnohodnotnZ okol , tedy ve 2D 8-mi okol , a ve
3D 26-ti okol . Podpora volby okol bude ptid&Ena pozd ji.

4 Mien

Pro testov/En na, implementace distribuovan@ho gridu jsme sestavili nAsleduj ¢ aplikaci.
Aplikace vytvot 2D distribuovan grid na kterdm n kolikr&£t vyhodnot lineZrn funkci.

Po ka ddm vyhodnocen funkce provede synchronizaci s »ovd funkce. M t me prgm rnou
dobu synchronizace, prgm rnou dobu vyhodnocen line&rn funkce a celkovou dobu b hu
programu. Velikost st a potet opakovAEn z/Apisg jsou programu ptedZEny jako parametr.
Potet v potetn ch uzlg je dAn parametrem ptedAvan m spou,t ¢ mu programmpirun.



Podpora distribuovan ch v potetn ch systdmg v knihovn TNL pomoc MPI 75

Distribuce \ 500 1000 2000 4000 8000 16000 32000
(2,2) 0,60 042 064 058 0,76 1,44 241
(4,2) 040 045 052 083 1,62 232 448
(1,4) 064 069 050 0,73 063 1,02 1,30

Tabulka 2: prem rn/A& doba synchronizace v milisekundZch pro rgzn/4 rozd len 4 v potet-
n ch serverg pro rgzn velkd st. Rozd len je uvedeno v prvn m sloupci ve tvaru uspot4-
dan@ dvojce pottu uzlg v ose X av ose Y. St byly ttvercovd o hran uvedend v prvn m
tAEdku.

\ 500 1000 2000 4000 8000 16000 32000
3,2)| 047 0,73 057 084 113 166 2,95
(6,1) | 0,38 0,18 0,28 052 110 185 3,70
(1,6)| 0,23 0,24 0,21 0,26 059 0,49 0,86

Tabulka 3: prem rn/Z& doba synchronizace v milisekundZch pro rgzn/4 rozd len 6 v potet-
n ch serverg pro rgzn velkd st. Rozd len je uvedeno v prvn m sloupci ve tvaru uspot/-
dand dvojce pottu uzlg v ose X av ose Y. St byly ttvercovd o hran uvedend v prvn m
tAEdku.

Celkov byly sestaveny 3 aplikace, prvn vol rozlo en v potetn ch uzlg pomoc zmio-
van@d funkceMP| _Dims_create, druhZ vynucuje rozlo en v potetn ch uzlg pouze v ose X,
a tlet pouze v ose Y.

Dgvodem pro porovn/Z&n linern ch rozlo en v potetn ch uzlg v os/Ach X a Y je sku-
tetnost, e data s »ov@ funkce jsou v pam ti ulo eny v jednorozm rn@m poli po tAdc ch.
Pti rozd len v potetn ch uzlg v ose Y se do pos lac ch bu erg kop ruje prvn a posledn
t/Edek, tedy data v pam ti ulo en/ za sebou, zat mco pti rozd len v potetn ch uzlg v ose
X se do pos lac ch bu erg kop ruje v dy prvn a posledn prvek ka d@ho tAdku, tud se s
pam t nepracuje efektivn . Jak ukAzalo mten mA tato skutetnost zAEsadn vliv na dobu
synchronizace pti komunikaci po rychldm rozhran In niBand.

M ten byla provedena s 20 z/Apisov mi cykly na s tch o rozm rectb00 500 1000
100Q 2000 200Q 4000 400Q 8000 800Q 16000 16000a 32000 32000elementa.
Postupn byly v,echny th aplikace spou,tny na 1 a 9 v potetn ch uzlech. V potetn
uzly byly exkluzivh vyhrazeny pouze pro toto mten, ov,em s »ovd prvky In nibandu
exkluzivn vyhrazeny nebyly, co mohlo ovlivnit mten . Mten na 2 v potetn ch uzlech
bylo ukonteno chybou, pravd podobn zpgsobenou infrastrukturou v potetn ho clusteru
na kterdm byl v potet spou,t n, proto je ve v sledc ch neuvAEd me.

Z nam ten ch dat jsme vybrali n&Esleduj c v sledky. V prvn ch ttech tabulkZch jsou
uvedeny prgm rn@ tasy synchronizace dat pro r@zn/ rozd len v potetnch serverg a
regzn velkd st. V tabulce 2 jsou rozdlen kttyt uzlg, v tabulce 3 jsou rozd len ,esti
uzlg a v tabulce 4 rozd len osmi uzlg. Z prezentovan ch v sledkg je vid t, e rozd len
serverg v ose Y je v synchronizaci nejrychlej, i za cenu v ce pten/Z,en ch dat. Z ostatn ch
v sledka, zde neprezentovan ch je patrn@ e line&rn rozdlen v potetnch uzlg v ose Y
je vdy v hodnj, ne rozdlen uzlg v ose X.

V tabulce 5 uvAEd me porovnZn dob synchronizace pro lineZ&rn rozd len v poketn ch
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\ 500 1000 2000 4000 8000 16000 32000
(4,2) 044 048 0,68 0,77 094 149 286
(8,2) 066 050 0,83 1,07 154 235 3,78
18052 o,70 0,71 100 085 0,87 1,37

Tabulka 4: prem rn/A doba synchronizace v milisekundZch pro rgzn/4 rozd len 8 v potet-
n ch serverg pro rgzn velkd st. Rozd len je uvedeno v prvn m sloupci ve tvaru uspot4-
dan@ dvojce pottu uzlg v ose X av ose Y. St byly ttvercovd o hran uvedend v prvn m
tAEdku.

3 4 5 6 7 8 9
500x500 |0,06 0,64 0,09 0,13 0,40 0,52 0,11
1000x1000 | 0,08 0,69 0,11 0,14 0,40 0,70 0,37
2000x2000 | 0,25 0,50 0,40 0,212 0,21 O,71 0,43
4000x4000 | 0,19 0,73 0,21 0,26 0,50 1,00 0,22
8000x8000 | 0,25 0,63 0,28 0,59 0,57 0,85 0,36
16000x16000 0,35 1,02 0,56 0,49 0,77 0,87 0,51
32000x32000 0,62 1,30 0,68 0,86 0,83 1,37 1,06

Tabulka 5: pregm rn/A doba synchronizace v milisekundZch pro rgzn@ potty v potetn ch
uzlg v line&rn distribuci v ose Y a roznd velikosti st . Velikost st je uvedena v prvn m
sloupci, a potty v potetn ch uzlg v prvn m tAdku.

uzlg v ose Y pro rgznd potty v potetn ch uzlg a rgzn velk@ st. Z v sledkg je patrnd,
e mten bylo ovlivn no vnj, mi vlivy, proto e pregm rn/& doba synchronizace pro 8
v potetn ch uzlg vych/&Az znateln del, ne doba synchronizace pro 9 v potetn ch uzlg.
Pro porovnZ&n uvAd me takd tabulku 6 s pram rn mi dobami vyhodnocen line&rn funkce
na synchronizovan@ s ti. Pro nejvt, dv testovand st synchronizace ptedstavuje m@n
ne 5% celkov@ho tasu.

Nakonec uve me standardn porovnZAn celkov@d doby b hu aplikace pro rgzn pottech
v potetn ch uzlg a razn@ st. Pro porovnAEn byly zvoleny tasy pro line/&rn rozlo en
uzlg v ose Y proto e vt,inou byly nejrychlej, . Tabulka 7 uvAEd dobu b hu aplikace v
z/Evislosti na velikosti st a poktu v potetn ch uzlg, tabulka 8 uvAEd vypottend urychlen
a tabulka 9 uvAEd vypottenou efektivitu. Z namtench dat je vidt, e i velmi rychlA
synchronizace mA negativn velk vliv na celkovou efektivitu. Proto bude dZle do knihovny
TNL ptidAna podpora pro ptekryt v pottg a synchronizace. Uve me takd, e v celkovd
dob je zahrnuta tak@ cevodn tAst programu, kter/E mA tak@ na celkovou efektivitu vliv.

5 ZAver

V tomto tIAnku byla prezentovAEna implementace dekompozice pravideln@ pravocehl@d st v
knihovn TNL. ImplementovAna byla dekompozice 1D, 2D i 3D s t, princip synchronizace
dekomponovan@d st byl vysvtlen na 1D a 2D s ti. Pro 2D s » byla sestavena a spu,t na
testovac aplikace, kter&£ odhalila, e na rychidm rozhran Inniband mA velk vliv na
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1 3 4 5 6 7 8 9
500x500 0,34 0,75 1,06 1,09 1,09 1,57 1,66 1,80

1000x1000 | 1,06 1,12 1,24 1,52 1,42 1,72 1,61 1,65
2000x2000 | 4,62 2,34 2,25 2,22 2,16 2,28 2,14 1,96
4000x4000 | 16,74 6,78 5,48 4,64 4,31 4,02 3,62 3,95
8000x8000 | 59,20 23,31 17,89 14,68 13,48 11,87 10,43 10,30

16000x16000 222,94 79,94 60,78 102,50 45,66 41,78 3594 33,74

32000x32000 899,60 305,72 225,66 182,22 165,01 139,85 121,45 249,77

Tabulka 6: prem rn/AE doba vyt slen linef&rn funkce v milisekundZch pro rezn@ potty
v potetn ch uzlg v line&rn distribuci v ose Y a rgzn@d velikosti st. Velikost st je
uvedena v prvn m sloupci, a potty v potetn ch uzlg v prvn m tAEdku.

1 3 4 5 6 7 8 9
500x500 0,008 0,017 0,035 0,024 0,025 0,040 0,044 0,039
1000x1000 | 0,030 0,026 0,040 0,034 0,032 0,043 0,047 0,042
2000x2000 | 0,113 0,058 0,061 0,057 0,051 0,053 0,060 0,052
4000x4000 | 0,413 0,169 0,148 0,115 0,106 0,103 0,104 0,095
8000x8000 | 1,471 0,570 0,456 0,365 0,340 0,302 0,272 0,260
16000x16000 5,412 1,957 1,500 1,261 1,109 1,015 0,889 0,845
32000x32000 21,237 7,332 5,476 4,453 3,983 3,391 2,977 2,847

Tabulka 7: doba b hu aplikace v sekundAch pro rgznd potty v potetn ch uzlg a rgzn
velkd st.

3 4 5 6 7 8 9
500x500 (05 0,2 03 03 0,2 0,2 0,2
1000x1000 |11 oO0,7 09 09 0,7 06 0,7
2000x2000 (2,0 1,8 20 22 21 19 22
4000x4000 | 2,4 2,8 36 39 40 40 43
8000x8000 | 2,6 3,2 4,0 43 49 54 57
16000x16000 2,8 3,6 43 49 53 6,1 64
32000x32000 2,9 39 48 53 63 7,1 75

Tabulka 8: urychlen aplikace v sekund/Zch pro rgzn@ potty v potetn ch uzlg a rgzn velkd
St.
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3 4 5 6 7 8 9
500x500 |16 6 7 6 3 2 2
1000x1000 | 37 18 17 15 10 8 8
2000x2000 | 65 46 39 37 30 23 24
4000x4000 | 81 70 72 65 57 50 48
8000x8000 | 86 81 81 72 70 68 63
16000x16000 92 90 86 81 76 76 71
32000x32000 97 97 95 89 89 89 83

Tabulka 9: efektivita paralelizace aplikace v procentech pro rezn@ potty v potetn ch uzlg
argzn velkd st.

rychlost synchronizace uspot/EdAn kop rovan ch prvkg st v pam ti. Z nam ten ch dat
se nejv hodn j, jev line&rn rozdlen uzlg v ose Y. Mten bylo prozat m provedeno na
mal@m pottu v potetn ch uzlg, do budoucna bude roz, teno alespo na 20 uzlg. Pro vt,
testy n/Em prozat m nen dostupn/ infrastruktura.

Mezi dal, kroky pro dokonten t@dto t/Esti patt implementace ukl£dAn dekompono-
vand s »ov@d funkce do souboru, podpora ptekryt v poktu se synchronizac a podpora
synchronizace men, ch okol . NAsledovat by m la podpora dekompozice st mezi v ce
GPU.

Literatura

[1] Intel co: Intel MPI Library
https://software.intel.com/en-us/intel-mpi-library ,
Online, [29.9.2016]

[2] Open MPI: OpenMPI Homepage
https://www.open-mpi.org/
Online, [29.9.2016]

[3] MPICH: MPICH Homepage
https://www.mpich.org/
Online, [29.9.2016]

[4] TNL: Template Numerical Library Homepage
http:tnl-project.org/ ,
Online, [29.9.2016]



Using CMA-ES for Black-box Tuning
of Coupled PID Controllers in Simulations

Kate ina HenclovZ4AE

2nd year of PGS, email:katerina.henclova@fjfi.cvut.cz
Department of Mathematics
Faculty of Nuclear Sciences and Physical Engineering, CTU in Prague

advisor: VAclav m dl, Department of Adaptive Systems
Institute of Information Theory and Automation, CAS

Abstract.  Proportional integral derivative (PID) controllers are important and widely used
tools of system control. However, tuning their gains is a laborious task, especially for complex
systems with multiple coupled controllers. To minimize the time and e ort spent tuning the
gains in a simulation software, we propose to formulate the problem as a black-box optimization
problem and solve it with an appropriate method.

We introduce two applications of tuning PID controllers in simulations: combustion engines
and an AC lter. For each, a be tting objective function is derived and the resulting problem
is successfully solved by a variant of CMA-ES. For the rst application, the performance of
CMA-ES, PSO and SHADE is compared and the winning method’s practical applicability is
veri ed on models of real production engines.

Keywords: CMA-ES, black-box optimization, PID controller

Abstrakt. PID (propor£n , integragn , derivaEn ) regul/tory jsou dele”it m a firoce pou” van m
nAstrojem pro zen syst@dme. Ovtem naladit jejich jednotlivd slo’ky me”e bt slo”itd, obzvlATt-

v p pad¥ komplexn ch syst@dme s v ce navz/Ajem se ovlivcuj ¢ mi regul&tory. C lem tdto price je
minimalizovat £as a cesil nutn@ k nalezen sprAvndho nalad¥n regulAtore v simulaEn m softwaru.
Probl@dm formulujeme jako black-box optimalizaEn celohu, kterou n&Esledn¥ et me pomoc vhodn@
metody.

Zab v/Eme se dv¥mi konkr@tn mi aplikacemi lad¥n PID regul/tore pomoc simulac : vzn¥tovd
motory a AC ltr. V obou p padech odvod me vhodn@ cefelov@ funkce a v slednou celohu et me
pokro£ilou verz metody CMA-ES. V celoze s motory srovnfEvAEme CMA-ES s PSO a SHADE
a u”iteEnost v t¥zn@ metody je ov¥ ena na lad¥n regul/Etore v modelech skute£n¥ pou” van ch
motore.

Kl £ovA slovaCMA-ES, black-box optimalizace, PID regulAtor

1 Introduction

In a controlled system, PID controllers ensure that given quantities remain constant or
within given range. For example, in a room with air-conditioning and/or heating and

a temperature sensor, a PID controller keeps the temperature at the pre-s&t C. The
principle remains the same for more complex systems such as a running combustion engine

This work has been supported by grant 260007 Stradi.
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or an AC lter, where multiple controllers may be present and a ect each other (i.e. be
coupled).

An engineer’s task is to tune the gains of all the controllers, so that the system’s
behavior is satisfactory, i.e. all controlled quantities get to and remain at desired levels.
For nancial and time reasons, this is often done rst with the help of simulations before
dealing with physical equipment. This work focuses on the use of such simulations and
suggests a method that is to aid engineers in their task without the need to analyze
the given system. For combustion engine simulations, 1D dynamics simulation software
WAVE is used [18]. This part is largely based on the author’s preprint paper [10]. For
AC lIter simulation, Matlab Simulink [16] and PLECS [1] software combination is used.

The need to solve both these problems arose from industrial applications. Presently,
manual work makes up a major part of the controller tuning process. This lengthy
procedure is based on trial and error and requires a knowledgeable and experienced control
engineer. For systems with a single controller (or multiple but decoupled controllers),
simple rules of thumb (e.g. Ziegler-Nichols) can be employed. Similar, already-solved
problems can also provide a guideline. However, when having a complicated or unique
system of coupled controllers, the complexity of the task makes it very di cult to solve
even for an experienced control engineer. Moreover, in our application of PID controllers
in combustion engine models, other professionals need to tune the controllers as well,
creating the need for a simple-to-use, robust tool. We aim to deliver a method that
would eliminate or signi cantly lower the need for manual tuning. It should nd a
solution within acceptable time and with as little user interaction as possible. When
combined with simple tuning rules or educated guess, our method is to use the provided
solution approximation as a starting point and quickly nd a more re ned solution.

The PID tuning problem with either one controller or multiple but decoupled or sym-
metric controllers can be and has been reformulated as a black-box optimization problem
and solved with an appropriate method. Evolutionary algorithms have been used, e.g.
genetic algorithm [15], di erential evolution (DE) [3, 11], particle swarm optimization
(PSO) [4, 5] and many hybrids [11, 14].

The tuning problem with multiple coupled controllers can too be formulated as an
optimization problem. However, compared to other research on controller tuning [3, 4,
5, 11, 14, 15], dealing with coupled controllers requires an extra level of complexity. Its
multiple objectives can be e ciently combined into one, enabling us to solve the problem
with usual, and faster, algorithms.

The time budget poses the greatest limitation. With simulations taking up to several
minutes each, we aim for few thousand simulation runs at most. This imposes high
expectations upon e ciency of the method used.

Considering properties of the problem and with the support of experimental evidence,
we choose to use a variant of the Covariance Matrix Adaptation Evolution Strategy
(CMA-ES) [8, 6, 9, 13], an evolutionary algorithm founded deep in probability theory. It
has proven to be very e ective and robust method in the extensive testing of Black-Box
Optimization Benchmarking (e.g. [7, 2]), surpassing the above mentioned algorithms and
many others (on the relevant sort of problems). Despite its fame in the optimization
community and large number of practical applications, it has so far been little used for
tuning PID controllers [11, 12, 20] or similar problems.
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In this work, we derive tting objective functions for both problems and show the
applicability of CMA-ES. For the combustion engine problem, we compare performance
of CMA-ES, PSO and SHADE (Success-History based Adaptative Di erential Evolution
[19)]).

2 Formulation of the problem

2.1 PID controllers in simulations

PID controllers are well known and powerful tools in system control [17]. Their input is
the error
e(t) = actual(t) target(t);

i.e. the time-dependent di erence between the desired target value and the actual value
of a quantity (as measured by a sensor or computed by a model). The output control
signal that de nes the system’s subsequent reaction is given as
Z, q
C)=Pe)+1 e )d +D L&t);
0
whereP, | and D are the proportional, integral and derivative gains, respectively.

In both our applications, the controllers’ implementation is provided within the simu-
lation software. Havingk controllers within a system, each determined by three constant
gainsP, | and D, there are 3k gains to be tuned: x = (Py;11;Dq; i1 Py lk; Dy):
When the controllers’ gains are set and the whole simulation is run, it outputs the above-

It remains to processg(x;t) so that the nal function value contains all information
about the input’s quality. We do so in the next sections by de ning an objective function
F (x;t) that will be minimized (without loss of generality, we always assume that that
higher quality inputs have lower function values).

Our goal is to nd such vectorx that the corresponding controlled quantities converge
to the target values (for constant targets) or start mirroring the target value functions
(for targets changing in time) and do so as quickly as possible. For practical purposes,
the minimizer found need not be unique.

2.2 Objective function for combustion engine simulations

In the case of combustion engine simulations, construction of the objective function is
rather straightforward. Figures 1 and 2 show how the simulation output looks like (on
a simple testing model with 3 controllers and 3 controlled quantities). The objective
function must then re ect that: 1) all controlled quantities must converge to the target
values, 2) the convergence should be as fast as possible, 3) larger error in the beginning
of the simulation is OK, 4) each controlled quantity uses di erent units.

Placing more emphasis on errors with greater time, we weight the error function by
time and integrate over time interval[to; t]. Finally, we scale each objective by the inverse
of the (constant) target value, so that their numerical values are comparable and do not
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3 3
Time [ Time [ Time [

Figure 1. Unsatisfactory solutions: at least one of the controlled quantities does not
converge to the target value.
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Figure 2: Good solutions: all controlled quantities converge to the target values.

depend on the units of the corresponding quantity. Note thajtarget;j is the remainder
of the integral over time of the target’s (constant) function.

X 1 Z
F(x;t) = —  ( +t1jea(x )id
controlled quantities Jtargetij to
Time t corresponds with the end of the simulation. Timé, 0 is, however, subject

to choice. It must be selected manually as a time point just before the output starts to
follow a trend. The meaning oft, > 0 is that it cuts out from the objective function the
information that in this particular application is essentially noise. Setting to > 0 is
not neccessary but it can signi cantly shorten the optimization computation time.

2.3 Objective function for AC Iter simulations

For the AC lter, we must take a more general approach. Figure 3 depicts the typical

outputs and the prescribed smooth sinusoidal target value functions. The actual value
functions tend not to be smooth and overshoot signi cantly (large overshoot is forbidden
due to practical restrictions on not burning the equipment). Moreover, there are 6 sections
for each phase (= controlled quantity), the beginning of each being the most troublesome.
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Figure 3: Various outputs of AC lter simulation.

To derive an appropriate objective functionF (x;t), the weighted sum over the ob-
jectives is used again, this time over all phases and all sections. Each objective is then
composed of two parts: scaled L1-norm of the error function (this time we do not use
time to weight the error within the integral because the error is most important in the
beginning of each section) and L1-norm of the error function’s derivative (i.e. its bounded
variation), which penalizes non-smooth outputs.

X X 1 de(x; )
Do ke(x; )k., + D ’ :
Oktarget( Yk, (06 Kt Dy g

F(x;t) =

phases sections

Resetting thg time counter to0 at the begining of each phase, the L1-norm is de ned
askf ( )k, = 0jf( )jd : Based on typical values of the corresponding L1-norms, the
constants were set td, =10; D; =1e 09

3 The optimization method

Clearly, the objective functions will be non-convex, non-di erentiable, possibly ill-condititoned,
multimodal and must be taken as a black box (since the simulations are such). Meta-
heuristic and evolutionary methods have been extremely successful when tackling this
sort of problems. Based on the results of the extensive Black-Box Optimization Bench-
marking [7, 2], the Covariance Matrix Adaptation Evolution Strategy with bi-population
restart scheme (BIPOP-CMA-ES) was the method of rst choice for our application.

The Covariance Matrix Adaptation Evolution Strategy (CMA-ES) [8] is an evolu-
tionary algorithm that uses stochastic and algebraic tools to de ne optimally diverse
population of candidate solutions in an area that seems to be most promising. The size
of the area and its location are determined based on the algorithm’s previous experience
with the objective function. New candidate solutions are sampled from a multivariate
normal distribution, whose mean and covariance matrix are adapted in each generation
along with the general step size. For details see Algorithm 1.

There are many upgrades available for basic algorithm. In our application, supported
by numerical experiments, we use the elitist BIPOP-aCMA-ES version, i.e. Covariance
Matrix Adaptation Evolution Strategy [8] with active covariance matrix updates (includ-
ing information about detrimental directions [13]), elitist scheme of parent selection (best
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candidate solutions are parents of new generations until they are superseded [6]) and bi-
population restart strategy (method alternanates between 2 regimes with small and large
population sizes [9]).

Several important properties of CMA-ES make it so e ective in our application. First
and foremost, CMA-ES does not use gradients and it does not even presume their ex-
istence. Moreover, it does not even use the actual values of the objective function once
relative ranking has been assigned to the candidate solutions (except for some stop-
ping/restart criteria). As a result, transformations of the objective function that have no
e ect upon the relative ranking of individuals do not e ect the method’s performance,
making it more robust. Further, the method exhibits invariance to invertible linear trans-
formations of the search space. In particular, CMA-ES is invariant to scaling of variables
(coordinate axes), which is the key property that makes it well-suited for tuning multiple
controllers: parameters of one controller are usually of roughly the same scale, but with
multiple controllers, the scaling may di er by many orders. A reference point (a vec-
tor of typical or expected magnitudes of the controllers’ gains) provided by a user then
determines how the coordinates are rescaled.

Algorithm 1: Elitist BIPOP-aCMA-ES
set ;
initialize m; ;C =1;p =0;pc=0
initialize restart _regime =1;count; =0;count; =0

while termination criteria not met  do
while restart criteria not met do

if not rst generation in a restart  then
for i=1;:::; do
Xi+ = Xj /I relabel parents of previous generation
fie = fj /I relabel parents’ objective function values
for i=1;:::; do
xi N (m; 2C) /I sample new population from normal distribution
B fi = evaluate (xj) /I evaluate x; with objective function
sort xj;i =1;:::; + acc. to fj /I assign relative (descending) ranking
m =m
m = update_ m(x;;:::;X ) /I move the mean utilizing the parents
/I the evolution paths contain information about past progress
p =update_p (p; IC ¥2(m m)) Il isotropic evolution path update
pc = update_ pc(pe;  *(m  m );kp k) /I anisotropic evolution path update
C = update_ C(C;pc; (X1 m )=;::1; (X + m )=) /I covariance matrix update
= update_ (; kp k) /| step size update
if restart _regime =1 then
L county = countq +
else
| countz = countp +

if count; < count » then
| restart_regime = 1

else
| restart_regime = 2

reinitialize parameters and variables acc. to selected restart regime
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Table 1: Results of 5 CMA-ES runs on real-world models with one (M.1.1, M1.2), two
(M2.1, M2.2, M2.3) and three (M3.1) controllers with reference points of various quality.
Minimum, maximum and average number of simulation runs is provided.

’ model ‘ reference p. H min ‘ max ‘ aver. ‘ ’ model ‘ reference p. H min ‘ max ‘ aver. ‘
Pl baseline 2 68 28 Pl baseline 11 66 35
10! Pl b. 35 | 153 79 M2.1 | 10! Pl b. 244 | 280 | 255
M1.1 | 10° Pl b. 95 | 519 | 225 10 1 Pl b. 4 32 21
10 ' PIb. 20 120 66 Pl baseline 8 98 29
10 2 Pl b. 49 | 296 | 123 M2.2 | 10 PI b. 60 | 770 | 364
Pl baseline 1 22 9 10 1 PIb. 44 | 107 64
10' PI b. 4 | 28 | 11 PI baseline 9 78 | 32
M1.2 | 10% Pl b. 80 | 225 | 187 M2.3 | 10! PIb. 250 | 757 | 629
10 *PIb. || 34 | 100 | 51 10 L PIb. 49 | 1188 | 347
10 2 PIb. 57 181 94 PID baseline 10 91 57
M2.3 | 10! PID b. 274 | 857 | 522
10 1 PID b. 82 | 1576 | 749
PID baseline 41 331 152
M3.1 | 10! PID b. 827 | 1763 | 1268
10 1 PID b. 179 | 3867 | 2476

4 EXxperiments

Extensive experiments were performed using a simpli ed model of a combustion engine
to determine the best setting of CMA-ES for our application and to verify its robustnes.
The method’s practical usability was tested on models of real engines (see table 1).
CMA-ES was also compared to Particle Swarm Optimization (PSO) and Success-History
based Adaptative Di erential Evolution (SHADE), clearly defeating both (see table 2),
especially regarding reliability. For details see [10].

In all cases, we aimed for computation times that are acceptable for engineers using
an ordinary PC, i.e. cca 3000 objective function evaluations (= simulation runs) at most.
The methods were provided with starting reference points of various quality with PID
baseline and PI baseline (i.e. with D gains set to 0) being the easiest and the other
reference points adding orders of magnitude to each of the baseline vector’'s elements.

The AC lter testing shows very promising preliminary results as well, yet more tests
must still be performed.

5 Conclusion

This paper has shown how to construct tting objective functions for two problems of
tuning PID controllers in simulations. It was also shown that CMA-ES can solve the
corresponding numerical optimization problem. CMA-ES reaches satisfactory run times
and outperforms PSO and SHADE, especially in terms of reliability and robustness.
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Abstract. The Self-Organized Mapping (SOM) represents a traditional tool for multidimen-
sional data analysis overperforming analytical power of cluster analysis. But there are possible
di culties when the SOM is applied to data patterns of large size. We present testing exam-
ple using iris dataset. Our approach is mainly used for macro-economical data analysis which
is based on logarithmic di erences, pattern dimensionality reduction and nalization of data
analysis using Kohonen SOM learning. General methodology was applied to main economic
indicators describing the situation of thirty ve countries during more than twenty years. The
used dataset comes from regularly published statistics of European Commission. The main aim
is to identify the similarities of countries. The role of SOM topology, learning strategy and
reduced pattern size can be also used to predict behaviour during crisis based on the identi ed
similarity and known.

Keywords: SOM, Kohonen learning, iris dataset, arti cial neural network, macroeconomic indi-
cators, crisis prediction

Abstrakt. Samoorganizujc se mapy (SOM) p edstavuj tradiEn n/AEstroj pro multidimen-
zion&In anal zu dat, kter p esahuje analytickou s lu shlukov@d anal zy. Pokud se SOM aplikuje

na datov@ vzory velk ch rozm¥re, vyskytuj se probl@my. V p sp¥vku nechyb detailn testovac

p klad. NAET p stup se pou” vAE hlavn¥ pro makroekonomickou anal zu dat, kterZ je zalo”ena na
logaritmick ch diferenc ch, sn "en dimenze a uEen pomoc Kohonenov ch map (SOM). Obecn/Z
metodika byla aplikovAEna na hlavn ekonomick@d ukazatele, kter@d popisuj situaci t iceti p¥ti zem
b¥hem v ce ne” dvaceti let. Pou”itA datovAE sada pochAz z pravideln¥ publikovand statistiky
Evropsk@ komise. Hlavn m clem je urfit podobnosti zem . loha topologie SOM, strategie
ufen a redukci dimenze lze tak@ pou”t k predikci chovAEn v preb¥hu krize, a to na z/Aklad¥
zjitt¥n@ podobnosti.

Kl £ovZE slova:SOM, Kohonenovo ufen, celoha identi kace kosatce, neuronovZ&E s -, makroeko-
nomickd ukazatele, predikce krize
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1 Introduction

In our research we deal with basic economical indicators which are published on regular
basis. The Self-Organized Mapping (SOM) represents a traditional tool for multidimen-
sional data analysis which overperforms analytical power of cluster analysis. We face
possible di culties applying the SOM to data patterns of large size. So we have to make
data preprocessing. Our approach of macroeconomic data analysis is based on logarith-
mic di erences, pattern dimensionality reduction and nalization of data analysis using
Kohonen SOM learning.

This general methodology was applied to the statistic data describing the economic situa-
tion of more than thirty countries during more than twenty years. The regularly published
data come from statistics of European Commission. The aim is to identify similar groups
of countries and characterize the similarity. The role of SOM topology, learning strategy
and reduced pattern size can be also used to crisis prediction based on similarities with
countries already su ering with crisis.

2 Kohonen Learning

Kohonen Self Organized Map (SOM) is organized as follows. L&t n;H 2 N be number
of patterns, pattern dimensionality and number of SOM neurons [4]. The individual
patterns arex; 2 R" wherej = 1;::;m and form the pattern setS = fXxj;:::;Xm0.
The topology of SOM [8] is described by undirected grap& of H vertices which are
connected with unit length edges. The SOM topology matrixG 2 f 0;1g" " generates
mutual vertex distances ;; for 1 i;j  H. The result of SOM learning is the system
of weights [10]w; 2 R" where ;i = 1;:::;;H. We begins with random weights setting
w;(0). The weights evolve during learning process and their values are denoted\ga$q)
whereq 2 Np.

Kohenen learning rules [7] are very simple. The weight ofth neuron is changed ing-th
step by rule

wi(@=wi(g 1)+ (9 cq (Xq wi(g 1)) 1)
fori =1;:5H, xq  U(S) is uniformly selected pattern fromS, ¢4 is space factor and
(g) > 0 is ageing function which is supposed to be non-increasing. The winner is also
selected according to Kohonen rule [7] as

" g2 argminkxgq  Wyky: (2)
k=1;:;H
We recommend generate the initial weights from the multi-varietal Gaussian distribution
as
wi(0) N(EX;varX=100) 3)
fori = 1;:::;H. The space factorc,, is calculated using mutual vertex distances as
follows. Using learning radiuR, > 0 and index of winner vertex 4, we directly evaluate

Giq = €Xp
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according to Gaussian decay. The nal learning strategy consists Bf2 N learning epoch
which we characterized by triplets (, Rk, Ni) for k = 1;::;;E. Here,  is ageing factor,
Ry is learning radius, andNy is number of learning steps irk-th epoch.

3 Quality Measures

The basic way of quality measurement design is based on measuring distances. The
Euclidean distance of pointsc;y in R" is denotedd(x;y) = kx  yKko.
Using the patternx; we can investigate the distances to weights, and de ne winner as

win(j) 2 argmind(x; W) (4)
k=1:::H

but the function win(j) is of stochastic nature due to possible distance equities. In some
cases we found the winner but one i. e. the second winner which is de ned as

win2(j) 2 argmind(x; W) (5)
k2M j

whereM ; = f1;::;;Hg nfwin(j)g.
Using distances and winners we can design traditional measures of various nature.

3.1 Distance penalization

The Quantization Error (QE) is traditionally related to all forms of vector quantization
and clustering algorithms [9]. Using linear penalisation we directly penalise the distances
between patterns and corresponding winner weights as

xXn
QE, = d(X;j; Wuwin(j)): (6)
j=1

The quadratic penalisation
xXn

QEz = d*(Xj; Wuin})) (7)
j=1
is also frequently used but has higher sensitivity to outliers.

3.2 Topographic error

General topographic rule is: if two objects are close in reality they must be closed also
in the map. Using this principle the Topographic error (TE) [5] is de ned as

1 X
TE=1 m Owin(j );win2(j) (8)
j=1
whereG 2 f 0;1g" " is SOM topology matrix with g, = I( kp, pvk. 1). The main
advantage of TE is in its robustness to outliers. Therefore we use this criterion as main
guality measure in this study.
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3.3 Correlation based measures

The correlations between mutual distances of patterns and mutual distances of winner
weights can be directly used as quality measures.

Let i;j be pattern indexes. The mutual pattern distances can be de ned as

di; =d(xi;X;). The mutual distances of corresponding weights are

ii = d(Wwin (i)s Wwin (j)) -

Finally, we obtain m(m  1)=2 pairs of corresponding distances and directly calculate
Pearson correlation coe cientr, Spearmann or Kendall coe cient as quality measure.

3.4 Time Complexity of Measures

The evaluations ofQE;, QE, and TE are very fast with time complexity O(mnH ). The
evaluation of correlation measures is more complex. The Pearsohas time complexity
O(mnH + m?) due to simple statistics overm(m  1)=2 distance pairs. The Spearmann
is complicated with pair sorting and its time complexity isO(mnH + m?log(m)). The
Kendall is not recommended for large pattern sets due to time complexi@(mnH + m#).

4 Testing Example

The SOM and its learning as testing example was studied for nineteen neurons placed in
2D space in hexagonal topology with unit neighborhood distances, i.B. =19, N = 2.
Arti cial two dimensional data were generated in the rst case as follows. Total number
of 5 000 patterns were generated randomly from seven classes with uniform probability.
The center of the rst class was placed in the origin. The centres of remaining six classes
were placed around in unique distance in the vertices of hexagon. Individual patterns
were generated from this Gaussian mixture with standard deviation = 0:2.

Basic quality measures are included in table 1. Resulting weights are depicted in gure
1, meanwhile the density map gure (pattern number in given neuron) and traditional
U-map [1]are depicted in gure 2. All neurons and SOM properties were interpolated
on convex hull of SOM neurons using cubic interpolation. This convention is useful for
weight and density interpretation. As seen the algorithm is able to map the weights pro-
portionally to data coordinates and corresponding contours are approximately uniformly
placed parallel lines in gure 1. The density map shows higher central density and six
density regions in the network corners meanwhile U-map is approximately constant due
to data homogeneity.

Traditional iris ower classi cation task [2] was originally designed for classi er testing
but we apply them for SOM learning with nal class density evaluation. Total number

of 150 patterns of three classes (Iris setosa, Iris virginica, Iris versicolor) are described by
four properties (sepal length, sepal width, petal lenght, petal width). The initial weights,
ageing factor and number of learning steps were the same as in previous case. Resulting
weight maps are depicted in gure 3 together with class densities and U-map of iris ower
problem in gure 4. The SOM learning results can be interpreted using class membership
knowledge. As seen in gure 4 the class of Iris setosa is well separated in right corner but
remaining two classes are not separable but placed in opposite part of SOM in the left



Kohonen SOM Learning Strategy and Country Classi cation 93

Measure Hexagonal Test Iris Dataset
QE; 0.2389 0.3121
QE; 0.2339 0.3450
TE 0.0000 0.0000
p-value ofr 0.0953 0.0120
p-value of 0.1054 0.0165
p-value of 0.2682 0.1030

Table 1: Quality of SOM learning for hexagonal test

s/
/ 9‘? & Q'y/ Q/.
V'\ - >
&

Figure 1. Resulting weightsw;(left) and w,(right) for hexagonal test

top corner. The remaining part of SOM is not occupied by patterns as also demonstrated
as maximal values in U-map.

The subjective evaluation was followed by quality measures evaluation. The results of
traditional Graph SOM [4] with Kohonen learning, Gaussian characteristic anéi = 19
was learned forE =9 with

= (0:1; 0:08; 0:07; 0:06, 0:05; 0:04; 0:03; 0:02 0:01),

(5;3;3;1.5;1,0:7,0:5; 0:3; 0:2) and Ni = 1000. The results are collected in table 1.

R

5 Case Study: Economical Indicators

As input data we used the main economic indicators. Data has been selected from
Statistical Annex of European Economy presented by European Commission in autumn
2016 [3]. As analysis input serve the thirty ve countries from the whole world, majority
are the European countries. The indicators are observed in years 1993 to 2016. Selected
indicators are the total population, unemployment rate, gross domestic product at current
market prices, private nal consumption expenditure at current prices, gross xed capital
formation at current prices, domestic demand including stocks, exports of goods and
services, imports of goods and services and gross national saving. Nine indicators are
monitored in total. The main aim of our research is based on data for each country.
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Figure 3: Resulting weightsw, (left top), w,(right top), ws(left bottom), wy(right bottom)
for iris owers
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Figure 4: Resulting class densities setosa (left top), versicolor (right top), virginica (left
bottom) and U-map (right bottom) for iris owers
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As the dimensionality of input data is quite high, represented by main nine indicators
in each year, we use principal component analysis for data dimension reduction. We
prefer the standardize variant of PCA which divides the components into square roots
of adequate eigenvalues. This approach is frequently called data whitening. The main
advantage of the standardization is in identity covariance matrix which generates the
components in uni ed form. We studied data whitening forD = 2;3;4;5. Then we
applied Kohonen SOM with hexagonal topology with node numbéd = 7;19. The SOM
learning with Gaussian decay was driven by two strategies. Fdi = 7 we used only

E =2 with = (0:1,005), R =(2;1), N = 1000. The larger SOM with H = 19
was learned forE = 9 with = (0:1;0:08;0:07, 0:06; 0:05; 0:04; 0:03,0:02,0:.01), R =
(5;3;3;1.5;1,0:7,0:5;0:3;0:2) and Ny = 1000. Our aim was to obtain the SOM with
zero topographical error (TE) and minimum possible quadratic penalisatiorQE;). The
results of QE; are captured in table 2.

