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Abstrakt. Diese Arbeit beschäftigt sich mit Dampf-Flüssigkeit-Phasenübergängen mittels
molekularer Simulationsmethoden. Dabei liegt der Fokus auf Untersuchungen der metastabilen
Zustände des Systems, in denen Nukleation statt�ndet. Diese metastabile Region be�ndet
sich zwischen den Binodalen und den Spinodalen und ist experimentell nur sehr beschränkt
zugänglich. Daher müssen experimentelle Ergebnisse für thermodynamische Sto�daten in
dieser Region durch anderen Methoden ergänzt werden. Diese Problematik wird hier mithilfe
von Molekularsimulationen1 und entsprechenden Entscheidungskriterien für die Clusterbildung
untersucht. Clusterkriterien können indizieren, ob sich ein molekulares System in einem
homogenen Zustand (metastabile Flüssigkeit oder metastabiler Dampf) be�ndet und die
untersuchten Mikrozustände daher zulässige Kon�gurationen sind. Integriert werden zwei
verschiedene Algorithmen für den Dampf- und Flüssigkeitsteil2 der metastabilen Region auf
Basis der unterschiedlichen Dichten beider Phasen. Die aus Simulationen gewonnenen Daten
werden analysiert und als weitere Datenquelle für die Entwicklung von Multiparameter-
Zustandsgleichungen mit nur einem Maxwell-Loop genutzt. Zahlreiche in der Literatur
verfügbare hochgenaue Fundamentalgleichungen verhalten sich aufgrund fehlender Messdaten im
metastabilen Bereich physikalisch nicht korrekt. Mit dieser Studie soll dazu beitragen werden,
die qualitativen Eigenschaften moderner, vielparametriger Zustandsgleichungen zu verbessern
und deren Anwendbarkeit im Nassdampfgebiet zu verbessern.

Stichworte: Metastabile Zustende, Molekulardynamik, Kluster Kriterien

Abstract. This work deals with vapour-liquid phase transitions using molecular simulation
methods. The focus is on investigations of the metastable states of the system in which nucleation
takes place. This metastable region is located between the binodal and the spinodal and is
experimentally only accessible to a very limited extent. Therefore, results for thermodynamic
property data in this region have to be supplemented by other means. This problem is
investigated here with the help of molecular simulations and corresponding decision criteria
for the cluster formation. Cluster criteria can indicate whether a molecular system is in a
homogeneous state (metastable liquid or metastable vapour) and therefore decide whether the
investigated microstates are permissible con�gurations. Two di�erent algorithms are integrated
for the vapour and liquid part of the metastable region based on the di�erent densities of
the two phases. The data obtained from simulations will be analysed and used as a further
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2 D. Celný

data source for the development of multi-parameters equations of state with only one Maxwell
loop. Numerous highly accurate fundamental equations available in the literature do not behave
physically correct due to missing measurement data in the metastable range. The aim of this
study is to improve the qualitative properties of modern, multi-parameter equations of state and
to improve their applicability in the wet steam area.

Keywords: Metastable state, Molecular dynamics, Cluster criterium

Abstrakt. Obsahem tØto prÆce je zkoumÆní fÆzových p°echod• mezi parou a kapalinou
za pou”ití nÆstroj• molekulÆrních simulací. SpeciÆlní pozornost je pak v¥novÆna výzkumu
metastabilních stav• jako”to podmínky nukleace. Samotný metastabilní stav je pak de�novÆn
jako oblast mezi binodÆlou a spinodÆlou jen” je experimentÆln¥ velmi obtí”nÆ oblast. Z toho
d•vodu je zapot°ebí termofyzikÆlní vlastnosti zajistit pomocí jiných zdroj•. V tØto studii
je pou”ito nÆstroj molekulÆrních simulací a pat°i£nØho rozhodovacího kritØria, kterØ sleduje
formovÆní shluk• (Cluster•). Tato cluster kriteria poukazují na to, zda se sytØm nachÆzí v
homogenním stavu (metastabilní kapalina a nebo metastabilní plyn) a tedy jsou-li generovanØ
mikrostavy stÆle p°ípustnØ kon�gurace. K tomuto œ£elu jsou v prÆci obsa”ena dv¥ odli†nÆ kritØria
pro kapalnou a plynnou metastabilní oblast, kterØ se od sebe li†í svou hustotou. ZískanÆ data
budou dÆle analyzovÆna a nÆseldn¥ pou”ita jako zdroj pro vývoj multi-parametrických stavových
rovnic s pouze jednou Maxwellovou smy£kou. MnohØ v dostupnØ literatu°e vydÆvají velmi
p°esnØ fundamentÆlní stavovØ rovnice ne zcela p°esnØ p°edpov¥di prÆv¥ z d•vodu nedostatku
dat z metastabilní oblasti. Cílem tØto prÆce je proto zlep†it kvalitativní vlastnosti moderních
multi-parametrických stavových rovnic a zvý†it tak jejich pou”itelnost v oblasti mokrØ pÆry.

Klí£ovÆ slova:Metastabilní stav, MolekulÆrní dynamika, Cluster kriterium

1 Introduction

The aim of this research is motivated by the long standing problem of multi-parametric
equation of state, namely it is the imprecise prediction of experimentally challenging
areas. The problematic is summarized as a multiple Maxwell-loop problem. To resolve
such issue the new data sources can be used to access the problematic areas. This study
focus specially on the metastable region of phase diagram for selected vapor-�uid liquids.
This study utilizes the molecular simulation tools to provide an insight into the behaviour
in said region. With the developed method a new dataset can be utilized for nucleation
research and also immediately for a new multi-parametric equation of state development.

2 Theoretical background

The theoretical background of the presented work consist of two main areas: nucleation
process and molecular simulation. The nucleation extends previous description for
metastable state condition investigation. This is an important part of the ongoing
research as metastable state is precondition for nucleation. The second portion contain
the molecular simulation applied to the metastable systems. This has implication into
how the simulation is performed and the modi�cation details are given in this section.
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2.1 Nucleation

One of the accepted description of nucleation is as the process of �rst order phase
transition. The phase transition can wary greatly (i.e. phase separation, precipitation. . . )
depending on the considered systems. This study therefore consider the vapour$ liquid
transition. Motivation for such selection is the continued research of thermophysical
�uid properties. An example of considered transition could be the formation of water
droplets in clouds for vapour! liquid direction. Or carbon dioxide bubbles formation in
carbonated drinks in case of vapour �uid direction.

The fundament of following description was presented in context of the Classical
Nucleation Theory. The CNT for short was according to Kalikmanov [4] described in �rst
half of twentieth century by Volmer & Weber, Becker & Döring and Zeldovich [13, 2, 14].
Later research extended on the initial ideas but for the purposes of this study the CNT
view of metastability is su�cient.

In the framework of considered CNT model this study aims to describe homogeneous
nucleation. The term homogeneous imply that no external forces or system impuri-
ties(external agents) are present. Consideration of impurities is above the scope of this
study.

2.1.1 System stability

System stability is term not only restricted to the �eld of thermodynamics. A simple
mechanical description is for example moving ball on a curved surface. We can observe
the ball and denote the its signi�cant states during the observation. The situation can be
described by the a potential �eld (dictated by the curved surface) and the force involved
in driving the ball would arise from exchange between potential and kinetic energy of the
ball. Observing the stability situations will yield three signi�cant scenarios: When the
ball is moving on the curved slope, When the ball is stuck in the small hole for a while
but can escape and lastly When the ball has found an absolute minimum of the curved
surface. The three states are referred to as: unstable, metastable and stable respectively.

This mechanical conclusion can be also used for thermodynamics. In this scenario
the ball is replaced by the thermodynamic system. Curved surface (potential energy) is
replaced by the free energy of the system. And the driving force is actually chemical
potential. Stability scenarios are then equivalent and system state can be found in the
said three states. Similar to the ball the system is also trying to �nd the most favourable
free energy minimum. The word try is signi�cant here because as the ball the system can
be stuck in the free energy local minimum. This state is referred to as metastable system
and commonly the systems under such conditions are called metastable systems.