Table 2: Optimal QE; measures

D | SOM7 | SOMyg
2 | 0.002 | 0.001
3 | 0.003 | 0.002
4 | 0.010 | 0.007
5| 0.020 | 0.010

6 Results

In all cases we obtained zero values of TE which means that learning was executed well.
It is evident from table 2 that SOM,9 generates results with lower value of QEwhich is
rising with growing dimension. The distribution of countries is captured in gure 5. We
see the PCA with 2 components as the best solution and resulting SOM. The di erent
groups of countries were identi ed. They tell us about the similarities of the concrete
countries. The main thing what we can see is the position of Germany, which is usually in
the same group as France. In the case of Czech Republic its position depends on number
of components but we are in the same group with Poland and Slovenia in all cases. In all
cases there are relative compact group of traditional countries which slightly di ers each
other. The positions of countries with extreme macro-economical behaviours di er with
whitening dimensionality. The results are also in accordance to our previous research
based on PCA and data whitening [6]. We see some countries which are complicated
to be predicted and forms separate groups in each case. This group is represented by
Bulgaria and Latvia. The country classi cation serves also as indicator of upcoming crisis
to the closest countries.
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RS EE HR LT BG

ES LU
PL

DE IE IT NL LU Sl Fl DK
LT ME RO FR CcY TR RO HR SK cz UK MK MT
AT DK PL us

PT Fl BE EL ES FR BE T
UK SE MK ME CcYy NL SE AL
AL AT JP

BG MT us RS PT HU

(a) PCA - 2 components (b) PCA - 3 components

RS MK AL EL BG [A% MK

IE ES
ME NL us 5’;’ HU MT LT EE RO ME

Ly Sl BE DE Sl cz
BG cz PL FR T Fl SE IE EL UK HR PL RS
AT DK

BE PT
EE HR SK Ccy UK AL SIS DK SK TR

ES LU DE FR
Lv LT RO MT TR NL HU IT AT cYy
JP SE

(c) PCA - 4 components (d) PCA - 5 components

Figure 5: Results forH = 19 and di erent number of components

7 Conclusion

Kohonen SOM learning was used to country self-organization in hexagonal SOM topol-
ogy with whitened log di erentiated macroeconomic data. The best result were obtained
for H = 19 and 2 dimensional whitening with topological error 0% and minimum pos-
sible quadratic penalisation. The resulting SOM maps are in agreement with general
expectations. From the crisis prediction point of view there is a group of leading Euro-
pean countries (DE, FR, AT, DK, CY, IE), the other European countries with standard
economies (UK, ES, IT, IR, BE, NL, LU, CZ, SK, PL, HU) are in the neighbourhood
with slightly di erent response during crisis. The countries with extreme behaviour dur-
ing crisis (RS, BG, LV, LT, ME, RO) are placed far from the previous groups. The
Kohonen SOM is not too sensitive to dimension of data whitening and therefore, the
resulting maps only di er in details but save the country similarity property.
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Abstract. Ten types of discrete Hartley transforms of Weyl orbit functions are developed. These
functions form a generalization of the one-dimensionatastransform. Fundamental domains of
even ane and dual even a ne Weyl groups, governing the argument and label symmetries of
orbit functions, are determined. The discrete orthogonality relations are formulated on nite
sets of points from the re nements of the dual weight lattices.

Keywords: Weyl-orbit functions, discrete orthogonality, discrete Fourier transform, Hartley-orbit
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Abstrakt. C lem je v voj deseti type diskr@dtn ch Hartleyovs ch transformac Weylov ch orbit-

n ch funkc . Tyto funkce tvo zobecn¥n jednorozm¥rn@ transformacecas. Ur£ili jsme funda-
ment&In dom@ny sud ch a nn ch a duZln ch sud ch a nn ch Weylov ch grup, pomoc kter ch
se d symetrie arguments a symetrie indexovan orbitn ch funkc. Diskr@dtn ortogonalita je
formulovZ&Ena na kone£n ch souborech bode na zhutt¥n@ dukln vAEhovd m "e.

Kl £ovA slovaWeylov@ orbitn funkce, diskrdtn ortogonalita, diskrdtn Fourierova transformace,
Hartleyovsk/Z orbitn transformace

1 Introduction

The aim of recent research is to complete and extend the discrete Fourier analysis of
Weyl-orbit functions from [10, 8, 11]. The discrete Fourier calculus of all ten types of
orbit functions with symmetries inherited from all four types of even Weyl groups is
uni ed in full generality. The real-valued versions of the functions and transforms are
also developed by modifying the exponential kernels of orbit functions to their Hartley
alternatives [1].

Since introduction of the discrete version of the Hartley transform in [1], both con-
tinuous and discrete Hartley transforms form fully equivalent real-valued variants of the
standard Fourier transforms. As alternatives to complex Fourier transforms, these trans-
forms together with their 2D and 3D versions found applications in many elds includ-
ing signal processing [18], pattern recognition, geophysics [17], measurement and optics.

99
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In the context of Weyl-orbit functions and their corresponding transforms, the Hartley
transforms have not yet been studied. Replacing exponential kernel as in original 1D
Hartley transform yields novel families of real-valued special functions of Weyl groups,
which inherit (anti)symmetry properties as well as discrete orthogonality relations from
the original Weyl-orbit functions. The resulting generalized Hartley transforms together
with the original ten types of Weyl-orbit functions o er, especially in 2D and 3D, richer
options and application potential due to greater variability of domain shapes and bound-
ary behaviour.

2 Weyl groups and Crystallographic root systems

Consider the root system with its associated Lie algebra of rank: The notation from
[10, 11] is taken. The simple system= f ;; ; ,gofthe root system forms a basis
of the Euclidean spaceR", with the symbol h; i denoting its scalar product. Note that
the notions of the root system and its inherent set of simple roots are also developed
independently on Lie theory. There exist two types simple systems the rst type with
roots of only one length, denoted byA,,; n 1, D,;n 4, Eg E7, Eg, and the second
type with two di erent lengths of roots, denoted byB,;n 3, Cy;n 2, G, and Fy.
The following notation of the standard objects [13], which are induced by the set are:

the highest root 2

the marksmy;:::;m, 2 N of the highestroot = m; ;+ + m, , together with
mo=1,

the Coxeter numberm = mg+ mq + + m,,
the root lattice Q= Z |+ +Z .,
the Z-dual lattice to Q,
P-=fl-2R"jh-; i22;8 2 g=2Z't+ +2Z';

with
hilri= (1)

the dual root lattice Q- = Z 1+ + Z -, where

_ = i2f1::::ngQ; (2
the dual marksmyz;:::; m= of the highestdual root = m;y t+ +m; - together
with mﬁ =1
the Z-dual lattice to Q-

P=fl 2R"jh; -i22Z;8-2Q-g=2Z!;+ + 72
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the Cartan matrix C with elements

Cy =hi ri;

the index of connectionc of equal to the determinant of the Cartan matrixC,

c=det C: 3)

The properties of Weyl groups and a ne Weyl groups can be found for example in
[13]. The nite Weyl group W is generated byn re ectionsr , 2 , over the hyperplane
de ned by the normal vector :

T 2R":
hi; i 2

The in nite ane Weyl group W? is the semidirect product of the Abelian group of
translations Q- and of the Weyl groupW

W& = Q-0 W: 4)
Let denote the retraction homomorphism : W2 ! W of the semidirect product.
fphe fundamergal regionF  R" of W@ can be chosen as the convex hull of the points
0;L;:iin
1 Mn

Alternatively, W2 is a Coxeter group generated by re ections r; and an ane
re ection rq given as

ra=a Zm—l a2R":

rora=r a+ —: —
h: i h: i

The set ofn re ections r; together with the a ne re ection rq is denoted by

2.1 Sign homomorphisms

Any homomorphism from W to the multiplicative group f1; 1gis called a sign ho-
momorphism [8]. Two standard choices of sign homomorphisms are the trivial homomor-
phism and the determinant denoted as

*(w)=det( w);
1(w) =1:

The sign homomorphisms ' and S are de ned on the set of generatorr j 2 g
of W as

s _ 1 if 2 g
(r)= 1 otherwise,
I _ 1 if 2 Iy
(r)= 1 otherwise.
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The set of sign homomorphisms of a root system with two di erent lengths of roots
contains only four elements [8], i.e.

= f1, & 5 g

The set of 'negative’ generators fronR with respect to the sign homomorphism is
denoted byR

R =fr2Rj (ry=1g: 5)
The setF F is given by
F = a2F (Staby. (3)) = flg : (6)

3 Ane even Weyl groups

3.1 Fundamental domains

Kernels of the non-trivial sign homomorphisms of a given Weyl groug/ form normal
subgroupswW W known as even Weyl groups [16],

W fw2Wj (w)=1g:

The corresponding a ne even Weyl groups are the kernels of the expanded sign homo-
morphisms
W@ w? 2 W2 | w?)=1
Foranyr 2 R ,the setF[ r F is afundamental domain ofW? [9].
Generalizing relation (6), the setF¢ is given as

F¢ = a2F[rF je (Staby. (a)= fig : @)
Note also that for the fundamental domainF [ r F it holds that

F[rF =FY: (8)

3.2 Dual ane Weyl group and its even subgroups

The dual a ne Weyl group W2 is a semidirect product of the group of shifts from the
root lattice Q and the Weyl groupW,

W2 = Qo W: 9)

Let b denote the dual retraction homomorphisrﬁ3 ;W2 | W of the semidirect product.
Equivalently, the dual a ne Weyl group W2 is generated by re ectionsr; and the
re ection ry given by

2 2ha; i
rga=r a+ : :

n.
o ra=a h i a2R":
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The set of generators ofV? is denoted byR-,
R-=frg;ry; 00 o

Similarly to the fundamental domginF, the fundamental regionF- of &2 is the convex

hull of the vertices O; I;—; i r'n—: .
The corresponding dual a ne even Weyl groups are the kernels of the expanded sign
homomorphisms
n o]

W2 = w 2W? | bwr)=1

The set of generators of the ane Weyl group®? with negative values of the sign
homomorphisms P is denoted byR- ,

n o]
R- = r2R-j b= 1:
Similarly to (6) the domain F- is given by,
n 0
F- = b2F-j D(stab,. (b)= fig

The fundamental domains of the dual even a ne Weyl group®/2 are determined anal-

ogously. The setF-[ r F- is for anyr 2 R- a fundamental domain of?V2 . The

dual analogue ofF¢ is given as
n o]
F-¢ = b2F-[r-F- je b(Stah,. (b)=flg : (10)

3.3 Orthogonality coe cients and weights

This section de nes the coe cients (hy ) and weights ( ) necessary in the discrete or-
thogonality of Weyl-orbit functions and Hartley kernel orbit functions.
The isotropy subgroups oW? and their orders are for anya 2 R" denoted by

Staby. ()= w?* 2W? jw?a=a ; h (a)= jStaby. (9)j:
Related functions :R"! N are de ned by the relation
_ W,
h (a)

(a) (11)
Since for anyw? 2 W2 are the stabilizersStab,. (&) and Stab,,. (w* a) conjugated,
it holds that
(@@= (Ww*a); w* 2Ww?: (12)
The calculation procedure of the coe cientsh'(a) is detailed in 3.7 in [10]. Having
calculated the values ofh(a) from this procedure the remaining value$ (a) for any
a2 F are calculated thusly

hi(a) ifa2 F ;

h (a) = .
zh'(a)  otherwise.

(13)
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The last step is to extend the values oh (a); a 2 F to the entire fundamental domain
FL of W2 via the following relation

h (r a=h (a):

Finally, the coe cients (a); a2 FY are determined fromh (a) by equation (11).

The dual versions are developed analogously. The isotropy subgroup$\ét are for
any b2 R" denoted by
n o]
Staby,. (= w* 2W®* jwb=b :

Consider the discretization factorM 2 N; de ning the density of the discretization pro-
cedure. The orders of the stabilizerStab,, . (b=M); are denoted by

hy (b) = Stab,,. Mﬁ ; (14)
The calculation procedure of the coe cientshg!(a) is detailed in 3.7 in [10]. Having cal-
culated from this procedure the values dfg(b) the following relation allows to determine
hy (b) foranyb2 MF - as

hel(b)  if b=M2 F- ;

hy (b) = Ihgi(b)  otherwise.

The last step is to extend the values ofi; (b); b2 MF - to the entire magni ed funda-
mental domainMF -1 of &2 via the following relation

hyy (r B = hy (B):

4  Orbit functions

Consider a sign homomorphism 2  and the corresponding even subgrouy/ W.
Taking another sign homomorphisme 2 and a parameterb 2 R", the most general
form of Weyl-orbit functions | :R"! Cis introduced as
X N
¢ (a)= e(w)e? ol (15)
w2W

This general de nition leads to three types of orbit functions for root systems with one
root-length and to ten types of orbit functions for root systems with two root-lengths [9].
The real-valued modi cation of orbit functions which fora 2 R uses the Hartley kernel

cas@) = cos(a) + sin(a)

instead of exponential kernel. Fixing an even subgrouy/ W, an additional sign
homomorphisme 2 and a parameterb 2 R", the Hartley orbit functions ¢ :R"! R

are de ned via relation
X
e ()= e(w)cas(2 hwb;ad): (16)
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Similarly to (15), such de nition leads to three types of real-valued orbit functions for
root systems with one root-length and to ten types of orbit functions for root systems
with two root-lengths. Note that the relation of exponential function to thecasfunction
implies

£ =Re | +Im (17)
This property immediately allows to replicate the argument-label symmetries formulated
in [8].

Let b2 P; then for anyw? 2 W2 and anya 2 R" it holds that

s Wray=e W) , (a): (18)
Let a2 +-P-; then for anyw?® 2 W2 and anyb2 R" it holds that

e (@€ Pty § ()

5 Discretization of orbit functions

Following the standard choice in Fourier analysis, only discrete values of labels of orbit
functions b 2 P are considered. For any resolution factoM 2 N, the discrete Fourier
calculus of orbit functions is developed on the set of point§; de ned as

1
Fo = PV e

The sets of labels ;, are de ned as

5= P\ MF-¢ : (19)
Foranye 2 andM 2 N it holds, for the numbers of elements of the setsy;
and 4, ; that

Fu = W (20)

5.1 Discrete orthogonality of orbit functions

The discrete orthogonality relations of the discretized functionsy ,b2 , onthe nite
point setsF,; have the following formulation [9]. For any; e 2 and anyb;§2 7,
it holds that D E
5o . = CIW M hy (B o (1)
where ¢, hy, are de ned by (3) and (14), respectively, andW j is the order of the
subgroupW
The discrete orthogonality relations of all types of functions ¢ are also inherited
by the related orbit functions with Hartley kernel ¢ i.e. Forany ; e 2 and any
b;§2 §, it holds that
D E
N L, T ew iM"hy, (D) b (22)

M
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5.2 Discrete orbit function transforms

An arbitrary function f : R" | C, sampled on the point setF; , can be interpolated
by the interpolating function I[f], . The interpolating function I[f Jf, is required to
coincide with f at all the gridpoints of F\% ;

IIfly, (=f(a); a2Fy : (23)
The interpolating function I[f ]5, is given in terms of expansion functions | ;
X
I[f15 (@) = ki § (@; a2R" (24)
b2 €

M

The frequency spectrum coe cientski are uniquely determined by the standard method

of calculation of Fcblrier cqe cients

i 1 X f N 25

o " CjW jMrhy, (D) @@ » (@: (23
a2

€
I:M

=~
T o
]

O
I"I'I

€
M

Taking into account equality (23), relations (25) and (24) constitute the forward and
backward discrete Fourier-Weyl transforms, respectively, of the discretized functidn
Furthermore, using the Parseval equality of the orthogonal basis; ;b2 §, results in

the following relation

(a)jf (@)j* = cjw jM" : hy (B kg
a2Fy b2
Similarly to the interpolation formulas and discrete transforms of the standard orbit
functions, their related real-valued versions are formulated in terms of Hartley orbit
functions. An arbitrary real-valued function g : R" ! R sampled on the point set
Fy can be interpolated by the real-valued interpolating functionsh[g]y, . Again, the
interpolating function Ih[g]f, coincides withg at all the gridpoints Fy ;

Ih[gly (@) = 9(a); a2Fy ;
and is given in terms of expansion functionsf X
Ih[gly, (a) = X IE ¢ (a); a2R™
b2
The frequency spectrum coe cientsly of the Hartley-Weyl transform are determined
by D E

1 X ¢

= 2
F’\j a2

and the relation between the sum of squared values gfand the sum of squared values

of its frequency speg&rum is

e

|
O
I,

€
M

X
(8)g*(@) = cjw jM" hw (B)(15 )*:

€ e
a2k b2 4
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6 Concluding Remarks

Discrete orthogonality relations (21) and decomposition formulas are in [4] exempli ed for
six types of two-variableE functions of algebrasC, and G,. E ectiveness of interpola-
tion formulas (24) of these two-variableE functions is demonstrated on complex-valued
model functions in [5]. Comparable interpolating ability of real-valued functions is ex-
pected for Hartley orbit functions. Good performance of orbit functions in interpolation
tasks indicates great potential in other elds related to digital data processing. The
interpolation properties of all types of orbit functions as well as existence of general
convergence criteria of the operator sequentg :f 7! I[f]§, deserve further study.

Link between the Weyl-orbit functions and the inherited discrete and continuous or-
thogonality relations of the generalized multidimensional Chebyshev polynomials is being
recently investigated in connection with the corresponding polynomial methods such as
polynomial interpolation, approximation and cubature formulas.

The discrete transforms (25) and (26) of orbit functions specialize for the caég to
one-variable discrete Fourier, discrete Hartley, discrete cosine and sine transforms [1].

Discrete orthogonality relations (21) and (22) are formulated on the points of the
re ned dual weight lattice. This choice of the points induces in turn the dual a ne Weyl
group (anti)symmetry of the orbit function labels. The labels of this discretization share
the same (anti)symmetry with the points generated by the given a ne Weyl group. The
Fourier transforms constructed on the points of the re ned (dual) root lattice represent
the remaining unresolved discrete transforms related to the four classical Weyl group
invariant lattices. The merit of having all four classical lattice transforms available is the
possibility of generating novel and relevant transforms on generalized lattices, including
the 2D honeycomb lattice. The open problem of detailing the root lattice transforms
is however, speci cally challenging, since the symmetry groups of the labels are not in
general Coxeter groups.
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Abstract.  This paper deals with the Cram@r-Rao Lower Bound (CRLB) for a novel blind
source separation method called Independent Component Extraction (ICE). The Cram@r-Rao
Lower Bound is used to determine the best achievable accuracy of blind source separation (BSS)
methods. Only e cient methods are able to reach the CRLB. Blind source separation focuses
on estimation of unknown source signals from observed mixtures.

The most popular method for BSS in last years is well known Independent Component
Analysis (ICA). We have recently performed a novel ICA based method: ICE. Compared to
ICA, ICE aims to extract only one independent signal from a linear mixture. The target signal
is assumed to be non-Gaussian, while the other signals, which are not separated, are modeled
as a Gaussian mixture.

The most frequently used criterion for measurement of the accuracy of a method is Interference-
to-Signal Ratio (ISR). Hence, CRLB-induced Bound (CRIB) for ISR is derived. Numerical sim-
ulations, performed in MATLAB, compare the CRIB with the performance of an ICA and an
ICE algorithm. The results show good agreement between the theory and the empirical results.

Keywords: Blind Source Separation, Cram@r-Rao Lower Bound, Independent Component Anal-
ysis, Independent Vector Analysis

Abstrakt. V t@dto pr/Eci se zab v/Eme odvozen m Cr/Emerovy-Raovy doln meze pro nov¥ p ed-
stavenou metodu pro slepou separaci signZlu zvanou Independent Component Extraction (ICE).
Cr/Emerova-Raova mez se vyu” VA pro stanoven maxim/ZIn dosa’iteln@ p esnosti separace sign/Ele
pomoc dan@d separafEn metody. Metody dosahujc CRLB naz vEme e cientn. kolem slepd
separace je odhadnout nezn/fEm@ zdrojovd sign/Ely z jejich sm¥si.

V posledn ch letech je nejrozt en¥jt metodou pro slepou separaci anal za nez/4visl ch kom-
ponent (ICA). Na z/&Eklad¥ modelu ICA jsme pro slepou separaci signZlu vyvinuli novou metodu:
ICE. Narozd | od ICA, se ICE zab v/ separac pouze jednoho nezAvisi@ho sign/Zlu z line&rn
sm¥si. P edpokl&Ed&AEme, "e clov sign/&l nen Gaussovsk. Ostatn signZly, kterd nejsou p ed-
m¥tem separace, pak modelujeme jako Gaussovskou sm¥s.

Nejb¥'n¥ji pou” van m kritdriem pro m¥ en p esnosti separag£n ch metod je Interference-to-
Signal Ratio (ISR). Z tohoto devodu d4le odvod me mez pro toto kritdrium, tzv. CRLB-induced
Bound (CRIB). Pro porovn&n v sledke metod ICA a ICE s odvozenou mez CRIB jsme vyuili
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numerick@ simulace v programu MATLAB. Z/v¥ry z t¥chto simulac ukazuj na dobrou shodu
mezi teoretick mi p edpoklady a empirick mi v sledky.

Kl £ov/ slovaAnal za nez/visl ch komponent, Anal za nez/visl ch vektore, Cram@rova-Raova
doln mez, SlepZ& separace signZlu

Full paper: This paper has been accepted for presentation at the 2017 IEEE Inter-
national Workshop on Computational Advances in Multi-Sensor Adaptive Processing
(CAMSAP 2017), which will be held in Cura ao, Dutch Antilles, December 10-13, 2017.
V. Kautsk, Z. Koldovsk, P. Tichavsk, Cram@r-Rao Induced Bound for Interference-to-
Signal Ratio Achievable Through Non-Gaussian Independent Component Extraction



Numerical Solution of Two-Phase Flow In
Porous Media Using Unstructured Meshes
on GPU

Jakub Klinkovsk

1st year of PGS, email:klinkjak@fjfi.cvut.cz
Department of Mathematics
Faculty of Nuclear Sciences and Physical Engineering, CTU in Prague

advisors:

TomZ T Oberhuber, Department of Mathematics
Faculty of Nuclear Sciences and Physical Engineering, CTU in Prague

Radek Fuf k, Department of Mathematics
Faculty of Nuclear Sciences and Physical Engineering, CTU in Prague

Abstract. In this paper, we present an e cient GPU accelerated solver for the numerical solu-
tion of two-phase compositional ow in porous media and potentially other interesting problems.
The underlying system of partial di erential equations is formulated in general coe cient form

to allow us to easily test di erent models and problem formulations without substantial mod-

i cations of the numerical solver. The numerical scheme is based on the mixed-hybrid nite
element and discontinuous Galerkin methods, semi-implicit time discretization, and various sta-
bilization techniques. The used numerical methods allow us to consider any spatial dimension
and use both structured and unstructured meshes. The solver is implemented in thet3 lan-
guage with the help of the TNL library, the CUDA framework and OpenMP. We also present
multiple key optimizations necessary for high-performance computations such as ordering of the
mesh entities and an improved GMRES method. We use a benchmark problem with known
semi-analytical solution to verify the convergence of the numerical scheme and present the GPU
speed-up compared to single- and multi-thread computations on CPU.

Keywords: two-phase compositional ow, mixed-hybrid nite element method, upwind, GMRES
method, parallel implementation on GPU, unstructured meshes

Abstrakt. V t@to pr&ci p edklE£dAEme efektivn etif akcelerovan pomoc GPU pro numer-
ickd eten kompozifn ho dvoufAzov@@ho proud¥n v por@zn m prosted a potenciZ&In¥ i dalt ch
zaj mav ch celoh. Soustava parciZln ch diferenciZln ch rovnic je formulovan/ pomoc obecn ch
koe ciente, d ky £emu” |ze jednodute testovat rezn@ modely a formulace celoh bez zAEsadn ch zm¥n
v numerickdm etifi. Numerickd sch@ma je zalo”eno na kombinaci hybridn metody sm ten ch
kone£n ch prvke a nespojitd Galerkinovy metody, semi-implicitn £asovd diskretizaci a n¥ko-
lika stabilizaEn ch technik&ch. Pou’itd numerickd metody umo”wj pou”it strukturovan ch i
nestrukturovan ch st v prostoru libovoln@ dimenze. etif je implementovAn v jazyce € s
vyu”it m knihovny TNL, platformy CUDA a OpenMP. Pr/&ce tak@ popisuje n¥kolik kI £ov ch op-
timalizac pro zlepten efektivity v po£tu, jako nap . p e£ slovZEn entit s t¥ a modi kace metody
GMRES. Konvergence numerickdho sch@matu je ov¥ ena pomoc anal zy experiment/&ln ho Adu

This work has been supported by the Student Grant Agency of the Czech Technical University in
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111



112 J. Klinkovsk

konvergence pro testovac celohu se zn/Em m semi-analytick m eten m. Pro viechny v po£ty je
provedena anal za efektivity paraleln ho v po£tu na GPU a v cej/&Edrovdm CPU.

Kl £ov/AE slovadvoufAEzovd kompoziEn proud¥n, hybridn metoda sm ten ch kone£n ch prvke,
upwind, metoda GMRES, paraleln implementace na GPU, nestrukturovan@ s t¥

1 Introduction

Numerical simulations of complex practical problems in the eld of computational ow
dynamics require immense computational power. In recent years, using GPUs for general-
purpose computations has become very popular because of their massive computational
power and better power e ciency compared to traditional CPUs. However, e cient
utilization of the GPU typically requires data structures and algorithms to be designed
speci cally for this architecture.

In this work, we present a numerical solver for a general system of partial di erential
equations, which can be used to describe many practical problems. We describe the key
aspects of the e cient implementation of the solver for the CPU and GPU architectures.
The GPU speed-up compared to single-thread and multi-thread computations on CPU
is measured on a benchmark problem of two-phase ow in porous media.

2 General formulation

The numerical scheme is derived for the following systemmpartial di erential equations
in a general coe cient form

X X
'%[+ Ui rZ;+
X X0 X
r m; Di;j r Zj +w; + Zj ai;j + ri;j Z] = fi
]:1 j=1 j=1

fori =1;::;n, where the unknown vector functionZz = (Z,;:::; Zn)T depends on position
vector x 2 RY and time t 2 [0;T], d = 1;2;3. The system of equations (1) is
supplemented by the initial condition

Z(x;0)=2"(x); 8x2 ;j=1;:1;m (2)

and boundary conditions for allt 2 (0; T),
Zy(x;t)=ZP(x;1); 8x2 7 @;j=1;um (3a)
Vi;t) ng(x)= v (x;t); 82 Y @;i=1;:m (3b)

where byv; we denote the velocity

Vv, = Di;j r Zj + W;i: (4)
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Based on the nonlinear coe cients in (1) we refer to the computational method as
NumDwarf The choice of coe cients in (1) depends on the problem and its formulation.
The details of the choice of coe cients for the immiscible two-phase ow and two-phase
compositional ow in porous media can be found in [5, 6].

3 Numerical scheme

The numerical scheme for the solution of the system (1) is based on the combination of
the mixed-hybrid nite element and discontinuous Galerkin methods for the spatial dis-
cretization, the Euler method for temporal discretization and the semi-implicit approach
of the frozen coe cients method for the linearization in time. The scheme is stabilized
with upwind and mass-lumping technigues.

The scheme has the following features: it is locally conservative, leads to a linear
system with a positive-de nite matrix, allows to use unstructured meshes, and it can be
e ciently parallelized. Last but not least, a modi cation of the MHFE method described
in [5] can be employed to solve problems with vanishing di usion.

The detailed derivation of the numerical scheme can be found in [5, 6].

4 Implementation

The solver is implemented in the @+ language with the help of the TNL library, the
CUDA platform [8] for the GPU parallelization, and OpenMP [3] for the CPU paral-
lelization. The TNL library is being developed by the team around TomAt Oberhuber at
the Department of Mathematics, FNSPE CTU in Prague, and the key novel algorithms
and data structures implemented in TNL for theNumDwarfsolver are described in the
following subsections.

4.1 Data layout

In high-performance computing, data structures and algorithms have to be designed
collectively. The NumDwarfolver stores many coe cients which are naturally stored in
multidimensional arrays. An interesting problem is how to choose the orientation of
these arrays, i.e., the order of indices for accessing the elements. In [6], it is explained
that the optimal orientation depends on the computational architecture, for example in
the case of two-dimensional arrays, the optimal orientation for CPU is row-wise, but for
GPU it is column-wise. To avoid code duplication, we need to have a uni ed interface
independent of the architecture and a possible technical solution using multiplet€ 14
meta-programming techniques has been proposed in [6].

4.2 Parallelization of the numerical scheme

The computation of the numerical solution to (1) consists of initialization and a time
loop, which for eachk = 0;:::;N, 1 computes the approximation of the solution
Z**! at time t,,, from the state Z¥ at current time t,. The computations in each time
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step involve many local computations on the mesh entities such as coe cient updates
which are independent of each other and therefore can be computed in parallel. We
also have to assemble many small matrice®, 2 R™" which are local to each cell
K 2 K, and compute the inverse®, 'Ry and Q,'Gy for eachK 2 K, andF 2 Ey.
The computation on local inverses on GPU can be implemented e ciently using the LU
decomposition of matrices stored in the shared memory [6].

Then we have to assemble the sparse matrix for the linear systehZ “** = b which
has to be solved to obtain the approximatiorz ** for the next time level. In sequential
codes, matrices arising from various PDE discretizations are traditionally constructed by
initializing all matrix entries to zero, traversing the mesh cell 2 K,,, and adding the
coe cients local to K to the corresponding matrix elements. However, when performed
in parallel, this simple approach leads to con icts between multiple cells that contribute
to common matrix elements. The con icts can be avoided by mesh coloring [2] but it still
impairs the e ciency of the solver for medium size problems. In the&dumDwarscheme,
the rows ofA correspond to face& 2 E,, and the contributing terms originate from faces
F 2 E¢, [Ek, of cellsK, and K, adjacent to the faceE. Therefore, the matrix can be
assembled row by row even in parallel without any conicts. In addition, the number
of non-zero elements per row is xed and depends only on the geometry of mesh cells.
This is advantageous for GPUs because it avoids insertion of padding zeros to the sparse
matrix storage format as well as divergent threads during the SpMV operation. For the
meshes consisting of a single type of cells, i.e., with constant number of faces pereell
the number of non-zero entries oA is (2e 1)n, en, and 1 for rows corresponding to
inner, Neumann boundary, and Dirichlet boundary faces, respectively.

4.3 Linear system solver

The resolution of the linear systemA Z*** = b at each time level is the computationally
most expensive step. The matrixA 2 R™N is large, sparse, nonsymmetric, and its
structure can be very complex depending on the mesh ordering. Direct methods for the
solution of such systems su er from huge memory requirements due to ll-in, therefore
iterative methods such as GMRES, BiCGstab or TFQMR are usually more e cient.

Due to highly non-linear coe cients in (1), the matrix A is extremely ill-conditioned
and methods such as TFQMR need a strong preconditioner in order to converge. The
TNL library currently provides only the Jacobi preconditioner for all architectures, there-
fore we rely on the restarted GMRES) method which is robust enough to converge. The
GMRES method is based on the Arnoldi’'s algorithm for the construction of the orthonor-

uses the MGS orthogonalization. It is commonly written as in [9]:
Algorithm 1

1. Setv; 2 R such, thatkv,k = 1.
2. Fori=1;:::;s:

2.1. w; = Av,

2.2. Fork=1;:::;i:

2.2.1. he = Wi vy
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2.2.2. Wi = W; hkin
2.3. hi+1;i = kW,k If hi+1;i =0, stop.
2.4. Vigp = ﬁW,

Algorithm 1 is inherently a sequential algorithm because the order of steps in the inner
loop ensures numerical stability. In practice, we even have to repeat the orthogonalization
step 2.2 twice to ensure convergence (MGSR). Overall, only SpMV and Level 1 BLAS
operations can be parallelized.

To improve the scalability of the Arnoldi’s algorithm, we replace the MGS part by
Householder transformations [9]:

Algorithm 2

1. Choose non-zero vectar; 2 RV .
2. Fori=1;:::;s+1:
2.1. Find Householder vectoy; 2 R" such, that (yi)j=0forj=1;:::5i land

.. 2
(Pizj)j =0 forj=i+1;:::;N, whereP; = | Ly, t = —.
ky|k
2.2. hi 1= (PiZi)j ]s:]l.
2.3. Vi=Pq: P

2.4. Ifi s, computez;,; = P;:::P;Av,.
Algorithm 2 is numerically more stable than the original version using MGS (Algo-
rithm 1) and its cost is comparable to MGSR. To expose more parallelism, we replace the

sequential application of the Householder transformations with theompact WY repre-
sentation (CWY) for the products P,:::P; and P, :::P4, which was introduced in [10].

triangular matrix T; 2 R",

_ o T BTy 1Y ay .

Then the following relations hold:
Po::Pi=1 Y, T,Y/; (6a)
P::Py=1 Y,TIY (6b)

Application of the compact WY representation leads to the following modi cation of the
Arnoldi’s algorithm:

Algorithm 3
1. Choose non-zero vectar; 2 RV.
2. Fori=1;:::;s+1:
2.1. Computey; and t; for the current z; same as before.
2.2. UpdateY; and T; usingt;, y;, T; ;andY; ;.
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+1
2.3. hi 1= (PiZi)j jS:]_
2.4. vi= | Y, T.Y] e
2.5. Ifi s, computezi,; = | Y, T/Y! Av,.

Algorithm 3 has better numerical stability than Algorithm 1, it has less global syn-
chronizations because there is no explicit inner loop and the orthogonalization can be
implemented with Level 2 BLAS operations.

In both variants of the GMRES method, the restarting parameters can be chosen
adaptively, which reduces the computational cost on both CPU and GPU architectures.
We use the strategy introduced in [1] and slightly improved in [6].

4.4 Unstructured meshes

As part of the TNL library, we implemented the Meshtemplate, which is a data structure

for working with homogeneous unstructured meshes, i.e. meshes where all cells have the
same shape (e.g. triangle, rectangle, tetrahedron or cuboid) and the number of neigh-
bouring cells of a vertex is not constant. Its purpose is to provide storage for numerical
meshes and algorithms for accessing topological properties, such as enumerating neigh-
bouring cells of a given vertex. It was designed with e ciency and exibility in mind,
which makes it suitable for integration into complex algorithms for high-performance com-
putations. To achieve these goals, the implementation relies heavily ont€ 11 features
and template meta-programming techniques.

The static compile-time con guration allows to change many parameters, such as the
mesh topology determined by the cell shape, dimension of the space in which the mesh is
included, coordinate data type (e.gfloat , double), global and local index types (e.gint
and short int ), dimensions of the entities stored in the mesh, and the data representing
connectivity information between neighbouring entities.

4.4.1 Optimizations for CPU and GPU

The static con guration a ects the size of the mesh itself (unnecessary entities can be
omitted), as well as the size of mesh entity structures (unnecessary connections can be
omitted). Consequently, the size of a mesh entity depends on its shape, but not on
the number of its neighbours. To work with the mesh on GPU, it has to be initialized
sequentially on the CPU and then it can be transferred to the GPU. Similarly to the
handling of multidimensional arrays, the internal data layout ofMeshallows coalesced
memory accesses during parallel traversal on GPU.

On both CPU and GPU architectures, the e ciency of the solver for (1) is strongly
a ected by the ordering of mesh entities. Not only direct manipulation with the mesh data
structure is a ected, most important consequence is the structure of the sparse matrix
resulting from the MHFE discretization. We demonstrate this e ect on a 2D benchmark
problem using two ordering strategies: the original ordering generated by the frontal
algorithm of Gmshsee Fig. 1), and a custom ordering based on an in-order traversal of
a d-dimensional tree of the entity centres (see Fig. 2). The original ordering does not
consider the spatial position of the entities and, consequently, the corresponding sparse
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(a) Mesh ordering (polygonal chain connecting (b) Matrix structure

the cell centres)

Figure 1: Ordering of the coarsest triangular mesh with Id. 2@ generated by the frontal
algorithm of Gmshand the corresponding structure of the global sparse matrix.

LN/ /// S/ / \\ ]

(a) Mesh ordering (polygonal chain connecting (b) Matrix structure
the cell centres)

Figure 2: Ordering of the coarsest triangular mesh with Id. Zf) generated by the 2-d
tree traversal and the corresponding structure of the global sparse matrix.

matrix does not look sparse , although every row contains at most 10 non-zero elements.
The alternative ordering preserves the spatial locality of neighbouring entities and the
corresponding sparsity pattern constitutes of several diagonals and small blocks. The
results in Table 1 show that computations using the alternative ordering are signi cantly
faster, which can be attributed to better cache e ciency in the SpMV operation.

5 Results

We use a benchmark problem with known semi-analytical solution to verify the conver-
gence of the numerical scheme by means of the experimental order of convergence. It
is a multidimensional extension of the one-dimensional McWhorter and Sunada problem
[7] for the special case of incompressible two-phase ow in homogeneous porous medium
with neglected gravity and speci ¢ initial and boundary conditions. The general semi-
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Intel Core i7-5820K Nvidia Tesla K40
1 core 6 cores
Id. Gmsh tree t=G Gmsh tree t=G Gmsh tree t=G
2D‘11 0,4 0,4 0,91 0,6 0,6 0,92 1,3 1,3 1,00
2D‘21 51 5,0 0,99 3,6 3,6 1,00 7.9 7,9 1,00
2D§1 99,9 98,5 0,99 36,2 35,7 0,99 470 46,2 0,98

2Df1 2662 2383 0,90 6325 573,6 091 3744 351,55 0,94
ZDQ1 64 145 45953 0,72 15687 11976 0,76 3913,2 3387,0 0,87

Table 1. Comparison of the computational times for triangular meshes ordered by di er-
ent strategies: the frontal algorithm of theGmshprogram and using 2-d tree.

analytical solution described in [4] exhibits radial symmetry due to a point injection of
one of the phases. The details of the setup for this benchmark problem as well as the
choice of parameters for the numerical solution can be found in [5, 6].

The numerical solution of the benchmark problem has been computed in 2D on struc-
tured rectangular grids and unstructured triangular meshes and in 3D on structured
cuboidal grids and unstructured tetrahedral meshes. A series of re ned meshes of each
type has been used for the EOC analysis in the; and L, norms. The results presented
in Table 2 for the capillarity models by Brooks and Corey and by van Genuchten indicate
that the scheme converges with the rst order of accuracy in all cases.

Brooks & Corey van Genuchten

Id. KEns ki €0g,.1 KEhs k; €0g .o | KEns ki €0Gg ., KEhs k; €0g,
2D, | 1,52 102 3,26 10 2 1,41 10 2 2,17 10 2

2D, [ 8,75 103 g'gg 2,08 10 2 8'22 7,88 10 ° 8'2‘; 1,24 10 ? g'gé
2D, | 4,97 103 0gs 13510 2 060 | 43110 3 0gg 68310 3 0.88
2D, | 2,76 103 0g7 89310 3 063 | 23410 3 ogs 37210 3 0.85
2Ds |15110°% 57910°% 129 10°% 206 10°%
2D] | 1,54 10 ? 3,25 10 ? 1,43 102 2,13 10 ?

2D; | 8,14 10° 8’23 1,89 10 2 8'2‘11 7,58 10 3 8'2471 1,16 10 2 8'22
2D; | 4,44 10° 0os 11910 2 g7 | 40110 3 101 82210 8 100
2D; | 2,41 10° ogs 77910 8 064 | 21210 3 0gs 33010 3 0.84
2Df 129 10°% 490 10°% 115103 1,79 103
3D, | 8,28 10° 2,59 10 2 8,15 10 ° 1,64 10 ?

3D, | 4,67 103 8’22 1,59 10 ? g'gg 4,42 103 g'gg 9,06 10 ® g'gg
3D; | 2,60 103 ogs 28710 8 069 | 236 10 3 093 49010 3 0.92
3D, [144 10° 6,12 10°% 1,24 10% 258 10°%
3D] | 1,15 10 ? 3,48 10 ? 1,21 102 2,43 10 ?

3D, | 8,02 10° g'gz 2,52 10 2 8'?2 8,13 10 3 8';; 1,66 10 2 8'33
3D; | 4,41 10° 1op 14910 2 093 | %2610 3 114 88310 3 113
3D; | 2,40 10 ° 101 86210 3 071 | 21610 3 Log 45310 3 108
3Df [ 1,26 10°% 548 103 7 1,09 103 ™ 228103

Table 2: Errors of numerical solutions and experimental orders of convergence for rect-
angular, triangular, cuboidal and tetrahedral meshes.
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For the same benchmark problem, we also present the GPU speed-up compared to
single- and multi-thread computations on CPU. The values in Tables 3 and 4 demonstrate
the advantages of massive parallelization for su ciently large problems. Additionally, we
compare the MGSR and CWY variants of the GMRES method which were introduced in
Algorithms 1 and 3, respectively. On GPU the CWY variant is signi cantly faster than
the MGSR variant, but on CPU the computational times are more or less the same.

GPU CPU
1 core 2 cores 4 cores 6 cores
Id. CT CT GSp CT HEf GSp CT Ef GSp CT Ef GSp
2D, 51 0,6 0,12 0,7 0,45 0,13 0,8 0,19 0,15 0,9 0,017
x 2D, 28,1 11,5 0,41 7,9 0,72 0,28 6,4 0,45 0,23 6,8 0,2824
8 2D, 117,21 173,6 1,48 95,9 0,91 0,82 61,2 0,71 0,52 52,8 0,835
= 2D, 740,4 40235543 2154,1 093 291 1192,1 0,84 1,61 941,6 01727
2D; 8237,3 82323,59,99 47982,0 0,86 5,82 26919,0 0,76 3,27 199155 QB2
2D, 15 0,7 0,45 0,4 0,79 0,28 0,3 0,52 0,22 0,3 0,4118
s 2D, 11,0 13,2 1,20 7,6 0,87 0,69 4,8 0,68 0,44 4,0 0,8637
< 2D, 46,3 197,0 4,25 107,5 0,92 2,32 65,7 0,75 1,42 52,6 0,624
© 2D, 380,0 4325,711,38 2360,6 0,92 6,21 1448,1 0,75 3,81 1195,8 (3616
2Ds 44499 91166,20,49 49004,3 0,93 11,01 29182,1 0,78 6,56 24684,0 6,65
2D‘l1 4,7 0,3 0,07 0,5 0,33 0,11 0,5 0,18 0,10 0,6 0,@913
% 2D‘21 22,4 5,0 0,22 3,9 0,65 0,17 3,1 0,40 0,14 3,6 0,2316
% 2D‘31 120,0 98,5 0,82 59,5 0,83 0,50 38,3 0,64 0,32 35,7 0,880

2D; 7783 2382,8 3,06 1298,8 0,92 1,67 701,0 0,85 0,90 573,5 0694
2D§-,1 7387,9 45953,46,22 255124 0,90 3,45 14602,7 0,79 1,98 119764 Q&2

2D; 15 0,4 0,27 0,3 0,60 0,22 0,2 0,45 0,15 0,2 0,8214
> 2D‘21 8,9 6,2 0,70 3,7 0,84 042 2,3 0,66 0,26 2,0 0,9223
% 2D 51,1 122,0 2,39 67,7 0,90 1,32 40,3 0,76 0,79 32,5 0,654

2Df1 396,1 26956 6,80 1480,7 0,91 3,74 855,2 0,79 2,16 671,7 0)670
2Df;,1 4008,3 57404,24,32 32100,5 0,89 8,01 18814,1 0,76 4,69 16414,0 43D

Table 3: Comparison of computational timesCT, parallel CPU e ciency Eff and
GPU/CPU speed-up GSp for the 2D benchmark problem.

6 Conclusion

We presented a parallel solver for a general system of PDEs based on the semi-implicit
MHFEM/DG numerical scheme. Multiple optimizations were performed to improve the

e ciency of the solver, namely a modi ed GMRES method using the CWY orthogo-
nalization instead of MGSR was employed and the unstructured meshes were suitably
reordered. The results of numerical simulations for a benchmark problem with known
semi-analytical solution indicate that the numerical scheme converges with the rst order
of accuracy in all cases. Computations on GPU were about 20 times faster compared
to 1-threaded computations on CPU and about 6 times faster compared to 6-threaded
computations on CPU, hence, GPU acceleration can be very bene cial for large problems.
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GPU CPU
1 core 2 cores 4 cores 6 cores
Id. CT CT GSp CT HEf GSp CT HEf GSp CT Eff GSp
” 3D, 5,9 13,8 2,34 7,2 096 1,22 4,3 0,80 0,73 3,4 0,8/58
n 3D, 55,7 524,6 9,42 304,7 0,86 5,47 173,7 0,76 3,12 128,2 0A80
g 3D; 1234,3 21128,17,12 12770,7 0,83 10,35 7317,4 0,72 5,93 6241,6 GEH
3D, 44798,3 (not computed on 1, 2 and 4 cores) 272104,0 6,07
3D, 2,1 15,2 7,30 8,0 0,96 3,82 4,4 0,86 2,13 3,4 00,1562
g 3D, 30,8 564,318,33 319,5 0,88 10,38 186,7 0,76 6,07 150,3 0488
O 3D; 828,0 20569,24,84 12406,1 0,83 14,98 7092,6 0,73 8,57 5533,7 GEB
3D, 31805,6 (not computed on 1, 2 and 4 cores) 234066,0 7,36
3D‘11 3,8 1,7 0,44 1,2 0,71 0,31 0,8 0,53 0,21 0,8 0,8322
% 3D‘21 6,1 7,2 1,19 43 0,84 0,70 2,6 0,70 0,43 2,3 0,8337
0 3D‘31 45,3 274,5 6,06 152,6 0,90 3,37 87,5 0,78 1,93 72,4 0,630
= ?,D;1 873,1 11270,012,91 6228,3 0,90 7,13 3414,9 0,83 3,91 3187,9 03566
3D 55880,2 (not computed on CPU)
3D‘11 1,4 2,0 1,48 1,2 0,85 0,88 0,7 0,68 0,54 0,6 0,9446
> 3D‘21 2,6 8,7 3,30 49 0,89 1,85 29 0,75 1,10 2,3 0,6486
< 3D‘31 23,9 330,913,87 184,8 0,90 7,75 107,9 0,77 4,53 93,4 0392
© E‘;D;1 566,2 12069,21,32 6506,3 0,93 11,49 3771,0 0,80 6,66 3306,2 R4
3D 376953 (not computed on CPU)

Table 4: Comparison of computational timesCT, parallel CPU e ciency Eff and

GPU/CPU speed-up GSp for the 3D benchmark problem.
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Abstract.  This work aims to provide the comprehensive interaction analysis of the spectra
of random matrices from hyperbolic damped ensembles. For that purpose, the transformation
of spectra through unfolding procedure needs to be performed. Here, it is introduced and
thoroughly investigated for general counting processes. After its application on the random
matrix spectra, the nearest-neighbor spacing of the eigenvalues is studied in the dependence of
its position in the spectra.
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Abstrakt. Tato prAce si dAVAE za c | dekladn¥ analyzovat spektra hyperbolick ch utlumen ch

n/AEhodn ch matic. Pro tento cefel je nezbytn@ pou”t transformaci spektra skrze zobrazen un-
folding. Zde je tento koncept p edstaven a do detailu prob r&n z hlediska teorie £ tac ch procese.
Po aplikaci procedury unfolding je zkoumZEn odstup mezi sousedn mi vlastn mi £ sly dan ch

nAhodn ch matic v z/vislosti na pozici t¥chto vlastn ch £ sel ve spektru.

Kl £ovA slovaunfolding, hladinov odstup, £ tac proces, nahodn@ matice

Introductory Talk

The counting process theory has been thoroughly dealt with in [1] where the classical

theory is extended by new results of which the most important ones are presented in the

paper [2]. The usefulness of those results lies in their ability to describe certain agent

systems from the interaction point of view. These agents are assumed to be characterized
through the sequence of one-dimensional random variables which often represent arrival
times of events or the locations of some objects in space.

Here, we particularly focus on the system of eigenvalues of the so called hyperbolic
damped unitary ensembles rstly mentioned in the paper [3] as the numerical implemen-
tation of the so called Calogero-Moser hyperbolic random matrices. However, the notion
damped unitary ensembles (DUE) was introduced in [4]. In that paper, a very close cor-
respondence between the matrices’ eigenvalues and the system of vehicle locations was
found. Particularly, it was shown that the nearest-neighbor spacing of the eigenvalues
very well describes that of cars located in one lane of the road.

This work was supported by the grant Detection of stochastic universalities in non-equilibrium states
of socio-physical systems by means of Random Matrix Theory within agency GACR, number 15-15049S
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The rst section of the work is devoted to the necessary transformation procedure
called unfolding. The concept will be established in its most general way for counting
processes. The important transition to nite version of counting processes will be dealt
with as well. In the second section, the damped unitary ensemble of random matrices will
be de ned. Moreover, the origin of these matrices and mainly the guess of the theoretical
formula for the level spacing between the matrices’ eigenvalues will be provided. The
last section belongs to the con rmation and application of the gained knowledge on
the numerically generated data. Primarily, the level spacing between the eigenvalues of
matrices from hyperbolic DUE will be thoroughly examined.

1 Unfolding of Counting Process

Before we investigate nearest-neighbor spacing distribution, it is necessary to transform
the initial system via unfolding. To properly understand the procedure, we will rst
introduce the basic terms and notation of the counting process theory. First of all, let us
de ne the general counting process itself.

De nition 1. Let (Rj)i2n be a tight sequence of independent a.s. positive random vari-
ablesgwvhere the sequence of the inversigiisR;)i.n IS also tight. De ne the variables
Tk = :(:01 Ri fork2 NandN; =# fk2 NjTx tgfort2 R. Then (Ny)r is said to

be a counting process.

The random variableT; = Rq in the de nition above expresses kind of an initial point
of a counting process while the elements of the sequer{€)i>n represent the nearest-
neighbor spacings between the poiniSy)k>n. Concerning the assumptions of tightness,
they ensure that the counting process has expected properties. First, thanks to the
tightness of the inversiong1=R;);»n, the sequence of the partial sumgTy )N CONverges
to in nity a.s. Using this fact, some other fundamental results can be derived most of
which are summarized in the following proposition.

Proposition 1. Let (Ny);2r be a counting process. Then for 2 R;, it holds
1) Ne<1 as., 3) 9pp 2 R so thatE et < 1 for p < po,

2) E(N/)< 1 forr 2 R{, 4)t!li1m N; =0 a.s. andtllilm N;=1 a.s.

The de nition 1 is quite general and there is not actually much more to claim about the
corresponding counting process. To derive some more advanced characteristics describing
the process, additional assumptions have to be imposed on the sequefRRgi,n,. The
most natural and also simple approach is to assume an identical distribution of the
respective random variables and alsR, := 0 a.s. The resulting process then represents a
very famous renewal process. As a matter of fact, this is not an ideal type of a counting
process to use since its properties are di cult to handle not only from the theoretical
point of view. However, performing just a slight change by considering the density for
the distribution of the random variable R in the form

fRo = (1 FRl) (1)
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with positive parameter = 1=E(R;), the major downsides of the corresponding counting
process disappear. The formal de nition of such a process is given below.

De nition 2. Let ( {)i2r be a counting process with the i.i.d. spacing sequené)i,n
and the initial point Ry distributed according to(1). Then ( t)pR is said to be a level
counting process and.y = Ro + S¢ ; the kth level whereS, = :<:1 R; is the so called
k-fold level spacing foik 2 N.

The process just de ned was introduced in the paper [2]. It provides an easier and
more slick way of dealing with the properties of counting processes and interacting agent
systems in general. Its crucial property is the linearity of the corresponding expected
value. Specically, it holdsE( ;) = t fort 2 R so the derivative of the expected value,
i.e. the density of the counting process, is constant everywhere.

In this work, we aim to present a transformation which maps a general counting
process from the de nition 1 to the level counting one. The transformation is called
unfolding and its de nition is provided below.

De nition 3.  Let (N¢)12r be a counting process antd: R! R; a function satisfying
limy;  U()=0 andlimy; U() =1,
U is continuous and increasing,
there is a level counting proces§ )i2r such thatN; =y

The mappingU is said to be an unfolding of the counting proce$hl;):,r.

In real applications, it is usually very di cult, mostly rather impossible, to verify all
the assumptions so that it is eligible to apply unfolding. In fact, the most problematic
part is the last point of the de nition. Particularly, there is usually not enough data to
verify that the transformed process satis es all the properties of a level counting process.
However, here we deal with the eigenvalues of random matrices so we can aord to
generate enough of them to analyze even this condition. Some numerical tests will be
thus given on this topic in the next section. Now let us introduce the speci ¢ form of a
mapping which satis es at least part of the assumptions required in the de nition 3.

Theorem 1. Let (Ny);or be a counting process such that the rst member of the partial
sum sequence is a countinous random variable. The mapping de ned as

U(t) == E(Ny) (2)

where =1= and > O then satises the rst two conditions in the de nition 3 and
for Ny =y, it also holdsE( ;) = t for all t 2 R. What is more, the mapping with
such properties is unique.

Proof: The easier part of the proof is to verify the rst two conditions. The very rst one
is immediately implied from the fourth claim of the proposition 1. The increasing trend
of U follows from the the fact that a counting process is a.s. increasing function.
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To proceed further, we need to express the expected value of a counting process
through the distribution functions of the corresponding partial sum sequenddy)x2n. In

fact, it holds
I
s ' s
E(N{)=E #fk2NjTx tg =E (T, t) = Fr, () 3)
k=1 k=1

whereby the convergence is even uniform which fol|9ws from the monotone convergence
theorem. Now because we can writé&,; = T, + :‘:1 R; forall k 2 N and T; is
continuous, all the members ofTy)k2n Must be continuous as well. All the reasoning put
together, the expected value of a counting process is a continuous function.

The derivation of the last condition in the claim is the most strenuous part of the proof.
First of all, let us denote the random variables transformed vi& and the corresponding
counting process as

Lk := U(Ty); =# k2 NjLy tg 4)

wheret 2 R andk 2 N. Due to the increasing trend of the functionJ, the procesy {):«2r
is related to the original one(N)>r through the relation

Nt:#sz NJTk tg:#sz NJU(Tk) U(t)g: u(t)

which is in fact the rst part of the condition being proved. To show the linearity of the
expected valueE( ), it would be useful to apply the inversion ofU now. However, that
does not have to necessarily exist becausemight not be strictly increasing. We thus
need to deal with the areas where the function is constant. According to (3), the function
U is constant on some set if and only iy, for all k 2 N are on that set constant. This is
equivalent to the statement that U is strictly increasing on some set if and only if there
is k 2 N such that Fy, is strictly increasing on that set. Based on these observations,
de ne the set

A= ' supp(Tx)
k=1
where the symbolsupp(Tx) denotes the support of the corresponding random variable.
From here, it holds that T, 2 A a.s. for allk 2 N and as a consequence, the restriction
V= UjA then satis es
U(Tx) = V(Ty) as
Additionally, the equation V(A) = R; applies which follows from the properties ob) as

the expected value of a counting process. The restriction is already strictly increasing
which allows one to write

R R R
E( ()= EUT) t = EV(T) t = ETc V Xt) =E Ny 1
k=1 k=1 k=1

where the relation (4) was used. Using the de nition (2) and also the fact tha¥ (t) 2 A
for all t 2 Ry, we nally get the equality

E()= UV ) = vV it =t
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The last part of the proof is devoted to the uniqueness of the function chosen as (2)
having all the properties claimed. Let§ be an arbitrary function satisfying the rst two

conditions in the de nition 3 and also the relationN; = (1) whereE( ;) = t for all

t 2 R. The mapping 8 then complies with the de nition (2) as
E(N) =E( up) = B(1):
0]

According to the relation (4), the function U maps the points(Tx)x2n tO the new
ones(Lk)kon SO that they become uniformly distributed in their state space. If the state
space is for instance time, this action results in the loss of the information about the time
evolution in the system. On the other hand, if the mappindJ is in addition unfolding,
the simplicity of the resulting level process allows one to unfold many useful properties
about the corresponding system as will be seen in the third section. Various counting
processes can be in this way transformed so that they are examined and consequently
compared to each other.

As a result of the theorem 1, the mapping of the form (2) is actually the only candi-
date which could satisfy even the third assumption for the unfolding of a counting process
(Np)2r. That brings up a question what are the requirements to be imposed on the pro-
cess(N¢)2r SO that the function (2) is its unfolding. The intuitive idea is that unfolding
only kind of rescales all the nearest-neighbor spacings so that their distributions become
the same as it is required in the de nition for a level process. Therefore, it is believed
that the counting process, on which we intend to apply unfolding, should be formed by
the sequence of spacing®;)i>n all having the same or very similar distribution up to
some scale constant. Ideally, it should thus hold

8i;j 2N 9s2R : R, 2 sR; : (5)

Unfolding is shrouded by mysteries and it is still far from being completely understood.
Some of the insights will be given in the next sections using real data, but before that,
let us present one particular case in which the mapping (2) actually satis es all the
requirements to be unfolding.

Theorem 2. Let (N¢)i2r be a counting process de ned through the partial sum sequence
(Tk)kan- Suppose that the sequend@y.n)y-, IS the increasingly ordered version of the
i.i.d. random variables (Yi.n)r=; for all n 2 N such that the limitlim,; Ten ! Tk
holds for allk 2 N. Then unfolding of the proces$N;)>r exists and its image results in
the homogeneous Poisson process.

Proof: The theorem will be shown by the transition from the proces@\;);,r to its nite
version dened asNy, = # fk 2 bjTyn tg for t 2 R where n is the number of
elements present in the system. The corresponding nite version of unfolding fox 1
then satis es

X
Un(t):= E Ngy = E #fk2hjTe tg = Fr, ()= nFy, ()  (6)
k=1
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where the distribution function of Y., is the mixture of all the distribution functions

(Ft., )k=1- Based on this kind of notation, it is clear that(Ty;,);-, represents the or-
dered statistics of the i.i.d. sequence€Yi.,)y-, established in the claim of the theorem.
Analogically, the sequence of levelsy., := U,(Tk) is then the ordered version of the
variables X ., := Un(Yik.n). According to the relation (6), the sequencéXy.,)r=, IS also
i.i.d. and moreover, its elements has uniform distributiorJ(0; n ).

Suppose now that( n,)i2r IS the nite counting process de ned through the partial
sum sequenc€Llyn)y-;- As the consequence of the results obtained in the previous
paragraph, the procesy ., )i2r has the binomial distribution Bi(n;t=(n)). Denoting
the limits of (N¢,)i2r @and U, as(Ny)i2r and U respectively, it additionally holds

N = lim N¢, = lim = 7
t i t;n i Un (t);n U(t) ( )

E( )= lim E( tn) = lim nFx,, ()=t

forallt 2 Rwhere :=1= . Now thanks to the convergencém,,; Bi(n; t=n)=Po( ),
the resulting counting procesg :)2r IS actually the Poisson process. Moreover, since the
Poisson process satis es the properties of a level counting one, the mapplhgs truly
unfolding.

O

As a matter of fact, the counting procesg§N;); o described in the claim of the theorem
above is the inhomogeneous Poisson process. Indeed, the relation (7) directly implies that

U*(t) y
ki ©

forall k 2 N andt 2 R. This relation actually provide the way of generating a general
counting process with an arbitrary expected valug&(N;) = U(t) fort 2 R. The function

U might then represent a time or a space evolution re ecting some real application system
and the parameter the intensity which the elements occur in that system with.

The concept of the nite counting process discussed above is crucial while dealing
with the real application systems since they naturally always contain a nite number
of elements. That is why the results presented for the counting processes based on the
de nition 1 are just asymptotically approximative ones. As was mentioned, that is also
why the tools introduced here and in the paper [2] must be used for the systems with
number of elements high enough. Their actual application will be performed on the real
data in the following sections.

P(N¢ = k) =P( yp = k)=

2 Introduction to DUE of Hyperbolic Kind

The major system studied in this work is the set of eigenvalues of the random matri-
ces called damped unitary ensembles (DUE). Before restricting only to their hyperbolic
version, let us introduce the concept generally.

n

De nition 4. The random matrixD = Dy, ;_, for natural n is said to belong to the
damped unitary ensemble iDj; N(; ?) fori = j and Dy, =ig=fo(i j) as. for
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i 6 ] whereg and are positive. The functionf,, is required to be continuous, odd and
to satisfy jlimy;  fo(t)j=1 .

Since the functionf , is odd, the matrix de ned above must be always hermitian. That
means the corresponding eigenvalues are real random variables so the concepts discussed
in the previous section apply to them as well. The word dumped was used because of the
increasing character of the functiorf , which makes the elements of the matri® smaller
as they get farther from the diagonal. The simplest type the functio, is a linear one
for which the respective ensemble is called the rational. In this work, we will deal with
the hyperbolic ensemble which is obtained by setting

1 2
f,(t) nsinh(2t=n)

for t 2 R. This particular choice of the functionf, comes from the paper [3] where the
corresponding matrix ensembles were introduced as the numerical implementation of the
so called Calogero-Moser hyperbolic matrices. These represent the Lax matrices of the
integrable models characterized by the Hamiltonian
X X 1

+ g fae (@ Q) (8)
i=1 i 4= G 9
for n particles with momentum (p;)iL; and one-dimensional position$g )., whereg and

are positive parameters. The Lax matrixL is determined by the existence of the pair
matrix M such that the Hamilton equations can be then rewritten in the form

@ _

@t
Considering the Hamiltonian (8), the condition (9) determines the elements of the matrix
LasLj = p fori =jandLy =ig=fa- (@ q) fori 6 j wherei;j 2 h. Using
the methods of statistical physics, one can then derive the probability density for the
momentum and positions in the form

LM ML : (9)

|
X X 1 # X '
f(pyiisspnsGiii;ch)=cexp a  pi+g® —5——— b cosh(q)
i=1 i6] fi- (@ q) i=1
(10)
where the second term in the exponent represents the con nement potential holding the
repulsing particles together. The density above seems to be very cumbersome to work
with. That is also why its approximation for the implementation purposes was proposed.
Particularly, instead of considering positions to be random, they were chosen to take the
valuesg = i a.s. Using this adjusted distribution and setting :=4 =n, the matrix L
then matches the one from hyperbolic DUE established in the de nition 4.

In the paper [3], the authors also derive the joint distribution of the eigenvalues of the
random matrix L. Thanks to the integrability of the underlying system, it is possible to
perform the canonical transformation of the momentum and the positions of the particles
to the corresponding action-angle variables. As a matter of fact, the action ones turns
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out to be the eigenvalues of the Lax matriXd.. After the transformation of the density
(10) and integration over the angle variables, we get the joint density for the eigenvalues

in the form
| |
X Y "
f( ;00 n)=cexp a 2 Kob 1+
i=1 i=1 i8] b

(11)

whereK  stands for the Macdonald’s function of the zeroth order.

From the density above, it is possible to deduce the estimate of the level spacing
distribution for the respective eigenvalues. First, let us investigate the character of the
distribution for the high values of spacings. In that case the function (11) is mainly deter-
mined by its exponential part which corresponds to the distribution of the independent
Gaussian random variables. Based on the theorem 2, the spacing after unfolding is of an
exponential character. To deduce the behavior Bf the level spacing density around zero,
it is necessary to use the approximation o(t) =(2t)exp( t) ast!1l . Plugging
this into the expression (11) and combining it with the estimate for the high values of
level spacing, we obtain

fs,(t)=cte T+ (12)

fort > 0. The constantc normalizes the density andl is often determined by the condition
E(S:) = applied for the purpose of comparing di erently scaled spacings. As a matter
of fact, this density determines the generalized inverse Gaussian (GIG) distribution. How
well it ts to the data generated from the matrix in the de nition (4) will be tested in
the following section.

3 Level Spacing for Eigenvalues of DUE

In this section, we will thoroughly look at the repulsive interaction kind of dependencies
governing in the spectra of the matrices established in the de nition (4). Speci cally, we
are aiming to study the distribution of the spacings between two nearest eigenvalues. We
will do so after the application of the rescaling transformation introduced in the theorem
(1) and compare individual spacings throughout the whole spectra. For that purpose,
the expected value

X
E(Nww)=  F ., () (13)
k=1

fort 2 Ris required. The sequence k.n)¢-; represents the ordered version of the spectra
of the matrix from DUE ,(n; g).

The intensity function as the derivative of the expected value (13) becomes the density
mixture of all the ordered eigenvalues. This mixture is sometimes also denoted as the
eigenvalue density. It is well known that the eigenvalue density of the Wigner matrices
is a semiellipse according to the famous Wigner semicircular law. In the case of damped
matrices, the distribution certainly does not follow this behavior as can be seen in the
gure 1. Instead, it gradually changes from the Gaussian distribution to almost uniform
one as the parameteg increases. This trend was attempted to be captured in the paper
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Figure 1: The eigenvalue densities of DU matrices for various values of the param-
eter g.

[3] by the formula

c(# #2"?2
= Pexp 7

(14)

for jtj <" andf (t) = O otherwise. The functionc(#) plays the role of a normalization
factor while ";# > 0 are the parameters of the distribution. The distribution function of
(14) can be used as the decent approximation of the rescaling transformatiok(N¢; n).
If no such a theoretical formula is available, a polynomial regression is usually performed
to estimate the distribution function of eigenvalue density. Nevertheless, non of these
strenuous approximative approaches will be needed in our case. Since we deal with
random matrices, we can generate enough of them to precisely normalize the scale of all
the spacings manually. By normalization, it is meant here to convert all the respective
means to one. Note that this method might not be able to be used in the real systems as
only one realization of the nite counting process is usually available. It is also su cient
only when dealing with nearest-neigbor spacing distributions. If one wants to study
more advanced characteristics like multi-fold spacing or rigidity, the transformation (2)
is necessary to be applied.

Let us now try to t the spacing distributions by the guessed formula (12) in which the
parameterd is determined the scaling conditiorE(S;.,) = 1. The ts for various positions
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of the spacings in the spectra are presented in the gure 2. Apparently, the distribution

position: 1 position: 15

relative count
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eigenvalue spacing eigenvalue spacing
1 1
position: 31 position: 63
€ €
> >
o o
o o
3] ]
= =
8 8
o o
0 1 2 3 4 5 0 1 2 3 4 5
eigenvalue spacing eigenvalue spacing

Figure 2: Histograms and ts of spacing densities between two nearest eigenvalues
from DUE , located in various parts of spectra.

changes signi cantly determined by the weak repulsion character on the edge of the
spectra to quite strong one in the bulk. It is surprisingly di erent behavior than in the
case of the well-known Gaussian random matrices whose eigenvalue spacing distributions
appear to be identical no matter the position of the spacing in the spectra. As a result,
the nite counting process formed by the eigenvalues of the matrices from DEoes
not have an unfolding. Indeed, the application of the mapping (2) to the process would
not result in a level counting one since the corresponding spacing distributions would not
be the same.
Let us now have a look at the dependence of the spacing distribution on the position
in the spectra more in detail. The gure 3 shows the estimates of the parametersand
of the distribution (12) for all the nearest-neighbor spacings between the eigenvalues of
the matrices from DUE,(128, g) for various values ofg. As expected from the symmetry
of the graphs in gure 1, the change in the parameters and going from the edges of
spectra to its bulk is symmetric as well. The trend of the change seems to be parabolic in
the case of the parameter. Despite the high variability in the estimates of the parameter
, their trend indicates to have a semicircular behavior.
The spectra of the matrices from DUE thus truly cannot be unfolded as a whole.
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Nevertheless, the estimates of the parameterin roughly the middle quarter of the spec-
tra appear to have a steady trend. Considering only those eigenvalues, the unfolding
could be performed on corresponding counting process. However, the theoretical predic-
tion (14) does not t very well this time and the mentioned polynomial regression method
has to be used instead.

As a matter of fact, it is again possible to bypass the method using polynomial re-
gression. Setting a thresholdh and taking only those eigenvalueé ;)28 from the middle
qguarter of the spectra(i 2 f 48;:::;80g) satisfyingj i;j < h performs the approximate
unfolding® as well. The thresholdh is chosen with respect to the estimates of the expected
valuesE( 4g) and E( go).

So far, we have investigated the spacing distribution in the dependence of the loca-
tion in the spectra of the matrices from DUE,(128,g). Let us now have a look at the
dependence of the distribution on the parametey more thoroughly.

In the gure 4, the respective estimated(g) and IC’(g) are plotted for various locations
of the spacings in the spectra. In the case of parameter its estimates seem to have
a quadratically increasing trend while those of the parameter indicate possible linear
trend.
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Abstract. Obiject recognition is a process for identifying objects in images or video sequences.
One of the powerful tools in object recognition is an invariant description of objects. The
descriptors ought to be computationally stable and have high discriminative power. Hence,
invariants constructed from orthogonal Gaussian Hermite moments can be used advantageously.
Gaussian Hermite (GH) moments play a special role among various orthogonal moments [1, 2,
3, 5, 6, 8, 10]. They were proved to be very robust w.r.t. additive noise comparing to other
common moments [4, 7]. The GH moments are the only moments orthogonal on a rectangle
which o er a possibility of an easy and e cient design of rotation invariants. This is guaranteed
by the Yang’s Theorem [9]. However, the construction of invariants w.r.t. scaling cannot be
accomplished easily and a novel approach is needed.

The rst paper is concerned with invariants with respect to scaling constructed from Gaussian
Hermite moments. The invariance is achieved owing to modulation of Gaussian Hermite poly-
nomials using variable parameter that depends on the input image. The scale invariance can
be easily coupled with the rotation invariance. This approach can be e ortlessly applied in 2D
and 3D with high numerical stability as demonstrated in experiments on real data.

The second paper is dealing with rotation invariants of vector elds. Vector eld images
are a new type of data appearing in many engineering areas in the last few years. A 2D
vector eld f(x) can be mathematically described as a pair of scalar elds (imaged)(x) =
(f1(x);f2(x)). Ateach point x = (x;y), the value off (x) show the orientation and the magnitude
of a certain vector. Hence, it is necessary to develop new methods and algorithms for dealing
with this type of data. In this paper, we propose a method for the description and matching
of 2D vector eld patterns under an unknown rotation of the eld. The considered rotation
of a vector eld is so-called total rotation, where the action is applied not only on the spatial
coordinates but also on the eld values. Invariants of vector elds with respect to total rotation
constructed from Gaussian Hermite moments orthogonal on a square and Zernike moments
orthogonal on a disk are introduced. Their numerical stability is shown to be better than that
of the geometric/complex moment invariants. We demonstrate their usefulness in a real world
template matching application of rotated vector elds a vortex detection in a uid ow.

Keywords: Scale invariants, Variable modulation, Normalization, Vector eld, Total rotation,
Invariants, Gaussian-Hermite moments, Zernike moments, Numerical stability.

Abstrakt.  RozpoznZvAEn objekte je proces identi kace objekte v obraze £i videu. Jednm
z p stupe je pou”it deskriptore objekte, kter@ jsou invariantn ve£i jist m typem transformac

This work has been supported by grants No. GA15 16928S and SGS15/214/OHK4/3T/14.
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v obraze. V pofet t¥chto deskriptore by m¥l bt numericky stabiln a m¥ly by mt vysokou
diskriminabilitu. S v hodou Ize proto pro jejich konstrukci vyu”t ortogonZln ch Gaussov ch
Hermitov ch (GH) momente. Tyto momenty hraj dele”itou roli mezi ortogonZEIn mi momenty

[1, 2, 3, 5, 6, 8, 10]. Bylo dok&Az/no, "e GH momenty jsou velmi robustn ve£i aditivn mu tumu
ve srovn/Zn s jin mi b¥’'n¥ pou” van mi momenty [4, 7]. GH momenty jsou jedin@d momenty
ortogonZIn na obd@in ku, ze kter ch Ize snadno zkonstruovat rotafn invarianty. Co” je mo’ngd
d ky Yangov¥ v¥t¥[9]. Bohu’el rozt en na invarianty ve£i tk/&Elov/AEn je netriviEIn a je teba
zvolit nov p stup.

Prvn z uveden ch £l/&nke pojedn/&EVvAE o invariantech ve£i Tk/&ElovAEn konstruovan ch pomoc
Gaussov ch Hermitov ch momente. Invariance je dosa’eno d ky modulaci Gaussov ch Hermi-
tov ch polynome prom¥nn m parametrem , kter z/Evis na vstupn m obr&Azku. Invariance ve£i
tk&ElovEn me’e bt snadno kombinovAna s invarianc ve£i rotaci. Tento p stup Ize jednodute
pou”t jak pro dvourozm¥rn/E tak i pro t rozm¥rn/Z data. Numerick/Z stabilita v po£te je demon-
strov/Ena na experimentech s re/Eln mi daty.

Druh £l/&nek se zab vA rotaEn mi invarianty pro vektorovZ pole. V posledn ch letech se d ky
nov m zpesobem m¥ en a nov m typem m¥ c ch za zen setkAEvAEme st/le £ast¥ji s multidimen-
zionZIn mi vektorov mi poli. 2D vektorovd pold (x) Ize matematicky popsat jako uspo Adanou
dvojici skalZrn ch obrAEzk#(x) = (f1(x);f2(x)). V ka’ddm bod¥x = (Xx;y), popisuje hod-
nota f(x) velikost a sm¥r dan@ho vektoru. Je proto pot eba k jejich anal ze vyv jet speciZln
metody a algoritmy £i v znamn¥ modi kovat st/&vajc postupy z tradiEn oblasti zpracovAEn
obrazu. V tomto £lAnku navrhujeme metodu pro popis a vyhledZvAEn vzore ve 2D vektorov ch
pol ch p i nezn/Em@ rotaci pole. Uva’ovan/ rotace je tzv. tot/&ln rotace, kdy transformace nepe-
sob pouze na prostorovd sou adnice, ale tak@d na hodnoty pole. DAle p edstavujeme invarianty
vektorov ch pol vzhledem k totZ&In rotaci zkonstruovan@d pomoc Gaussov ch Hermitov ch mo-
mente ortogon/ln ch na £tverci a Zernikeov ch momente ortogon/Zln ch na kruhu. Uk&E"eme, "e
numerick/ stabilita t¥chto invariante je vytT ne” stabilita invariants zalo”en ch na geometrick-
ch/komplexn ch momentech. U”iteE£nost t¥chto invariante demonstrujeme na re/EInd probl@mu

detekci v re v proud¥n kapalin.

Kl £ovA slova: Invarianty veEi tkZElovAEn, prom¥nnZ modulace, normalizace, vektorovd pole,
tot/ElIn rotace, invarianty, Gaussovy Hermitovy momenty, Zernikeovy momenty, numerick/ sta-
bilita.
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Abstract. Random walk is a very well studied object. Since its rst introduction by Pearson in
1905 a number of alternative models have been developed. This paper presents a novel approach
to a random walk with memory. This memory is introduced by a varying transition probability.
Asymptotic properties of such a random walk are described and possible real life applications of
such model are introduced.

Keywords: Random walk, memory, varying transition probability

Abstrakt. NZhodn/Z proch/Zzka je objekt studovan v ce ne” sto let. Od roku 1905, kdy Pear-
son poprvd koncept nAEhodn@ proch/Zzky p edstavil, byla vyvinuta cel/£ ada alternativ k psvod-

n mu modelu. Tento £l/£nek se v¥nuje nfEhodnd proch&Azce s pam¥t, je” se projevuje prom¥n-
livou p echodovou pravd¥podobnost . Jsou zkoumAny asymptotick@ vlastnosti takovdto nAhodnd
proch/Zzky a naznafena mo’nZ& pou”it modelu v praxi.

Kl £ovA slovaNZhodnZ proch/Azka, pam¥-, prom¥nlivE pravd¥podobnost

1 Introduction

Random walks has been subject to extensive study for over a hundred years since they
were rst introduced in by Pearson in 1905 [1]. Since then, many di erent variations of
a random walk have been introduced. Those variations usually involve di erent supports
(i,e. a random walk on a lattice, graph, nite set) and time properties (discrete or
continuous) [3]. Many variations also involve a memory factor added into the random
walk, such as self-avoiding walk or reinforced random walk [2]. Introducing a long term
memory factor into a random walk leads to a very di erent asymptotic behavior.

In this paper one-dimensional random walk is considered, in which the position of the
walker is controlled by a varying transition probabilities. After each step, the probability
that the next step will be in the same direction as the previous one is lowered and the
probability that the walker will move in opposite direction is increased accordingly. The
transition probabilities evolve in time in a random way and the actual values of the
transition probability depend on the entire history, making the walk a non-Markovian
stochastic process.

The model is described in the next section and section 3 indicates possible evolution
of this theory and concludes this paper.
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2 Model

2.1 Previous work

Similar problem has been studied by Turban in [4]. In the paper, the discrete time one-
dimensional random walk with the following properties is studied. The step sizg of the
t th step to the right and step sizd, ofthet th step to the left satisfy the condition

Iy +1, =2 8t
and the size of the step is evolving according to the following rules for 1
( =17
L =+1 ! t t 1
L =2 17,
( =2 |
(1= 11 t = t 1
= 1T¢1
where the Ising variable ; = 1 with equal probability p = % 7 =1, =1 and0 1

The limit =1 corresponds with the Bernoulli random walk, the limit =0 corresponds
to a situation when the walker does not move for some time. Turban shows that such a
random walk is well controlled and that it is non-di usive (with Hurst exponent of the
mean square displacement = 0) even for close tol.