All three states are found in 1. In this �gure the situation of reaching stable state from
metastable state equals to crossing the energy barrier. In the case of ball the accumulated
kinetic energy would push the ball over the hill. In the case of thermodynamic system
another source of energy apart steep chemical potential gradient is present. The system
also has an entropic contribution to the energy. It is therefore possible that with a correct
sequence of microstates a barrier can be crossed. In the analogy it could be that the ball
is naturally randomly shaking therefore it is possible that it can shake itself over the hill.

The closer observation in thermodynamic sense is given by the phenomenological
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Figure 1: Illustration of free energy function depicting the free energy corresponding to
the system stability. This picture was based upon Fig. 3.1 in [4].

thermodynamics. For the thermodynamic system of one �uid with known thermodynamic
properties a phase diagram 2 can be constructed. In this picture multiple isotherms were
calculated for hypothetical Lennard-Jones �uid into a pressure-density(p� � ) diagram. In
this diagram two important lines were also drawn, namely binodal and spinodal. These
curves are important for the next discussion therefore a simple explanation follows.

Phenomenological thermodynamics summarises binodal as coexistence curve. It is a
curve that a phase separation can �rst occur considering su�cient time. This curve is
characterised consequently by condition where the driving force for transition is zero and
therefore for phase transition to complete an in�nite time would be required.

� vapor (p; � ) = � liquid (p; � ) (1)

This leads to the next line. For spinodal the chemical potential gradient increasingly
favour the phase transition. This character proceed until even an in�nitesimal �uctuation
would lead to the phase transition. The criteria can be again summarised that the energy
barrier will lower itself into a saddle point. Or equivalently that the second derivative of
the free energy equals to zero (surrounding free energy slopes sign is enough to conclude
the saddle point existence).

These two curves play a pivotal role in stability for thermodynamic system because
binodal separate stable from metastable states. And spinodal separate metastable from
unstable states. In following section more attention is given to the metastable state.

2.1.2 Metastable state

The previous paragraphs showed that the metastable state is not of permanent nature.
Given in�nite time the state would collapse eventually into the global minimum.
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Figure 2: Illustration of system stability at the p; � phase diagram.

Therefore it is interesting to discuss what in�uence the time required for the state to
cross the energy barrier. It was already mentioned that the nature of transition is
stochastic in principle. It is to be expected therefore that for larger system the event of
creating suitable microstates will be more probable. In principle these suitable microstates
contain precursors of the local phase change. Depending on the transition direction we
refer to these precursors as clusters for vapour! liquid or voids in case of vapour 
liquid transitions. These precursors are further collectively referred to as local density
inhomogeneity. This notation help to simplify description and is a signi�cant realization
in the latter simulation section.

J = J0 exp
�

� � G�

kBT

�
(2)

In theory all factors that contribute to the nucleation rate J described in previous
study have their consequence in dynamics of local density inhomogeneity. The system size
is for example relevant because of theJ0 pre-factor. Next in�uencing factor is the Gibbs
energy gradient. This correlates to the height of energy barrier and can be interpreted as
how far the system is from binodal (or alternatively how close the system is to spinodal).
The energy barrier is also in�uenced by the system temperature as it can be inferred
from 2 observing the decrease in width of metastable region for increase in temperature.
Theoretically it is clear because higher temperatures translates into system with more
accumulated energy (similar to the shaking ball analogy with more vigorous shaking).

From the previous it can be concluded that the system exhibit a dynamic behaviour.
The system is furthermore more likely to exhibit the density inhomogeneity the closer it is
to spinodal. And the lastly the overall situation drastically di�er between the metastable
liquid and metastable vapour regions. The problem basically changes from the search for
groups to the search for empty spaces. In the developed method these challenges has to
be addressed for meaningful results to be obtained.
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2.2 Molecular simulations

An alternative approach to experiment are molecular simulation tools performing a
pseudo-experiment in computer memory [6]. This o�ers a bene�t of a reproducible
system evolution which can be performed in experimentally unfeasible setting or measure
experimentally unreachable properties. This advantage is also a partial drawback as the
experiment re�ects the nature while a simulation with incorrect setup provide unphysical
results. In this regard the simulation has to be carefully regarded as well as interpretation
of the produced results. It is additionally very important to validate the simulations with
existing models and cross-correlate.

The majority of properties obtained from simulation tool are in the form of a mean
values. When di�erent thermodynamic ensembles are considered one can obtain the
mean energy of the system, pressure and local density distribution. In consideration of
the dynamic character of the problematic this study use the Molecular dynamics(MD).
It is noted that Monte Carlo(MC) can be used as well and it is task for future to cross-
validate both methods.

2.2.1 Molecular dynamics

Molecular dynamics considers a Newtonian description of a mechanical system with
the prescribed potential �eld. In this setup, the modelled system gets its mechanical
behaviour from the Newtonian physics although methods taking into account quantum
behaviour are also available. More detailed explanation can be found in [3, 6, 1].

The general idea of molecular simulation is that for a provided initial con�guration
the model produce time series of snapshots representing a state of system in simulated
time. These time snapshots can be used for post-processing, or quantities of interest can
be computed during the simulation. For example the immediate energy of the system
can be computed online. Analysis of these output data can yield a desired mean property
value. The analysis of time snapshots produces also structural information about the
system such as the radial distribution function or cluster distribution.

Expanding further on the nature of the Newtonian problem are the interactions. The
simple form of potential of non-bonded (denoted asUnb) system (system containing only
one type of unbounded atoms such asAr ) is

Unb(r N ) =
NX

i =1

uE (r i ) +
NX

i =1

NX

j>i

uP (r i ; r j ) +
NX

i =1

NX

j>i

NX

k>j

uT (r i ; r j ; r k) + : : : (3)

where the �rst sum represents external e�ecting potentialuN , the second sum stands
for two-body interaction and following sums similarly represents the k-body interactions.
In many cases the external potential is zero. Additionally, considering the ratio of two-
body, three-body and further interactions, the three of more interaction terms are to be
neglected without causing signi�cant decrease of model accuracy. The two-body potential
can be reduced from two position vector to a function of interparticle separation,u(r ij ).
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The corresponding force per particle is obtained as negative di�erentiation of the potential

U(r N ) =
X

i;j

u(r ij ) (4a)

f i = �
@

@ri
U(r N ) = �

X

i 6= j

u0(r ij )
r ij

jr ij j
: (4b)

The force formula is evaluated directly instead of run-time di�erentiation. The force
per particle is then used to calculate atom velocities and new atom positions for a time
advanced by a constant time-step. In the case of bare calculation the computational time
is then incremented leading to the next iteration.

In the basic simulation settings following key performance points are noted. The
greatest time requirement is imposed by the potential/force calculation as could be
inferred from the form of equation (4b), which is aO(n2) problem. The remainder
of calculation is in form ofcO(n) where the constantc represent the additional overhead
in position updates and inclusion of the bond constrain solver of no greater complexity
than O(n). Avoiding the issues of �le generation and incurred slowdown the simulation
can still be signi�cantly delayed by the local density detection criterion.

2.2.2 Detection criteria

The �rst thought about the detection of the density inhomogeneity was targeted on the
detection of clusters. Reason for this is the clearer geometrical interpretation of the task.
The task can be formulated with the use of graph theory as: detection of connectivity
components that exceed a given vertices count. Generally this also means calculation
demand leading to methods ofO(n2) complexity. The criterion main purpose is ful�lled
when the system reach the prede�ned threshold and the simulation is terminated after
the mean values are returned. The thresholds (both cluster and molecules per cluster)
are determined by the user and therefore the desire is for the criteria to be robust in this
input.

Figure 3: Naive cluster criteria with the outline of its functionality.

In the illustration 3 explanation of what simple distance check means for single
molecule is given. The straightforward nature of the criteria mimics for example the
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Verlet list method. Naive criteria provide an easily parallelized but imprecise method of
detesting groups of molecules. Unfortunately the method is very sensitive in the choice
of the radiusr 4� . This result in varying success of usage and signi�cant prior knowledge
demand how to setup the criteria parameters. With larger radii another problem becomes
apparent with over-counting of the cluster. It is easy to imagine that one physical cluster
is being reported from multiple molecules in its centre (as they also fall into prescribed
count). This is a signi�cant issue that prevents a simple usage of the criteria as the
demand for system prior knowledge is too great.