2.2 The Model

In this paper slightly di erent approach is considered. Let's take a random walk on
integers, with step sizel; 2 f 1; 1g. The probability that in time t the step will be
positive is

P(lk=1)= p;
and the probability that the step will be negative is

P(li= 1)=p =1 pf:

The transition probabilities vary in time such that the probability of moving in the same
direction as in previous step is lowered by a coe cient 2 (0; 1)

(
+ pt+1 ltl:l
= 1
P 1 p,y la= 1 (1)
(1 N | 1
Pt 1 It 1=
(2
A Pi 1 k1= 1

As there always holds thatp, =1 p{; it is su cient to further only consider p/: Let
Pt = p; : From equations 1 and 2 follows fot > 1 that

Pt 1 i 1=1
= 3
P 1 + pr1 1= 1 3
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=Pt )L 1) @

Let’s calculate the expression fop; using induction. First let’'s assumep; = % Fort=2
expression 4 gives

o= +2@ )L L) ©)

For any t let's assume that
1

=5 tteo )t ©)

i=1
This holds fort =2 (5). Fort = t+1 we get
X1

_ 1y 1 t 1 _ 1—
A R A R
_lt 1 lti 1
= N B R DR R (Y

i=1

1, 1 X
Pre1 = > L+ 5(1 ) e
i=1

which is in accordance with 6 and thus 6 holds for anty> 1. Since

X 1 ) X 2 _ 1 t 1

@ ) ‘r=a o) =@ ) =1 't

i=1 i=0

expression 6 can be reduced to

1 1 1 X1 .
ptzétl"'é(l th 5(1 ) vt (7)

X1

1 i
Pt = 5(1 @ ) ) (8)
Proposition 1. For p; = p; 8t 1t holds
1 X .
p=p iy s@ ) TP b

which can be expressed as
1 1 X1 |
p=(p 5 "+ @ ) C):
2 2 i=1
Proof. Follows directly from 4, 5 and 7. O

Examples of the random walk with memory in probability as well as the model intro-
duced in [4] and the standard random walk can be seen in Figures 1 and 2. It can be
seen that the memory coe cient on probability does not limit the position of the walker
as much as the step length memory coe cient, but it still signi cantly a ects the random
walk development.
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Figure 1: Comparison of random walks generated by the same random numbers for
starting probability p= 0:5 and varying memory factor . Red dashes are the standard
random walk, blue dots are random walks with memory introduced by Turban and green
dash-dot lines represent random walks generated by the model introduced in this paper.

2.3 Mean values of the process

Let X; be the position of the walker at timet: It holds that
X=Xy 1+ |y
To calculate the expected valu& X it holds that
EX,= EX, 1+ El, 9)

with
Elt = 2Ept 1 (10)

The expected transition probability Ep; at time t can be calculated as
Epc=(Ept 1)> +(1 Epr )@ (1 Ep 1))
Ept =2Ep; 1 Ep 1 +1: (11)
Proposition 2. For 8t 1, it holds that

1 2 1yt
> ;

Ep=( 1) 'p+ (12)
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Proof. Fort =1, equation 12 yields

Ep.=9p (13)
and fort =2
1 2 +1
Epo=(2 1)p+ — % - 2p p+1; (14)
which is in accordance with 11. Fot = t + 1 we get from 11
t 1 t 1
Epr =22 1) e O e e BB
t 1
Epa=2 @ e @ e oy P
t 1 t 1
Epa =2 1) 'p2 1+ 22 1 21+(2 1) +2
1 2 1)

Epui =2 1) p+
and thus 12 holds for allt 1. [
Proposition 3. For 8t 1, it holds that
1 (2 1)

21 )

Proof. Fort =1 equations 9, 10 and 13 yield (giveX, = 0, i.e. the walker starts at the
beginning)

EX:=(2p 1) (15)

EX.=2p 1
and fort = 2 (using 14)
EX,=2p 1+2(2p p+1) 1
EX2=2 (2p 1)

which is the same as the result when using 15. Assuming 15 holdstfere get fort = t+1

from 9, 10 and 12
EXH.]_ = EXt +2Ept+1 1

EX 11 = (29 1)%)” G o I
_ 1@ 1 :
EXut1 =(2p 1)(W +(2 1))
X 1

EXwa=@p D( (2 1)'+@2 1))

i=0
1 (2 1)+t )
21 )

EXw =(2p 1)
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Figure 2: Comparison of random walks generated by the same random numbers for
di erent starting probability p=0:8 and varying memory factor .

2.4 Asymptotic behavior

Now let's examine the situation fort ' 1 . From Proposition 2 follows that

1
EPos 2
and from Proposition 3 that
2p 1
o1 21 )

In other words the memory introduced by the coe cient will in long term eliminate
the e ect of the starting probability p and drag the transition probability to the value of
%: In a similar manner, the expected position of the walker will remain constant in the
long run, at the position given by

2.5 Monte Carlo simulations

Monte Carlo simulations have been used to explore the asymptotic properties of the
random walk with variable transition probability and to compare it to the standard
random walk and to the random walk with memory introduced by Turban [4]. Figure
3 shows the expected position of the walker for the dierent types of random walk

1The case wherp = 0:5 s trivial, as all three types converge to0. The standard random walk diverges
for 8p6 0:5 and is thus not showed.
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Figure 3: Comparison of the expected position of the walker for di erent starting proba-
bilities p and memory factor . Blue dots are random walks with memory introduced by
Turban, green dash-dot lines represent random walks generated by the model introduced
in this paper and red line is the computed value dEX; given by Proposition 3.

and di erent values of starting probability p and memory factor together with the
expected position of the walker given by Proposition 3. The expected values of transition
probabilities for di erent pand , both theoretical and observed, can be seen in Figure
4.

Finally, Figures 5 and 6 show the observed variance of the walker position and the
transition probabilities V ar(X,) and V ar(p;). These observations suggest that the vari-
ance of transition probability converges and does not depend on the initial probability
p and the variance of the position of the walker diverges linearly with respect to both

and

3 Conclusion

In this paper, a novel approach to a random walk with memory was introduced and

the basic properties of such random walk were derived. Asymptotic properties were
also demonstrated using Monte Carlo simulations. It seems that there are many real
life application of such a model. The evolution of the score in some sports seems to
follow the rules introduced in this paper. The (out)performance of a new worker in a

company or the reliability of a machine could be another examples of real life applications
of the introduced model. However, further research has to be conducted to prove these

assumptions.
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Figure 4: The expected values of transition probabilities. The dot-dashed lines are ob-
served probabilities, the thin black lines their respective theoretical values.
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Figure 6: Variance of the position of the walker.
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Abstract. Latest works show that quantum physics allows for new type of chaotic behaviour
without analogy in classical physics. This chaos is connected to quantum description of physical
state which is subject to nonlinear operation. The chaos has been analytically described in
particular set of pure two-qubit states subject to a particular protocol. We aim on investigating
chaotic evolution of mixed states which is beyond contemporary knowledge. We work with single-
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we also give quantitative characteristics of basins of attraction which indicate that number of
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1 Introduction

Quantum information and computation o er great improvements to classical tasks. Quan-
tum entanglement is one of phenomena that is widely exploited in newly proposed al-
gorithms. However, it su ers form decoherence that cannot be in principle eliminated.
Processes aiming on repairing the entanglement are called puri cation protocols. One of
them proposed [2] and generalised [1] lately sacri ces a copy of a piece of information to
repair another copy. These exponential costs have to be taken into account for multiple
iterations and they are the reason to seek improvements to the protocol. The particular
protocol has been shown to induce chaotic behaviour in a special set of pure states.

This type of chaos in the sense of the sensitiveness of the state’s evolution to initial
conditions has no analogy in classical physics. It is also di erent from so called quantum
chaology (which studies quantum systems corresponding to classically chaotic systems)
because the chaos is rooted deeply in the mathematical description of the quantum reality.
The reason for this chaotic feature lies in nonlinear maps which can be generally found
in physics of open quantum systems but these have not been yet studied. We now aim
on showing that the dynamical regimes can be very interesting, rich and surprising.

Because of the complex and intricate nature of the topic we study single-qubit version
of the protocol acting on general mixed states. The single-qubit states can be isomorphi-
cally mapped onto a particular set of two-qubit states. This allows for reinterpretation
of our results to protocol capabilities regarding entanglement puri cation. We propose a
new method to characterise chaotic dynamics inside the Bloch sphere based on study of
states that are sensitive to initial conditions. These states form an interesting structure
which we characterise in the parameter space of the physical system using concept of box-
counting dimension. After explaining the method and we present our main observation.
We nd that the structure of chaotic states undergoes a phase transition with respect to
purity of the initial states.

Additionally, we show that the relative amount of states of given initial purity that
converge to the mixed attractor increases with lowering purity. This nding can be
interpreted in terms of puri cation capabilities of the protocol; this puri cation is meant
as increasing the purity of the state here but in two-qubit reinterpretation it manifests
in entanglement puri cation capabilities.

2 Chaos and gquantum systems

The nonlinear map acting on mathematical representation of a physical system is the
crucial point of our research. General nonlinear maps in quantum physics can be studied
only in open systems, because closed system evolve unitarily. In this mode it is impossible
to implement expanding or contracting maps. And it is exactly the expanding property
that is responsible for the sensitivity to initial conditions, i.e. chaos.

If we would like to examine general nonlinear operator acting on two qubits we would
need theory for 15 functions of 15 real variables. Therefore, we choose single-qubit pro-
tocol version where three real variables are dealt with. Nevertheless, we remain beyond
scope of mathematical books. In this setting we will nd many phenomena familiar to
classical nonlinear dynamics [6] and theory of complex functions [5]. Amongst these are
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fractal structures and attractiveness/repulsiveness in certain directions.

The nonlinearity in our protocol is result of interaction of two qubits mediated by
measurement-based modi cation. This is experimentally implemented via CNOT gate
which determines computational base of a qub({j0i;j1i), whole this paper is set into this
basis. The CNOT gate is also responsible for the nonlinearity of the protocol. For the
detail discussion of the protocol, its construction and physical realisation see [1, 2, 3, 4];
in following text we only present crucial shards of information.

2.1 Protocol iteration

The original puri cation protocol is constructed to act on two-qubit states but it can
be generalised to act an other systems. We choose single-qubit system because of two
reasons. The system is simpler but it still goes beyond accessible knowledge as already
mentioned. And we can show that the single-qubit states can be mapped to a class
of two-qubit states in a way that preserves all physical characteristic and the evolution
function. Our examination of single-qubit mixed states than can be easily reinterpreted
for that particular set of mixed entangled states.

Let us take the most general single-qubit state and we shall parameterise it in following
way with respect to computational basis:

=1 1+a b ic

5 bric 1 a ab;c2R:a2+ P+ 1 (1)

where the conditions ensure that the state is physical. The protocol action on the state
given by triplet (a;b; 9 yields state with (a% P ):

» ¢ 2a  2bc
l1+a2'1+a2’ 1+ a?

(@K ) = F(ajb;9= (2)

The evolution function stirs the states wildly inside the interior of Bloch ball while the
surface, the Bloch sphere is invariant. Pure state can be characterised with a complex
numberj i = (1+ jzj?) (jOi + zj1i) and its evolution is expressed via functiori (z) =

L z° for details see [4, 3]. Asymptotic dynamics of a pure state has only two possibilities:

1+ 272

state belongs to the Fatou s%t_of evolution functiori , therefore it is attracted to
superattractive cyclejOi $ 1= 2(j0i + j1i);

state belongs to the Julia set of , which means it evolves chaotically. The set is a
fractal formed by border of the basins of attraction that belong to di erent parts
of the pure cycle. This regime also contains xed unstable states.

For mixed states we nd following new additional possibilities of asymptotic evolution:

10

state converges to new attaractor, = % 01" the maximally mixed state;

state converges to half-attractive mixed cycl€0:2955980; 0) = (ap;0;0)

$
a
b  (0;kp;0) = (0;0:5436890) or half-attractive pure state (a2;bp;0) =
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(bo; P 1 b5;0); the numbersap; by can be determined analytically by solving equa-
tions %= . States in this regime are sensitive to initial conditions, perturbation
can de ect them to either of attractors. State , is even guaranteed to be chaotic in
the pure states dynamics. Now we also (numerically) nd it is attractive for certain
set of mixed states.

The last possibility is very interesting because it suggests that the state can be re-
sistant to certain types of perturbation (and sensitive to others). Generally, this e ect
can have relevant impact on experimental usability of some general nonlinear protocols.
These nding were obtained from numerical computations, now we give analytical clues
that state ¢ is indeed an attractor and cycle , $ | is half-attractive. To do this we
evaluate two protocol iterations.

00 a2 bc?

4 0= o 1+ ad)(k¥ &) . 00_ g abc

“ar @B o 1L+a)2+(B D2 ° C(1+ap+(B @)
3)

Within this regime each state is forced to converge tog in sense of converging se-
quencesa™; d"; ™. Their convergence is not necessarilly monotonic but it is mono-
tonic when the protocol is applied pairwise. To give clues to half-attractiveness of
a $ o we consider also two iterations of the protocol and regime of small pertur-
bationsa = ag;b=0;c=0. Using Taylor series we nda’fa= o=+ = ag(1 b+ O(KF)) =

ao; jPPf az agip=+ = %g O (K¥) < jb wheneverjlj < 1=2. The cycle is therefore resistant

to perturbation satisfying particular relations in a;h This relation basically determines

a curve in planec = 0, we see in gure 3 that this curve runs throughc = 0 plane

and separates attractor basins of the mixed and the pure attractors. The relation is
very complicated and we have not succeeded in expressing it. Repulsiveness of the cycle
can be viewed when considering statég 0; 0) or (O;t; 0);t 2 hO; 1i subject to two itera-
tions. In these invariant sets of states repulsiveness is proven analytically via derivative
of evolution functiont ! t%

Particular plane of statesc = 0 is important for several reasons. It captures all
asymptotic features of mixed states because all states (up to negligible set not capturable
by numerical calculations) approach this plane; inside this plane they are evolved to the
positive-positive quadrant because of the squaring in 2. All critical states are found in
this quarterdisc and the attractiveness inside this disc is clearly presented in 3.

2.2 Box-counting method and chaos description

We remind the chaotic behaviour can be described analytically on the Bloch sphere which
can be identi ed with the Riemann sphere which is conformal to complex plane, state and
its evolution are then described by single number2 C and functionz! z°= % This
function can be examined using theory [5]. The main feature is that the chaotic states are
con ned to a peculiar fractal structure with deterministically chaotic evolution. Such tool

is not available for mixed states. However, we develop a new method of characterising
the chaotic evolution in mixed states based on the pure states analysis. We notice that

the states 1 with the same purityP are spheres. We identify these states with a plane
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using stereographical projection

1+a2+ P+ ¢ b c

P = DX = ;Y=
2 1+a 1+a

Identi cation with a complex plane does not yield evolution function which can be anal-
ysed using theory [5] unles® = 1. We stay with the two-dimensional real plane and
calculate evolution numerically. After determining asymptotic evolution of the states in
the plane, we assign them a colour based on attractor they converge to. In this way we
obtain an image we will refer to asttractor map. We stress that one such map is created
for chosen purity valueP and illustrate asymptotic evolution of states that initially have
purity P. The evolution typically brings states away from their initial sphere but in this
way we can analyse what asymptotic regimes are and are not available depending on the
mixedness of the state.

In the attractor maps we nd areas of the same colour which are cuts of basins of
attraction of attractors. In other words, the islands are states with regular behaviour.
On contrary, states forming the borders of these islands are necessarily chaotic because
perturbations can de ect them to one or another attractor meaning the states are sensitive
to initial conditions. We state that we are going to study the particular structure of
borders of attractor islands in attractor maps. This structure in pure state case collapses
to fractal structure shown in [4] (the existence and properties are guaranteed by theory).
There is a measure capable of characterising the fractalness of the structure, it is the
fractal dimension also known as Hausdor dimension:

(4)

Statement 1. Dimension D of an objectY X in metric space(X; ) is

logN-

D =Ilim min
"I'0
where N- is number of open sets covering the obje¥t, the minimum is taken over all
possible coverings with open sets of diameter' .

This quantity captures how ner the structure gets when we study it in ner and ner
scales. Nonetheless, it is impossible to determine it for general objects. Therefore, we
use following concept obox-counting dimensionwhich relieves the de nition to estimate
the dimension numerically. The method is described in many similar but not same ways,
e.g. like in [6] and for its fundamentally simple approach we develop it on our own in
MATLAB interface as described later. The crucial idea of the box-counting concept lies in
taking boxes instead of challenging all possible coverings. Bypassing the minimum across
all possible coverings increases the dimension estimate but allows to easily numerically
determine number of covering boxes. We use pictures of fractals which we cover with
rigid grid of m m squares which is in contrast with [6] where oating boxes are used.
Second idea simulates the limit' ! 0 by taking boxes of smaller and smaller size, in
other words m increasing to the resolution of the picturen pixels. Although we can
reach only” = n=m 1 the dimension estimate remains reliable when pictures of high
resolution are used. It is because we use another idea: from the 1 we can see that the
dimension is a slope of line formed by pointBogm;logN,] in limit m!1 . As this
limit is simulated we conclude that the method is implemented in following steps: We
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choose purity of initial statesP. We create attractor map (as described earlier) of the
states. This map of resolutionn n is then cut into m m boxes for all possiblanjn
and number of covering boxe®, is determined. The dimension is gained as the slope
of line tted by least squares method through pointglogm;logNp].

This approach naturally has several pitfalls. If the box structure coincides with the
structure of our interest, it cannot capture the structural character properly, especially
when the structure is curve, in pathological case like the model of Sierpinski carpet in
gure 1 the method fails. The setting of the object in the picture (and in consequence
its setting in the box grid) has important in uence on the resulting value, see gure
1. Last important caveat lies in the nite resolution of used pictures. These inherently
cannot capture in nitely recurring fractal structure but can only approximate it. That
is the reason to use images with high resolution. However, when the number of boxes is
largem n each box captures only few pixels which do not contain proper structural
information. In consequence, we cannot use high valuesofto t the dimension because
they underestimate the value. Also, for low values ah a single box contains large pieces
of object and does not capture ne details. Aware of these issues we suggest to use
various pictures of the object and decide image from image proper valueswto t the
dimension of the structure. We ’calibrated’ the method on basic structures to be more
reliable but still the method can vyield value precisely only to rst, maximally second
decimal digits. Avoiding pathological objects we conclude the dimension of the structure
can give indicative estimate of its fractalness but not precise value. Besides, no other
method of characterising the structural features exists.

Figure 1: Simpli ed
model of the Sierpinski
carpet simulates nite
resolution of pictures
and also demonstrates
position dependence of
the box grid. A level
ner grid cannot capture
border of grey-white.

3 Chaotic dynamics in single-qubit mixed states

3.1 Phase transition in the structure of chaotic states

In gure 2 we illustrate the structure of chaotic states on a sphere within mixed states.
From the numerical calculations we immediately make following conclusion. For purity
P=1 ";"> 0arbitrary, there are states converging to the mixed attractor. However,
visually the structure is very similar to structure of pure states. In order to qualify the

structure we use the box-counting method to nd the dimension of the borders of the
coloured island in these images.
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0

0 1 2
Figure 2: Example of attractor map for ini- Figure 3: Evolution in quarterdisc ofc =0
tial purity P = 0:9. Colour coding of at- plane. The arrows symbolise 'the attrac-
tractors is same in both gures 2,3: white tive forces’ - how fast does a state converge
colour marks states converging tgOi af- to its attractor when two(!) protocol itera-
ter even number of protocol iterations and tions are used. When the attractive forces
bright grey states converging tojOi after of the attractors compensate on the bor-
odd number of iterations; grey colour marks ders of the grey-scaled regions, the states
states converging to the mixed attractor; can be attracted to the saddle states marked
dark colour stand for nonphysical states.with half- lled circles. The attractive states
Only positive-positive quadrants are shown are marked with lled circles, the repulsive
because of central symmetries. state with an empty circle.

Results con rm that the fractal structure can be preserved in the mixed states. This
is surprising result because mixedness means statistical uncertainty of the physical state.
Presence of this uncertainty does not necessarily change the evolution to some trivial
regime. Even more surprising is the fact that the dimension remains constant in regime
P =1 " which means that the fractal structure is the same.

The most important result is obvious when we plot the dimension of the structure of
chaotic states of chosen initial purityP with respect to this purity. From 4 we can see
that the dependence is essentially a phase transition. The structure is the phase and it
is in modefractal when the purity of states is in rangeP 2 (Pq;1i. Value P, numerically
coincides with purity of state

_1 l1+a; 1 &

=z P , .
155 1 a 1 a (@=0:3611 I Py=0:769292 (6)

which is a repulsive xed state also shown in gure 3. The valu@; can be determined
analytically solving °= . It seems that this state is the least pure source from which
the fractal structure grows. For lower purity, the structure of states that initially have the
chosen purity and exhibit sensitivity to perturbations has dimension 1, i.e. isonfractal.
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Figure 4.
The fractal
structure of
chaotic states
is a phase,
its dimension
transits sud-
den changes
when the
temperature
(the purity)
changes.

This means that the structure is formed by union of ‘common’ curves. Another transition
in structure happens at the purity Py of , de ned earlier as a part of half-attractive cycle.
This value is equal toPg = 1*% = Iy = 0:543689 The state , is the least pure state
which does not converge to the maximally mixed statey. This implies that for P < Py
there isno structure of chaotic states.

We interpret the sudden change of the fractal dimension when the purity of the initial
states is changed as phase transition. The reason is that the structure of chaotic states
is not some abstract mathematical construction but truly a phase with its own physical
properties, namely exponential sensitiveness to initial conditions, i.e. chaos.

3.2 Quantitative characteristics of attractor basins

The dimension of the structure is its qualitative characteristic and the phase transition
expresses that there is single fractal structure changing to nonfractal and than disap-
pearing suddenly. The fact that the fractal structure has its dimensio® = 1:56 means
that the structure has zero area but in nite length. The dimension expresses the self-
similarity and complexness of the structure. In contrast, the nonfractal structure after
the transition has nite length. While in preceding subsection we have demonstrated the
gualitative properties of the structure of chaotic states, now we have discussed also its
guantitative properties.

However, we also present certain quantitative properties of the attractor basins. This
structure is formed by points of regular behaviour and in the attractor maps it is formed
by coloured islands themselves (not their borders like before). We now want to determine
relative amount of states drawn to each attractor. To do this we express the sphere of
states as a matrix of elemental areas in spherical coordinates and we assign to an attractor
all elemental areassin# # ' for each state ’;# that converges to it. By omitting
the radius of the sphere we obtain percentage of states of chosen initial purity converging
to this and that attractor.

The dependence of relative areas is shown in gure 5. Numerically tted, itis piecewise
composed of exponential function®\ = exp( ;P + )+ . The parameters undergo
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Figure 5: Parti-
tion of states with
chosen initial pu-
rity that converge
to the mixed
attractors. Curve
is formed by
piecewise expo-
nential functions
eiP+ i 4 i

sudden changes, not only in points of phase transition studied before but also other purity
values which numerically match with appearance of other sources of fractal structure, i.e.
points where the fractal visually emerges from. The quantitative description of attractive
basins (more precisely their cuts with hyperplanes of states if constant initial purity) is
more complex in purity than the quality of structure of chaotic states. We can interpret
the exponential dependence in following sense: Relative amount of states that are not
puri ed by the protocol exponentially explodes as the purity is lowered. This time we use
term puri cation for making a state less mixed, in two-qubit protocol version this leads
to analogous statement about puri cation of entanglement.

4 Conclusion and outlook

When we step outside the unitary dynamics of quantum system we can come across
irregular dynamics exhibiting sensitivity to initial conditions. This type of chaos goes
far beyond classical physics. As a result of quantum description of physical system it
can manifest in interferences or have no analogy at all. The physics of quantum open
systems is at its very beginning concerning the chaos in quantum states. Although the
theoretical tools demonstrated its presence in pure states subject to particular protocol,
it was not clear whether same chaos is present in mixed states which contain uncertainty.
Our study shows that this uncertainty is not necessarily ampli ed during the evolution
and even mixed states can be puri ed and they can be chaaotic.

The phase transition presented in our work is not only some abstract mathematical
construction but has its physical meaning and properties. The phase is the structure
of chaotic states which is understood via its dimension. The temperature is the purity
of the initial states which is capable of measuring statistical uncertainty of the physical
state. The transition of phase vs. temperature then means sudden dramatic change
of the structure of chaotic states of given initial purity. This transition can hardly be
experimentally measured because the dimension of the states is diillk 2. Therefore,
the experimental chance to prepare such state is also negligible. In contrast to this jump
from fractal to nonfractal structure, the jump from nonfractal to no structure means that
no state can experimentally exhibit sensitivity to initial conditions. All states with purity
P <P, are doomed to converge to the maximally mixed state under our protocol.
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While the dimension gives qualitative description of the structure, we also presented
certain quantitative characteristic of the evolution of the mixed states by means of areas of
attractor basins captured by attractors within states of chosen purity. We demonstrated
that the relative number of puri able states is reduced exponentially with decreasing pu-
rity. Nevertheless, the exponential function changes its parameters with the temperature
yielding more complex dependence behaviour than the qualitative characteristics.

The presented results describe dynamics within mixed single-qubit states. There
is an isomorphism between the single-qubit mixed states and a particular set of two-
gubit states that preserves evolution and all physically relevant properties of the state.
In consequence, these results are also valid for these particular two-qubit states when
properly interpreted.

The fact that the structure of chaotic state undergoes a transition 'fractes nonfractal
$ none’ means that the amount of chaotic states is qualitatively and also quantitatively
dierent. The exact nature of the evolution of these states remains unclear because
numerical simulations show half-attractive behaviour of certain states (we remark in pure
states the theory guarantees deterministic chaos in Julia set of the evolution function).
This newly-found property could possibly manifest in experiments. The question we settle
now is: What type of chaos can quantum physics allow? What regimes are forbidden by
guantum description of the world? The fractal shapes can be possibly change when the
protocol is modi ed. When the Hadamard gate is replaced by another protocol, we can
encounter di erent chaotic patterns and di erent attractors. We suggest detailed study
of the protocol modi cation. We believe the nonlinear dynamics in quantum physics is
unusually rich and exotic and has many to o er.
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Abstract. Quantum walk is a simple abstract model of an excitation spreading in some envi-
ronment represented by an undirected graph, where the state and the evolution of the system
are described by quantum physics. Therefore, quantum walks can be used for simulation of
various quantum systems. In this work, we investigate a percolated version of a quantum walk,
where the graph undergoes a continuous change during the evolution.

We use our previous general results to determine asymptotic transfer probabilities of an
excitation from some given initial vertex to a sink vertex for several examples of 3-regular graphs.
First we demonstrate our methods on one of the simplest graph representing a spatial structure
- the cube graph. Further we investigate tree graphs and present a closed-form expression for
the transfer probability on a class of "snow ake" graphs of arbitrary size.

Keywords: quantum walks, percolation, transfer, asymptotic behaviour

Abstrakt.  KvantovZ&E proch/zka je jednoduch model T en excitace v prosted reprezento-
van@m neorientovan m grafem, kde je stav a v voj systdmu popsZAn pomoc kvantovd mechaniky.
Kvantovd prochZ&zky tedy mohou slo”it k simulaci kvantov ch syst@me. V t@to prAEci se zab vEmMe
kvantov mi proch/Zzkami s perkolac , kde podkladov graf podI@h/ZE nep etr’itd zm¥n¥ p i £Easov@m
V VOji syst@dmu.

Pou” v/Eme zde nate p edchoz v sledky ke stanoven asymptotick@ pravd¥podobnosti p enosu
excitace z dan@ho po£Ate£n ho vrcholu do koncov@@ho vrcholu pro n¥kolik p klade 3-regulrn ch
grafe. Nejprve demonstrujeme nate metody na jednom z nejjednodutt ch grafe p edstavuj c ch
prostorovd t¥leso - na grafu krychle. DAle zkoumA&me stromovd grafy a doch/Az me k v razu pro
pravd¥podobnost p enosu na t d¥ grafe "sn¥hov ch vlio£ek" libovoln ch velikost .

Kl £ov/A slovakvantov@ proch/Zzky, perkolace, p enos, asymptotick@ chovAn

1 Introduction

Even without quantum computers capable of outperforming the classical ones, there is a
need for understanding quantum e ects in various systems. Since the number of classical
bits needed to simulate a certain number of qubits grows exponentially, it is intrinsically
di cult to simulate a quantum system on a classical computer. Fortunately, one does
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not need a universal quantum computer to deal with this problem. We may just use
some other quantum system, which we are able to controll and measure, and use it as a
guantum simulator [1] to gain insights about another system of interest. The model of
qguantum walk can be used just for this purpose. An example of this can be the realised
simulation of two-particle dynamics by a 1-walker quantum walk in a 2-dimensional lattice
[2].

In our previous work [3], we have presented some general solutions of the asymptotic
behaviour of percolated coined quantum walks on general and in particular 3-regular
graphs. Now we apply these ndings in the study of an asymptotic transfer of an exci-
tation in chosen graphs and classes of graphs. In the whole work we use our modi ed
framework for de ning coined quantum walks. We shortly introduce this framework and
recapitulate the previous results (without derivations) so that we can use them further.

2 Coined Quantum Walk De nition

The quantum walk is de ned on an undirected graphG(V;E), whereV is the set of
vertices andE is the set of edges. We calb the structure graph of the quantum walk.

The Hilbert Space

The walker is described as standing in some vertex facing towards some other vertex. We
associate with the structure graphG a directed graphG(@(V; E(9) called the state graph.
Every undirected edge in the structure graph corresponds to two directed edges of the
state graph and these directed edges correspond to base states of the walker. The Hilbert
spaceH is, therefore, spanned by statepe(?i, wheree® 2 E(@ js some directed edge.
Apart from edges going from one vertex to another, the state graph may also contain
added loops. (Those may be used to assure regularity of the state graph.)

We will denote subspaces spanned by states corresponding to edges originating in
some vertexv 2 V asH,. The Hilbert spEceH of a quantum walk can than be written
as a direct sum of vertex subspacesi =, H,.

The Time Evolution

The time evolution proceeds in discrete steps and is governed by a unitary evolution
operator U:

j t+1)i=Uj (i=U"j (0):
The operatorU can be further decomposed into applications of three unitary operators:
U=CPR:

HereR is what we call a re ecting shift operators and it moves the walker among vertices
- every state is mapped to the other one on the same undirected edge (the initial and
the terminal vertex are swapped) or it is left unchanged in the case of loops. Further,
the local permutation operatorP is applied. It is a permutation operator that only acts
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locally in vertex subspaces and determines the nal direction of the walker in the new
vertex. The combined action ofR and P represents a so called shift operator. Finally,
there is the coin operator, which is an arbitrary vertex-local unitary operation.

Percolated Quantum Walk

By percolation we understand a random disturbance of the underlying structure graph
resulting in some broken edges that can not be traversed by the walker. In particular, we
will study dynamical percolation, where a new percolated graph (graph obtained from
the original structure graph by closing some edges) is generated in every step of the walk.
(An edge can, therefore, be closed in one step and open in the following step.)

The Hilbert space is not a ected by the percolation, but directed edges corresponding
to a closed undirected edge are replaced by loop. Consequently, the re ecting operator
Rk (corresponding to some con guration of open edg&s E) does not move the walker
over a broken edge.

The coin operatorC and the local permutationP are not a ected by percolation.

3 Asymptotic Evolution of Percolated Quantum Walks

The process of percolation brings classical randomness into the system and we now use
a density matrix to describe the state of the walk. The time evolution is now governed
by a random unitary operation:
X
(t+1): KUK (t)Uy,
K E

where Uy is the evolution operator with the modi ed re ecting shift operator Rx cor-
responding to the particular percolated structure graptGg (V;K) for K E and g is
the probability of the occurrence of this con guration.

The asymptotic behaviour of a system with such time evolution is studied in [4]. The
asymptotic state is determined by so called attractors solutions of the set of equations:

UkX U) = X ; forall K 2 25; (1)

for some given fullling j j=1.
The asymptotic state (the limit for in nitely many steps) of a percolated quantum
walk is than given as [4]:
X
m ()= Tr (0)X% Xy

wherei distinguishes di erent attractors for the eigenvalue in the orthonormal basis of
the solutions of (1) and (0) is the initial state of the quantum walk.
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Pure Eigenstates Ansatz

In many cases it is possible to use a simpler approach [6] for nding the set of attractors
using common eigenstates of all unitary operatond :

Ucj i= j ji; foralK 2F; (2)

with a corresponding eigenvalue (i distinguishes di erent common eigenstates corre-
sponding to ). Then the operator:

is an attractor corresponding to the superoperator eigenvalue = . It is common
that the whole set of attractors can be constructed from these so called p-attractors
and a single non-p-attractor resulting from the identity operator. We have shown in
the previous work that this is the case for a percolated quantum walk with the grover
coin on a 3-regular graph with the re ecting shift operator (the local permutationP is
the identity) or cycling shift operators (in every vertex, P can act as a clock-wise or
counter-clock-wise permutation).

4 Percolated Grover QWs on 3-regular Graphs

Here we will consider both true 3-regular undirected structure graphs (leading immedi-
ately to 3-regular state graphs) and structure graphs with some vertices of lower degree,
where we add some loops in the state graph to assure 3-regularity.

We use the 3-dimensional Grover coin in every vertex:

2 3
1 1 2 2
63:§4 2 1 2 95:
2 2 1

We have dealt with the asymptotic behaviour of such walks in the previous contri-
bution. Here we restrict ourselves to uantum walks with the re ecting shift operator
(the local permutation P is the identity), which exhibit an interesting phenomenon of

trapping.

Common Eigenstates

Since there are only p-attractors and the identity attractor for this percolated quantum
walk, the task of nding the asymptotic state reduces to nding the set of common
eigenstates of all evolution operators. There is always one p-attractor corresponding to
the eigenvalue 1, which has all the matrix elements the same. The interesting part are
the attractors corresponding to -1, where the condition (2) ultimately leads to two rules
for the common eigenstates:

1. The sum of vector elements in one vertex must be equal to O.
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2. Vector elements corresponding to directed edges on one undirected edge must be
the same.

It can be shown that the equations are independent except from the case of a bipartite
structure graph. Then there areN = 2# V # E common eigenstates corresponding to
the eigenvalue -1. If the graph is bipartite, one of the equations can be obtained from
the others and the number of independent common eigenstatedNs=2#V #E +1.

It is possible to construct a non-orthogonal basis of the subspace of common eigen-
states in such a way that all the matrix elements are 1, -1 or 0. (This is no longer true
after orthogonalization.) Then the common eigenstates can be represented as paths of
non-zero elements in the graph, which are either closed or start and end in loop states.
(Due to the zero-sum condition, only two elements in every vertex can be non-zero, so
there is no branching.) As a result, the common eigenstates are typically restricted to
some subset of vertices and the walker can be trapped in some part of the graph.

Asymptotic Transport

We study a scenario where the walker starts in some given vertex and there is a sink in
some other vertex. Whenever the walker enters the sink vertex, he is lost in the sing.
This means that the state of the system is projected to a subspace of non-sink states
after every step of the walk.

We ask, what is the probability of the walker moving from the initial vertex to the
sink (excitation transfer) versus the case of the walker staying trapped in the non-sink
vertices of the graph.

If we have the common eigenstates of the percolated walk and we orthogonalize them
in such a way that we rst use the sates with no sink overlap (preserving this property in
the maximal number of states after orthogonalization), we can determine the asymptotic
transfer probability easily. We just exclude the common eigenstates with sink overlap and
the probability of trapping is given by the overlap of the initial state with the remaining
common eigenstates.

5 Example: Percolated Grover QW on a Cube

One of the simplest examples of 3-regular graphs is the cube. Let us position the cube
in a coordinate system as shown in gure 1. Every vertex has one edge in the direction
of every axis and we use this to denote states of the walk - the computational basis is
chosen in the order,; e,; e, in every vertex.

The graph is bipartite and has 8 vertices and 12 edges. Therefore, we must nd
N =16 12+ 1 =5 common eigenstates corresponding to the eigenvalue -1. The
cube has 6 faces with even number of edges and we simply choose 5 of those and use
common eigenstates corresponding to cycles on these faces (denoted as "down", "left",
"back", "right", "front"). For example the eigenstate on the left edge will bej |( Vi =
[ 1,0;1;, 1,0;1,0;0;0;0;0;0; 1;0;1; 1,0;1;0;:::;0]". The only common eigenvector
for the eigenvaluel has all elements equalj “Vi = p-[1;1;1;:::;1] .
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Figure 1: Coordinates on the cube graph. The vertex numbers are chosen so that they
correspond to binary numbers given by coordinatesyx. We denote faces by their position
so for example the left face has vertices; vi; vs and v,.

Further calculations are performed using Wolfram Mathematica software, which al-
lows for symbolic solutions. Overall, we obtain a complete set of 37 attractors, 10 cor-
responding to the eigenvalue -1 and 27 corresponding to +1 allowing us to calculate the
asymptotic regime when an initial state is given.

The sink is located in the vertexv; and the initial state is always localised in the vertex
Vo. The common eigenstates with no sink overlap correspond to the "down", "left", and
"back" faces. Depending on the initial state, the transfer probability ranges from 70 % to
100 %. The full transfer occurs exclusively for the initial stat¢ o = pl—é[l; 1,1,0;:::;0],
because it is orthogonal to all trapped common eigenstates with no overlap with the sink:

i { i (Piandj { Vi. States with the minimum transfer are linear combinations of
the states:
2 3
1 1
1 0

Obviously, if the walker begins for example in the stat¢ é Vi, he will stay trapped in
that state and the transfer probability will be 0, but this state is not localised in the
vertex vp at the beginning.

This kind of asymptotic trapping has already been shown in [7] for a quantum walk
on a line with a coin state corresponding to no movement of the walker ("lazy quantum
walk"). Our result demonstrates that the trapping is not associated with the presence o
these no-movement states, but rather with the presence of vertices of the degree higher
than two.

We also investigate (numerically) the transfer probability in the non-percolated version
of the re ecting quantum walk on a cube graph. Obviously, the common eigenvectors
present in the percolated version are also eigenvectors for the non-percolated walk, so
the trapping is again present for most of the initial states. Nevertheless, more trapped

eigenvectgys can ge identi ed. There are eigenstates corresponding to the eigenvalue -1
similarto j { Vi 4.+ The dierence is that the values 1 and -1 of the elements
| ot g

oscillate on the level of directed edges. (There is no condition requiring the elements
corresponding to the same undirected edge to be the same.) For example the eigenvector
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transfer probability
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Figure 2: Numerical simulation of Grover quantum walk on a cube graph with a re ecting
shift operator: without percolation, initial states| o = p%[l; 1,1;0;:::;0] (blue circles)
andj of = p%[l; 1,0;0;:::;0] (purple squares) and with percolation , initial states

j ol = pl—g[l; 1,1,0;:::;0] (yellow diamonds) andj o = p%[l; 1,0;0;:::;0] (green tri-
angles). The horizontal axis shows the step of the walk and the vertical axis cumulative
transfer probability.

corresponding to the left face is:
] I(l)i:[ 1;0;1;1;0; 1,0:0:0;0;0;0;1;0; 1, 1;0;1;0;:::;0]":

The vectorj i = p%[l; 1;1;0;:::;0] is again orthogonal to all the trapped eigenstates
and therefore is fully transferred. The minimum transfer probability is again for linear
combinations of the states (3). Nevertheless, the transfer probability is only 40 %, so the
chance of trapping is doubled compared to the percolated walk. This is associated with
the presence of the other set of localised eigenvectors.

Results of a numerical simulation are shown in gure 2. We can see that the per-
colated walk converges to higher asymptotic transfer probability for the initial state
j o = 5[5 1,0,0;:::;0]

6 Example: Percolated Grover QW on Tree graphs

A class o graphs with some interesting properties are tree graphs - graphs with no cycles.
Let us now consider 3-regular tree graphs. In fact, an undirected structure graph can not
be a 3-regular tree graph, but we add loops in the state graph to achieve the 3-regularity.

The tree structure makes the construction of the set of p-attractors easy. The common
eigenstate corresponding to the eigenvalue 1 is trivial (all vector elements are the same).
For the eigenvalue -1 we need to ndN =2# V # E common eigenstates. A tree graph
with #V vertices has exactly# E =# V 1 undirected edges and therefor# E paired
directed edges and nally the remainder oB#V #2E =2#V #E +1 loops.

We can just choose one loop as a starting one and construct independent common
eigenstates as paths from this loop to all other loops. Nevertheless, the common eigen-
states have to be orthogonalized while keeping in mind that the eigenstates with no sink
overlap have to be used rst in the Gram-Schmidt process.
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Figure 3: Snow ake graphs of the order 1, 2 and 3. The walker starts in the middle
vertex and the sink vertex is not lled. The common eigenstates correspond to paths in
the graph depicted by lines. The dotted-line states have an overlap with the sink and
therefore will be removed from the asymptotics. The dashed-line states are crucial since
those have no overlap with the sink and have an overlap with the initial vertex. In the
orthogonalisation, we start with the solid-line states (no overlap with the sink or the
origin), then we use the dashed-line states and the dotted-line states must be added last.

"Snow ake" Graphs

Let us consider a class of tree graphs recursively generated in the following way: The
graph of the order 0 is just one vertex with three loops. The next order is obtained by
replacing every loop by an edge leading to a new vertex with two loops.

Let us now investigate trapping in these graphs with the walker starting in the middle
vertex and with a sink in one of the border vertices. The asymptotic transfer is given
by the presence of trapped common eigenstates of the eigenvalue -1. A possible choice of
those (before orthogonalisation) is shown in gure 3.

After orthogonalisation, we have only two common eigenstates with an overlap with
the original vertex and no overlap with the sink (only one for the order 1). Let us denote
them asjT;i (spanning only the two branches without the sink) andT,i spanning the
whole graph without the sink vertex. Those are the only ones contributing to the trapping.
The amount of trapping is given by an overlap of the initial state with these two states.

The state jT;i is very symmetrical and we will describe it asi%, wherejt;i is the

state scaled to natural numbers. The statgt,i has elements2¢ and 2¥ in the initial
vertex and the values are halved in every branching with also gaining the -1 phase.
Let us also denotgT,i = é% The state jt,i has element2¥, 2< and 2¢*' (on the

sink branch) in the initial vertex. On the non-sink branches it is similar tojt;i, but the
corresponding elements in the two branches have equal signs. The sink branch is more
complicated, because the presence of the sink introduces asymmetry. Nevertheless, in
the end we only need some information about the normalisation constant, in particular
that N,  3N;. To prove this, let us rst note that the squares of the elements on the
non-sink branches contributeN; to the sum. Now we can consider every element on the
sink branch with two corresponding elements on the non-sink branches. If the non-sink
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branch was symmetrical, the values on the sink branch would be double the values on
the non-sink branches. Then sinc@a)? = 4a? = 2(a2 + a?), the normalisation constant
would beN, = 3N;. The sum of the elements in every vertex must be the same and since
uneven splitting will always generate larger sum of squares, it will in fact bd, > 3N;
for arbitrary order K.

We note that not only hT,jT,i = 0, but also the restrictions of these states to the initial
vertex are orthogonal. Therefore, the trapping will be maximal, if the initial state is only

k+1 .ok .ok 1T
a scaled version of the restriction with the greater magnitude. Sincjcl)j[zlzk,’;Z;Z]T]jJ =
it 2n7j _ P —_ _— , . . -
M%H = 3and P Ny P 3N, the trapping will be always maximal for the initial
state pl—i[o; 1; 1;0;:::;0]" having an overlap withjTi.
Thanks to a simple structure ofjT,i, we can explicitly calculate the normalisation
constantN; as:

xr
Nl(k) - 2k+1 + 22+|(2k |)2 — 2k+1 (2k+2 3)
i=0

This allows us to express the maximal trapping probability on a snow ake graph for an
arbitrary order k as:

2 (2k)2 2k
Pirap (K) = = ;
trap( ) Nl(k) 2k+2 3
The values for the smallest graphs arByap (1) = % = 0:4 for the order 1, Py (2) = 1i3 =

0:307692for the order 2 and Py (3) = 2% = 0:275862for the order 3. The maximal
trapping probability decreases withk, approaching the valuel=4:

We have also investigated a "disabled" version of the graphs where one of the non-sink
branches is missing. Here the asymmetry prevented us from nding nice simple results for
a general order of the graph. Nevertheless, our procedure allows for nding trapping rates
for some small orders. Using Wolfram Mathematica, the maximal trapping probabilities
were found to bePys(1) = 0:571 for the order 1, Pyis(2) = 0:528 for the order 2 and
Pgis (3) = 0:522 While for the order k = 1 the state with maximal trapping is the same
as for the non-disabled version, for other orders the states with maximal trapping di er
(from the one fork =1 and also among themselves).

We can see, that in the disabled version the trapping is stronger, which is due to
a very high weight on the loop in place of the missing branch, which is now a part of
the initial vertex. The trapping also decreases slower with increasing order of the graph.
Since the rst trapped state jT;i is analogous to the one for non-disabled grapf.i,
where the missing elements are just cut o, we can estimate the the maximal trapping
probability by the one for a state 91—5[0; 1; 1,0;:::;0]" having a maximal overlap with

JT1i. (The true maximal trapping state is di erent and has a non-zero overlap withTi.)
The normalisation constant is:

+22k

ACER L
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and the maximal trapping probability
2 22k 2k+1 2 2
No(k) 22 3+2k~ 5 32k &

Pais (K)

Therefore, the maximal trapping probability will not decrease undeg for an arbitrary
order of the graph. Nevertheless, it can stay higher and the limit may be di erent.

7 Conclusion

In this work we apply general results presented in the previous contribution. Certainly, it
is advantageous to make some modi cations of the procedure suited for particular graph
of interest, but it is demonstrated that our methods are applicable for quantum walks on
various graphs.

As seen mainly in the example of the cube graph, percolation can enhance the transfer
probability on the studied graph by excluding some trapped states from the asymptotic
regime. This result also transfers to other 3-regular graphs, since analogous trapped
states will be present. Note also, that the analytical solution of the percolated quantum
walk brings a signi cant insight into transfer properties of the unpercolated walk.

On the example of snow ake graphs we demonstrate that the results may be rather
counter-intuitive. By removing a non-sink branch, where the walker could be trapped,
we increase the maximal trapping probability. Nevertheless, thanks to the analytical
solution, this can be understood mathematically.
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Abstract. A synchronizing delay is a constant related to circularity of morphism. It is well-
known that knowledge of the value of the synchronizing delay is very helpful when analysing the
structure of bispecial factors of a given morphism. As shown in this paper, it is also possible
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Abstrakt. SynchronizaEn zpo”d¥n je konstanta svAEzan/ s cirkularitou mor sme. Je zn/Emo, "e
znalost hodnoty synchroniza£n ho zpo”d¥n me’e bt s v hodou vyu'ita p i anal ze struktury
bispeciZln ch faktore dan@ho mor smu. V tomto £|/nku ukazujeme, "e tento vztah lze vyu” t takd
opaEn m sm¥rem: pokud je struktura bispeciZln ch faktore zn/Em/ZE, Ize toho vyu”t ke stanoven
dobr ch horn ch odhade hodnoty synchronizaEn ho zpo”d¥n . S vyu”it m tdto metody je nalezen
lineErn horn odhad hodnoty synchronizaEn ho zpo"d¥n pro vtechny primitivn sturmovsk@d
mor smy.

Kl £ov/ slovacirkularita, sturmovsk mor smus, synchronizaEn zpo”d¥n

1 Introduction

The notion of circularity originally comes from theory of codes, where circular codes are
well-known. A setX of nite words is a code if each word inX* (the set of all nite
concatenations of words fronX) has a unique decomposition into words fronx . If we
slightly modify the requirement of uniqueness, we get the de nition of a circular codé&
is a circular code if each word irK* written in a circle has a unique decomposition into
words from X.

In combinatorics on words, an analogue to codes are morphisms which are injective
on their languages. Circularity is de ned as slightly relaxed injectivity: a morphism is
circular if all long enough factors of its language have a unique preimage in its language
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except for some pre x and su x bounded in length by some constant. This constant is
called a synchronizing delay and it is studied in this paper.

As explained by Cassaigne in [1], knowledge of the value of the synchronizing delay
can be very helpful when analysing the structure of bispecial factors in languages of
xed point of morphisms. This idea was further developed by one of the authors in [3],
where an algorithm for generating all bispecial factors is given. This algorithm works
for a large family of morphisms and its computational complexity depends on the value
of the synchronizing delay. Moreover, as shown in this paper, this link between the
synchronizing delay and the structure of bispecial factors can be used also in the opposite
direction: if the bispecial factors are known, it is possible to nd a good bound on the
value of the synchronizing delay.

Moss@ in [9] proved that every injective primitive morphism is circular. In fact, circu-
larity is closely related to repetitiveness [8, 6]. Because of this connection, the circularity
is decidable by an e cient algorithm [5]. However, if the morphism is circular, the al-
gorithm does not provide any information about the value of the synchronizing delay
(except for niteness). Recently, a theoretical upper bound on this constant for all prim-
itive morphisms was given in [2], but this bound is unreasonably huge and clearly is very
far from being optimal. No other general upper bounds are known.

Therefore, we focus on some restricted cases in order to nd some more reasonable
bounds on the synchronizing delay. We have already studied the case of binkfyniform
morphisms in [4], where we found a polynomial (itk) upper bound. In this paper we
focus on primitive Sturmian morphisms, which are well-known and widely studied objects
in combinatorics on words [7].

The main result of this work is a linear (in the length of images of letters) upper
bound on the synchronizing delay of primitive Sturmian morphisms. In particular, we
prove the following result. The details of the proof are given in Section 3.

Theorem 1. Let be a primitive Strumian morphism. Then its minimal synchronizing
delay Znmin is bounded as follows:

Zmin 3 @j+2) (1) 3:

Moreover, it seems this bound is not far from being optimal. In fact, we suppose
that methods similar to those used in [4] will allow us to nd the exact value of the
synchronizing delay for a given primitive Sturmian morphism.

2 Preliminaries

A nite set of symbols is an alphabetA. A nite word of length n over A is a string

U= Ugu; U, 1, Whereu; 2 A foralli=0;1;:::;n 1 The length ofu is denoted by
juj = n. The set of all nite words over A is denoted byA , the empty word is and
A* = A nf g. Anin nite word over A is a sequence = Uguily = (U;)ian 2 AN with

u 2A foralli2 N=0;1;2;:::

If a word u 2 A is a concatenation of three (possibly empty) words;y and z from
A ,i.e. u= xyz, the word x is a prex of u, zis a sux of u and z is a factor of u.
A factor is denoted byy @u. We put x 'u = yzanduz ! = xy. Similarly, w 2 A
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is a factor ofu = uguu, , denoted byr @ u, if there are indicesi j such that
I = UiUj41 :::U;. The indexi is called the occurrence of in u.

The languageL (u) of an in nite word u is the set of all its factors. The mapping
G :N7! Ndened by G(n) =# fw 2 L (u) : jwj = ngis called the factor complexity
of the word u. An in nite word u is eventually periodic ifu = wvvvvv::: for some
v;w 2 A . Otherwise, u is aperiodic. It is easy to prove that an in nite word u is
eventually periodic if and only if its factor complexity G, is bounded. Moreover, the
factor complexity of any aperiodic word satisesG,(n) n+1 for everyn 2 N. An
in nite word u with G,(n) = n+1 for everyn 2 N is called Sturmian word.

A word w @u is called right special factor if there are at least two letters; b2 A
such that both wa and wb belong to the language.(u). Similarly, a wordw @u is called
left special factor if there are at least two lettersa;b 2 A such that aw; bw belong to
L (u). If a factor w is both left and right special then it is called bispecial factor.

A morphism overA is a mapping :A 7!'A suchthat (vw)= (v) (w) for all
v;w2 A . The domain of the morphism can be naturally extended toAN by

(Uousuz )= (Uo) (u1) (uz)

A xed point of the morphism is an in nite word u such that (u) = u.

A morphism is non-erasing if (a) 6 for alla2 A. A morphism is primitive if
there exists a positive integek such that the letter a occurs in the word ¥(b) for each
pair of lettersa; b2 A. And a morphism is injective if for everyu;v2 A . (u)= (v)
implies that u = v.

2.1 Circularity

In [1] circularity is de ned using the notion of synchronizing point (see Section 3.2 in [1]
for details). We give here an equivalent de nition employing the notion of interpretation.

De nition 2. Let be a non-erasing morphism oveA with xed point u and u @u.
A triplet (p;v;s), wherep;s2 A andv @ u, is an interpretation of the word u if
(v) = pus.

De nition 3. Let be a morphism oveA with xed point u. We say that two interpre-
tations (p; v; s) and (p% v% sY of a wordu @u are synchronized at positiork, 0  k | uj,
if there exist indicesi;j such that

“(viiiivi) = pupiiiue and (v v) = pln oo
wherev=1v; v, 2A"V=v} VO 2AMandu=u; u 2A". (If k=0, we put
u; Uux = .) Two interpretations that are not synchronized at any position are called
non-synchronized We say that a wordu @u has a synchronizing point at positionk if
all its interpretations are pairwise synchronized at positiork.

De nition 4. Let be a injective morphism oveA with xed point u. We say that
is circular (on L(u)) if there is a positive integerZ, called a synchronizing delay such
that any u @u longer thanZ has a synchronizing point. The minimal constanZ with
this property is denoted byZ n .
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Example5. The wordu = 010010100100101001010 is the xed point of the morphism

:0! 0101! 01 For example, the factorlOis non-synchronized, however, the factor
01 has a synchronizing point at position0 (before letter 0): jO1 In fact, it is easy to
see that every factor of length 3 has its synchronizing poinj01, j01Q 100, 1j01 Since
the minimal value of the synchronizing delay represents the length of the longest factor
without synchronizing point, the minimal value of the synchronizing delay it this case
is 2.

2.2 Sturmian words and morphisms

Sturmian words appear in many various mathematical concepts and so there is a lot of
equivalent de nitions. For example, any Sturmian wordu can be identi ed with an upper
or lower mechanical word. A mechanical word is described by two parameters: slope and
intercept. The slope is an irrational number 2 (0;1) and the intercept is a real number

2 [0;1). To de ne the lower mechanical words. = (s,) we putlo=[0;1 ). The
n'" letter of s. is as follows:

_ 0 ifthe number n + mod 1 belongs tolg;

Sh = )
1 otherwise.

The de nition of the upper mechanical Words? = (%) is analogous, it just uses the
interval 1o=(0;1 ]. Let us stress thats, 6 sC for at most one indexn 2 N. All upper
and lower mechanical words are Sturmian and any Sturmian word equals to a lower or
to an upper mechanical word. Language of a mechanical word depends only orMany
further properties of Sturmian words can be found in [7].

A morphism is called Sturmian if (u) is Sturmian word for any Sturmian wordu.
It is easy to prove that every Sturmian morphism is injective. As mentioned in Introduc-
tion, Moss@ [9] proved the following theorem: Every injective and primitive morphism is
circular. Since we study only primitive Sturmian morphisms, these morphisms are always
circular.

We will work with these four Sturmian morphisms:

( ( (
ol o , ob o , 0! 01 , 0! 10
1110 " 11 01 1 1
and with the monoid M generated by them, i.eM = h 4;’ ;" ;' i. For a non-empty

wordu= ug U, ; over the alphabetfa;b; ; g we put

u Uo ug Un 1:
Note that the monoid M is not free. It is easy to show that for anyk 2 N we have
Tak =7 pk and ', «xp="p«a:

Moreover, Theorem 2.3.14 in [7] says that these two relations are the only relations
on the monoidM .
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Remark 6. The morphismE : 0! 1;1! 0 cannot change the factor complexity of
an in nite word and so E is clearly Sturmian morphism. But E does not belong to
the monoid M , in fact, E is the only missing morphism. More precisely, any Sturmian
morphism either belongs toM or = E, where 2 M . To generate the whole
monoid of Sturmian morphisms, usually denoted b$t, one needs only three morphisms,
sayE,’ 5 and’ . We have

' = E' 4E and ' = E’.E: (1)

Our aim is to study the xed points of Sturmian morphisms. Ifu is a xed point of
it is also a xed point of 2. Due to (1), the square 2 always belongs toM . Therefore
we may restrict ourselves to xed points of morphisms fronM .

Example 7. The Fibonacci word is the xed point of the morphism :0! 031! O.
Morphism is Sturmian, but 2 M . We see that =’ E and by the relations (1)
we have 2 ="

It is easy to prove that a Sturmian morphism’ ,, from the monoid M is primitive if
and only if w contains at least one letter from both set$a;bgandf ; g.

2.3 Conjugate morphisms

We say that a morphism” : 0! wj;1! w, overf0;1g has 1-conjugate, denoted by
conj, (" ), if the last letters of the wordsw; and w, are equal. If we denote this letter by
X, we put

o 0! xwpx !
con ;
h() 11 xwyox 1t
or equivalently, = conj,(’ ) if there exists a letterx 2 f 0; 1g such that

X (v)= (v)x foreachv2fO0;1g :

Example 8. In this notation, ' , = conj,(" 5) and’ = conj,(" ) as

0 a(v)="p(v)O and 10 (v)="' (v)1 foreachv2f0;1g :

We say that non-erasing morphisms and are conjugate if one can be reached from
the other one by applying the mapping conjrepetitively.

Let be a non-erasing morphism. Denote by the set of all morphism which
are conjugate with . Obviously, we get for any’;’ °2 J that j’ (0)j = j’ 40)j and
i’ (Dj =j Y2)j. Letus putj (1)j+j (0)j = L. If the morphism is Sturmian, then,
by Proposition 2.3.21 in [7], the cardinality ofJ isL 1. Therefore, there areL 1
morphisms inJ and they are all mutually conjugate.

Finally, let us notice that conjugacy could be analogously done also in the opposite
direction, in that case the common letter goes from the beginning of images to the end
of images. Indeed, the sel remains the same.
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Example 9. Consider the Sturmian morphism ="', : 0! 010 1! 01 SinceL =5,
the setJ contains four distinct morphisms:”,: 0! 010 1! 01, ' ,: 0! 100
1! 10", : 0! 003, 1! Oland’,: 0! 010 1! 10. We can also see all these
conjugates from the following notation:

(O)u _ 010010 _ 010010 010010 010010
(u 01010 01010 01010 01010’

(2)

whereu is a sequence of letters which one by one moves from the beginning of images to
the end of images. Clearly, itisjuj=L 2.

3 Upper bound on synchronozing delay

To bound the value of the synchronizing delay, we use knowledge of the structure of
bispecial factors in xed points of Sturmian morphisms. There are several concepts
which enable us to describe the structure of bispecial factors in Sturmian words. We use
the method similar to the basic ideas from [3].

Let be a primitive Sturmian morphism with a xed point u. First, we study
how bispecial factors change under the application of one of the following morphisms:
"a' b’ ;" . In particular, we show that every bispecial factor longer tharl has at
least one synchronizing point under any of these morphisms. By repeating this process,
we can show that every long enough bispecial factor has at least one synchronizing point
under the morphism too. Then, we nd some suitable bispecial factor and we bound
its length. Finally, we determine how often the bispecial factor has to appear inu. As
a consequence, we are capable to nd a lengi such that every factor longer thanK
contains at least one occurrence of a bispecial factorand so at least one synchronizing
point. But it means that we have a upper bound on the value of the synchronizing delay
of : Zmin K.

3.1 Preimages of bispecial factors

Because of (1), therole of ;and’ and, analogously, the role of yand’ are symmetric,
so we focus only on images under the morphisthg and ' ,. We use results from [7],
more precisely, a small modi cation of Proposition 2.3.2:

Proposition 10 ([7]). Let x be an in nite word.

If * p(x) is Sturmian, then x is Sturmian.

If * 2(x) is Sturmian and x starts with the letter 1, then x is Sturmian.
Lemma 11. Let u and u®be Sturmian words such thati = ’ ,(u9. Let w be a bispecial
factor of u with jwj > 1. Then there is aw® @ u® such thatw = * ,(w90. Moreover,

this factor w®is unique, it is a bispecial factor ofu® and all the interpretations ofw are
synchronized both at the beginning and at the end of the factgw?9).
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Proof. Take a Sturmian wordu;u®such thatu =’ ,(u9. By the form of morphism’ ,,
u can be written asu = 0010101 , wherek; > O for all i 2 N. Take a bispecial
factor w of u with jwj > 1. Then the word w must both begin and end with0. So we
can easily nd a wordw®such thatw =’ (w90, it su ces to cut w into blocks 0 and 01
(we omit the last letter 0) and desubstitute 0 and 01 for O and 1 respectively. It remains
to show that this wPis unique. Indeed, it follows from the fact that the morphism , is
injective. The factor w®is obviously a bispecial factor, because of the form of, and the
fact that w is a bispecial factor. Since there is a synchronizing point before every let@er
all the interpretations of w are synchronized both at the beginning and at the end of the
factor * ,(w9. In other words, the occurrences of bispecial factov in u are one-to-one
to occurrences of bispecial facton®in u®

O

Lemma 12. Let u and u® be Sturmian words such thati = ’ ,(u% and u starts with
the letter 1. Let w be a bispecial factor ofi with jwj > 1. Then there is aw® @u® such
that w = 0’ o(w9. Moreover, this factor w® is unique, it is bispecial factor ofu® and all
the interpretations of w are synchronized both at the beginning and at the end of factor

" a(wo).

Proof. Take a Sturmian wordsu;u®such thatu =’ ,(u9. By the form of morphism’ ,,
u can be written asu = 10X 101021 |, wherek; > O for all i 2 N. Take a bispecial
factor w of u with jwj > 1. Then the word w must both begin and end with0. So we
can easily nd a word w° such thatw = 0’ 4(w9), it su ces to cut w into blocks 0 and
10 (we omit the rst letter 0) and desubstitute 0 and 10 for O and 1 respectively. This
wP is unique, since the morphisni , is injective. The factor w® is obviously bispecial
factor, because of the form of ; and the fact that w is a bispecial factor. Since there is
a synchronizing point after every letterQ, all the interpretations of w are synchronized
both at the beginning and at the end of factor ,(w9. In other words, the occurrences
of bispecial factorw in u are one-to-one to occurrences of bispecial factaf in u®

O

The only case which is not covered by Lemmas 11 and 12, namely the case that
u=",(u% and u begins with 0, can be transformed to one of the previous cases.

Lemma 13. Let u be a Sturmian word such thati starts with the letterOandu =’ ,(u9
for some wordu® Then there exists a Sturmian word/ such thatu®=0v andu =’ (V).

Proof. By using the following easy observation ,(Ow) = ’ ,(wO0) for everyw 2 f 0; 1g ,
we haveu =’ 4(U9) =" 4(0v) =" (V).

Prove the observation by induction onjwj. The rst step w = s trivial since
" a(0) = 7 p(0). Suppose that’ ,(0w) = * ,(wO0) for everyw 2 f 0;1g . Then

' A(OWL) = * A(0W)’ (1) = ° 2(0W)10 =’ L(WO)10 =’ L(W)010 = y(W10);
" a(0w0) =" a(0w)" a(0) = " ,(WO)0 =" L(WOO):
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In accordance with Lemma 13, in this case we will use the Sturmian wowdinstead
of the word u® since we need to maintain the Sturmian property. Indeed, in this case
the occurrences of bispecial facton®in v are not exactly one-to-one to occurrences of
bispecial factorw in ’ 4(v), the rst occurrence ofw®in v (in this casew®is a pre x of
v) does not have its complete corresponding occurrencevefin ’ 5(v) the rst letter
0 is missing. However, this exception is not substantial and we can omit it without
lose of correctness: there are in nitely many occurrences of any bispecial factor in every
Sturmian word and the new uncomplete bispecial factor is not important at all.

3.2 Suitable bispecial factor

Let ="' be a primitive Sturmian morphism,w = wy W, and u be a xed point of

. Without lose of generality, we can suppose that lette® is more frequent inu, since
the exchange of letterdd $ 1 cannot change the value of the synchronizing delay. It
means that O is a bispecial factor inu. The aim of this section is to nd the shortest
bispecial factorr in u containing (0), prove that r has at least one synchronizing point
and bound its length.

First, we apply the morphisms’ , 2 f’ 4;’ b’ ;' g on the innite word u, the
choice of the morphism depends on the last letter of the wond. Because of Lemma
11 or 12 (or their analoques fof , ' ), the in nite word ', (u) is Strumian and we
obtain a new bispecial factor; = s;’ \, (0)p1, Wheres;;pp 2 f ; Og, from the bispecial
factor 0. Moreover, the bispecial factor; has a synchronizing point under , and the
occurrences oD in u andr; in ', (u) are one-to-one. Clearly, we can continue in the
same way: application of the morphism ,, , leads to the new in nite word’ ;, ,w, (U)
and the bispecial factorr, = s’ w, ,(r1)p2 = S2" we 1(S1)” we 1w (0)" w, ,(P1)P2, Which
has a synchroninizing point undeft ,, , and its occurrences il , ,w, (U) are one-to-one
to occurrences oD in u.

After repeating this procesk-times, we obtain the original in nite word u again and
the bispecial factorry = sy’ w,px = = s (0)p. This bispecial factorry has some
synchronizing point under’ ,,, and its occurrences iru are one-to-one to occurrences Of
in u. But it means that ry must have at least one synchronizing point under the morphism

too. One can also realize thaty is the shortest bispecial factor oti containing (0).

It remains to bound the length of wordss and p on the length of (0) and (1). As
follows from the notation (2) in Example 9, the numbeljsj + jpj has to be equal to the
length of the wordu (from Example 9):juj= L 2= (0)+ (1) 2. Now we summarize
all these result in the following observation.

Observation 14. Let be a primitive Sturmian morphism with a xed pointu such

that O is more frequent letter inu. Then the shortest bispecial factor in u containing
(0) has at least one synchronizing point under and its length is bounded byrj

2 O+ @i 2
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3.3 Occurrences of suitable bispecial factor

Finally, we have to determine how often the bispecial factarappears inu, more precisely,
we have to determine the length of the longest factor of which does not have to contain
the whole factorr as its factor.

Let us denote byv the longest factor ofu which does not contain any occurrence
of r (the beginning of the factorr). Since the wordu is Sturmian and the letter O is
more frequent inu, the word 11 is not a factor of u. We also know the occurrences
of 0 and r always coincide inu. Based on this two observations one can realize that
ivi 1 (0)j+]j (1) 1 Therefore, we can bound as follows:

L jvi+jri=j Oi+j i 1+2) OQj+] (W)j 2=3] 0+2j 1) 3:

In other words, every word longer thatL has to contain the wordr as its factor and so
has to contain at least one synchronizing point under. This concludes the proof since
now he have

Zmin L 3] (O)J +2j (1)J 3;

which is the statement of Theorem 1.
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Abstract. The e ect of unilateral sources on the existence of patterns in reaction-di usion
equations has been studied in a vast number of papers. There was proved that this type of
sources leads to an emergence of patterns for di usion rates, for which this cannot happen in
systems without sources. In this paper, basic regularity theorems and Hopf lemma are used
to prove the existence of bifurcation points in a system with two unilateral condition and the
existence of a new class of non-homogeneous solutions (i.e. patterns). The explicit formula for
such bifurcation points is derived as well as the form of the solutions.
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Abstrakt.  Vliv jednostrann ch zdroje na existenci vzore v syst@dmech reakce-di uze byl studov/A

n v mnoha £I&nc ch. Ukazuje se, "e tento typ zdroje vede k existenci vzore i v syst@dmech s
hodnotami difoezn ch parametrs, pro kterd by bez p tomnosti zdroje k formovZAn vzore nedotlo.

V tomto £1/nku je pomoc zAkladn ch v¥t o regularit¥ parci&ln ch diferenciZln ch rovnic a Hopfova
lemmatu dok/ZEz/Ena existence bifurkaEn ch bode v mno”in¥ takov ch parametre. D/le je zde
odvozen explicitn vzorec pro v pofet t¥chto bode a pops/Zna konstrukce p slutnch eten.

Kl £ov/A slovarovnice reakce-difuze, bifurkace, jednostrann@ zdroje

1 Introduction

The aim of this paper is to study bifurcation from zero of stationary solutions of the
reaction-di usion system

di4 u+ bju+ bov+ ny(u;v)=0 In n g3
a4 v+ bhiu+ bov+ ny(u;v)=0 in n oy,

(1)

This work has been supported by the grant SGS16/239/0HK4/3T/14
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u 0, didu+ bu+ bpv+ny(u;v) 0 in y;

U (di4 u+ bu+ bov+ ny(u;v)) =0 in y;

vV 0 4 v+ bu+ v+ np(uv) 0in g (2)
V (A4 v+ bpiu+ v+ np(u;v)) =0 in g,

u=v=0 on@;

in a bounded domain R with Lipschitz boundary and with unilateral obstacles in
the set y R. This is a system containing a mechanism which prohibits the decrease

of concentrations ofu an v below zero in the area .
Let d; > Obe xed, d; 2 R be a bifurcation parameter andn;;n, 0. If the obstacle

is not present, i.e. y = ;, then under the assumption
by > 0>by; 1> 0>bap; Tr B = by + by < 0; detB = bygly,  biolyy > 0, (3)

the set of all positive critical points can visualized as a system of hyperbolas in the
spaceR? with the asymptotes x;, see Fig. 1. More precisely, for any xed positive

do

dq

xél )(3 X2 )(1
Figure 1. Sketch of hyperbolas.

d; 2 (0;x1)nfx,;X3; gitis possible to nd a valued, for which there exists a nontrivial
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solution of the system without obstacles. The set®s;Dy are called the domain of
stability and instability respectively. In the domain of stability, the trivial solution of the
system (1) with = ; and with the Dirichlet b.c. is stable and hence, there cannot
appear any non-homogeneous solutions. On the other hand, in the domain of instability
the trivial solution of this system is unstable, and there are nontrivial non-homogeneous
stationary solutions, i.e. patterns.

In a general system withny;n, 6 0, (4) and (3), these critical points can be under
additional assumptions also bifurcation points. For particular systems there can exists
non-homogeneous solutions (patterns) even s, but there is no guarantee that it will
happen for an arbitrary system. Let us note that the assumptions (4) guarantee that the
system has a trivial solution.

However, if the unilateral sources are active and (3) is true, there exist a branch
of critical points, which interfere into Ds, and therefore there are nontrivial solutions.
Under some additional assumptions these critical points can be also bifurcation points of
the problem (1), (2); see Theorem 1. This shows that the addition of unilateral sources
leads to an occurrence of non-homogeneous stationary solutions, i.e. patterns, for the
di usion parameters, for which it is impossible in the system without these unilateral
sources. In addition to the previously published result [1], the new bifurcation branch
will be described by anexact formula, depending only on parameterk; ; d; of the system
and eigenvalues of Laplacian on the setn  with Dirichlet boundary conditions. The
analytic results will be demonstrated on particular examples.

This paper is a natural generalization of the results proved in [3] for the case of Laplace
equation. Although the generalization to the system of two partial di erential equations
is straightforward, there are several technical problems which have to be treated.

1.1 Abstract formulation

Let R?2and y R? be bounded domains with a Lipschitz andC? boundary
respectively. Let . The nonlinear functionsny;n, 2 CY(R?) are supposed to
satisfy

n1(0;0) = nx(0;0) = 0; nJ(0;0) = n3(0;0) = 0; (4)

where prime denotes the total derivative, and the growth conditions
jni(; Di+ina(; )i C@+jjpPt+jjpth foral ; 2R
5
%](; )+ %](; )y C@+jjP2%+jjP? fori=1;2 forall ; 2R; ©)

with 2<p < 1. The Sobolev spac&V,’*() and a convex con& will be de ned in a
standard way as

Wy%():= fu2 W¥2() ujg =0 in the sense of traces (6)

K:=fu2W;?) ju Oon ug: (7)
The scalar product and norm on this space will be de ned by

Z Z 1

2

hu;vi= ru rvdx; kuk= jr uj® dx for all u;v 2 Wol;z() :
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The weak formulation of the system (1) is

Find LEV 2K:
dirur (C u) buuC  u) bpv(C u) n(uv)(C u) O
4 (8
drvr( v) buu(  v) bpv( V) n(uv)( v) O
forall’; 2 K:
The linearization of t?is system is a problem
Find u;v2 K : dirur(C u by u by u 0 foral’ 2K,

z
dor v r ( V) by V) by v) 0 forall 2K:

(9)

Let d; 2 (0;y;) be xed. A signicant role will play here two Laplace eigenvalue
problems. The rst one is

u+™ =0 In n y;

u=0 on@ [ @ u; (10)

and the second one is
4u+ u =0in ;
u=0 on@:

Remark 1. If is well known, that the rst (smallest) eigenvalue®; of the problem (10)
is simple, and the respective eigenfunction does not change its sign in the sety. The
second smallest eigenvalue of (10) will be denoted”as

The rst eigenvalue and the respective eigenfunction of (11) have the same properties.
Because the eigenvalues of Laplacian with Dirichlet b.c. are monotone w.r.t. domain,
there is™; < 1.

(11)

Remark 2. Let = ;, i.e. the obstacle is not present. It can be proved that tlketh
hyperbola from the Fig. 1 is described by the formulas
1 D12bp1
dor(di)= — ——7 4+ :
2k (d1) 4. bo >

see e.g. [2]. Ifd; 2 (b= 2; b= 1), then dy.; is positive andd,« is negative for any
k 2 Andin general, ifd; 2 (b1= j+1;011= i), thendy; > Oforallj ianddy <O
for all j >i . The envelope of these hyperbolas is denotedby. The set which is to the
right from the envelope is called the domain of stabilitf)s and the set to the left from
the envelope is called the domain of instability) .

De nition 1. The point d, > 0 is a critical point of the system (9) with xedd; > O if
and only if there exists a solutioru;v 2 K; (u;v) 6 0 of this system.

De nition 2.  The point d, > 0 is a bifurcation point of the system (8) with xedd; > 0
if and only if in any neighborhood ofd,; 0;0) in R K2 there exists(d;;u;v) 2 R K?
with (u;Vv) 6 0 solving this system.
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2 Main Theorem
Theorem 1. Let d; 2 (by;=",; b1="1). Under the assumptions (3) (5) the number

oo bebn Do 12

27 A(diM b)) M

is a bifurcation point of (8) with xed d;.
Let , < M. There eXiStSdl;m;dl;M 2 (b_|_1:/\2; b_|_1:/\1) such that if dl 2 (dl;m;dl;M ),
then dg 2 Ds.

Proof. First step is to prove that the point df is a critical point of the system (9) with
xed d; 2 (0;b;="1). For further purposes we will de ne the spacévvol;z( n y) in the
same way agNol;z() in (6) and consider an auxiliary problem

didu+ bu+bov=0 in n y; (13)
4 v+ bhu+ bov=0 in n y;
and with the Dirichlet b.c. on @ [ @ y. It can be by a direct computation veri ed that
for (di; dy ) there exists a nontrivial solution of (13), with the respective eigenfunction

o = bi2 .
(Uo; Vo) = mel,el ;
where e, is the eigenfunction respective td‘; with unit norm, and becausee; does not
change its sign in n y, see Remark 1, it can be chosen either positive or negative a.e.
in . Even though the sign does not play role for such linear system, it will play a crucial
role for variational inequality. For further purposese, will be chosennegativea.e. Since
alsob, < 0Oandd; ; by < 0, the functions ug; Vo have the same constant sign a.e. in
. Sinced; 2 (",=h;;"1=h,) is xed, and because’; is simple, there exists only one
couple (ug; Vo) (up to multiples) solving (13) with the parameters(dy; df ).
To get the bifurcation, the Dancer Theorem will be employed.

Theorem 2 (Dancer Theorem) Let L : H! H be a compact linear operatorN :
R H'! H be a nonlinear compact operator, o be a simple characteristic value of the
operator L, ug be the eigenfunction corresponding to the characteristic valug. Moreover
let for any bounded seM R the operatorN satisfy a condition

jim NGY)

Jm —— =0 uniformly forall 2 M : (14)

Denote S the closure of all solutions of the equation
u Lu+N(;u)=0 (15)

withu 60, i.e.

S=f(;u)ju6O0; uis a solution of (15)g:
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Then ( ¢;0)2 S, i.e. ¢ is a bifurcation point of the equation (15). DenoteC the com-
ponent of S which contains( ¢;0). Then C consists of two connected se8*;C ; C =
C*[ C such that

C*'\C \ B(( 0;0); )=f( ;0)gandC \ @R( o;0); ) 60;

whereB(( o;0); ) is a ball with su ciently small radius . The setsC"™ and C are
either both unbounded or
C"\ C 6 f( ¢;0):
By use of (5) and Theorem about Nemyckii operator there can be de ned the operators
AWE 0 g) WE( nou)iNGNo: WEC nog) 21 wWE?() as
z
PAu;wi =  uwdx; forall u;w2 Wy%( n y);
z
ANG(u;v);wi = ni(u;v)w dx forall u;viw2 Wo2(noy); i=1;2

Due to the compact embeddinglvol;z( n y)Jl °LP() the operatorsA;N;;N, are com-
pact. The weak formulation of the system

di4 u+ bu+ bov+ ny(u;v)=0 In N y;

d4 v+ bpu+ v+ ny(u;v) =0 in noy; (16)
is equivalent to a system of two operator equations
diu  bisAu bpAv Ni(u;v) =0;
v bpAu  bAv Na(u;v) =0;
and this system can be written in a form
10 u d! o0 buA bpA U Na(u;v) 0: (17)

01 v 0 d,t? 1A boA v Ny (u; V)
The linearization of this equation is

1 0 u dll 0 bllA ble u

01 v 0 d'  bnA bpA v 0

and asd; is xed, it is a characteristic value problem
w (d))Lw =0;

wherew = (u;Vv) 2 Wol;z( n u)? L is a linear compact operator (due to compactness of
A), and (d,) is an characteristic value, depending on the parametes. This problem is
equivalent to a weak formulation of (13). Sincé'; is simple andd; 2 (b;;",; b1="1) the
characteristic valuedf is simple. The vector formulation of 17 is

w  (d)Lw + N( (dz);w)=0;
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which is suitable for Dancer Theorem. The operator (1;v) := ( N1(u;V);No(u;V)) is
compact and due to (4) it satis es (14). Hence, the assumptions of the Dancer Theorem
are ful lled and the point (df) is according to this theorem a (global) bifurcation point
of the equation (17) and therefore also of the equation (16) with Dirichlet b.c. and xed
d;. Moreover, there exists two branches of solutions bifurcating in the directions(uo; Vo)
from (d§;0) 2 R Wol‘z( n y). More precisely, there exists two sequencéd,.,; u; ; v} g
fdan; U, ; Vv, g of weak solutions of (16) with Dirichlet b.c. such that

: . u Y
lim dy, = d¥; lim p n = Uy, P n = Vo 18
) 2 4 |4
n't ni1 ku, k? + kv, k2 ku, k? + kv, k2
. uy A
lim p L = Uy P L = vo, (19)
n'l kui k2 + kv k2 kui k2 + kv k2
e e . N
Jm v =i v =i v = fim v, =0; 20)

the limits of u,;v, are w.rt. Wo?( n y). Let us remind here thatup; Vv, were chosen
to be negative a.e. in . For the purposes of this proof the branctid,.; u;; v} g will be
discarded, and the sequenckd,.n; u, ; Vv, g will be relabeled asf d,.,; un; vag. The next
step is to prove the regularity of solutions in a neighborhood of the sé .