With the previous method drawback in mind a precise cluster counting criteria was
adopted. Based on the formulation of Jr. Stillinger [11] the criterion with precise but
more calculation intensive approach was designed. The principle is again illustrated at 4,
where the recursive nature of the criteria is depicted by the cascade of the green arrows
as they add up to the originating molecule neighbour count. The recursive search has
its drawback in the fact that it is hard to parallelize and therefore is unfeasible for some
applications. The bene�t of the method is that it provide a precise number of clusters
that can be of arbitrary shape.

Figure 4: Stillinger cluster criteria with the outline of its recursive nature.

Stillinger criteria is a robust method but unfortunately valid only for clusters. As the
part of the research task also liquid case criteria is required. The task is to obtain the
bene�t of both naive criteria in the simplicity and parallel design in combination with the
bene�t of precise count of clusters and voids later on. This complicated task was resolved
by the grid criteria. The original idea of grid was inspired by the M. Horsh kd-tree space
partitioning algorithm. In this study a simpler method of regular grid was chosen because
of the e�ciency concerns. The �gure 5 illustrate the method with the imaginary grid in
black colour. The neighbour molecule counts are made inversely from grid and the values
in the grid-points are tested in the decision. This can speed the whole calculation as the
iteration can utilize the regularity of the grid as well as truncate the far grid planes. The
grid also is easy to parallelize and mitigate the over-counting to maximal factor of 8 (the
amount of grid points sharing the same voxel). The problem is already further mitigated
by signi�cantly smaller radius that is comparable to Stillinger method and vary around
r = 1 :5� .
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This grid method is the culmination of the development process where multitude
of variation of previous were considered. Developed criterion ful�ls the initial criteria
and also satisfy the demand for uni�ed criteria that can easily switch between the
two transition states. This feature alone is bene�cial as it allows for robust criteria
with potential for further optimization and extension for example into automatic phase
transition type independent criterion.

Figure 5: Grid cluster criteria with the outline of its inverse counting.

3 Solution method
In following section a method is illustrated that is used for the preliminary result
calculation. The method relies heavily on the external tools cooperation, therefore the
necessary intercommunication is discussed here. This section gives further detail on the
external tools used as well as the construction of metastable state condition show in the
6.

TREND The �rst package is called TREND currently in version 4 [9]. The following
description is the package summary from the program manual:
This software package has been developed as part of the research in thermodynamic
property models of the thermodynamics group at the Ruhr-University Bochum. It is
written in FORTRAN 95, using the Intel Visual Fortran compiler XE (Version 12 or
higher) for debugging and compilation. It is subject to ongoing development and will
incorporate extended functionality in future versions. The thermodynamic properties are
mainly calculated using highly accurate equations of state (EOS) explicit in the Helmholtz
free energy. More information on the general structure of Helmholtz-type equations of
state can be found in [10]. For mixtures, the non-ideal interaction of �uids is accounted
for using mixture models in the way they were developed for the GERG-2004 EOS [5].
Other equation models, e.g., PR, SRK, or LKP, are also available.

ms2 The second package is called ms2 [7] presently in version 3. The following
description is the package summary from the web page of the program:
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The molecular simulation program ms2 is designed for the calculation of thermodynamic
properties of bulk �uids in equilibrium. ms2 features the two main molecular simulation
techniques, molecular dynamics (MD) and Monte-Carlo. It supports the calculation of
vapor-liquid equilibria of pure �uids and multi-component mixtures described by rigid
molecular models on the basis of the grand equilibrium method. Furthermore, it is capable
of sampling various classical ensembles and yields numerous thermodynamic properties.
To evaluate the chemical potential, Widom’s test molecule method and gradual insertion
are implemented. Transport properties are determined by equilibrium MD simulations
following the Green-Kubo formalism. ms2 is written in Fortran90 and optimized for a
fast execution on a broad range of computer architectures, spanning from single processor
PCs over PC-clusters and vector computers to high-end parallel machines. The standard
Message Passing Interface (MPI) is used for parallelization and ms2 is therefore easily
portable onto a broad range of computing platforms. Feature tools facilitate the interaction
with the code and the interpretation of input and output �les. The accuracy and reliability
of ms2 has been shown for a large variety of �uids in preceding work.

Figure 6: Overview of the method design with the incorporated external tools TREND
& ms2.

The initial metastability condition of the investigated system were obtained by
performing a EOS calculation with theTREND package. The required surrounding
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tools were developed for the detection of binodal spinodal region and visualization. Once
the metastable region is identi�ed based on the binodal, spinodal construction the system
condition can be sampled. This step actually consist of selecting the densities on desired
isotherms inp � � phase diagram. The points themselves are further exported to format
readable by theAutomatization tools surrounding the ms2 package. This package is
responsible for performing the MD simulation of the system. The system settings and
input �le generation and management are part of developedAutomatization tools. This
design ensures the process can proceed smoothly even with the remote calculation on
supercomputer.

The core part ofms2 that was also developed by the author is the detection criteria
(Cluster criteria in the �gure 6). The criteria are responsible for detecting the local
density inhomogeneity and stopping the simulation. That ensures that the data calculated
are still of homogeneous system. Functionality of criteria were cross-validated by external
evaluation of the generated report �les as well as consistency checks with available EOS
prediction. The prime check was performed for arti�cial LJ �uid for which the precise
EOS is known to work even in metastable region.

With the proper set up, the calculated results are send to the analysis program. In
the program the basic data are visualised and compared with the EOS prediction. With
the analysis and dataset consistency check the �nal values can be further utilised. One
of the immediate application lies in the new multi-parametric EOS creation. Further
application include the nucleation research or even investigation of metastable state in
general.

4 Intermediate results
This study summarises results of the research done as a part of exchange program
Erasmus. During the stay in research group of R. Span the application of the research was
the new data set for multi-parameteric EOS. In this regard the results currently available
are tailored to that requirement even though the research is not restricted only to that
application. The investigated �uids were hypothetical LJ �uid, Oxygen and Nitrogen.
These �uids are relevant to the Helmholtz energy EOS research and the current focus of
the eam in Bochum.

In accordance to the described method the system evolution is presented �rst to
illustrate the functionality of the grid criteria itself. It is to be noted that the set of
�gures 4b depict the grid values of the simulated LJ �uid system with 864 particles and
12x12x12grid. The system condition correspond to the metastable vapour and therefore a
droplet formation can be observed. The parameters for simulation were set to1:5� = 1 :5
for grid width and cluster is considered when six of more molecules are found in the
neighbourhood of the grid point. This alone would result in too harsh of a criterion as
the random �uctuation can result in a such a group even in stable system. Therefore
the simulation was stopped only after1:5% of the grid reported a density inhomogeneity.
Multiple frames with the detected clusters are shown in the �gure from the beginning
portion of simulation. The number of clusters is still low here an the cluster kinetics can
be easily observed, as shown in frames 10-12. here the cluster dissolve (f10-f11) and new
formation/movement of the cluster (f11-f12) occurs in between of 10 iteration steps and



12 D. Celný

0.025 ps.

Figure 7: Grid cluster criteria output for LJ �uid at reduced temperature of 1.219677
and reduced density of 0.142332.

The validity of the method was veri�ed on the example of LJ �uid where the EOS
is known to provide good description even in metastable system. Therefore for example
pressure not used as input to the MD simulation should be su�ciently close to the one
sampled from EOS. It can be seen in 8 that very close reproduction was achieved not only
for the stable region of LJ �uid but more importantly for the metastable region. The
comparison shows the performed sampling on both sides of phase diagram with symbols
separated to circles for vapour and squares for liquid and stars corresponding to the
simulated data.