Let  be a domain withC? boundary satisfying

nC vl v) nu @v\ @u= @ u: (21)

The growth conditions (5) and standard regularity arguments can be used to prove that
that u,j ,;Vaj , 2 W3?( ) and moreover

- Un - Vn
im uy p— =lim vy p———
ni1 ku,k2 + kv, k? wa2( y) ni1 kupk2 + kv, k2

=0; (22)
W3i2( )
the step-by-step procedure for a case of Laplacian is described in [3].

Sinceug; Vo 2 W32( ), it is possible to use the Hopf Lemma together with negative-
ness ofug; Vo the get a result

@y @y b, @
——(x)> 0fora.a.x2 o —Xx) = > Ofora.a. x 2 o (23
@ v ed)T 6 by on Qv &
Now we de ne the functionug by
0 ifx2 y

to(X) = Uo(X) ifx2 n y

and vp similarly. Substituting t; ¥ in (9) and using that t(x) = 0 for a.a. x 2 @ y

Iegds to
dir o 1 (C to)  (bualo+ biovo)(C o) =
Z 7 Z
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becausé Oa.e. In@ y. Similarly the second equation gives
Z
dor vo 1 (W) (iU + bovo)( W) =

Z Z Z
= dy ~Up (1o + povo)( W) dx+ .. %14 Vo) = .. %ﬁ

nu
Therefore ug; Vo are nontrivial solution of (9) and df is a critical point of this system.
We construct the functions

0:

_ 0 ifx2 vy
tn (X) = un(x) ifx2 n y

_ 0 ifx2 vy
¥ (X) = vn(X) ifx2 ny

Due to (22), (23) there existsny such that for any n > n the normal derivatives of
u, and v, on @ y satisfy

@ @
@i(x)> Ofora.a.x2 @ y; @Pigx)> Ofora.a.x2 @ y:
Similar procedure as for linear case gives
Z
di ren r (0 ty) (buun+ bve Ni(tyw))(C ) dx =
Z
=d ~Un (biaun  biavn  na(tn; )( th) dXx+
- ‘@ ‘@
+ —(C &, dS= = ds o
d @u f @u @ﬁ
Gon  r ¥ 1 (0 W) (bpaUn+ bV ot w))( W) dx =
Z
= d2;n ~Vn  (paun oV No(bh; v )( ¥,) dx+
- ‘ @ ‘ @
+ n ¥,) dS= 1 ds o
@vu @ﬂ( ”) @u @n

i.e. the functionst,; v, are solutions of (8). Thereforeds is a bifurcation point of (8).
The key to the proof of the last statement is in Proposition 3.1 in [2]. Let
1
1oobuba
i b
For dy 2 (by1="2; by1="1) there isdf§ = dx("1; dy), as follows from the de nition of d . If
A < A are dierent positive numbers, then there exists exactly one positive; < bq;”
such that dy(?i;di) = do(%j;di). In simple terms, the hyperbolas intersects exactly at
one point. The points of intersection satisfy

detB N b, detB
bus V%

dz(/\, d 1) =

0:

NN b (N + )y
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Let , < "~y < ;. The intersection points are
detB _ by detB

M 1b22di|v| (M1+ 1)dim

b b,

detB b, detB
A d?. N+ 5)dp = ,
1 20 1:m (M1 2)d1;m bey oo

Dividing these equations gives
Moabpdfy (Mt g dte)l;lB B
™M 2b22d%;m M+ 2 df,l;lB
Since”, < 1 < 7 this can be true only ifd;, < dim. Sincedy( »;d;) is negative

for all d; 2 (b= 2; b= 1), cf. Remark 2, and becauseé,(1d ;) < d,( 1;d;) for any
dl 2 (dl;m;dl;M) it must be (dl, dg) 2 Ds. ]

3 Applications

The set of all positive critical points(dy; d;) 2 R? of the problem (1) with Dirichlet b.c.
on @ , i.e. of the problemwithout unilateral terms, is

[ 1

C = (dy;dp) 2 0 @ R* dy,:= = ﬂ+ (08

i1 1 i dii bn
It is easy to verify that there are no positive critical points ifd; > by;= ;. The set of
bifurcation points of (1), (2) is described by the exact formula (12), and it only su ces
to (numerically) compute the eigenvalue$'y. To demonstrate the results Thomas model
from [4] inthe set =[ 1;1P and y = Bogs(0;0) was chosen. In particular,

u=d u+ (a u h(uv));
d u+ (b v huVv);

Vi

with a = 150; b= 100; =15 = 252; K = 0:05 = 13 and with Dirichlet
boundary condition and small random initial condition. This system has a stationary
solution (u; v) = (37:738 25:1588) The system has to be shiftedby u u; v v v,
in order to this stationary solution be equal to zero and (4) be true. The stationary
system with unilateral sources is then as follows:

di u+226:7u  11245v+ ny(u;v) =0 in[ L 1P (24)
d, v+478:7u 15025v+ ny(u;v)=0 in[ 1;1F;

u 0, didu+226:7u 11245v+ ny(u;v) O in Bgos(0;0);

u (di4 u+226:7u 11245v+ ny(u;v)) =0 in Bggs(0;0);

v 0, dy4v+478:7u 15025v+ ny(u;v) 0 in Boos(0;0); (25)

VvV (b4 v+478:7u 15025v+ ny(u;v)) =0 in Bgos(0;0);

u=v=0 on@;
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whereny; n, satisfy (4). The eigenvalues of the Laplace operator on are known to be

(k )?
4

The rst eigenvalue 1 = ?2=4, the second one is, = 2 =9:9. The rst eigenvalue of
the Laplacian (10) was numerically computed a8; =9:1 0:1. The situation is sketched
in the Fig. 2. The red curve represents the set of bifurcation points of the problem (24),
(25) partially interfering into Ds, which is impossible for a system without sources, whose
critical points generates the hyperbolas in this gure (cf. the Fig. 1). Although there is
in nitely many hyperbolas, there are plotted only ve of them in the Fig. 2.

k:

400

New bif. points
200} -

a 5 10 14 20 25 .

Figure 2: Hyperbolas for Thomas system

The further research will focus on numerical solution of this particular problem and
other systems, and on a study of resulting patterns.
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Abstract. In this work we study the Kramers-Fokker-Planck equation with a potential whose
gradient tends polynomially fast to zero at the in nity. For this class of short-range potentials

in one position variable, we show that complex eigenvalues do not accumulate at low-energies.
The rst threshold zero is always a resonance and the corresponding resonant state is uniquely
determined. This allows us to obtain the low-energy resolvent asymptotics, which, in combina-
tion with more general high energy pseudospectral estimates, gives the large-time asymptotics
of solutions to the KFP equation in appropriate spaces. These are expressed in terms of the
equilibrium state, the Maxwellian.

Keywords: return to equilibrium, threshold spectral analysis, pseudo-spectral estimates, Kramers-
Fokker-Planck equation.

Abstrakt. V tomto £l/nku studujeme Kramers-Fokker-Planckovu rovnici s potenciZlem, jeho”
gradient v nekone£nu kles/& polynomiZln¥ rychle k nule. Pro tuto t du krAEtkodosahov ch po-
tenciZle v jedn@ prom¥nn@d polohy ukazujeme, "e komplexn vlastn hodnoty neakumuluj pobl”

n zk ch energi. Prvn prahov/AE hodnota nula je v'dy rezonanc a odpov dajc rezonantn stav

je jednoznaf£n¥ ur£en. To nfEm umo’wje z skat asymptotiky rezolventy pro n zk@ energie, je”,
spole£n¥ s v ce obecn mi vysokoenergetick mi pseudospektrZAIn mi odhady, n£Em dAvA ve vhod-
n ch prostorech aysmptotiky eten KFP rovnice pro velkd £asy. Tyto jsou vyj&Ed eny pomoc
rovnovAE"ndho stavu, MaxwelliZ£nu.

Kl £ovAE slova: n/Evrat do rovnovAhy, prahov/E spektrfEIn anal za, pseudospektr/EIn odhady,
Kramers-Fokker-Planckova rovnice
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Abstract. We give the classi cation of T-duals of the at background in four dimensions with
respect to one-, two-, and three-dimensional subgroups of the Poincar@ group using non-Abelian
T-duality with spectators. As duals, we nd backgrounds for sigma models in the form of
plane-parallel waves or diagonalizable curved metrics often with torsion. Among others, we nd
exactly solvable time-dependent isotropic pp-wave, singular pp-waves, or generalized plane wave
(K-model).

Keywords: sigma model, pp-wave background, string duality, non-Abelian T-duality, isometry
group, spectator

Abstrakt. P edkl&£dZAEme klasi kaci T-duZle ploch@dho pozad ve £ty ech rozm¥rech vzhledem
k jednorozm¥rn m, dvourozm¥rn m a trojrozm¥rn m podgrupZAm Poincar@ho grupy s vyu”it m
neabelovsk@ T-duality s p ihl "e£i. Jako duly naldzAEme pozad pro sigma modely ve tvaru pp-vin
nebo diagonalizovateln ch k iv ch metrik £asto s torz. Mimo jin@ naldz/Ame exaktn¥ eftitelnou
£asov¥ z/Avislou izotropn pp-vinu, singulZ&r pp-viny nebo zobecn¥nou rovinnou vinu (K-model).

Kl £ov/A slovasigma model, pp-vina, strunov/Z dualita, neabelovsk/&E T-dualita, grupa isometri ,
pihl "ef

Full paper. F. Petr/Esek, L. Hlavat, and I. Petr. Plane-parallel waves as duals of the
at background IlI: T-duality with spectators Class. Quantum Grav. 34 (2017) 155003.
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Abstract. An area of increasingly frequent applications of evolutionary optimization to real-
world problems is continuous black-box optimization. However, evaluating real-world black-box
tness functions is sometimes very time-consuming or expensive, which interferes with the need
of evolutionary algorithms for many tness evaluations. Therefore, surrogate regression mod-
els replacing the original expensive tness in some of the evaluated points have been in use
since the early 2000s [3]. The Surrogate Covariance Matrix Adaptation Evolution Strategy (S-
CMA-ES) [1] and its successor the Doubly Trained S-CMA-ES (DTS-CMA-ES) [4] represent
two surrogate-assisted versions of the state-of-the-art algorithm for continuous black-box opti-
mization CMA-ES [2]. In [5] and [9], we have investigated extensions of S- and DTS-CMA-ES
that control the usage of the model according to the model’s error. In [6] and [7], we have com-
pared the ordinal and metric Gaussian process regression model using in combination with the
DTS-CMA-ES. Moreover, we have presented an overview of several algorithms using surrogate
models to speed up the original CMA-ES [8].

Keywords: benchmarking, black-box optimization, surrogate model, Gaussian process

Abstrakt.  Oblast se st/&le se zvytujcm mno”’stv m aplikac evoluEn optimalizace na prob-
IPmy z praxe je spojit/E black-box optimalizace. VWhodnocen takov@dto skuteEn@ black-box t-
ness funkce ale b v&E velice £asov¥ nebo v pofetn¥ n&Lro£nd, co” koliduje s faktem, "e evoluEn
algoritmy vy”"aduj mnoho vyhodnocen tness funkce. Proto se ji” tdm¥ od roku 2000 vyu” -

vaj nAEhradn regresn modely nam sto skuteEnd tness funkce pro n¥kterd z vyhodnocovan ch
bode [3]. Algoritmy Surrogate Covariance Matrix Adaptation Evolution Strategy (S-CMA-

ES) [1] a jeho nAsledn k Doubly Trained S-CMA-ES (DTS-CMA-ES) [4] p edstavuj dv¥ vari-
anty v sou£asnosti nejlept ho algoritmu na spojitou black-box optimalizaci jm@nem CMA-ES [2],
kterd pou” vaj nAEhradn modely. V £l£nc ch [5] a [9], jsme p edstavili rozt en S- a DTS-CMA-
ESu, kter££ d pou” vEn modelu v z/vislosti na jeho chyb¥. Porovn&An ordinZln ch a metrick ch
models zalo”en ch na gaussovsk ch procesech v kombinaci s DTS-CMA-ESem jsme provedli v

[6] a[7]. DAle jsme tak@d vypracovali porovn/AEn n¥kolika algoritme pou” vaj c ch n£Ehradn modely
k urychlen pevodn ho CMA-ESu [8].

Kl £ovA slovabenchmarking, black-box optimalizace, nAEhradn modelovZAEn , gaussovsk@d procesy
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Abstract.  Arti cial intelligence is present in many modern computer science applications.
The question of e ectively learning parameters of such models even with small data samples is
still very active. It turns out that restricting conditional probabilities of a probabilistic model

by monotonicity conditions might be useful in certain situations. Moreover, in some cases,
the modeled reality requires these conditions to hold. In this article we focus on monotonicity
conditions in Bayesian Network models. We present an algorithm for learning model parameters,
which satisfy monotonicity conditions, based on gradient descent optimization. We test the
proposed method on two data sets. One set is synthetic and the other is formed by real data
collected for computerized adaptive testing. We compare obtained results with the isotonic
regression EM method by Masegosa et al. which also learns BN model parameters satisfying
monotonicity. A comparison is performed also with the standard unrestricted EM algorithm
for BN learning. Obtained experimental results in our experiments clearly justify monotonicity
restrictions. As a consequence of monotonicity requirements, resulting models better predict
data.

Keywords: computerized adaptive testing, monotonicity, isotonic regression EM, gradient method,
parameters learning

Abstrakt. V dnetn dob¥ se um¥lA inteligece vyu” v v mnoha oblastech lidsk@ £innosti a to s
pomoc rozliEn ch models. OtAzka mo”nosti efektivh ho uEen takov ch models je proto st/Ele
velmi aktuZln . Ukazuje se, "e, v p pad¥ omezen modelu dodateEn mi podm nkami monotonic-
ity, je v ur£it ch podm nkZch p nosnd. V mnoha aplikac ch je dokonce nezbytn@, aby byly tyto
podm nky spln¥ny, proto”e vych/ZAz z modelovan@ reality. Tento £|1/nek se zam¥ uje na podm nky
monotonicity uplatn¥n@ v modelech bayesovsk ch st. P edstavujeme algoritmus zalo’en na
gradientn m sestupu k uEen parametrs models splwj c ch podm nky monotonicity. Tyto algo-

ritmy testujeme na dvou datov ch sadZch. Prvn sada je tvo ena syntetick mi daty, zat mco
druh/ se ski£dA z re/ln ch dat sesbran ch pro tento cefel. Z skan@ v sledky porovn/EvAEme s
EM isoton regres vytvo en m autory Masegosa et al., kter tak@d u£ model bayesovsk@ s t¥
spluj ¢ podm nky monotonicity. SrovnZn je t@” provedeno s neomezen m EM algoritmem pro
ufen bayesovsk ch st. Z skan@ v sledky z natich experimente jasn¥ potvrzuj u’iteEnost pod-

m nek monotonicity. Jako desledek jejich vynucen pi ufen parametre, v sledn@ model |@pe

p edpov daj data.

This work was supported by the Czech Science Foundation (project No. 16-12010S) and by the
Grant Agency of the Czech Technical University in Prague, grant No. SGS17/198/0HK4/3T/14.
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Logaritmick/A Schr dingerova rovnice
aje] PT symetrickd analogie
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Abstrakt. NelineZ&rn Schr dingerovou rovnic se v principu rozum jakAKkoli z obecn@ t dy rov-
nic i ((x;t)= )+ F[ (xt);  (xt)] (x;t), kdeF je libovoln nekonstantn funkcion/ZEl.
Pro rezn@ volby F se nAEsledn¥ objevuj rezn@ mo’nosti fenomenologick@ho uplatn¥n tdto rovnice.
V praxi se setk/EvAEme zejm@na s p padem kvadratickd nelinedity (x;t)] = (x;t) (x;t)

v teorii supravodivosti a p i studiu Bose-Einsteinova kondenz/Ztu. Z nepolynomiZlin ch funkcio-
n/le se Ize (v podobn ch aplikac ch) v literatu e nejEast¥ji setkat s logaritmickou nelinearitou

F[ st =In[  (xt) (xt)].

Neline&rn Schr dingerova rovnice je pro libovolnou volbé rovnic lokZIn , co” je tak@d nutn/A
podm nka v¥ttiny soufasn ch fyzik&lIn ch teori . V nedA&vnd dob¥ se ale objevilo n¥kolik mo”n ch
aplikac tzv. PT -symetrick ch HamiltoniZ&ne (jak v klasickd, tak v kvantov@ mechanice), kterd
mohou v n¥kter ch p padech v@dst na nelokZ&In (efektivn) teorie. To bylo takd popudem k
nedAEvn@mu studiu modi kovan@ NLSE s (nelok&In m) funkcionAem  ( x;t) (x;t) (cit.
no. 43, 44).

V tomto £1/£nku se zab v/Eme dalt m logick ch krokem v tdto cevaze: srovnAn m logaritmick@
NLSE a jej nelok/&ln analogi€[ (x;t)]=In[ ( x;t) (x;t)]. Jeliko” nelok&In hustota prav-
d¥podobnosti  ( x;t) (x;t) je obecn¥ komplexn funkc prox 2 R, studujeme tuto rovnici
(inspirovAEni cit. no. 42) na modi kovan@m de niEn m oboru, kter tvo sprAvn¥ zvolen kontur
v komplexn rovin¥. Nakonec diskutujeme n¥kolik explicitn¥ zkonstruovan ch referen£n ch eten
lokZIn i nelokZ&In logaritmick@d NLSE, a to jak pro p pad jedno£/Asticovd vinov@d funkce, tak pro
jej vektorovou (v ce£AEsticovou) formu.

Kl £ov/E slovaneline/rn Schr dingerova rovnice, logaritmick/E Schr dingerova rovnic®T -
symetrie

Abstract. In its most general meaning, the nonlinear Schr dinger equation is understood to be
any of the family of equations i ((x;t) = O+ F[ (xt);  (xt)] (x;t), with F being an
arbitrary nonconstant functional. For varying F we may encounter vastly di erent possibilities

of phenomenogical appllications of the equation. The most often discussed case is probably the
quadratic nonlinearity F[ (x;t)]=  (x;t) (x;t) relevant e.g. when studying superconductivity
and Bose-Einstein condensates. Among non-polynomial functionals, one may encounter also the
FIL ct)l=In[ () (X;t)].

The NLSE is a local equation for any choice of, which is also a strict requirement of the
vast majority of current physics theories. However, a number of possible applications d&®T -
symmetric Hamiltonians (in both classical and quantum mechanics) emerged recently, which
could sometimes lead to nonlocal (e ective) theories. This was also the principal motivation for
studying a modi ed NLSE with a nonlocal functional F = ( x;t) (x;t) in cit. no. 43, 44.
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In the present paper, we take another step in this direction and provide a comparison of
the logarithmic NLSE and its nonlocal analogueF[ (x;t)] = In[ ( x;t) (x;t)]. Since the
nonlocal probability density ( x;t) (x;t) is in general complex-valued foix 2 R, we study
the equation (iinspired by cit. no. 42) on a modi ed domain, consisting of a carefully selected
contour in the complex plane. We nally construct several reference solutions to these equations,
both for the case of single-particle wavefunction and its many-body matrix counterpart.

Keywords: nonlinear Schr dinger equation, logarithmic Schr dinger equation, PT -symmety
PIn&E verze: M. Znojil, F. Re"ifka and K. G. Zloshchastiev, Schr dinger Equations with

Logarithmic Self-Interactions: From Antilinear PT-Symmetry to the Nonlinear Coupling
of Channels Symmetry 9 (2017), 165.
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Abstract.  Our research reported in this paper is twofold. In the rst part of the paper we
use standard statistical methods to analyze medical records of patients su ering myocardial
infarction from the third world Syria and a developed country - the Czech Republic. One of our
goals is to nd whether there are statistically signi cant di erences between the two countries.
In the second part of the paper we present an idea how to deal with incomplete and imbalanced
data for tree-augmented naive Bayesian (TAN). All results presented in this paper are based on
a real data about 603 patients from a hospital in the Czech Republic and aboutl184 patients
from two hospitals in Syria.

Keywords: Machine Learning, Data analysis, Bayesian networks, Missing data, Imbalanced data,
Acute Myocardial Infarction.

Abstrakt.  NAT v zkum, kter m se zab vEme v tomto £l&Enku, mA dv¥ £4sti. V prvn E£ASti
pou” v/Eme standardn statistick®d metody k anal ze I@ka sk ch zAEzname paciente, kte prod¥lali
infarkt a poch/Ezeli b/ ze zem¥ t et ho sv¥ta (S rie) nebo z rozvinutd zem¥ ( esk/ republika).
Jedn m z natich cle je zjistit, zda mezi ob¥ma zem¥mi existuj statisticky v znamnd rozd ly.

V druh@ £/sti £1/nku p edkl/£dAEme mytlenku zab vat se necepln mi a nevyrovnan mi daty pro
klasi k/&Etor Tree-Augmented Naive Bayes (TAN). Vtechny nate v sledky jsou prezentovAEny v
tomto £l/£nku a vychAzej z re/Eln ch cedaje o 603 pacientech z nemocnice v eskd republice a
p ibli"n¥ 184 paciente ze dvou nemocnic v S rii.

Kl £ovA slova:strojovd ufen, anal za dat, bayesovsk@ s t¥, necepln/£ data, nevyrovnan/ data,
akutn infarkt myokardu

1 Introduction

Acute myocardial infarction (AMI) is commonly known as a heart attack. A heart attack
occurs when an artery leading to the heart becomes completely blocked and the heart
doesn’t get enough blood or oxygen. Without oxygen, cells in that area of the heart
die. AMI is responsible for more than a half of deaths in most countries worldwide. Its
treatment has a signi cant socioeconomic impact.

One of the main objectives of our research is to design, analyze, and verify a predictive
model of hospital mortality based on clinical data about patients. A model that predicts

This work has been supported by the SGS grant CTU SGS16/253/OHK3/3T/14.
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well the mortality can be used, for example, for the evaluation of the medical care in
di erent hospitals. The evaluation based on mere mortality would not be fair to hospitals
that treat often complicated cases. It seems better to measure the quality of the health
care using the di erence between predicted and observed mortality.

A related work was published by [1]. The authors analyze the mortality data in U.S.
hospitals using the logistic regression model. Other work was published by [2]. The
authors compare di erent machine learning methods using a real medical data from a
hospital.

2 Data

Our dataset contains data about787 patients characterized by24 variables. 603 patients

of them are from the Czech Republic [2] anti84are from Syria. The attributes are listed

in the Table 1. Most of the attributes are real valued, four attributes are nominal. Only a
subset of attributes was measured for the Syrian patients. Most records contain missing
values, i.e., for most patients only some attribute values are available. The thirty days
mortality is recorded for all patients. In the Czech Republic the results of blood tests are
reported in millimoles per liter of blood. In Syria some of the measurements are reported
in milligrams per liter and some in millimoles per liter. We standartize all measurements
to the millimoles per liter scale.

is a discrete attribute and take on values from a nite set, denoted by al(X;). We
use capital letters such as<, Y, Z for attribute names, and lower-case letters such as
X,y,Z to denote speci c values taken by those variables. Sets of variables are denoted
by boldface capital letters such as,Y ,Z and assignments of values to the variables in
these sets are denoted by boldface lowercase lett@ry,z. A classi ed discrete domain

is a discrete domain where one of the attributes is distinguished as class. We will use
Uc = fA1; Ay Ap; Cg for a classi ed discrete domain. A dataseD = fuq;:::;ung

always known, and a missing value in the dataset is denoted DYA.

3 Preliminary Statistical Analysis

For a preliminary statistical analysis [3] we selected a subset of attributes that are highly
correlated with the class [5] and present in both groups, namely, we considered these
variables: age, nationality, gender, STEMI location, and the class mortality. The STEMI
location encoded byl denotes a STEML.inf, 2 denotes a STEMI.ant, and3 denotes a
STEML.lat. The nationality is encoded by a binary variable, where 0 means Czech and 1
means Syrian. The Gender is encoded by a binary variable where 0 denotes a man, while
1 stands for a female. The mortality is also encoded as a binary variable, where 0 means
that the patient survived 30 days, while 1 means that he/she did not.

Already from Figure 1, where the histogram of the age values is presented, we can see
that from patients that didn’t survive a high percentage are young patients from Syria.



A Machine Learning Method for Incomplete and Imbalanced Medical Data 203
Table 1: Attributes
Attribute Code type value range in data Country
Age AGE real [23, 94] SYR, CZ
Height HT real [145, 205] Cz
Weight WT real [35, 150] Ccz
Body Mass Index BMI real [16.65, 48.98] Cz
Gender SEX nominal {male, female} SYR, CZ
Nationality NAT nominal {Czech, Syrian} SYR, CzZ
STEMI Location STEMI nominal {inferior, anterior, lateral} SYR, CZ
Hospital Hospital nominal {CZ, SYR1, SYR2} SYR, CZ
Kalium K real [2.25, 7.07] Cz
Urea UR real [1.6, 61] SYR, CZ
Kreatinin KREA real [17, 525] SYR, CzZ
Uric acid KM real [97, 935] SYR, CZ
Albumin ALB real [16, 60] SYR, CzZ
HDL Cholesterol HDLC real [0.38, 2.92] SYR, CZ
Cholesterol CH real [1.8, 9.9] SYR, CZ
Triacylglycerol TAG real [0.31, 11.9] SYR, CzZ
LDL Cholesterol LDLC real [0.261, 7.79] SYR, CZ
Glucose GLU real [2.77, 25.7] SYR, CZ
C-reactive protein CRP real [0.3, 359] SYR, CZ
Cystatin C CyYsC real [0.2, 5.22] SYR, CzZ
N-terminal prohormone of| \ . rp\p  og [22.2, 35000] cz
brain natriuretic peptide
Troponin TRPT  real [0, 25] Cz
?b'gsngz”(‘)'r?rM'ggg)” 3% | GFMD  real [0.13, 7.31] Ccz
Glomerular lItration rate
(based on Cystatin C) GFCD  real [0.09, 7.17] Cz

The standard chi-square test of conditional independence between two variables re-
veals (see Table 2) that there is a signi cant dependence (at the level 0.05) between
the mortality and nationality, the gender and nationality, also there are a signi cant de-

pendencies between the gender and age, the mortality and gender

the patients from

Syria have the lowest probability to survive, also they are younger and there is higher

percentage of woman.

Finally, we learned the logistic regression model, that describes the relationship be-
tween the considered independent variables and the mortality as the dependent variable.

We have got:
logit P(C=1jA=a) =

ot

10+ i+
0:034 + 0:001 a; +0:027 a,

494

0:007 az+0:065 a4

where a;: age, a;: gender, az: STEMI loc, and a4: nationality. Variables age and
nationality appeared to be statistically signi cant for mortality prediction.
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Figure 1. Histogram of the age values

From the preliminary statistical analysis we can conclude that:

In Syria the mortality from AIM is signi cantly higher than in the Czech Republic
87:3% Syrian patients survive, while94:7% patients from the Czech Republic

survive.

The age of patients in Syria is lower in average (the average di erence is 13 years)
and there is a higher prevalence of women among the patients with AIM in Syria
than in the Czech Republic.

The STEMI location is related to the mortality.

Table 2: The Chi-Square Test of conditional independence

gender STEMI loc. mortality nationality

age value| .174 -.010 .048 -.381
sign. | .0001 775 181 .0001

gender value .022 .068 .92
sign. .53 .057 .01
STEMI loc. value -.026 -.036
sign. 0.46 312

mortality value .089
sign. 0.013
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4 Machine Learning Methods

The preliminary statistical analysis studied mostly the pairwise relations only. Since the
explanatory variables may combine their in uence and the in uence of a variable may be
mediated by another variable it is worth of studying the relations of variables alltogether.
Our data are incomplete and imbalanced. We will present an idea for dealing with that
type of data using tree-augmented naive Bayesian (TAN).

4.1 Bayesian networks

A Bayesian network [6] is an annotated directed acyclic graph that encodes a mass prob-
ability distribution over a set of random variablesU . Formally, a Bayesian network forJ
isapairB = hG; i. The rst component, G, is a directed acyclic graph whose vertices

direct dependencies between the variables. The gra@hencodes independence assump-
tions: each variableX; is independent of its non-descendants given its parents @ The
second component of the pair, namely, represents the set of parameters that quanti es
the network. It contains the parameter ,; , = f(xij x ) for each possible value; of X;
and , of x,,where x, denotes the set of parents of; in G. Accordingly, a Bayesian
network B de nes a unique joint probability distribution over U given by:

y _ \d
f(X1=X13;000Xm = Xm) = fFXi=Xij x; = x) = Xii x;
i=1 i=1
for each x, which is a parent of X;.
4.2 Learning with Trees
A directed acyclic graph onfXq;X2;:::;Xng is a tree if x, contains exactly one parent for

all X;, except for one variable that has no parents (this variable is referred to as the root).
A tree network can be described by identifying the parent of each variable [7]. A function

fl,:::;ng ! f 0;:::;ngis said to de ne a tree overX; X,;:::; X, if there is exactly onei
such that (i) = 0 (namely the root of the tree), and there is no sequencey;:::;ix such that
(ij)=ij+1 fori  j<k and (ix)= iy (i.e., nocycles). Such a function de nes a tree network

where x, = fX {gif (i)>0and X;=;if (i)=0.

4.3 Learning Maximum Likelihood TAN

overfAg; Az :::; Angsuch that the log likelihood is maximized [8]LL (BtjD) =, logf (u).
To learn the maximum likelihood TAN we should use the following equation to compute the
Na:: 4 (ai; aj .

a = ﬁaal)) where N , (&; &) stands for the number of times
that attribute i has valuea; and its parents have values o in the dataset. Similarly, N , (' a)

is the number of times that the parents of attribute A; have values , in the dataset.

parameters [8], a;
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5 Learning TAN from incomplete data

Missing data are a very common problem which is important to consider in a many data mining
applications, and machine learning or pattern recognition applications. Some variables may
not be observable (i.e. hidden) even for training instances. Now more and more datasets
are available, and most of them are incomplete. Therefore, we want to nd a way to build
a new model from an incomplete dataset. Normally, to learn the maximum likelihood TAN

complete and don’t have any missing value. In case the data are incomplete and there is an
instance which has a missing value, we will not use the whole instance in TAN structure learning
i.e. not use the other known values from that instance in TAN structure learning. Note that the
class is always known, and a missing value in the dataset is denoted BYA. Our goal is to learn

a tree-augmented naive Bayesian (TAN) from incomplete data. Some previous work by [13]
propose maximizing conditional likelihood for BN parameter learning. They apply their method
to MCAR (Missing Completely At Random) incomplete data by using available case analysis in
order to nd the best TAN classi er. In other work by [9] also deals with TAN classi ers and
expectation-maximization (EM) principle for partially unlabeled data. In their work, only the
variable corresponding to the class can have missing. Also, other work by [10] deals with TAN
based on the EM principle, where they have proposed an adaptation of the learning process of
Tree Augmented Naive Bayes classi er from incomplete data. In their work, any variable can
have missing values in the dataset. The TAN algorithm can be adapted to learn from incomplete
datasets, such that most available data will be used in TAN structure learning. The procedure
is shown in Algorithm 1, where the Conditional Mutual Information "CMI" is de ned as:

X
(%Y jZ) = f(X’y'Z)'°gm

X,Y,Z

where the sum is only overx,y,z such that f (x,z) > 0 and f (y,z) > 0: In Algorithm 1, on line

Annotate the weight of an edge connectingA; to Aj;i 6 j by Ij = I (Ai;AjjC) One line 26
we build a subgraph from G, without any cycles and with the maximum possible total edge
weight. On line 27 we transform the resulting undirected tree to a directed one by choosing a
root variable and setting the direction of all edges to be outward from it. On line28 we add the
classC to the graph as a node and add edges fror@ to all other nodes in the graph

The idea behind Algorithm 1 is that we believe if we use more data then the estimates of
conditional mutual information are more reliable.

6 Imbalanced Data

In case of imbalanced data the classi ers are more sensitive to detecting the majority class and
less sensitive to the minority class. Thus, if we don’t take care of the issue, the classi cation
output will be biased, in many cases resulting in always predicting the majority class. Many
methods have been proposed in the past few years to deal with imbalanced data. In our research
the mortality rate of patients with myocardial infarction refers to the percentage of patients who
have not survived more than 30 days, where the results ar89% of patients survive and 11%

of patients do not survive, therefore the data are quite imbalanced. One of the most common
and simplest strategies to handle imbalanced data is to under-sample the majority class [11, 12].
While di erent techniques have been proposed in the past, they did not bring any improvement
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Algorithm 1 TAN For Incomplete Data

1

2:

10:
11:
12:
13:
14.
15:
16:
17:
18:
19:
20:
21:
22:
23:
24:
25:
26:
27:
28:

procedure CMI (Ai;Aj; Co) . Il Conditional Mutual Information
D = fuy::5ungUnm = (a;8;0;m 2 f1;:::;Ng;, such that u, =

Foreach U, 2 D
If(a == NAja == NA)

Deletet,, from D

endfor

Compute |, = | (A;; AjjC) from D

return I,
Endprocedure
ReadD = fug;:iijungium =(ag;::180;0);m2f 100 Ng
var:

n the number of attribute variablesA;
I,[n][n] the WeightMatrix;

UG the UndirectedGraph;

UT the UndirectedTree;

T the DirectedTree;

TAN the DirectedGraph;

lpij = CMI (Ai;Aj;C)

Ipli]l ] = Ipj

Lol 1011 = 1p;j

EndForeach

EndForeach
G = ConstructUndirectedGraph(l ,[i][j ])
UT = MaximumWeightedSpanningTreeG);
T = MakeDirected(UT);
TAN = AddClass(T);

with respect to simply selecting samples at random. So, for this analysis we propose the following
steps:

Let M be the number of samples for the majority class, and N be the number of samples
for the minority class, and M be L times greater than N.

Divide the instances which have majority class into L distinct clusters.

Train L predictors, where each predictor is trained on only one of the distinct clusters,
but on all of the data from the rare class. To be clear, the data from the minority class
are used in the training of all L predictors.

Use model averaging for the L learned predictors as your nal predictor. i.e (in our
case we will compute a conditional mutual information between each pair of attributes
(AiA)) i) 21,200,051 8 ] given the class L times for each pair, in each time will use
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only one of the distinct clusters and all data from the minority class, then we will use the
average of conditional mutual information for each pair to compute a weight matrix).

After integrating this step into the Algorithm 1, we will have a TAN algorithm which deals with
an incomplete and imbalance data 2:

Algorithm 2 TAN for incomplete and imbalance data
1. var

2. M The number of samples for the majority class

3: N The number of samples for the minority class

4: Dt All instances of the majority classDt D

5. Dg All instances of the minority class,Dg D

6: integer divisionL = M=N

7: Divide Dt to L parts, Dy,;k2f1;:::;Lg

8: Foreach Dr,

9: Dk = DTk [ D|:

10: EndForeach

11: Compute WeightMatrix |, [n][n] foreachDy

12: Tp[n][n] = the average ofi, [n][n];k 2 1;:::;L A Tp Is the WeightMatrix which
wwill be used in Algorithm 1

13: Continue from line 26 in Algorithm 1 using1\p

7 Results

For each data record classi ed by a classi er there are four possible classi cation results. Either
the classi er got a positive example labeled as positive (in our data the positive example is
the patient survived) or it made a mistake and marked it as negative. Conversely, a negative
example may have been mislabeled as a positive one, or correctly marked as negative. Our
results are summarized in Figure 2 using the ROC curves. We use thH fold cross validation
as the model evaluation method. The ROC curve shows how the classi er can sacri ce the
true positive rate (TP rate: number of positive examples, labeled as such over total positives)
for the false positive rate(FP rate: number of negative examples, labeled as positive over total
negatives) (1-speci city) by plotting the TP rate to the FP rate. In other words, it shows how
many correct positive classi cations can be gained as you allow for more and more false positives
by changing the threshold.

In Figure 2 we compare our results with normal TAN ([8]) and SMOTE algorithm ([4]) for
TAN. Algorithm 2 has achieved the highest area under the ROC curve (AUC) with0:82. The
results of Algorithm 1 (ROC = 0.77) is better than the normal TAN algorithm (ROC = 0.62).

But SMOTE algorithm with TAN (ROC = 0.802) is better than Algorithm 1.

8 Conclusions

First, we used medical data on patients with AIM for preliminary statistical analysis. We
found a signi cant di erence between Syrian patients and Czech patients. Second, Bayesian
networks are a tool of choice for reasoning in uncertainty, with incomplete data. However, often,
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Bayesian network structural learning only deals with complete data. We have proposed here an
adaptation of the learning process of the Tree Augmented Naive Bayes classi er from incomplete
and imbalanced datasets. This methods have been successfully tested on our dataset. We have
seen that our Algorithm 2 performed better than normal TAN and TAN-SOMTE.
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Abstract.  During the recent developments of quantum theory it has been clari ed that the
observable quantities (like energy or position) may be represented by operators (with real
spectra) which are manifestly non-Hermitian in a preselected friendly Hilbert spaceH (7).
The consistency of these models is known to require an upgrade of the inner product, i.e.,
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Abstract.  This work deals with testing of a numerical method for solving two phase ow
problems in porous media. We brie y describe the numerical method, it's implementation, and
benchmark problems. First, the method is veri ed using test problem in homogeneous porous
media in 2D and 3D. Results show that the method is convergent and the experimental order
of convergence is slightly less than one. On the problem in heterogeneous porous media, the
method produces oscillations at the interface between di erent porous media and we demon-
strate that these oscillations are not caused by the coarseness of the grid. To overcome the
oscillations, we use the mass lumping technique which eliminates the oscillations at the inter-
face. Tests on the problems in homogeneous porous media show that although the mass lumping
technique slightly decreases the accuracy of the method, the experimental order of convergence
remains the same.

Keywords: two phase ow, heterogeneity, mixed hybrid nite element method, mass lumping,
porous media, upwind

Abstrakt.  “I/Enek se v nuje testovAEn numerick@ metody pro te,en celoh dvoufA&zov@@ho proud n
v pordzn m prostted. Na zatk/tku je strubn popsZna numerick/E metoda, jej implementace
a testovac celohy. Metoda je nejprve testov/Ena na celoze v homogenn m prostted ve 2D i
3D. Ukazuje se, e numerick@d sch@ma je konvergentn s experimentZ&In m t/Edem konvergence
0 nco men,m ne jedna. Pli te,en celohy v heterogenn m prostted se na rozhran mezi
rgzn mi prostted mi objevuj oscilace, u kter ch ukZ  eme, e nejsou zpgsobeny pouitou St.

Pro odstran n oscilac pou ijeme techniku mass lumping, kter/& oscilace na rozhran v razn
omez . Na testech v homogenn m prostted se pak ukazuje, e atkoli pouit mass lumpingu
nepatrn zhor, ptesnost numerick@ metody, experimentA&In tAd konvergence zgst/Av/A stejn.

Kl LovZ slovadvoufAzovd proud n, heterogenity, hybridn metoda sm ,en ch konetn ch prvkg,
mass lumping, por@zn prostted , upwind

1 Introduction

Mathematical modeling of two phase ow in porous media can be used in many appli-
cations. For instance prediction of contaminant transport can be used for protection of
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shallow subsurface ow with phase transitions and by grant No. SGS17/194/OHK4/3T/14 of the Grant
Agency of the Czech Technical University in Prague.
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water resources or for sanitation of dangerous substances leakage. Except for special
cases, there is no known way how to solve these problems exactly but with numerical
methods, we can nd at least a good approximation of the solution.