The sampling itself contain 147 points divided into vapour side in the left part of
�gure and liquid part on the right. The left �gure was executed with vapour grid
criteria type searching for more than 8 molecules in neighbourhood (the rest of criteria
parameters were same) and the liquid side searched for voids that have 1 or less molecules
in neighbourhood. These parameter setting were found to provide best representation.

These results are signi�cant. Not only because it proves that the method works as
intended but it can be used further on more complicated systems such as real �uids.
The second bene�t is that as the criteria employs scaling to the sigma distance, therefore
the discovered parameters can be reused for the simple real �uids as well (not large
multi-atomic molecules).

The same method was further applied to the pure oxygen and nitrogen. For oxygen
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Figure 8: Comparison of the LJ �uid sampling, simulation data and EOS prediction by
Thol et.al. 2016 [12]

the reference Helmholtz multi-parametric EOS by Schmidt & Wagner (1985) [8] was used.
Similarly as the Thol et.al in �gure 8 and other multi-parametric EOS it has a problem
of multiple Maxwell loops. This issue is characterised by the oscillation of the isotherms
in the metastable and primarily the unstable region of the phase diagram. The equation
therefore provide imprecise predictions in said regions as no data are available to correct
that and stable �uid data are not applicable. The research done in last year should help
to remedy the situation but there are also speculation if the cubic EOS can be used
instead (as cubic EOS does not su�er from multiple Maxwell loops). Because of it the
Peng-Robinson(PR) cubic EOS was used for comparison in case of Nitrogen to observe
how the discrepancies behave.

When the �gure 9 is presented the immediate notion is that the prediction is incorrect.
That is also the case because the EOS is initially valid only at the stable region. At
that region the simulation align well with the EOS. But when the metastable region is
considered the discrepancies are clearly visible. This is an opportunity for the simulation
data to help because as it was mentioned earlier the Maxwell-loop issue is present and
that in�uence the EOS validity in metastable region. What is the interesting realization
is that the simulation data have the correct shape of isotherm and also that the the trend
is consistent with the thermodynamic knowledge (i.e. the steepness of the slope from
liquid side and minimum values temperature dependence). The data also illustrate the
shift in spinodal curve from violet line to the a new position that connect the minimum of
simulated isotherms. The left side of the graphs behaves in accordance to the expectation
because the predictions metastable vapour are less problematic.

Observing the next �gure 10 in similar detail it is interesting to notice that the simple
PR EOS has already imprecise prediction in the stable liquid region. This quantitative
shift continue also into metastable liquid area. The prediction of the spinodal and the
character of the isotherm there is better but quantitative di�erence is still present. With
this data is is clear to see that using cubic EOS can alleviate some issues in metastable
regions but price has to be paid in stable liquid as was already widely accepted in



14 D. Celný

Figure 9: Comparison of the simulation data for oxygen and EOS prediction by Schmidt
& Wagner 1985 [8]

Figure 10: Comparison of the simulation data for nitrogen and PR EOS prediction

Equation of state community. In this study the data �nally provide further insight into
the problematic with potential to help more in the future. The vapour side exhibit only
minor discrepancies.
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5 Conclusion
Presented study is an overview of the work performed in the span of last year on the
ground of Ruhr Universität Bochum. The task of the research was to investigate the
metastable region of phase diagram with molecular simulation tools and provide a reliable
data for a new EOS that would provide better prediction in this region. For this reason the
metastability was theoretically investigated and a relevant method was later developed
for the metastable system properties calculation. This method utilize the molecular
simulation tools provided in external software package. The software was examined in
great detail and specialised detection criteria was implemented such that the simulation
results can be used also for metastable system simulation. The overarching supporting
tools were implemented to facilitate external packages functionality and validation. The
method was veri�ed on the LJ �uid yielding in very precise agreement. Method was
further used on two pure �uids: Oxygen and Nitrogen. The simulated data provided
new unique insight into the metastable region. Primarily the metastable liquid region
was investigated. With these result the foundation of the future cooperation and further
research have been laid with rewarding application in both primary research and industrial
applications.
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Abstract. Biological systems manifest continuous weak autoluminescence, which is present even
in the absence of external stimuli. Since this autoluminescence arises from internal metabolic
and physiological processes, several works suggested that it could carry information in the time
series of the detected photon counts. However, there is little experimental work which would
show any di�erence of this signal from random Poisson noise and some works were prone to
artifacts due to lacking or improper reference signals.Here we apply rigorous statistical methods
and advanced reference signals to test the hypothesis whether time series of autoluminescence
from germinating mung beans display any intrinsic correlations.Utilizing the fractional Brownian
bridge that employs short samples of time series in the method kernel, we suggest that the
detected autoluminescence signal from mung beans is not totally random, but it seems to involve
a process with a negative memory. Our results contribute to the development of the rigorous
methodology of signal analysis of photonic biosignals.

Keywords: short time series, random process, fractional Brownian bridge, chemiluminescence,
biological autoluminescence

Abstrakt. BiologickØ systØmy vykazují nep°etr”it¥ slabou autoluminiscenci, kterÆ je p°ítomna
i bez vn¥j†ích podn¥t•. Jeliko” autoluminiscence vznikÆ z vnit°ních metabolických a fyzio-
logických proces•, n¥kolik prací d°íve nazna£ovalo, ”e by mohla nØst informaci v £asovØ °ad¥
detekovaných po£t• foton•. Existuje v†ak jen mÆlo experimentÆlních prací, kterØ by ukÆzaly
jakýkoli rozdíl tohoto signÆlu od nÆhodnØho Poissonova †umu a pou”itØ metody byly nÆchylnØ
v•£i p°ítomnosti artefakt• kv•li chyb¥jícím nebo nesprÆvným referen£ním signÆl•m. V tØto
prÆci pou”ívÆme statistickØ metody a pokro£ilØ referen£ní signÆly, abychom zjistili, zdali °ada
autoluminiscence z klí£ících fazolí vykazuje n¥jakou vnit°ní korelaci. S vyu”itím zlomkovØho
Brownova mostu, který vyu”ívÆ krÆtkØ vzorky £asovØ °ady, bylo zji†teno, ”e detekovaný auto-
luminiscen£ní signÆl z fazolí mungo není nÆhodný, ale, jednÆ se o proces s negativní pam¥tí.
Na†e výsledky s pou”itím rigorózní metodologie jsou novinkou v oblasti analýzy fotonických
biosignÆl•.

Klí£ovÆ slova:krÆtkØ £asovØ °ady, nÆhodnØ procesy, zlomkový Brown•v most, chemiluminis-
cence, biologickÆ autoluminiscence
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Abstract. In this contribution, we deal with the numerical lattice Boltzmann method for
simulations of a turbulent �uid �ow in the boundary layer above smooth and rough walls.
First, a short introduction to the boundary layer theory and the lattice Boltzmann method
is presented. Next, two benchmark tests are performed. It was observed that LBM produce
satisfactory results in comparison with results in the literature. In the second benchmark test,
LBM is in a good agreement with a code based on the �nite di�erence method.

Keywords: lattice Boltzmann method, boundary layer, turbulent �ow

Abstrakt. V tomto p°ísp¥vku se zabývÆme numerickou metodou lattice Boltzmann pro simulace
turbulentního proud¥ní tekutin v oblasti mezní vrtvy nad hladkou a hrubou st¥nou. V první
£Æsti je krÆtce uvedena teorie mezní vrstvy a nÆsledn¥ metoda lattice Boltzmann. V dal†í £Æsti
jsou provedeny dva testovací p°íklady. V p°ípad¥ proud¥ní nad hladkou st¥nou, výsledky získanØ
pomocí LBM jsou srovnatelnØ s výsledky v dostupnØ literatu°e. V p°ípad¥ druhØho testu jsou
výsledky získanØ pomocí LBM v dobrØ shod¥ s výsledky vypo£tenými pomocí kódu zalo”enØm
na metod¥ kone£ných diferencí.

Klí£ovÆ slova:metoda lattice Boltzmann, mezní vrstva, turbulentní proud¥ní

1 Introduction
Computational �uid dynamics (CFD) is one of the intensively studied �elds in numerical
mathematics. In practice, problems involving �uid dynamics can be found frequently,
e.g., in determining aerodynamics in the automotive industry, in the aerospace industry,
in the energy industry, in health care, and in many other industries. The advantages of
numerical simulations include lower �nancial costs compared to real experiments, time
savings, and adaptability to partial problems. CFD consists of several numerical methods
for simulating �uid dynamics. These methods can be classi�ed from several points of
views. One criterion is the description of the �uid itself. The �uid can be described
macroscopically (as a continuous structure), microscopically (as the movement of the
individual particles, such as atoms or molecules) or mesoscopically. The mesoscopic

� This work has been supported by the Czech Science Foundation project No. 18-09539S, the Grant
Agency of the Czech Technical University in Prague, grant No. SGS17/194/OHK4/3T/14, and by the
project NV19-08-00071 of the Ministry of Health of the Czech Republic.
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description is based on the kinetic theory and uses a probability distribution function to
describe the �uid.

One of the most challenging problems often investigated by CFD is the turbulent �uid
�ow. Turbulent �uid motion is characterized by chaotic changes in pressure and velocity
�elds. This type of �ow is related to all application �elds mentioned in the previous
paragraph and, thus, the solution of turbulent �uid �ow is extensively investigated.

The turbulent motion consists of several structures at di�erent size scales. Thus, to
accurately simulate turbulent �ow, a high-resolution mesh is crucial. However, there are
some turbulent models which moderate these restrictions on the computational mesh, for
example, wall function methods, LES (Large Eddy Simulations) methods, etc.

One of the numerical methods suitable for simulating turbulent �ows is the lattice-
Boltzmann method (LBM) developed in the 1980s from cellular automata. Later, it was
shown, [13], that LBM can be derived directly by discretizing Boltzmann’s transport
equation, which describes the �uid in mesoscopic sense. It implied the independence of
this method from previous cellular automata. The relation to partial di�erential equations
describing �uid dynamics in the macroscopic sense can be shown, for instance, by the
asymptotic analysis, see [13].

LBM is suitable for parallel implementation because in the algorithm, what is non-
linear is local and what is non-local is linear. Therefore, as hardware for parallel compu-
tations develops, LBM develops. Thanks to this development of LBM, there are several
submethods that di�er mainly in the approximation of the collision operator. In this
thesis, we focus on the cumulant LBM (CuLBM) [9, 8].

The inspiration for the experimental benchmarks comes from the collaboration with
the Czech Academy of Sciences based on the project of the Grant Agency of the Czech
Republic no. 19-09539S entitled Large structures in the boundary layers over complex
surfaces in high Reynolds numbers. The results are compared both with results from the
literature and from the numerical results provided by Dr. Vladimír Fuka, who developed
a �nite-di�erence simulator CLMM.

2 Mathematical model

2.1 Non-dimensional numbers

In the mathematical description, the non-dimensional numbers are used for the descrip-
tion of the problems because the non-dimensionality guarantees the independence of the
particular description, i.e., choice of the unit system, coordinate systems, etc. In the
�uid dynamic, the Reynolds number Re is often used to express the similarity between
di�erent problems. This number is de�ned as

Re =
U1 d0

�
; (1)

where � [m2 s� 1] is the kinematic viscosity,U1 [m s� 1] is the free stream velocity, and
d0 [m] is the characteristic length, [14].
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2.2 Equations for incompressible, isothermal, newtonian �uid
The following incompressible Navier-Stokes equations describe the dynamics of Newto-
nian, incompressible �uid in isothermal domain
 as, [13],:

r � ~u = 0 ; (2a)

�
D~u
Dt

= �r p + � r 2~u+ �~g; (2b)

p = c2
s�: (2c)

2.3 Boundary layer
Under inviscid �uid approximation, i.e., the assumption of zero dynamic viscosity, the
incompressible Navier-Stokes equations (2) reduce to Euler equations

r � ~u = 0 ; (3a)

�
D~u
Dt

= �r p + �~g; (3b)

p = c2
s�: (3c)

It is easier to �nd the solution of Eqs. (3) due to the absence of the viscous stress
tensor and, in some cases, these equations produce satisfactory results in comparison with
experiments. The satisfactory results are obtained mainly for high Reynolds numbers,
because for �xed mean velocity and characteristic length, as� ! 0+ , Re ! + 1 .

On the other hand, the absence of viscosity leads to no shear stress at the walls and,
thus, for instance, Eqs. (3) cause that the no-slip condition is not satis�ed at the wall.

For the large Reynolds number �ows, the velocity transition from the solution of the
Euler equations with a �nite non-zero value close to the wall to zero directly at the wall
is important in many applications. This transition layer was described in 1904 by L.
Prandtl and is called the boundary layer.

With the concept of the boundary layer, the �ow region can be divided into two
unequally large regions called inviscid outer �ow and boundary layer. The inviscid outer
�ow is located in the bulk �ow, where the viscosity can be neglected, and the �uid can
be described by Euler equations (3). On the other hand, in the region near the wall, the
viscous forces must be taken into account.

One of the most signi�cant parameters at the boundary layer theory is the thickness
of the boundary layer� , de�ned as the distance from the wall to the inviscid outer �ow.
According to [14], asRe grows, � decreases. Thus, to accurately simulate the turbulent
�uid �ow in the boundary layer, a high-resolution mesh is essential.

Next, in the turbulent layer theory, it is common to operate with non-dimensional
quantities. We introduce the dimensionless wall coordinatey+ as

y+ =
u� y
�

; (4)
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the shear velocityu� as

u� =
r

� w

�
; (5)

where � w is the time-averaged wall shear stress, and the non-dimensional velocityu+ as

u+ =
u
u�

: (6)

It is common to use rather the Reynolds numberRe� instead ofRe, where

Re� =
u� L
�

: (7)

3 Numerical method
Let the computational domain 
 be rectangular and discretized by a regular latticê

[10].

3.1 Introduction to lattice Boltzmann method
The Lattice Boltzmann method (LBM) is a numerical method which is based on the
mesoscopic description of the �uid using discrete distribution functions, see [13]. Although
LBM deals with the mesoscopic description, it can be shown that LBM can be used to
solve partial di�erential equations such as, for instance, the Navier-Stokes equations,
[15]. One of the advantages of the LBM is that it lacks the need for solving the Poisson’s
equation for the pressure-velocity correction (the pressure is described by the equation of
state), which is usually the most time-consuming procedure of the standard CFD solvers.

Figure 1: D3Q27 velocity model for~� i j k ,
i; j; k 2 f� 1; 0; 1g.

The �uid evolution in the compu-
tational domain is described by dis-
crete probability density functionsf i j k (x; y; z; t),
where the subscriptsi; j; k 2 f� 1; 0; 1g
correspond to the non-dimensional discrete
velocities,x; y; z 2 R are the spatial coor-
dinates, and t is the time. According to
the discrete velocity model, we have di�er-
ent sets of discrete microscopic velocities
~� i j k = ( ic; jc; kc)T , where c = � x

� t is the
non-dimensional lattice speed,� x is the
non-dimensional distance between neighboring lattice sites, and� t is the non-dimensional
time step. In this work, we focus on the velocity model D3Q27 only, i.e., in 3D, we use
27 discrete microscopic velocities~� i j k , see Fig. 1.

The evolution of the system is given by the discrete Boltzmann equation

f i j k (x; y; z; t + � t) = f i j k (x; y; z; t) + Ci j k x y z (t); (8)

wherex; y; z 2 
̂ , t > 0, and Ci j k x y z (t) is the discrete collision operator.
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The macroscopic quantities� and �~u describing the �uid can be recovered as:

� =
X

i;j;k 2f� 1;0;1g

f i j k (9a)

�~u =
X

i;j;k 2f� 1;0;1g

f i j k ~� i j k +
� t
2

~g (9b)

LBM has rapidly evolved during the last decades and several submethods emerged,
such as SRT-LBM (LBM with single relaxation time) [10], MRT-LBM (LBM with mul-
tiple relaxation time) [2], CLBM (Cascaded LBM) [6], FCLBM (factorized LBM) [7],
CuLBM (Cumulant LBM) [9], ELBM (Entropic LBM) [1], KBC (Entropic multi-relaxation
time LBM) [12] etc. LBM can be massively parallelized [17] and, thus, thanks its e�-
ciency, LBM has been already used in several �uid �ow problems, such as �uid-solid
interaction problems [4, 3], multiphase, multi-component, and porous media �ows [10],
chemically reacting �ows [16], solution of phase-�eld equations [5], etc.