This paper focuses on the veri cation of the proposed numerical method. The method
is implemented in parallel usingViPI[12, 13]. Firstly, we test the method on two phase ow
problems in homogeneous porous media in 2D and 3D. We further proceed with a problem
in heterogeneous porous media which shows limitations of the method. Therefore, we
propose a modi cation using mass lumping technique which helps to solve problems in
heterogeneous porous media correctly. Finally, we compare both approaches on problems
with known exact solution.

2 Numerical method

Here, we brie y describe the numerical method. A detailed description of the method
together with a di erent approach to parallelism, using CUDA, is described in [7]. The
method can be used for solving a system ofpartial di erential equations in the following
coe cient form:

" I#
X @ X
j=1 j=1
whereZ; = Zj(x;t),j = 1;:::;n, are unknown functions(8t> 0; 8x 2 ) , RY is

the computational domain, andd is the spatial dimension,d 2 f 1;2;3g. N;;, f;, and
m; are scalar coe cients,w; are vector coe cients andD ;; are symmetric, second order
tensors. The coe cients can be functions of time¢ and spatial coordinatesx, but also of
the unknown functionsZ; .

The method was implemented inC++and for the parallel implementation, MPIlwas
used. Serial implementation of the method is described in detail in [7], parallel imple-
mentation in 2D, using MPI, is described in [13]. The parallelism in 3D which is used in
this paper is a direct extension of the 2D case.

Triangular and tetrahedral meshes used in this paper were generated GynsH8].

2.1 Coe cients in general formulation

All benchmark problems presented here are represented by the following choice of coe -
cients in the general formulation of the method given by Eq. (1):

N = " e no m = W_EV :
ndpc S”dpn n_I
K K Kg f
D= ! t : W = t w : f o= W
0 K t nKg fn



Numerical Method for Two Phase Flow Problems in Porous Media 215

where:
[ ] is the porosity,
S [ ] is the -phase saturation,
[kg m 3] is the -phase density,
f [kg m 3 s 1 are the sinks/sources,
g [m s ? is the gravity vector,
K [m?] is the permeability tensor,
K, [ ] is relative permeability (Burdine [2] or Mualem [11]
model),
[kg m?! s 1 is dynamic viscosity of the phase,
=k kg * m s] is the -phase mobility ( (= w+ 1),
p [Pa] is the -phase pressure,
2fw;ng denotes the wetting or non{wetting phase.

These coe cients represent mass conservation law and Darcy’s law for both phases, refer
to [6] for details .

3 Homogeneous porous media

In this section, we verify the numerical method on benchmark problems in 2D and 3D
in homogeneous porous media. For these problems, the exact solution can be found and,
therefore, we can compute the errors of the numerical solution and experimental order of
convergence.

3.1 Benchmark problems

The benchmark problem used in this section is the extension of the McWhorter and
Sunada problem into an arbitrary dimension. We only brie y describe the con guration
of the problem, a more detailed description together with the method to nd the exact
solution can be found in [5, 10]. We assume a radially symmetric domain with the
prescribed initial saturation S; and the in ow at the origin in the form:

Qolt) = At'z": 2)

The problem con guration in 2D is illustrated in Fig. 1. This setting together with the
neglected gravity and the assumption of incompressible phases allow us to nd the exact
semi-analytical solution of the problem [5, 10].

The problem is de ned in the wholeR? or R® but due to the assumed radial symmetry,
we restrict ourselves only to one quadrant in 2D or one octant in 3D, respectively. We
also have to restrict ourselves to a domain of nite length and compare the results at
a certain time when the head of the solution does not reach the boundary representing
in nity.

In this paper, the computational domains are a square witlh m long side and a cube
with 1 m long edge in 2D and 3D, respectively. In both cases, we compare the solutions
at time t =20000s

The exact solution requires prescribing a ux at the origin (point-wise). Numerical
method used in this paper cannot handle to prescribe a ux in one point, therefore, we
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Si

point source
SO =1

Figure 1: Benchmark problem con guration in 2D.

approximate the point in ow condition via a boundary condition by prescribing the ux
through all element boundaries (edges, faces) that are adjacent to the origin as illustrated
in Fig. 2. The corresponding value of the Neumann boundary condition is computed so
that the total volume injected through the boundary is the same as the volume given by
Eq. (2).

We set coe cients A = 10 5m? s ! for the 2D case andA = 10 "m? s 3 for the
3D case. Initial saturation in the domain isS; = 0:95 for both cases.

i NAPL injeétion area i IinNAPL injection
(a) Tetrahedra (b) Trianges

Figure 2: Approximation of the point injection ux at the origin in 2D and 3D.

3.2 Numerical analysis

In this paper, Brooks{Corey [1] and van Genuchten [14] models for capillary pressure
together with Burdine [2] and Mualem [11] models for relative permeability, respectively,
are used.

Numerical solutions in 2D (contours) and 3D (isosurfaces) together with the compar-
ison with the exact solution in radial coordinates are shown in Fig. 3.

With the known exact solution, we can compute errors of the numerical solution and
the experimental order of convergence. Results for 2D and 3D are shown in Table 2 and 3,

respectively. Properties of the used meshes are given in Table 1, the following notation
is used:
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Mesh ID h Elements | Degrees of freedom
2D] | 671 10 2 242 766
2D; 3:49 10 2 944 2912
2D 1:64 10 2 3714 11 302
2D; | 873 10 ° 14 788 44 684
2Dy | 423 10 ° 59 336 178 648
3D | 213101 1312 5 874
3D 127 10 ! 3 697 15 546
3D; | 6:29 10 2 29 673 121 678
3D; | 348 10 2 | 240372 973 750
3D; 1:84 10 2 | 1939 413 7 807 218

Table 1: Properties of the meshes used in the benchmarks described in Section 3.1.

Brooks & Corey van Genuchten
Id. | kEpss, ki €0Gs,:1 KEns, ko €0G, 2| KEps, K1 €0Gs,:1 KEps, K2 €0Gs, 2
4 2 2 2 2
2D£11 1,45 10 0,92 3,17 10 0.78 1,42 10 0,98 2,12 10 0.94
3 2 3 2
2D‘21 7,94 10 0.78 1,91 10 0,60 7,51 10 0.86 1,15 10 0.84
3 2 3 3
2D‘31 4,40 10 0,05 1,21 10 0,69 3,93 10 105 6,11 10 103
3 3 3 3
2D, (2,41 10 0,85 7,84 10 0.66 2,03 10 0,90 3,19 10 0.89
2D 1,30 10 ° 4,85 10 3 1,06 10 3 1,68 10 3

Table 2: Errors of the numerical solution and experimental orders of convergence in 2D
for the benchmark problem described in Section 3.1.

h mesh element size. To compute, we circumscribe a circle (ball) to each triangle
(tetrahedron) of the mesh and takéh as the radius of the largest such circle (ball).
KEns,kp Is the L, norm of the di erence between the exact and numerical solution of the
saturation S, on mesh with element sizé.
€0G, p is the experimental order of convergence i, norm, see [7] for details.
Di erent results for the Brooks{Corey and van Genuchten models are caused by dif-
ferent capillary pressure - saturation relationships for the near-water-saturated state.



218 J. Solovsk

Brooks & Corey van Genuchten
Id. kEh;Sn k1 €0Gs, ;1 kEh;Sn ko €0Gs, ;2 kEh;Sn k1 €0Gs, :1 kEh;Sn ko €0Gs, ;2

4 2 2 2 2
3D; (1,12 10 0,69 3,38 10 0,60 1,21 10 077 2,43 10 073

4 3 2 3 2
3D, |7,82 10 0.84 2,47 10 072 8,13 10 0,93 1,66 10 0,90

4 3 2 3 3
3D5 (4,35 10 1,03 1,49 10 0,92 4,25 10 1,14 8,84 10 112

4 3 3 3 3
3D, 2,37 10 0,82 8,63 10 079 2,17 10 1,04 4,56 10 1,02

3Dy |1,41 10 2 523 10 3 1,12 10 3 2,39 10 3

Table 3: Errors of the numerical solution and experimental orders of convergence in 3D
for the benchmark problem described in Section 3.1.

1 Brooks & Corey model, 2D triang
.»0‘4288 Exact
.03340 . —_ [ 72D§

= I
02393 - O, 5 L |
.»0‘1446 0.4 U)
o2 o . | . | . | ! ] !
0 G2 04 (06 Q8 1
0.2 0.4 0.6 0.8 [m]
(a) 2D - contours of saturation Sy,. (b) 2D - comparison with the exact solution.

Contour
Var:S_n
1.0_

0.7959

—0.6893

0.5827

Brooks & Corey model, 3D tetrahe:

04761

0.3695

Exact

73D§

—0.2629

0.1563

Sh [1]
o
a1

0 I . | . | . | . 1 ;
) 0 Q2 Qa4 Q6 Q8 1
. ]

(c) 3D - isosurfaces of saturationS;,. (d) 3D - comparison with the exact solution.

Figure 3: Numerical results and comparison with the exact solution. In radial coordinates,
denotes the distance from the origin (injection point).
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4 Heterogeneous porous media

In this section, we focus on problems in heterogeneous porous media. As was shown
in [12], the numerical method cannot correctly capture the e ects at the interface between
two di erent porous media. Oscillations appear in the solution and are more apparent in
the case of ow from ner to coarser sand.

To demonstrate the oscillations in this work, we use the same benchmark problem as
in [12] which was originally proposed in [9]. The problem setup is shown in Fig. 4. We
consider three layers of sand, the middle one ner than the remaining two, initially fully
saturated with water. NAPL is injected through the upper boundary with a given ux.

R

0,155 m Coarse

02m Fine

0,145 m Coarse

0,5m

Figure 4. Heterogeneous problem setup based on [9, 12].

We use the numerical solution obtained using the vertex centered nite volume method
in 1D on a very ne mesh as a reference solution to which we compare our numerical
results. The 1D solution taken from [4] is in a good match with results provided in [9].
We want to compare our 2D results with this 1D solution. We do not use only the values
over single crossection through the center of the domain, but we plot superposed values
from all the elements of the mesh using thely position of the center.

Numerical results for the original variant of the method are shown in Figs. 5a, 5c,
and 5e. We can see the oscillations that are present for several mesh re nements and,
therefore, are not caused by the coarseness of the mesh.

4.1 Mass Lumping

To overcome the oscillations at the material interface we use the mass lumping technique.
One of the steps of the MHFEM method used in this paper is to discretize numerical uxes
between elements. This is done by computing matricés;x , with elements de ned by
the following integral [12]:
z
Bijker = ! -IE;F D i;jl! KiE 3)
K
whereK is the element,! . and! k. are the basis functions of the lowest order Raviart-
Thomas-N@delec space. Elemekit is a simplex (line segment, triangle or tetrahedron
depending on the dimension of the problem) and integrated functions are polynomials
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Brooks & Corey van Genuchten
Id. | KEns, ki e0cs,:1 KEns, ko €0Gs, 2| KEps, ki €0Gs,:1 KEps, ko €0Gs, 2

4 2 2 2 2
2D; |1,48 10 0.91 3,22 10 076 1,44 10 0.98 2,16 10 0.95

4 3 2 3 2
2D, 18,17 10 0,77 1,96 10 059 7,59 10 0.86 1,17 10 0.85

4 3 2 3 3
2D5 4,56 10 0,96 1,25 10 0,69 3,95 10 1,04 6,15 10 1,04

4 3 3 3 3
2D, 2,49 10 0.86 8,10 10 0,68 2,04 10 0,90 3,20 10 0.89

2Dg |1,33 10 2 4,96 10 3 1,06 10 3 1,68 10 3

Table 4: Errors of the numerical solution and experimental orders of convergence in 2D
for the mass lumping variant of the method.

of the second order and, therefore, the integral in Eq. (3) can be computed exactly
(in the following using notation exact integration). The value of this integral can be
also approximated using a quadrature rule [3]. We use the following quadrature rule to
approximate the integral of arbitrary function over simplexK .

Lo X
Kz fo); @
i=1

K

where k is the number of vertices of the simplex (line segmeiit = 2, triangle k = 3,
tetrahedronk = 4) and x; are the positions of the vertices. In our case, the function is
the integrated function on the right hand side of Eq. (3).

Numerical solutions using mass lumping technique are shown in Figs. 5b, 5d, and
5f. In the comparison with the basic variant of the method using exact integration, it
can be seen that the use of the mass lumping technique eliminates the oscillations at the
material interface.

5 Mass Lumping in homogeneous porous media

In the previous section, we showed that use of mass lumping eliminates the oscillations
at the material interface. In this section, we show how the mass lumping technique
a ects the accuracy of the method in the case of homogeneous porous media where we
can compare the results with exact solutions. We use the benchmark problem described
in Section 3.1, solve it with the mass lumping variant of the method, and compare the
results with those given in Section 3.2.

Errors of the solution and experimental orders of convergence in the 2D and 3D cases
are shown in Table 4 and 5, respectively.

Results show that in both 2D and 3D cases, the errors of the mass lumping variant
of the method are slightly worse than without mass lumping but the method is still
convergent with the same experimental order of convergence.
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Figure 5: Comparison between the exact integration and the mass lumping technique on

various meshes for the solution in a heterogeneous porous medium.

Id.

Brooks & Corey
kEns, ki €06s,:1 kEps, k2 €0Gs, ;2

van Genuchten
KEnhs, ki €0cs, ;1 kEps, k2 €0cs, 2

3D]
3D;
3D3
3D,
3Dg

1,13 10 2

7,96 10
4,50 10
2,47 10
1,44 10

3

3

3

3

0,67
0,82
1,01
0,83

3,46 10 2
2,52 10 2
1,53 10 2
8,64 10 °
526 10 °

0,61
0,72
0,92
0,79

1,22 10 2

8,22 10
4,30 10
2,20 10
1,15 10

3

3

3

3

0,77
0,93
1,13
1,04

2,49 10 ?
1,70 10 2
8,97 10 °
463 10 °
2,41 10 3

0,74
0,91
1,12
1,02

Table 5: Errors of the numerical solution and experimental orders of convergence in 3D
for the mass lumping variant of the method.
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6 Conclusion

In this work, we tested the numerical method for solving two phase ow problems in
porous media. We showed that for homogeneous porous media, the method is convergent
for both 2D and 3D cases with the experimental order of convergence slightly less than
one. In the case of heterogeneous porous media, the method produces oscillations at
the interface between di erent porous media when exact evaluation of the integrals in
matrix B is used. To overcome the di culties, we used the mass lumping technique which
eliminates the oscillations and only very slightly a ects the accuracy of the method as
was shown in the comparison of the solutions using the benchmark problems in 2D and
3D with known exact solutions.
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Abstract. The concept of continuous time fractional Levy processes and its discrete time coun-
terpart ARFIMA model are introduced. This class contains wide range of processes exhibiting
so called fractional behaviour. Methods for computationally simple estimation of key ARFIMA
parameters are presented.

The theory of fractional Levy processes is then applied to nancial time series data. Key
ARFIMA parameters are estimated on rolling window basis for S&P 500 daily data and transmu-
tations of statistics are detected in the original data based on time evolution of these parameters.
This transmutation reminds phase transitions in statistical physics.

Keywords: Fractional Levy processes, ARFIMA, Transformation of statistics, Finacial time
series

Abstrakt. P edstav me frakEn Levyho procesy a jejich diskrdtn verzi ARFIMA model. Tato

t da obsahuje tirokou tkZElu procese vyznafujc se takzvan m frakEn m chovAEn m. Efektivn
metody pro odhad ARFIMA parametre jsou p edstaveny.

Tato teorii je pot@ aplikovAEna na nanfEn data. ARFIMA parametry jsou odhadnuty na posou-
vaj c se podmno”in¥ uva’ovan ch dat a transmutace statistika je detekov/AEna na zAklad¥ jejich
£asovdho v voje.

1 Introduction

Fractional processes have been successfully applied to number of problems in physics,
biology or economy [1,12]. They are closely related to anomalous (non-Brownian) di u-
sion and they lead to non- standard scaling relations between temporal and positional
coordinates, i.e. standard Brownian scaling

hx2(t)i  t (1)

is no longer valid. For self similar processes this can be caused by two mechanisms - by
correlations between increments of the process or by in nite variance of underlying pro-
cess [2]. We will see that fractional Levy processes can compass both of these mechanism
in uni ed framework.

This work was supported by the Grant Agency of the Czech Technical University in Prague, grant
No. SGS16/239/0HK4/3T/14 and by Czech Science Foundation Grant No. 17-33812L.
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There is a number of ways which may give a rise to fractional dynamics. Trapping or
long range memory e ects may for example lead to this behaviour. However probably the
most illustrative way to derive fractional processes is from continuous time random walk.
It is well known result that continuous time random walk with nite average waiting
time between jumps and nite jump size variance leads to Brownian motion in the limit.
However if one of these assumptions fails to be satis ed the resulting process exhibits
fractional behaviour. The in nite average waiting time leads to processes with various
memory e ects, fractional Brownian motion being the most prominent example, while
in nite jump variance leads to stable processes. These are the two already mention mech-
anism leading to fractional behaviour.

Fractional processes can be well described using fractional di erential equations [3].
Changing the order of temporal and spatial derivative in Fokker-Planck equation to non-
integer order leads to desired distortion of standard Brownian scaling. However there is
a number of di erent non-equivalent de nitions of fractional di erentiation and uni ed
framework for fractional processes de ned as solutions of fractional di erential equations
is still missing.

That is why we will not pursue the approach based on fractional di erential equations

in this paper. Instead we will start from de nition of so called Levy fractional pro-
cesses [4]. This class of processes directly combines fractional behaviour observed for
fractional Brownian motion with behaviour of heavy tailed stable processes. This means
that fractional behaviour of these processes is caused simultaneously by both correlations
between increments and in nite variance of underlying process. While these processes
cover incredibly wide range of processes and they likely provide general enough framework
to model any type of fractional behaviour their analytical tractability is a major issue.
Even simulation of such processes is a complicated issue with no satisfying solution am
aware of.

However in the limit fractional Levy processes can be written as normalized sums of so
called ARFIMA processes [5]. ARFIMA is discrete time stochastic model which directly
generalizes well known ARMA linear model. Broadly speaking ARFIMA model describes
(in the limit) behaviour of increments of Levy fractional processes.

Fitting ARFIMA model is complicated but tractable process [6]. However for our pur-
poses we will only need to t two main parameters of ARFIMA process - parameters
e ecting deformation of scaling of temporal and positional coordinate. Discontinuities
and local extremes in time evolution of these parameters may be regarded as points of
transmutation of underlying statistics. Furthermore in analogy to truncated Levy ights
another so called damping coe cient is introduced which essentially cuts o extreme val-
ues produced by stable noise which lead to unrealisticly high fourth moments which are
not observed in nancial time series.

The class of fractional Levy processes contains essentially all self-similar processes with
stationary increments. Financial data have typically fractal nature [11] i.e. are self-similar
and the assumption of stationary increments is also in most of the cases reasonable. That
is why we believe that fractional Levy processes provide appropriate and su cient frame-
work for nancial time series modelling.

The paper is organized as follows - in the rst part theoretical background behind frac-
tional Levy processes is presented. Basic properties of these processes are discussed and



Transmutation of Statistics in Financial Time Series Data 225

in particular two cases are mentioned - fractional Brownian motion and Levy stable pro-
cesses. Then discrete time counterpart of Levy fractional processes - ARFIMA model
- is introduced. The basic properties of this model are presented and connection with
fractional Levy processes is established.

The second part of this paper will focus mostly on numerical methods used to estimate
ARFIMA parameters and their application to real data. Computationally tractable
method is introduced which allows for e ective estimation of these parameters. The
method is applied to daily data observed on nancial markets during last sixty years.
Analysis of evolution of these parameters on rolling window data is then used for detec-
tion of transmutation of statistics.

2 Fractional Levy processes and ARFIMA model

General Levy fractional process can be de ne in analogical way as fractional Brownian
motion as an integral [7]
Z
Ly()= (t x¢ ( xf db (x) )
R
whereL is -stable symmetric processgd = H 1= with H 2 (0;1) and 0 < 2
and (x). = max(x; 0). In what follows we will always also consider> 1 because Levy
processes with < 1 have number of undesirable properties.
Parameter is called stability index andH is famous Hurst self similarity index. Hurst
index is connected with fractal dimension of graph of the process which is equalto H
[8].
Fractional Levy processes arél -self similar processes with stationary increments. They
can be described via their characteristic function [4]

) :"; (Z) - e (ctH jzj) (3)

The density of fractional Levy processes is not available in closed form in the general
case.
The alternative to describe very similar class of processes exhibiting this type of fractional
behaviour is through fractional Fokker-Planck equation. One of possible forms of this
equation is [1]

@W_ @

— =D K —W(X;t 4

51~ 01 K ggWixt) (4)
whereoD{ is Riemann-Liouville derivative. Riemann-Liouville operator is integral op-
erator and therefore this equation is non-local and resulting process exhibits non-trivial
memory e ects. Parameter e ects scaling - it holdshx?(t)i t which means that case

> 1 corresponds to super-di usion and < 1 to sub-di usion.

There are two special of fractional Levy processes we should mention.

Levy stable processes: The cased =0 i.e. H = 1= leads obviously to Levy stable
processes [2]. Levy stable processes &feself similar processes with stationary and in-
dependent increments. The general form of characteristic function of Levy stable process
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In* (k)= itk  tjkj (1+ i ‘%' (k: ) (5)

where
(k)= tan( = 2) for 61
ST (2=)Injkj for =1

However in this paper we will focus only on symmetric case i.e.= 0.
The stability index determines the tail behaviour of density of stable process (ik 2)

p (X) xjt1 (6)

ixj 1
The closed form density for Levy processes is available only in several cases - most

important being case = 2 which leads to Brownian motion. All Levy processes other

than Brownian motion have in nite variance.

The theoretical importance of stable distributions follows from generalized central limit

theorem - stable distributions are attractors for normalized sums of iid variables with

in nite variance [10].

Stable processes with< 2 have qualitatively di erent behaviour than Brownian motion,

one of important di erences is the fact that fractional dimension of a trail of a stable pro-

cess is equal tanax(; 1) [8]. This means that Brownian motion can Il two dimensional

space while any other stable process cannot. This behaviour is due to the fact that heavy

tailed stable processes move by very small jumps with occasional large jump - this means

that they form clusters instead of Iling the whole space.

Fractional Brownian motion: The case = 2 leads to integration with respect to
Brownian motion which yields fractional Brownian motion [8].

Fractional BM is H-self similar Gaussian process with stationary but not with indepen-
dent increments. The increments of fractional BM are positively correlated in the case
H > 1=2 and negatively forH < 1=2. This means that the cased > 1=2 leads to super-
di usion and long range dependence of increments, kf < 1=2 increments are negatively
correlated and process is sub-di usive. The cas¢ = 1=2 is just Brownian motion.

2.1 ARFIMA model

Autoregressive fractionally integrated moving average model (ARFIMA) [5,13] generalizes
the standard linear ARMA model in two ways, naturally these two generalizations repre-
sent the two mechanisms leading to fractional behaviour. The general form of ARFIMA
model is

Ap(B)X( = By(B)(1 B) ‘z, (7)

whereB is a lag operator,A; B are polynomials of ordelp respectivelyq and Z; are iid
-stable variables representing random noise.
The term (1 B) Yis de ned via Taylor expansion as

1 B) O'zt:)4 (i+d)

() (d+D) i)(d+1)zt i (8)
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We denote the above de ned model a8RFIMA (p;d;q; ), foritto be correctly speci ed
(converge a.s.) the following must hold [6]

H=d+1=< 1 (9)

Furthermore if roots of polynomial A, lie outside of unit circle the ARFIMA process is
stationary.
Stationary ARFIMA process is asymptoticallyH self-similar with H = d+ 1= . The
most important result for us is the following limiting relation, let X be ARFIMA process
then

%Itc

N PoX!
i=1

"Lyt N1 (10)

So ARFIMA model can be considered as discrete time version of Levy fractional processes.
The cased = 0 leads to ARMA processes (with -stable noise) and exponentially decaying
autocorrelation functions. The casal > 0 is similar to the case of fractional Brownian
motion and leads to long range dependence

X
E[X (0)X (K)] = 1 (11)
k=0

The cased < 0 is analogical to the case of fractional Brownian motion withd < 1=2 and
leads to short and negative correlations.

Even though ARFIMA is discrete time model it is quite complicated and even simulation
of ARFIMA is quite tricky. However it is much more tractable than fractional Levy
processes and at the same time it exhibits fractional dynamics caused by both non-trivial
correlation structure and by in nite variance of its noise process.

3 Parameter estimation and transmutation of statistics

The methods for estimating parameters and d of ARFIMA model are presented in this
section and applied to S&P 500 daily data.

3.1 Numerical estimation of ARFIMA parameters

ARFIMA model is de ned by four parametersd; ;p;g and by p+ g coe cients of poly-
nomials A and B. Due to large complexity of ARFIMA model parameters; q are often
assumed to be equal to one at most which still gives the ARFIMA model su cient gen-
erality. The estimation of coe cient of polynomials A; B can then be formulated as well
de ned optimization problem and solved numerically [6].

However the most important parameters of ARFIMA model are the two parameters de n-
ing the fractional nature of the modeld and . We will introduce computationally simple
methods to estimate these parameters in the following paragraphs.
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Estimation of anomalous di usion parameter
The parameterd e ects the memory e ects of the underlying process, it is sometimes

called memory or long range dependence parameter.
Most common way to estimate this parameter is so called rescaled range (R/S) method
[11]. It estimates Hurst exponent as

Eﬁﬂg ct" t!1 (12)

(t)

whereR(t) is a range of the cumulative sum of the underlying stationary (noise) process
and (t) denotes standard deviation of the noise process.
However this method returns the true parameteH only in Gaussian case, it generally
gives valued + 1=2 which is equal to the true Hurst exponent only in the case = 2.
In other words this method assumes that the fractional behaviour of the underlying self-
similar process is caused solely by the correlations between increments (i.e. the underlying
process is fractional BM) and therefore fails in the general case of fractional Levy pro-
cesses.
Similarly there are methods assuming that fractional behaviour of self-similar process is
caused solely by in nite variance of the underlying noise process. Mantegna and Stanley
for example proposed the following test [9]:
For process with stationary increments self-similarity implies the following relatiop, (0) =
t%pl(O). First we estimate an empirical density at zergd;(0). This can be done from the
histogram for example. Then we get the following relation

INp(0)’ Hin—+inp (0) (13)

Mantegna and Stanley applied this to SP 500 and obtaineld ’ 0;55. They concluded
the -stable model with ’ 1;8. However this test implicitly assumes that the other
source of fractional behaviour is not present (i.e. that process has independent incre-
ments).

We instead propose the following simple method which seems to provide accurate esti-
mated of parameterd. We de ne mean sample displacement as follows

1 X!
My (t) = N 1 1 Xist  X)? (14)

i=0

The key result is that if the processX; is cumulative sum process of stationary ARFIMA
process (with > 1) then the following asymptotic relation holds (for largeN) [6]

My (t) 2t (15)

So clearly the casel= H 1= > O0Ocorresponds to superdiusionandl=H 1=< 0
leads to sub di usion. Interesting is the cas& < 0 with non-Gaussian noise, in this case
the large jumps produced by stable noise are compensated by large jumps of opposite
sign and on average the di usion of the process is slower that in the standard Brownian
case.

The proposed method of estimation of parametat is the following:
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1. Estimate My (t) fort=1;2;::;10
2. Run regressioin My (t) Int

3. Take the calculated slope and calculated = 71

The proposed estimator is consistent, it has been tested and seems to produce reliable
results. However in some case it is required to calculaty (t) for more values ot before
running the regression.

Estimation of stability index

There is number of ways in which parameters of stable distribution can be tted. The
most common ones are maximum likelihood method (using approximate likelihood func-
tion), methods based and tabulated quantile values and methods based on regression of
empirical characteristic function. The regression methods seems to be most reliable [14].
However we are interested only in stability parameter , so we will follow di erent ap-
proach. We present method for calculation of Hurst indei applicable for general class
of fractional Levy processes. Combined with previous method to estimatewe then
obtain stability index as = 7.
We will apply concept of p-variation for this analysis, we de ne sample p-variation of

processXi 1:n ¢ Of lagm as [16]
N§(n 1
Vi = Xirym  Xim]P (16)
i=0
Let us assume thatX is cumulative sum process of stationary ARFIMA process, then
for su ciently large N=m it holds [6]

1.if =2orifl< < 2andd O
(VA L (17)

2.ifl< < 2andd<0
(VA (18)

It worth noticing that in the rst case variation increases with growing p but it decreases
in the second case.
In the rst case the following estimation technique can be applied.

1. Estimate VP for p=1=f0:01; 0:02:1g
e vP vP
2. For xed m nd p that minimizes (Lvlp—l)2

3. estimateH =1=p

The appropriate choice ofm has to done based on sample size, generally it is better to
choose largem as long asN=m remains su ciently large.

The second case can be transformed into the rst case by using concept of surrogate
data, which means essentially reshu ing the (stationary increment) data. That should
break the correlation structure within the data and essentially setl = 0, then the same
approach can be applied.
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3.2 Transmutation of statistics in nancial time series

We will apply the methods presented above to detect the transmutation of statistics in
S&P 500 daily data observed between years 1950 to 2007. There is approximately 14500
data points in analysed time series.

Proposed approach assumes that logarithms of observed prices follow fractional Levy pro-
cess. This is quite standard approach, in fact famous Black-Scholes theory assumes that
logarithms of asset prices follow particular case of fractional Levy processes - Brownian
motion. We checked stationarity of increments of the process using unit root test and
self-similarity of log-levels using rescaled range approach, both these assumptions seems
to be satis ed.

We applied methods for estimation of and d parameters of fractional Levy process to
rolling window sample of original S&P 500 daily data. The evolution of these parameters
determining the fractional nature of process will allow us to detect transmutations of
statistics in original data.

Some parameters of the approach were determined purely by numerical analysis, after
testing di erent speci cations we chose

1. the length of rolling window sample to be 3000 data points
2. to replace 600 data points of the rolling window sample in every iteration
3. we chose parametem used in estimation of Hurst index to be equal t3

We rst applied the above approach to the whole dataset, we obtained

H' 056d’ 001) ' 181 (19)

Notice that this is exactly the same result that Mantegna and Stanley obtained for similar
dataset using di erent approach based on self similarity, they ignored the fractionality
causes by parameted however in this case we can see that its e ect is negligible.
Application of the above described approach on rolling window sub-sample of size 3000
data points and replacing 600 data points in every iteration yielded time evolution of
Hurst index H = d+ 1= depicted in Figure 1. The dates in the graph are always the
end dates of the corresponding rolling window sample.

The red lines denotes points where derivative ¢1 changes sign, these will be regarded
as point of transmutation of statistics. The blue line denoted point wher& changes
sign from positive to negative, i.e. point of transmutation from super-di usion to sub-

di usion. The discontinuity of H in this point is caused by this transmutation, due to
nature of rolling window approach this discontinuity can be seen twice, however only the
rst one interests us.

When we plot the original log-prices we can see that the located points of transmutation of
statistics are clearly signi cant For the rst two "red lines" the transmutation of statistics

can be seen very clearly, the other two are less clear mainly due to smaller sample size in
these windows. This can be also seen from the following table summarizing the di erent
windows (separated by red lines in Figure2)
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Figure 1: Hurst index evolution

Figure 2: Hurst index evolution
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H d kurtosis | skewness damping coe cient
1st | 0.55]/0.02 | 1.89|9 -0.7 0:06%
2nd | 0.65| 0.07 | 1.72| 2.5 0.23 0:16%
3rd [0.53|0 1.89| 5.8 -0.42 0:08%
4th | 0.52| -0.06| 1.72| 3.8 -0.31 0:1%
5th | 0.48| -0.04| 1.9 | 2.9 0.13 0:14%

where damping coe cient is introduced because kurtosis of simulated values from stable
distributions are much higher than observed kurtosis. The damping coe cient determines
how many extreme values simulated from given stable distribution we have to exclude for
simulated and observed kurtosis to match. We used simulation approach to determine
these values. This idea is known from theory of truncated Levy ights [12] and damping
is there introduced through cut-o of density function, for fractional processes this is
more complicated however.

The transition from super-di usive regime to sub-di usive regime can be clearly seen. It
also seems that there are two well de ned regimes of stability index, in addition the
stability index of whole dataset lies approximately in the middle of these. Interesting is the
third transition where H does not change much because the change ins compensated
by change ofd .

Based on our analysis of this and few similar samples we can state few empirical rules
that seem typically to hold

1. The point of transmutation is typically either point where d or derivative of d
changes sign, in this case rst and last transition are related to change of sign of
derivative of d and middle transitions to sign ofd

2. transitions seem often to be followed by change of sign of skewness
3. transitions caused by change of sign dfseem to behave less regularly

4. transition from super diusive to sub diusive regime causes discontinuities in
rolling window graph ofH

Conclusion

We used formalism of fractional Levy processes and ARFIMA model to detect transmu-
tations of statistics in daily S&P 500 data observed on nancial markets. The method
seems very promising and we can conclude that the underlying dynamics of the observed
data clearly changes in located points of transmutation. Proposed parameter estimation
techniqgue seems to be quite reliable and on the whole dataset it gave similar results as
other methods typically used.

While the initial results are promising the method must be tested for much broader range
of datasets. That should also give us better understanding of underlying transitions. We
would also like to develop analytical framework for estimation of size of rolling window
sample and for number of points that are replaced in every iteration.

The main objective would be to classify transitions observed on nancial markets in uni-
ed framework, the idea we have in mind at the moment is to build in this framework
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in analogy with phase transitions in statistical physics. For example the key di usion
parameterd could play similar role as thermodynamic potentials, because the statistic
transmutation is typically related to discontinuity of d or of its derivative.

We also plan to apply this method to higher frequency data in the future, the results
there might be quite di erent due to much higher volatility of di usion parameter d.
The understanding of these transition could also allow us to forecast future volatility of
underlying nancial time series.
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of bags by a set of base vectors and selection matrices which are unique for each bag. This
leads to an ill-posed matrix factorization problem which we solve by employing the Bayesian
framework. Performance of the resulting algorithm is validated on a testing MIL dataset. Also,
motivation is given by describing a real-world MIL problem of detection of malware infected
computers.

Keywords: multiple-instance learning, supervised learning, variational Bayes, matrix factoriza-
tion

Abstrakt.  Multiple-instance learning (MIL) je druhem binZrn klasi kace s ufitelem. MIL prob-
IPmy se vyzna£uj t m, "e ke ka’d@mu jedinci existuje n¥kolik vektore p znake sdru”en ch do jed-

ing matice - tzv.bagu Ka’dgdmu bagu jako celku je pak p i azeno oznafen pozitivn /negativn .
Nen pitom dZno, zda je nap . pozitivh oznafEen zpesobeno n¥kolika pozitivh mi vektory mezi
zbytkem negativn ch nebo zda se lit celkovA struktura bage. V tomto p sp¥vku se zab v/Eme
reprezentac vnitn struktury bage pomoc mno”iny zAkladn ch vektore a v b¥rov ch matic,
unik/tn ch pro ka’d bag. eten t@to ftpatn¥ podm n¥n@ celohy je navr’eno ve tvaru maticovd
faktorizace a je hled/Eno pomoc bayesovsk@ho hierarchickdho modelu. Odvozen algoritmus
je otestov/En na vzorovdm MIL datasetu. V textu je tak@ popsZna motivace dan/ probldmem
vyvst/Evaj c m v detekci malwarem napaden ch po£ tage.

Kl £ovA slovamultiple-instance learning, uEen s ufitelem, variaEn Bayes, maticov/ faktorizace

1 Introduction

In multiple-instance learning (MIL), the problem of supervised binary classi cation is
made more di cult for the learner due to a number of reasons. Firstly, instead of having

a set of instances (feature vectors) labeled as negative or positive, a numbebads of
instances is received, where the whole bags are labeled as positive or negative. Every
bag consists of a (possibly di erent) number of instances whose individual labels are not
known. The common conception is that a bag is labeled negative if all instances in it
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are negative, but if even a single instance is positive, then the label of the bag is also
positive [6]. Secondly, the ratio of negative to positive instances in a bag can be arbitrarily

high. In real-world problems however, this presumption can be violated and positive and

negative bags may be generated from entirely di erent sources. In [4], the MIL model

was formalized for the rst time and a solution using axis-parallel rectangles constructed

by the conjunction of the features was proposed.

A number of di erent MIL problems were solved using di erent approaches. Decision
trees were used [3] for the drug activity prediction problem. Boosting algorithm was
proposed to be used for face detection in [2]. The kNN nearest algorithm with Hausdor
distance [11], a variant of the support vector machine algorithm [1] or various set distances
[10] were compared on a common MIL dataset.

The problem of malware detection in computers connected to a network whose activity
we supervise is of particular interest to us. In such a case, the communication of every
computer with the outside world (using a HTTP protocol) goes through a common hub.
The observer, for a limited time frame, collects all HTTP requests of the computers in
the network. From each request, we substract a number of features (e.g. bytes sent
and received, request lenght in ms). A collection of such instances for one computer
creates a bag. Additionaly, some computers are known to be infected with malware that
communicates with the Internet. Their bags are then labeled as positive and together with
bags of some uninfected computers compose a training dataset. Presumably, positive bags
should contain a number of positive instances - requests created by the malware. This
poses an interesting MIL problem, as the ratio of positively labeled bags to negatively
labeled ones is small (2%) and it is possible that not all positively labelled bags actually
contain a malware-originated request. Decision trees [8] and neural networks [9] were used
to tackle this problem.

In the following text, the MIL problem will be formalized. Also, an approach leading
to matrix factorization will be outlined. The solution will be sought after using Bayesian
formalism. The performance of the resulting algorithm will be presented on a well-known
MIL dataset. Finally, some comments will be made about the method and the future
outlook

2 MIL and matrix factorization

Let the structure of the training MIL dataset be following: there areN bags - matrices
Y, 2 Rt Mn:n 2 M. The columns of each bag are instancesm 2 R-;m 2 M,. Labels
of the bags are stored in the vectok 2 f0;1g". Now, let Y 2 Rt M be a single bag.
Consider the following factorization

Y = BAT + E; (1)

whereB 2 Rt " is a matrix consisting of a few base, general instances.2 RM H can
be thought of as a selector matrix that chooses the base instances for a givenMatrix

E 2 R- M is the noise. This model can very well represent a true MIL problem as it
can be expected that there is a numbed of universal instances that repeat across and
inside bags. Some of these can be positive and some negative.
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Computation of this factorization is an ill-posed problem and has in nitely many
solutions. To achieve the properties described above, we must impose some further re-
strictions on the simple model (1). This will be discussed in the next section.

Now, suppose that we concatenate all the positive and negative bags together in two
general matrices

To2 R" Mo Mg =

|
<

(2)

|
<

T, 2R MMy = (3)

n=1
Xn=1

By computing the factorization (1) for To and T,, we obtain two base matrice8, and B;.

If we computed them in accordance with the properties stated above, then they should
di er by a number of base positive instances. When deciding on the label of an unknown
bag Yy +1, we compute matricesA, and A; from (1) with Yy+1 on the right side and with

a xed By and B, respectively. Then the label is given by the decomposition where the
reconstruction has smaller error, i.e.

Xn+1 = argminfjj Yy BiATjj2 1 i 2f0;1gg; (4)

where jj:jj» is the matrix L2-norm. The classi cation is based on the assumption that
decomposing with respect to a correct base should be more precise than the using the
wrong one. However this might not be true for all MIL datasets.