In this work, we mainly focus on CuLBM.

4 Benchmarks
In this section, benchmark problems for the turbulent boundary layer �ow are investi-
gated. We start with the problem of turbulent �uid �ow between two parallel plates,
particularly, we study the boundary layer above a smooth surface.

The other experiment investigates the boundary layer above a rough surface and is
inspired by the project GA�R. no 19-09539S entitled Large structures in the boundary
layers over complex surfaces in high Reynolds numbers.

In all cases, only initialization with equilibrium density distribution function is used.

4.1 Flow above a smooth surface
The geometry of the test case is shown in Fig 2. The dimensions of the computational
domain 
 are H = � m, L = 2 � m and W = 2 m . 
 has periodic boundary conditions
in x and y directions. On the walls parallel to the (x; z) plane, a no-slip condition
is prescribed using both the bounce-back condition and the interpolated bounce-back
conditions, see [13, 9].

Inside the channel, the �uid is accelerated in the directionx by the force~g= ( g;0; 0)T ,
g = 0 :0324 m s� 2. The value of the acceleration is chosen to satisfyRe� = 180 with � =
0:001 m2 s� 1. Initially, the turbulent velocity �eld provided by CLMM was prescribed.
For the experiment with the bounce-back condition, we set mesh parameterh := 1 � 10� 2

m, and for the experiment with interpolated bounce back condition, we seth � 13� 10� 3

m. The results are compared with the results from [11].
Based on the choice of the boundary condition for the wall interaction, the results

shown in Figs. 3 and 4 were obtained.
For the smooth wall, LBM produces comparable results to the results given in [11].

Nevertheless, in Fig. 3, the magnitude ofu+ is lower than in [11]. This can be caused by
the time averaging, because only small time interval was chosen in our simulations.
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Figure 2: Geometry of the computational domain
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Figure 3: Comparison of the results obtained by LBM with the bounce-back boundary
condition and results in [11].
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Figure 4: Comparison of results reach by LBM with the interpolated bounce-back bound-
ary condition and results in [11].

4.2 Flow above a rough surface
The computational domains
 1 and 
 2 are shown in Figs. 5a and 5b, respectively. The
dimensions (in m) of the computational domain
 1 are (0; 0:207)� (0; 0:05) � (0; 0:084).
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The dimensions (in m) of the computational domain
 2 are(0; 0:514)� (0; 0:1)� (0; 0:168).
Small protrusions are placed at the bottom wall as shown in Figs 5a and 5b. The di-
mensions (in m) of each protrusion are0:001� 0:004� 0:004 in x, y, and z direction,
respectively. 
 1 and 
 2 have periodic boundary conditions in thex and z directions.
At the walls, the no-slip boundary condition is prescribed using the bounce-back bound-
ary condition. At the boundary parallel to the (x; z) plane, y = 0 :05 m for 
 1 and
y = 0 :1 m for 
 2, symmetric boundary condition is prescribed. The initial condition
is ~u(~x) = ~0 m s� 1 and � (~x) = 1 kg m � 3 for 8~x 2 
 k , k = 1 ; 2. The mesh parameter
h = 2 � 10� 4 m for 
 1 and h = 4 � 10� 4 m for 
 2.

The �uid is accelerated by the volume force~g = (0 :2; 0; 0)T m s� 2, the kinematic
viscosity is � = 1=70000 m2 s� 1, u� = 0 :1 m s� 1, and Re� = 350.

Fig. 6 illustrates the results of CLMM and LBM in the computational domain 
 1.
There are small di�erences in the velocity magnitude. The di�erences can be caused by
the averaging procedure because in CLMM, the quantityux was averaged over2 s while
in LBM, the average was computed over4 s with the initial time of t = 40 s.

Fig. 7 shows the results of CLMM and LBM in the computational domain
 2. It
can be seen that asy grows, the di�erences between CLMM and LBM grows. But if we
rescale the results by LBM in order to have the same value iny = 0 :1 m as CLMM, the
di�erences are not so signi�cant, see Fig. 8. The di�erences can be caused by di�erent
averaging procedures because in CLMM, the quantityux was averaged over2 s and in
LBM over 4 s with the initial time of t = 100 s. Because single precision was used for
numbers computer arithmetic, the results in Figs. 6, 7, and 8 which are averaged both
in space and time can su�er from numerical errors caused by lower precision. Finally,
di�erent initial condition were used in our LBM code. Nevertheless, we can state that
LBM provides good results in comparison with CLMM code.

5 Conclusion and future work

We presented a computational study of turbulent �uid �ow in the boundary layer using
LBM. The primary aim of this work was to introduce the boundary layer theory, LBM,
various boundary and initial conditions in the mesoscopic description, and applications
on benchmark problems.

We used two benchmark tests. The �rst benchmark problem, inspired by [11], rep-
resents the �uid �ow interaction with a smooth wall. The vertical pro�le of u+ was
investigated. The pro�le near the wall matched the experimental data from [11]. As the
distance from the wall increased, the di�erences between the experiment and LBM results
increased too.

The second experiment was inspired by the GA�R project. The obtained numerical
results are in a good agreement with the data produced by the code CLMM.

We observed that LBM produces satisfactory results in comparison with literature or
other solvers in both experiments. Nevertheless, the results di�er as the distance from the
wall grows. This observation can be caused by several aspects. The �rst aspect can be the
insu�cient resolution of the computational mesh. Next, the results were time-averaged
over di�erent periods of time, which can in�uence the results too.
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(a) The geometry of the computational domain
 1 for the problem of �ow above a rough surface
with protrusions of dimensions (in m) 0:001� 0:004� 0:004 in x, y, and z direction, respectively.

(b) The geometry of the computational domain 
 2 for the problem of �ow above a rough surface
with protrusions of dimensions (in m) 0:001� 0:004� 0:004 in x, y, and z direction, respectively.
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Figure 6: A comparison of results for time-averagedux obtained by LBM with the bounce-
back boundary condition and results provided by the CLMM code without rescaling of
the results in the computational domain
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Figure 7: A comparison of results for time-averagedux obtained by LBM with the bounce-
back boundary condition and results provided by the CLMM code without rescaling of
the results in the computational domain
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Figure 8: A comparison of rescaled results for time-averagedux obtained by LBM with
the bounce-back boundary condition and results provided by the CLMM code without
rescaling of the results in the computational domain
 2.
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Abstract. The empirical best predictor (EBP) under an area�level gamma mixed model is
derived and a corresponding algorithm for calculation of parameters of interest is supplied.
The model is applied to Spanish Living Condition Survey (SLCS) data from the year 2008 for
estimation of averages incomes in small areas. Subsequently, the data are �tted by the known
Fay�Herriot model and the quality of EBPs of the parameters of interest under both models is
compared. The behaviour of both models seems to be very similar.

Keywords: Empirical best predictor, gamma distribution, parametric bootstrap.

Abstrakt. Pro zobecn¥ný lineÆrní smí†ený model na œrovni oblastí mající odezvy z gamma
rozd¥lení odvozujeme empiricky nejlep†í prediktor zkoumaných parametr• a poskytujeme algo-
ritmus pro jejich výpo£et. Model nÆsledn¥ aplikujeme na data ze †pa‹¥lských provincií týkající
se ”ivotních podmínek z roku 2008, abychom predikovali pr•m¥rnou mzdu v malých oblastech.
Za stejným œ£elem pak na zmín¥nÆ data aplikujeme znÆmý Fay�Herriot•v model a porovnÆvÆme
kvalitu empiricky nejlep†ích predikcí obou model•. ZískanØ predikce jsou velice podobnØ pro oba
modely.

Klí£ovÆ slova:Empiricky nejlep†í prediktor, gamma rozd¥lení, parametrický bootstrap.

1 Introduction
Small area estimation (SAE) is a �eld of statistic that is closely related to sampling�
survey. The beginning of this discipline can be dated to the 11th century England and
to the 17th century Canada, but the major development of SAE�methods has begun in
the last decade of the 20th century and continues until these days. The basic task of
SAE can be formulated as providing reliable estimates of characteristics of interest for
so�called small areas.

Under an area, we can imagine either a real geographic area as a state, province,
county, district, etc., or a socio�demographic group that is usually de�ned by crossing
factors as age, sex, working status, education, permanent residence, etc. The wordsmall
re�ects the fact that we do not have enough amount of data to provide a reliabledirect
estimate of a characteristic of interest for the given area. Under the direct estimate, we
mean such estimate that uses values of interest only from that area, i.e. not from other
areas. On the contrary, there is anindirect estimate often employed in SAE that uses
values also from other areas. An example of a characteristic of interest can typically be
a total or a mean, but it can also be a non�linear function of variables of interest.

29
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SAE models are classi�ed into two categories depending on the level of aggregation
of the data. If auxiliary data are available for each sampled individual, then we can use
an unit�level model that relates the sampled valuesydj , d = 1 ; : : : ; D , j = 1 ; : : : ; nd, to
the corresponding auxiliary data. If auxiliary data are not available at the unit�level
and we have got only the responsesydj , then we compute a direct estimate per area
and model these estimates by auxiliary data expressing proportional representations of
some quantities, such as age, sex, education, etc. for each area. As an example, we can
consider gender, if there is60% of women and40% of men in one particular area, then
the corresponding values of regressors are 0.6 and 0.4 for the given area. This kind of
SAE models is calledarea�level models. A comprehensive introduction into SAE models
can be found e.g. in [7] or [6].

2 Fay�Herriot model
The basic area�level model was developed in [3] for estimation of incomes in small areas
with population less than 1000 in the United States. This model has got a fundamental
importance between area�level models and various modi�cations of it were investigated.

Let Y d be a quantity of interest that is to be predicted under the Fay�Herriot model,
i.e.

� d = Y d =
1

Nd

NdX

j =1

ydj ; d = 1 ; : : : ; D ; (1)

where ydj is e.g. an income of thej th person in the areaUd. By sampling data from
the population, there isnd < N d observations available per area. Letyd denote a direct
estimate of � d, i.e.

yd =
1
bNd

ndX

j =1

wdj ydj ; d = 1 ; : : : ; D ; (2)

where bNd =
P nd

j =1 wdj and wdj is the sampling weight for thej th individual from the area
Ud. The Fay�Herriot model has got two levels. The �rst level is called asampling model
and takes the form

yd = � d + ed ; d = 1 ; : : : ; D ; (3)

where ed � N (0; � 2
d) are independent sampling errors with known variances� 2

d. In
practice, � 2

d are design�based variances of the direct estimatesyd, d = 1 ; : : : ; D . The
second level model links� d to auxiliary data as

� d = x >
d � + vd ; d = 1 ; : : : ; D ; (4)

where x >
d = ( xd1; : : : ; xdp) is a row vector of p auxiliary variables, � = ( � 1; : : : ; � p)>

is a vector of regression parameters andvd � N (0; � 2
v) are identically independently

distributed random e�ects with an unknown variance� 2
v . Model (4) is called alinking

model and makes sense provided thatyd are independentnormally distributed, see [2].
By combination of the sampling and linking model, we get the �nal model

yd = x >
d � + vd + ed ; d = 1 ; : : : ; D : (5)
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Model (5) can be recognized as a LME model. The general formula of a LME model
can be written as

y = X� + Zv + e ; (6)
whereX and Z are matrices of known constants,v and e are normally distributed vectors
of random e�ects and random errors, respectively, andy is a normally distributed vector
of responses. If we denotevar(y ) = � and var(v ) = � v, then for the best linear unbiased
prediction (BLUP) of � d, d = 1 ; : : : ; D , we are then able to derive

b� blup
d = l > b� + m > bv ; (7)

where
b� = ( X > � � 1X )� 1X � � 1y ; bv = � vZ > � � 1(y � X b� ) ; (8)

and l and m are vectors of known constants.
Finally, for the BLUP of the parameter � d, we get

bY
blup

d = b� blup
d = x >

d
b� + bvd = x >

d
b� +

� 2
v

� 2
v + � 2

d
(yd � x >

d
b� ) =

� 2
v

� 2
v + � 2

d
yd +

� 2
d

� 2
v + � 2

d
x >

d
b� : (9)

However, in practice we do not know the variance parameter� 2
v and therefore we must

estimate it. The empirical best linear unbiased prediction(EBLUP) bY
eblup

d is then obtained
by substituting � 2

v by its estimate b� 2
v .

As a measure of the precision of the EBLUPbY
eblup

d , the mean squared error

MSE
�

bY
eblup

d

�
= E

�
bY

eblup

d � Y d

� 2

(10)

is employed.

3 Area level gamma mixed model
In this chapter, we present some basic results that we derived for an area�level model
with conditional responses from gamma distributions. As a motivation for investigation
of this model (further referred as the gamma model), we can mention an estimation
of average incomes for small areas, i.e. we suppose that every average income for a
small area follows a gamma distribution. Another important feature of this model is
that the parameters of interest (the average incomes) are supposed to follow asymmetric
distributions (particularly the gamma distr.). This is in contrast with the presented Fay�
Herriot model which assumes that these parameters are normally distributed and thus
from symmetric distributions.

3.1 Gamma model
Let us consider the random e�ectsv1; : : : ; vD �

iid
N (0; 1), then the multivariate density of

a vector v = ( v1; : : : ; vD )> is

f v (v ) =
1

(2� )D=2 exp
�

�
1
2

v> v
�

:
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By these e�ects, we try to capture the variability of responses that is not explained by
auxiliary data. Next, let the distribution of the target variable yd, conditioned to the
random e�ect vd, be

ydjvd �
ind

Gamma
�

� d; ad =
� d

� d

�
; d = 1 ; : : : ; D ;

where � d is the shape parameter of the gamma distribution and it is assumed to be
known. We also assume thatyd are independent random variables ford = 1 ; : : : ; D . For
the expectation and variance ofyd given vd, we have got

E (ydjvd) =
� d

ad
= � d; var(ydjvd) =

� d

a2
d

=
� 2

d

� d
;

and the density takes the form

f (ydjvd) =
a� d

d

�( � d)
y� d � 1

d expf� adydgI (0;1 )(yd) =
�

� d

� d

� � d y� d � 1
d

�( � d)
exp

�
�

� d

� d
yd

�
I (0;1 )(yd):

Since the canonical link for the gamma distribution is the inverse linkg(� ) = 1
� , then we

get the following GLME model

g(� d) =
1
� d

= x >
d � + �v d; d = 1 ; : : : ; D; (11)

where � = ( � 1; : : : ; � p)> is a vector of regression parameters andx >
d = ( xd1; : : : ; xdp) is a

row vector of area�level auxiliary data for the areaUd. Model (11) is called thearea�level
gamma mixed model(abbreviated as the gamma model).

Let � denote the unknown parameters of model (11), i.e.� = ( � > ; � )> . Assuming
that ydjvd are independent, i.e.f (y jv ) =

Q D
d=1 f (ydjvd), the likelihood function L (� ) can

be expressed as

L (� ) = f (y ) =
Z

RD
f (y jv )f v (v )dv =

Z

RD
 (y ; v )dv ; (12)

where

 (y ; v ) = (2 � )� D=2 exp
�

�
v> v

2

� DY

d=1

�
� d

� d

� � d y� d � 1
d

�( � d)
exp

�
�

� d

� d
yd

�

= (2 � )� D=2 exp
�

�
v> v

2

�  
DY

d=1

� � d
d y� d � 1

d

�( � d)

!

exp

(
DX

d=1

� d log(x >
d � + �v d)

)

�

� exp

(

�
pX

k=1

 
DX

d=1

� dydxdk

!