3 Variational Bayes matrix factorization

In this section, we build a bayesian hierarchical model around the simple model (1) with
the proposed factorization properties in mind, i.eB is a matrix of base instances ané

is a selector matrix. To achieve this, we want the matriA to be sparse. In an ideal case,

A would only consist of ones and zeros as it selected the apropriate instances encoded in
B. In a Bayesian context, the property of achieving sparsity is called ARD (automatic
relevance determination, see [12]).

3.1 The hierarchical model

We will start by choosing the data likelihood and prior forB in accordance with [7],
where ARD is implied on the columns oB and A in order to reduce the inner dimension
H. However, to achieve the proposed sparsity, we will impose the ARD property on every
single element ofA by choosing a normal distribution of vectorized matrixA instead of
the the original matrix normal distribution. The data likelihood and priors onA; B are
chosen as

p(YiB;A; )= MN (YjBAT; ‘'l ;ly); (5)
p(veqAT)jCa) = N (vedAT)j0;C,h); (6)
p(BjCg) = MN (BjO;I,;Cgl): 7
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Here, NM (:) is the matrix normal distribution and N (:) is the normal distribution, 14
is identity matrix of size d. Prior distributions for covariances are following:

M
P(Ca) = G(Camnh] 05 0); (8)
h;m=1
Ca = diag(Ca11; Ca12; 117 Camn ); 9)
Y
P(Ce) = G(Csnj o o) (10)
h=1
Cg = diag(Cg1;:::: Can ); (11)
pP( )= ] o o) (12)

where G(:) denotes the gamma distribution. It is actually through the estimation of the
precisions (inverse variances) that the ARD property is achieved.

3.2 The Variational Bayes method

The joint probability distribution of the data and the parameters is now
p(Y;)= p(Y;AB;Ca;Cs; )= pP(YiB;A; )P(AJCA)P(BCr)P(Ca)P(Cr)P( ); (13)

where the simplication = ( A;B;Ca;Cg; ) is used. The structure of the model
does not permit a direct evaluation of the true posteriop(A;B;Ca;Cg; JY)= p( jY).
Instead of resorting to MCMC methods, we use the computationally less expensive Vari-
ational Bayes (VB) framework. Using some approximations, VB will enable us to come
to an analytic expression for an equilibrium state that describes the parameters of the
posterior.

VB approximates the true posterior distribution with a product of mutually indepen-
dent posteriors

p( jY) a( jY) = a(AjY)aBjY)a(CajY)a(CejY)a( jY): (14)
The xed log marginal probability of Y can be expressed as
z

_ - p(Y;)

Inp(Y) = ;( jY)In o iv) (15)
- a(_jY)

+ g( jY)In oY) (16)
=F(@+ KL (a( jY)iip( jY)): 17)

Here, F (g) is the free energyand KL(:) is the Kullback-Leibler divergence between the
true and the approximate posterior. It is an integral probability measure and is equal
to zero if the two arguments are equal. Because KL divergence is always non-negative,
we can minimize it by choosing the right forms of approximate posteriors ig{ jY) that
maximize the negative free energ¥ (q), thus bringing the approximate posterior closer
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to the true one. From the VB theory, the posteriors that maximize the free energy have
the form

Ina( iJY) = Eq ;jvyjei [INPCY;)] ; (18)
where the expectation is taken over all other approximate posterioi ;jY) but the

i-th. For details see Chapter 3 in [13]. Using conjugate priors, the posterior distributions
have known forms and analytical expressions of their parameters.

3.3 The approximate posterior

In this place, we will analytically derive the posterior distribution for variance of the data

using prescription (18). It is a simple and straightforward computation compared to
other posteriors but it ilustrates the principle of the VB method. Recollecting the form
of the likelihood, the priors (5) - (12) and using (18) we have

h [
Ing( jY)=( o 1)In 0 %tr E Y BAT'T Y BAT +%In + const.
(19)

Here, const. stands for terms that are not dependent onand that are considered to be
part of the integration constant of the posterior distribution. Expectation is computed
with respect to the other posteriors. By collecting the terms for and In , we see that
the posterior of is again a Gamma distribution of the following form

aC jY)=6(j; ) (20)
ML
= ot T; (21)
h i
= 0+%tr E Y BAT' Y BAT (22)

Clearly, the posterior balances the in uence of the prior and the data. Usually, the prior
parameters o, o are set to small values (e.g10 1°) to keep the estimates unbiased.

Following the procedure outlined above for the rest of the estimated parameters, we
arrive at the following posterior distributions

q(veqdAT)jY) = N (vedAT)j a; a); (23)
a(BjY) = MN (BjMg;IL; 8); (24)
d(CamnJY) = G(Camh] mh; mh); (25)
d(CenjY) = G(Cshj n; n); (26)

with their shaping parameters given by this set of equations:

a=b AveqBTY); a=(Cr+by BTB) Y (27)

Mg = by R §5; 5 = (bATA+ Cg) % (28)
1 1

mh = O+ E; mh = 0+ E'Qrznh; (29)
L 1

h= ot E; h= ot éhﬁBh (30)
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Here, the notationbis used for expectation over posterior distribtutions and is used
for Kronecker product. The equations contain a number of lower and higher moments
that can be expresed using the shaping parameters and well known properties of used
distributions. They have the following form

X
R = deved A)"; hta=AR"R+ sub( a;m;H);  (31)
m=1
B= Mg BTB=B"®+L g; (32)
€n = diag ;M Cs = diag ;i M (33)
11 MH 11 MH
b= —; (34)
h . i
tr E Y BAT' Y BAT =tr YTY+BTBATA 2YRBT : (35)

The notation deveq:) is used for the operation of devectorization a vector into a
matrix of the original size, sulf A;m;H) is the m-th diagonal submatrix of 5 of size
H H.

To compute the solution of the system of equations, we use an iterative algorithm. It
starts with some initial values for the shaping parameters. Then, the shaping parameters
of each posterior are updated using the equations (21), (22), (27) - (30) and keeping
the shaping parameters of other posteriors xed. This way, it is guaranteed that a local
minimum of KL divergence is found [5]. The algorithm is described in Algorithm 1.

Algorithm 1: VBMF - Variational Bayes Matrix Factorization

input : bagY 2 Rt M inner dimensionH, stopping conditions
maxlter 2 N;" 2 R

output: shaping parameters of posterior distrubutiorg( jY)

initialization : initialize the values of shaping parameters, set
niter =0;B = Mg; ="+1;

while niter < maxiter ~ >" do

update shaping parameters ofi(veqAT)jY) using (27) ;

update shaping parameters ofi(BjY) using (28) ;

update shaping parameters ofi(CajY) using (29)8m 2 Kl;h 2 M ;

update shaping parameters of(CgjY) using (30)8h 2 1 ;

update shaping parameters of( jY) using (21), (22) ;

_ B Msii.
set Mal
setB :MB;

set niter = niter +1;

report B = Mg, A = deved A)" and the rest of estimated shaping parameters;
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3.4 The classi cation algorithm

This section compiles the whole procedure of training the classi cation algorithm and
then using it to classify a new sample bag. The basic idea of classi cation was already
described in section 2.

Algorithm 2:  MIL classi cation using VBMF
input : training dataset f Ty; T1g, testing datasetf Y;;:::;YpgQ
output: estimated labelsfxy;:::;XpgQ
using Algorithm 1 on the matrix Ty, compute negative basif, and its
covariance go;
using Algorithm 1 on the matrix T;, compute positive basidB; and its covariance
B1,

Compute the backward factorization with xed By;
initalize Algorithm 1 for Yq with Mg = Bo; 8 = Bo

compute the rest of Algorithm 1, ommiting updates forgq(BjY) ;

report estimates and setAy = A
Compute the backward factorization with xed B;
initalize Algorithm 1 for Yq with Mg = B1; g = 81
compute the rest of Algorithm 1, ommiting updates forg(BjY) ;

report estimates and setAy; = A

| set the estimate of label axq = argminfjj Yq4 BijA}jj2:i 2 f 0;1gg;

4 Validation

The classi cation algorithm was tested on set of well-known datasets of MIL problems.
While on some it did not perform well, on a few particular datasets the classi cation
procedure did achieve some success. This is the case for other MIL algorithms, that
are sometimes tuned with a particular dataset in mind. An overview of the size of the
datasets is in table 4. In these datasets, the labels of all bags are known.

dataset \ number of bagsN instance lengthL average bag sizé/

BrownCreeper 548 38 19
Musk1 166 92 5
WinterWren 548 38 19

On these datasets, the classi cation algorithm was tested in the following manner:
a) a subset of bags was randomly chosen and used as traning data b) for every bag in
the remaining (testing) subset, the classi cation was computed. This was repeated more
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times. Each time, an error metric calledcequal error rate (EER) was computed. We de ne
it as =] _ N
D false negatlves+ o false positives

EER = — - -
positive labels negative labels

=2 (36)

It is used here because of the unbalanced number of negative and positive samples in
some datasets.

The matrix A has a total of M2H? elements. For some datasets, this slows down
the computation due to memory allocation and a very di cult inversion of the term in
(27). A compromise between precision and speed has been done so thatviét > 200
only the diagonal of the matrix is estimated and kept in memory. When compared to the
computation of the whole matrix, this does not lead to signi cantly deteriorated results.

For the 3 datasets, the histograms of EER for di erent ratio of training and testing
data for 100 tries is in Figure 1. Missing entries for smaller percentage of known labels
are caused by numerical di culties when inverting ill-conditioned matrices. Clearly, for
larger percentage of known labels the mean error is smaller and is in the range of 10-20%.

Figure 1: Equal error rate histograms for the classication experiment on available
datasets. Internal factorization dimensiorH =5, 100 retries for each known label per-
centage.

5 Discussion

In this article, an introduction to multiple-instance learning was given with the motivation
for the work given by malware datection in a network of computers. Unfortunately, real-
world data from this eld are not yet available, so all experiments were only made on a set
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of well-known MIL problems. In the rest of the paper, basic idea behind the method was
described and further elaborated using Bayesian formalism. The proposed hierarchical
model was detailed together with the resulting algorithms for matrix factorization and
classi cation of MIL datasets.

In comparison to other MIL algorithms, the classi cation error of our method is still
high, as the cutting-edge approaches achieve EER in the range of 5-10%. Clearly, further
work is required to be able to compete. The direction in which to improve is certainly
the classi cation rule, which is now based on a very simple error criterion.
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Abstract. The article addresses an approach to decision making when a decision maker (human
or arti cial) uses incomplete knowledge of environment and faces high computational limitations.
It considers a closed decision-making (DM) loop consisting aigent-environment pair described
by agent’s actions and environment states (possibly partially observable). Agent's DM problem
(estimation, Itering, prediction, classi cation) is to in uence the environment behavior in a
desired way by choosing and applying a tailored DM policy generating optional actions with
respect to environment.

In general LL is an approach that searches and uses relevant information from the past data
and use solutions already invented (analogical modelling, memory-based prediction, transfer
learning, ...). Particularly, the lazy FPD uses currently observed data to nd and employ past
closed-loop similar to the actual ideal represents preferences.
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Abstract. Modern experiments in high energy physics impose great demands on the reliability,
the e ciency, and the data rate of Data Acquisition Systems (DAQ). This contribution focuses on
the development and deployment of the new communication library DIALOG for the intelligent,
FPGA-based Data Acquisition System (iFDAQ) of the COMPASS experiment at CERN. The
iIFDAQ utilizing a hardware event builder is designed to be able to readout data at the maximum
rate of the experiment. The DIALOG library is a communication system both for distributed and
mixed environments, it provides a network transparent inter-process communication layer. Using
the high-performance and modern C++ framework Qt and its Qt Network API, the DIALOG
library presents an alternative to the previously used DIM library. The DIALOG library was fully
incorporated to all processes in the iFDAQ during the run 2016. From the software point of view,
it might be considered as a signi cant improvement of iFDAQ in comparison with the previous
run. To extend the possibilities of debugging, the online monitoring of communication among
processes via DIALOG GUI is a desirable feature. In the paper, we present the DIALOG library
from several insights and discuss it in a detailed way. Moreover, the e ciency measurement and
comparison with the DIM library with respect to the iIFDAQ requirements is provided.

Keywords: Data acquisition system, DIALOG library, DIM library, FPGA, Qt framework,
TCP/IP

Abstrakt. Modern experimenty ve fyzice vysok ch energi kladou velik@ nZroky na spolehlivost,
efektivitu a rychlost p enosu dat syst@me pro sb¥r dat (DAQ). Tento £1/nek se zam¥ uje na v voj

a nasazen nov@d komunikaEn knihovny DIALOG pro inteligentn syst@dm pro sb¥r dat zalo”en@ho
na FPGA (iIFDAQ) experimentu COMPASS v CERNu. iFDAQ £erp/A udZlosti vytvo end na
cerovni hardwaru a je navr’en tak, aby umo”«oval £ten dat pi maximZln rychlosti p enosu
dat z experimentu. Knihovna DIALOG je komunikaEn syst@m jak pro distribuovand tak pro
sm tend architektury a poskytuje s -ovou transparentn meziprocesovou komunika£n vrstvu. Po-
moc vysoce v konn@ho a modern ho C++ frameworku Qt a jeho Qt Network API p edstavuje
knihovna DIALOG alternativu k d ve pou” van@ knihovn¥ DIM. Knihovna DIALOG byla pIn¥
integrovAEna do vtech procese v iFDAQ b¥hem sb¥ru dat v roce 2016. Tato integrace z hlediska
softwaru me”e bt pova’ovAEna za vzhamn@ vylepten iFDAQ ve srovn/En se sb¥rem dat v
p edchoz m roce. Pro rozt en mo’nost lad¥n je DIALOG GUI vtan m nZstrojem pro on-
line sledovAEn komunikace mezi procesy. V £l/£nku prezentujeme knihovnu DIALOG z n¥kolika
pohlede a detailn¥ ji diskutujeme. Krom¥ toho je k dispozici v konnostn m¥ en a porovnZ&n s
knihovnou DIM s ohledem na po”adavky iFDAQ.

Kl £ov/A slovaSyst@m pro sb¥r dat, knihovna DIALOG, knihovna DIM, FPGA, Qt framework,
TCP/IP
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Abstract. The structure and function of human brain is quite complex. Various brain regions
communicate with each other. Observing external potentials via EEG electrodes, we can study
these communications as dependencies of multichannel EEG signal. The hypothesis presented
here is that Alzheimer's diseased and normal control participants can be distinguished due to
di erent distributions of scalp EEG-based causality measurements. The theory of Vector Auto-
Regressive model and Granger causality is used to obtain the Causality Index as a novel criterion
of brain activity. The general methodology is applied to real 21-channel EEG data obtained from
normal control and Alzheimer’s diseased groups of patients. The developed method is applicable
to the localization of pathophysiological changes of Alzheimer’s disease.

Keywords: VAR model, Granger causality, EEG, Alzheimer’s disease, multiple-testing

Abstrakt.  Struktura a funk£nost lidsk@dho mozku jsou velmi slo”itd. Rezn@ oblasti mozku
spolu navz/Zjem komunikuj. P i sledovEn extern ch potenciZle skrz elektrody EEG me"eme
studovat tuto komunikaci jako z/vislosti v cekan/&lovidho EEG sign/lu. Prezentovan/ hypot@dza
p edpoklEdAE, "e pacienti s Alzheimerovou chorobou a kontroln cefastn ci mohou bt od sebe
odliteni d ky rozd Indmu rozlo”en m ry kauzality v nam¥ endm EEG. Je zde pou”it vektorov
autoregresn model a Grangerova kauzalita k tomu, aby byl urEen nov Kauz/lIn index, kter
popisuje mozkovou aktivitu. Obecn/Z metodologie je aplikov&Ena na re&In/A 21kan/lovAE EEG data
od zdrav ch paciente a paciente s Alzheimerovou chorobou. Vyvinut/ metoda se d/Z& pou”t k
lokalizaci patofyziologick ch zm¥n p i Alzheimerov¥ chorob¥.

Kl £ovA slovaVAR model, Grangerova kauzalita, EEG, Alzheimerova choroba, mnohonZsobnd
testovAEn

1 Introduction

Alzheimer’s disease (AD), the most common form of a neurodegenerative disease, causes
brain cells atrophy in parallel with a decline in memory, language and everyday activities.
EEG records electrical activity of the neural tissue. Thus, any pathological changes a ect
the resulting EEG signal [3], [1], [5]. Lower mean levels of channel-to-channel synchro-
nization [11], [17] and greater uniformity in alpha and gamma band activity [14] have
been shown in AD patients’ EEG data. The dynamic relations between EEG channels,
the direction of interactions, and their strength can be studied via Granger causality [8],

This work has been supported by the grant SGS 17/196/OHK4/3T/14
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[10], [4]. An alternative approach to causality investigation was used by McBride et al.
[13]. In this research, the Vector Auto-Regressive (VAR) model of optimum length is
directly applied to channel pairs followed by Granger causality testing to obtain novel
criterion called Causality Index. Channel pairs with maximum signi cance of di erences
are localized and interpreted.

2 VAR model of multichannel EEG

The multichannel EEG data are proceeded by VAR model [16] to obtain both an opti-
mum model order [9] and Granger causalities [7]. | suppose time series of lengthin
k-dimensional space and VARY{) model of orderp in the form [12]

xpP
Xp = C+ AmnXn m*+ €n (1)
m=1

and e, N(O; ) as independent vectors. Unknown matriceé ,, and bias vectorc
are estimated by the least squares method. The covariance matrix is estimated from
residuesr, as

XA T
C= n; 2)

Mt
n=p+l

1
-

whereT = M pis constrain number.
The quality of VAR( p) model varies with its orderp. Schwarz criterion BIC(p) (Bayesian
Information Criterion) [6] is frequently used to nd the optimum model order aspop: 2
argmin BIC(p), where
pk?InT
: 3

T (3)
The optimum value of model order varies segment by segment, but the most frequent
value of pop: (over all patients and their segments of lengtiM ) is postulated as the best
choice for following Granger causality analysis [7].

BIC(p)=In jCj+

3 Granger causality in investigation of multichannel
EEG interactions

The k-dimensional VAR model of ordemp is used to investigate EEG signal dependences.
Granger causality is focused on EEG channel pairs investigations. We study chanras
chy fori;j 2 1;:::;k;i 6 j. The complete model is studied rst as a two-dimensional
VAR(p) model with X, = (Xni;Xnj )T 2 R? and 2p+1 unknown parameters as producing
residual sumSSQ..

The reduced one-dimensional case produces residual sBBIQ using also VAR({) model

of p+1 unknown parameters but only for channeth;, wherex,, = X,; 2 R. Therefore, in
this submodelp parameters were constrained to zero values to eliminate the in uence of
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channelch;. The standard F-test of variance equity hypothesis kis based on criterion

SSQ SSQ. T 2p 1
- SSQ p ’

which has Fisher-Snedecor distribution F op and T 2p 1 degrees of freedom for

independent channels. Applying this test to all segments of all patients, we obtain various
p-values, but it is a case of multiple-testing. Therefore, False Discovery Rate (FDR) [2]
correction has to be performed to obtain decreased critical valugpr as follows.

Let H 2 N be the number of independently tested hypotheses on critical levet 0. The

F

(4)

diminished critical levelsk =H , we nd k = max(k : pg) ) if it exists. The decreased
critical value is dened as rpr = pi) O rpr = 0 in the case ofk non-existence.
Finally, all hypotheses satisfyingok Fpr are rejected, which is statistically correct as
proven in [18].

The FDR technique is employed in this novel approach as a very sensitive tool to
localize signi cant segment dependencies. This approach is used for the design of novel
Causality Index of relative channel synchronization.

Let u be patient index, AD, CN be sets of diseased and control patients, and let us denote

Ny, N;j, as the number of all segments afi-th patient and the number of signi cant

segment dependences ofy on ch; of u-th patient.

The Causality Index can be de ned as the relative frequency of synchronized events
Siju = Niju =Nu: )

Variable S;j, 2 [0; 1] is a measure of synchronization from-th to i-th channel for a
given patient. The nal hypothesis is focused on the Causality Index di erences between
AD and CN groups. For the xed pair of channelsch;;ch; | test the hypothesis H if
the median of Causality Index di ers, using Wilcoxon-Mann-Whitney (WMW) rank-sum
test, again with FDR correction.

4 Data description

General approach was applied to the group of 26 patients with Alzheimer’s disease (AD)
and 139 control patients (CN). All subjects were recorded under the same resting protocol,
i.e. eyes closed, lying on a bed. The standard 10-20 EEG system of electrode placement
was used to obtain 21-channel digital EEG via TruScan 32. The sampling frequency was
200 Hz with 22 bit AD converter. Due to quasistationarity, the EEG signal was segmented

to two-second segments of 400 samples for separate analysis. The total number of 24 742
segments from all patients were used for statistical investigation.

5 Results

The statistical analysis had three aims. The optimum order of VARY) model was in-
vestigated rst. Then inter-channel causalities in individual segments were tested and
segments with statistical signi cant causalities were localized. In the nal step, the main
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1.

Figure 1. Signicant increasing (grey) and decreasing (black) of Causality Index in
Alzheimer’s disease: consequent channels as rows, antecedent channetdy as columns.

issue, i.e. whether the Causality Index is a ected by Alzheimer’s disease, was the subject
of multiple-testing.

5.1 Optimum length of VAR model

The rst aim of separate segment processing was to estimate the optimum model order
Popt Of VAR(p) model of dimensiork = 19. Using non-overlapping 24 742 segments of alll
patients | minimized BIC(p) for p  10Q The optimum order varied from 11 to 48, and
the most frequent value wag,,: = 26 as experimental modus. This value was postulated
as the recommended model order for the consequent Granger causality investigations.

5.2 Signi cant channel dependencies

The total number of 19 18 = 342 channel pairs can potentially signi cantly interact

in the case of 19-channel EEG. The F-test of hypothesissH Zniete =  feduces WaS Used
for all pairs and 24 742 segments witlp = 26 on critical level = 0.05. The resulting

p-values were corrected by FDR to obtain decreased valugpr = 0.0023. Signi cant
combinations of channels and segments were labelled and counted to obtain Causality

5.3 Causality Index changes

Being focused on channel paich;;ch, The Hy: S (AD) = S;; (CN) hypothesis was
tested, whereS;; (AD) is a median ofS;;,, for u 2 AD and S;; (CN) is a median of
Siju for u2 CN. The non-parametric WMW test of critical level = 0.05 was applied.
The p-values resulting from 342 independent tests were corrected by FDR technique
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with  ppr = 7:3074 10 4. Signi cant channel pairs with increasing or decreasing
Causality Indexes in Alzheimer’s disease are collected in Tab. 1. The dependencies
between antecedent (rows) and consequent (columns) channels are depicted in Fig. 1.
For better biomedical interpretation, the traditional EEG 10-20 scheme is used to show
channel pairs with signi cant dependencies in Figs 2, 3.

Table 1: Signi cant changes of Causality Index

] | Sap Scw p-value

10| 0.9677 0.7097 3.01 10 °
10| 0.6882 0.4301 6.35 10 °
15/ 0.9839 0.84952.73 10 ¢
15| 0.9462 0.77422.34 10 °
15| 0.8763 0.7097 2.73 10 ¢
15( 0.9140 0.73128.43 10°
15| 0.9839 0.7957 7.49 10’
15| 0.9194 0.6882 9.14 10 °
15| 0.8172 0.5806 1.48 10 ¢
16| 0.9785 0.8495 2.58 10 ¢4
3 | 0.5000 0.73125.48 10 “
0.5376 0.7849 2.83 10 °
0.6828 0.87104.61 10 *
0.6344 0.8602 2.08 10 4
0.6183 0.8065 1.99 10 4
0.5108 0.6667 8.25 10 °
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5.4 Biomedical interpretation

As seen in Tab. 1, there are many signi cant changes in the Causality Index. The lowest
p-value was observed for the pair of 7th and 15th channels. This pair can be used for
distinguish between AD and CN. Using ruleS;.;5,, > 0:92 for the diagnosis of AD in the
case ofuth participant, the sensitivity and speci city were 73 % and 77 % respectively.
Similar behaviour was also observed on the other signi cant channel pairs.

During Alzheimer’s disease, the Causality Index exhibits very interesting changes. The
signi cant increase in the Causality Index (Fig. 2) points from parietal to frontal regions
of the brain. In AD, it means that neural activity in the frontal lobes is highly activated
from the parietal zone. The opposite signi cant dependencies (Fig. 3) come from the
left and right frontal lobes to the parietal zone. This behaviour can be interpreted as a
decreasing Causality Index between the inspiring frontal neurons and receiving parietal
zone. This interpretation is consistent with the concept of the dynamics of changes in
the course of a developing Alzheimer’s disease [15].
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NASION

Figure 2: Causality increasing in the case of Alzheimer’s disease: arrows from antecedent
to consequent channels.

NASION

Figure 3: Causality decreasing in the case of Alzheimer’s disease: arrows from antecedent
to consequent channels
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6 Conclusions

The theory of VAR model was applied to multichannel EEG. The optimal order was 26
as an experimental modus value. Signi cant interchannel causalities were obtained over
segments of patients. The False Discovery Rate correction was used as an e cient tool
for selecting signi cant EEG events. The event counting forms a novel Causality Index
as a criterion able to distinguish between AD and CN. 10 signi cant electrode pairs were
observed with decreasing Causality Index and 6 electrode pair with increasing Causality
Index in AD. The dierence in Causality Indexes can help in diagnosing Alzheimer’s
dementia. Interchannel dependencies observed exhibiting statistically signi cant changes
in the Causality Index have direct biomedical interpretation. In AD, there is a signi cant
increase in the Causality Index between the parietal and frontal domains of the brain.
The complementary e ect of decreasing Causality Index was also localized, however the
direction was opposite.
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Abstract. Iterative reconstruction techniques nd their used in many optimization problems,
such as matrix completion in computer vision or reconstruction in image processing. Brief intro-
duction to iterative algorithm based on proximal gradient method will be presented together with
connection to the image reconstruction problem. Furthermore, reconstruction of the subsam-
pled (compressed) medical data will be formulated as a variational problem using total variation
regularization, ready to be solved using presented method. Finally, we will demonstrate and
compare selected methods on real data acquired from MRI scanner at ISI of the CAS in Brno
and propose further extension of current model.

Keywords: image reconstruction, TV regularization, proximal algorithms

Abstrakt.  Iterativn rekonstrukEn metody jsou £asto vyu” vAEny v mnoha optimaliza£n ch
celoh/Zch jako nap klad dopin¥n dat ve strojovdm ufen nebo rekonstrukci obrazu. Provedeme
kr/Etkd shrnut iterativn ho algoritmu zalo”en@m na vyhodnocen proxim/ZIn ho oper/Ztoru a uk/AE"eme
jeho vazbu na celohu rekonstrukce obrazu. DZle formulujeme rekonstrukci podsamplovan ch
zdravotnick ch dat jako"to celohu variaEn ho po£tu s regularizac ve tvaru tot/Eln variace v
takov@m tvaru, aby byla etiteln/E uvedenou metodou. Nakonec vybrand algoritmy p edvedeme

a srovn/Eme na datech ze skeneru vyu” vaj c magnetickou rezonanci um st¥n@ho na PT AV R

v Brn¥ a navrhneme dalt rozt en modelu.

Kl £ovA slovarekonstrukce obrazu, TV regularizace, proxim/ZIn algorithmy

1 Introduction

Many inverse imaging problems such as image denoising, image deconvolution or image
signal reconstrucion can be conveniently formulated as a variational problem

z 1
min K (X)j + Eky Axks (1)

x2R2
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where R? is image domain,x 2 L!() is the desired solution andy 2 L*() is

the original data which are to be reconstructed. Parameter 2 R} scales the trade-o
between "data" term and regularization term. Data term ensures closeness of the solution
and the input, whereas regularization represents e ort to improve visual features of an
image. OperatorA represent transformation of output to comparable domain in whicly

is acquired. In basic case of medical imaging, typically denotes Fourier transformation.
Modern imaging techniques relies on methods of compressed sensing (CS), where only
selected samples of Fourier domain are taken into account, rather than sampling at the
full (i.e. Nyquist) rate. Usually, matrix A also models trajectory of given samples and
multi-coil sensitivites for more realistic models. 1K is assumed to be gradient of input
image, proposed model (1) becames so-called Total Variation (TV) regularization model
(or ROF model) introduced in [1]. Major advantage of incorporating TV regularization

is allowing appearance of sharp discontinuities in the solution. This fact is often sought
after in image processing, since edges represent important features such as boundaries of
objects. However this formulation of cost functional (1) leads to di cult minimization,
given the non-smooth property of the total variation. We will introduce used algorithm
based on proximal operators, which can be successfully used to tackle such problems with
application to MRI data reconstruction.

2 Iterative Reconstruction Technique

Algorithms based on evaluating proximal operator can be percieved as a generalization
of standard gradient descent. We will brie y introduce main idea of this technique and
present its use in iterative method to solve optimization problem (1).

2.1 Proximal Operator

Let us suppose, that we want to solve
min f (x) = min g(x)+ h(x) )

whereg: R" 7! R" is convex and di erentiable whileh : R" 7! R" is only convex but
not necessarily di erentiable. Instead of making quadratic approximation of around x
with step sizet 2 R* to get gradient descent update for the case gfand h both convex
and di erentiable, it is possible to approximate onlyg while h stays in its original form.
We obtain following

x* =argmin g(x)+ r gx)"(z x)+ %kz xkz + h(z)
z
=argmin 2—1,[ kz xks+2tr gx)"(z x)+ t’kr g(x)k3 + g(x) %kr g(x)k3 + h(z)
z
=argmin 2—1th (x tr g(x))k3+ h(z)
z

=proX, (X tr g(x)));
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where we denoted minimizing term by the symbgbrox. Components inprox forces
update to be as close to gradient step @f as possible and keeps values lofsmall. Using
this intuitive derivation, we can formally de ne proximal operator prox,, : R" 7! R" by

ProX., (x) = argrznin %kz xks + h(z)

Combining proximal operator with gradient descent, leads to writing minimizing algo-
rithm of (2) as

Algorithm 1 General proximal operator minimization

1. Initialize x° 2 R".

2. Letx* =(x* * tr g(xk1)).

3. De ne x* = prox,, ,,(x*):

The last step of Algorithm 1 can be also written in the gradient descent manner as

X proxe, (x tr g(x))

t k)
where G¢(x) is so-calledgeneralized gradient Notice that the evaluation of proximal
operator depends only on the gradient af and h itself, thus it can be conveniently used
when proximal operator ofh is known. Especially, this is the case di = k k;, where
respective proximal operator is of form

xX¥=x 1 4G, (X Y, Gi(x) =

proxt;kkl(x):argrznin %kz xks + kzky (3)

The solution to this equation can be written as aoft thresholding operatorS; (x) where

St (x) =sgn(x)(jxj  t)+:

It can be easily shown, thatS; (x) minimizes term in (3) and is easily numerically com-
puted.

2.2 Alternating Direction Method of Multipliers

Following algorithm employs alternating minimization of objective functions to tackle
variational problems with non-smooth regularization. Such method is called Alternating
Direction Method of Mutlipliers (ADMM) and is built on minimizing each function from

min g(x) + h(x)

separately. This technique is known as dual minimization or Douglas-Racheford splitting
and its main advantage is when evaluating proximal operator df + g is more numeri-
cally demanding, than computing each proximal operator separately. We will now derive
solution to (1) using this method.
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Formal steps of ADMM algorithm originates from minimizing augmented Lagrangian
[2]. Firstly, rewrite original problem (1) as a constrain optimization

1
min Eky Axks+ kzk; st: Kx z=0:
X
Furthermore, we write augmented Lagrangian of such problem as
1
LofX;Z;U) = Eky Axks+ kzk;+ uT(Kx z)+ EkKX zK3; (4)

where constant% >0 is called penalty parameter. Notice, that additional terms equal to
zero at optimal point by de niton of constraint Kx  z = 0. Minimizing of augmented
Lagrangian (4) is treated separately over its primal variableg and z, therefore we can
write ADMM algorithm in following manner

Algorithm 2~ ADMM
1. Initialize x% u%z%2 R", 2 R*.

n 0
2. Letxk = argminLo(x*;u*;z*) =argmin 1ky Axkk?+ %l Kx K + JKKx Kk ZkK?
X X

n 0
3. Let z¢ = argminLofx*; uk; ) = argmin  kz¥k; %l' z + JkKxk  ZkK?
z z

4. Updateuk = uk + ox*  Z¥).

Finding optimal value x? in step 2 of Algorithm 2 can be easily attained using
partial derivative of L, 0over x in closed-form solution

X’ =(ATA+ %K' K) Y(ATy+ %K' (z u)):

To nd optimal z” one can successfully use evaluation of proximal algorithm, namely soft
thresholding operator de ned in previous section. We can write

77 = S. (Uf+ Kx"):
Finally, dual variable u is updated by gained values of constrain to conclude current

iteration. Notable feature of ADMM is, that it converges fast at early stage, but requires
fair number of iterations for high precision results.

3 MRI Data Reconstruction

Let us now closely describe acquired data that were used in reconstruction and exactly
formulate model to simulate measurement and reconstruction.
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3.1 Data Description

Data originate from in-vivo experiment with a standard Sprague-Dawley rat at the Bruker
9.4T MRI Small Animal Scanner stationed at the Institute of Scienti c Instruments of
the CAS. MRI scanner collects signal in k-space (i.e. Fourier domain) and due to the
physical constraints of the scanner, data are sampled alongside the radial trajectories.
Radials are rotated through the space usingolden angletechnique allowing relatively
dense sampling of important regions of k-space [5]. MRI machine compound aquisition
from 4 coils and returns 128 complex coe cients of k-space for each coil and radial.
During the experiment time of 14 minutes 50 000 projections of 128 coe cients were
sampled. In all formulations, coil sensitivities were estimated using ESPIRIT algorithm
proposed in [7].

3.2 Formulation of Reconstruction Problem

Firstly, we will omit the element of time for simpler notation and write formulation of
reconstruction ofstatic data as
min Ekyi MFSixks + KkKxk; ; (5)

x2C2

where S; maps sensitivity of coili, F corresponds to the 2D Fourier transform andv
interpolates cartesian grid to the sampled radial space. MatrikM together with F can
be replaced withnon-uniform Fourier transformation. Regularization term is in form of
Total Variation, therefore K computes gradient of the image.

This formulation can be extended to reconstructlynamical data as

e 2 )
min Ekyt;i MFSix(k5 + kKxk; : (6)

Xt 2 C2
! t=0 i=1

It is worth noting, that instead of estimating output image for each time-frame sep-
arately (as can be achieved iterating static case through all data), this formulation opti-
mizes coe cients of given basis. Let us elaborate more explicitly for the case of modeling
dynamics as a polynomial of 2nd degree

p(t) = a+ bt+ ct?:
If plugged into the (6) for x; we get

(x4
min “kyri  M(FSi(a+ bt+ ct?)k3 + kK (a+ bt+ ct?)k;
a;b;c;2C? =0 i=1 2

)

and reformulated to more compact and tidy matrix notation

min “kyyi MFSBix"ki+ kKB x'k; ;
x2C i 2
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whereB, =[I It It ?Jandx =[a b q. It is clear, that we can choose various forms of
prescribed basiBB; with coe cients x and we will present results of di erent options in
following sections.

Finally, let us brie y note the formulation of Low Rank + Sparse model (L+S) which
will be also evaluated in results section. L+S model can be written as

ngréz %ky MFS(L + S)k3+ _kLk + skKSk; ; (7)
and estimates output image as a sum of two components: low-rank regularized by nu-

clear norm and sparse regularized by TV norm. Used implementation of L+S model uses

non-uniform Fourier transformation together with density compensation technique (cou-

pled in matrix MF ) rather than radial interpolation M with uniform Fourier transform

F developed in ADMM formulation. For further detail see for example [8].

4 Results Comparison

We will now present reconstructed data and several di erent approaches to attain the
most realistic outcome. All ADMM results share the same parameters=1 and %= 0:1,
L+S algorithm was used with setting | = 0:025and s =0:5.

4.1 Regridding and Reconstruction

Simple method how to transform measured signal into image domain is callegridding

and it is direct, non-iterative approach. Regridding is one-o application of operatoA,

i.e. matricesM, F and S in our formulation, to the input data. No regularization is
employed and it can be easily seen (Figure 1), that this operation su ers from artifacts
when compared to the results of the ADMM algorithm on static formulation (5). Namely,
notice the streak-like artifacts that originate from radial sampling. Both results were
obtained using 200 projections per one frame. Decreasing number of used projections
increases temporal-resolution of outcome image (as 60 projections takes roughly 1 second
of measurement) but brings signi cant degradation of image quality (at least in static
formulation), as is shown on Figure 2.

4.2 Perfusion Curves

The measured data are not the same during the whole experiment, intensity of signal
varies on time and body tissue. One of the main objectives of reconstruction is to get
this function of intensity on time (so calledperfusion curve as detailed and realistic as
possible. Typical perfusion curve has sharp increase at the beginning of the measurement
(corresponding to the increased activity of contrast agent) followed by slow decline. Per-
fusion curves of static reconstruction (i.e. separately reconstructed image through whole
data) together with several selected outcomes of dynamic formulation (6) is shown on Fig-
ure 3. Selected pixel is marked by red dot in Figure 1 b). Prescribed basis for dynamical
formulation was estimated orthogonal basis using singular-value decomposition method
on various perfusion curves from static case. In presented case, rst 3 singular curves
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(a) Regridding. (b) Static reconstruction.

Figure 1: Comparison of regridding and iterative reconstruction.

Figure 2: Iterative reconstruction using 28 projections.
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Figure 3: Comparison on static reconstruction using 200 samples and dynamic from 50,
or 28 samples.

were used. It can be seen, that prescribing basis for dynamic reconstruction can lead to
improved stability of perfusion curve and possibility to further reduce used samples, thus
increase temporal resolution.

4.3 Comparison with L+S

Measured data were also processed by di erent formulation of reconstruction problem,
the Low Rank +Sparse model (7). L+S model assumes, that perfusion curve consists
of one component with low rank and other, that is sparse in Fourier domain. Figure 4
shows comparison of perfusion curve reconstructed from 28 projections per one frame and
relative improvement of cost functional in each iteration. Convergence comparison agrees
with standard ADMM feature of high convergence speed, namely in the rst iterations.
Perfusion curves were rescaled by maximum of each curve and prompt to say, that L+S
model estimates somewhat more stable decline after the growth phase. Itis worth noting,
that nal rank of L+S model was one, whereas ADMM was the most stable at basis of
rank 2 and 3. Nevertheless, these di erences are up to more detailed research.

5 Conclusion

We have introduced main idea of proximal operator and demonstrated its application on
iterative recontruction of MRI data. Two di erent formulation of reconstruction problem
were shown and results on real data we demonstrated. Further work lies in modeling
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Mg
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(a) Perfusion curves. (b) Relative improvement of cost.

Figure 4. Comparison of perfusion curve and convergence of ADMM and L+S model

acquisition process in greater detail and developing faster reconstruction techniques to
increase both temporal and spatial resolution of outcoming images. This should lead to
more reliable perfusion analysis of outcoming data and to improve diagnostics of vascular

diseases a ecting myocardium, brain and other organs, as well as cancer diseases in the
long-term.
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