� k � �
DX

d=1

� dydvd

)

:

There are p + 1 unknown parameters in model (11): the regression parameters,
� 1; : : : ; � p, and � . Since we are not able to calculate the integral in (12) explicitly, we
cannot employ the classicalmaximum likelihood estimation(MLE) method for parameter
estimation. Instead, we approximate the integral and calculate MLEs of the unknown
parameters for this approximation.
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3.2 Empirical best predictor
Providing reliable predictions of the parameters of interest,� d; d = 1 ; : : : ; D , under
gamma model (11) is of crucial importance. Thebest predictor(BP) b� BP

d of � d = � d(� ; vd)
minimizes the mean squared error in the class of predictorsb� = b� (s) depending on the
samples, i.e.

b� BP 2 argmin
b�

E(b� � � )2 :

Besides of the samples, b� BP
d depends on� = ( � > ; � )> . It can be shown that b� BP

d (� ) =
E � (� djy ), see [5]. Moreover, it obviously holdsE � (� djy ) = E � (� djyd) under model (11).
Thus, we get

b� BP
d (� ) = E � (� djyd) ; d = 1 ; : : : ; D: (13)

The right side of (13) can be expressed as

E � [� djyd] =
R

R(x >
d � + �v d)� 1f (ydjvd)f (vd)dvdR

R f (ydjvd)f (vd)dvd
=

Nd(yd; � )
Dd(yd; � )

=
Nd(yd; � )
Dd(yd; � )

;

whereNd = Nd(yd; � ), Dd = Dd(yd; � ), Nd = Nd(yd; � ) and Dd = Dd(yd; � ) are

Nd =
Z

R
(x >

d � + �v d)� 1 exp
�

log
� � d

d y� d � 1
d

�( � d)
+ � d log(x >

d � + �v d) � � dyd(x >
d � + �v d)

�
f (vd)dvd ;

Dd =
Z

R
exp

�
log

� � d
d y� d � 1

d

�( � d)
+ � d log(x >

d � + �v d) � � dyd(x >
d � + �v d)

�
f (vd)dvd ;

Nd =
Z

R
(x >

d � + �v d)� 1 exp
�

� d log(x >
d � + �v d) � � dyd(x >

d � + �v d)
	

f (vd)dvd ;

Dd =
Z

R
exp

�
� d log(x >

d � + �v d) � � dyd(x >
d � + �v d)

	
f (vd)dvd :

All these integrals have to be approximated numerically. The best predictor ofvd can
be also derived in the same way as

bvBP
d (� ) = E � [vdjyd] =

R
R vdf (ydjvd)f (vd)dvdR

R f (ydjvd)f (vd)dvd
=

Nv;d(yd; � )
Dd(yd; � )

;

where

Nv;d(yd; � ) =
Z

R
vd exp

�
� d log(x >

d � + �v d) � � dyd(x >
d � + �v d)

	
f (vd)dvd :

The empirical best predictor (EBP) of � d is then obtained by substituting � for its
estimate b� in (13) and we denote it asb� EBP

d � b� BP
d (b� ).

3.2.1 Algorithm

Integrals given above,Nd; Dd; Nd and Dd, cannot be calculated explicitly. Thus, they
must be approximated numerically by Monte Carlo methods. The following procedure
provides the EBP of� d and vd for d = 1 ; : : : ; D .
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1. Estimate b� = ( b� > ; b� )> .

2. For s = 1 ; : : : ; S: generatev(s)
d �

iid
N (0; 1) and put v(S+ s)

d = � v(s)
d .

3. Calculate the EBP b� BP
d (b� ) = bNd=bDd where

bNd =
1

2S

2SX

s=1

(x >
d

b� + b�v (s)
d )� 1 exp

n
� d log(x >

d
b� + b�v (s)

d ) � � dyd(x >
d

b� + b�v (s)
d )

o
;

bDd =
1

2S

2SX

s=1

exp
n

� d log(x >
d

b� + b�v (s)
d ) � � dyd(x >

d
b� + b�v (s)

d )
o

:

4. Calculate the EBPbvBP
d (b� ) = bNv;d=bDd, where

bNv;d =
1

2S

2SX

s=1

v(s)
d expf � d log(x >

d
b� + b�v (s)

d ) � � dyd(x >
d

b� + b�v (s)
d )g:

The calculation of b� EBP
d , d = 1 ; : : : ; D , is computationally demanding. There is a

simple predictor of� d = � d(� ; vd) that is obtained by substituting � and vd by parameter
estimatesb� = ( b�

>
; b� )> and a random e�ect predictorbvd, i.e.

~� d = ( x >
d

b� + b� bvd)� 1 ; d = 1 ; : : : ; D :

It is called plug-in predictor.

3.2.2 Bootstrap estimation of MSE

After obtaining the EBP of � d (d = 1 ; : : : ; D) under the gamma model, it is necessary
to assess its precision. Particularly, we are interested in derivation of the MSE of the
predictor b� EBP

d , i.e.

MSE(b� EBP
d ) = E( b� EBP

d � � d)2 ; d = 1 ; : : : ; D ; (14)

where the expectation is taken with respect to gamma model (11). Unfortunately, the
explicit expression of (14) does not exist and only an approximation of (14) can be
searched for. For this reason, we employ the parametric bootstrap described in [4] which
enables us easily to compute estimates ofMSE(b� EBP

d ), d = 1 ; : : : ; D . The following
procedure calculates these estimates.

1. Fit the model to the sample and calculate the estimatorb� = ( b� > ; b� )> .

2. RepeatB times (b= 1 ; : : : ; B):

(a) Generate v(b)
d � N (0; 1), yd � Gamma

�
� d; � d

� ( b)
d

�
, � (b)

d = ( x >
d

b� + b�v (b)
d )� 1,

d = 1 ; : : : ; D .

(b) For each bootstrap sample, calculate the estimatorb�
(b)

and the EBP b� EBP (b)
d =

b� BP
d (b�

(b)
).

3. Output: mse(b� EBP
d ) = 1

B

P B
b=1 (b� EBP (b)

d � � (b)
d )2.
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4 Application to real data

As suitable data for application of model (11), we choose the Spanish Living Condition
Survey (SLCS) data from the year 2008. To create some idea of what data it is, we brie�y
describe it. The data were obtained from 52 Spanish provinces by conducting a survey. Of
all the information found in the survey, we are especially interested in personal incomes.
Depending on gender, we compute a direct estimate of the average income for both men
and women per province, i.e. we get the estimates for2 � 52 = 104 socio�demographic
groups (small areas). These values are denoted asyd, d = 1 ; : : : ; D = 104. Auxiliary data
then correspond to relative representations of various socio�demographic characteristics
such as sex, education, working status, etc. per area.

We �t the prepared data both by gamma model (11) and also by Fay�Herriot model
(5) where the direct estimates are treated as normally distributed. Subsequently, we
compare the outputs of both of them. Employed regressors at the area�level are: the
proportion of unemployed individuals, of individuals aged from 16 to 24, of individuals
aged 65 and older and of individuals with university education per area. These variables
are denoted asxd1; : : : ; xd4, respectively. The outputs of both models are summarized in
Tables 3.13 and 3.14.

Gamma model
Estimate Standard error Wald (t-test) statistic p-value

b� 0 1.58e-01 5.14e-02 9.39 2.18e-03
b� 1 1.90 2e-01 91.81 9.53e-22
b� 2 3.28 3.95e-01 68.89 1.04e-16
b� 3 1.43 8.14e-02 306.48 1.28e-68
b� 4 -9.3e-01 8.25e-02 127.14 1.73e-29
b� 5.87e-02 3.15e-03 348.67 8.27e-78

Table 3.13: Regression parameter estimates for gamma model (11).

Fay-Herriot model
Estimate Standard error Wald (t-test) statistic p-value

b� 0 2.44 2.49e-01 9.82 9.18e-23
b� 1 -3.71 8.72e-01 -4.25 2.16e-05
b� 2 -6.12 1.79 -3.43 6.11e-04
b� 3 -2.78 3.61e-01 -7.71 1.27e-14
b� 4 2.20 5.08e-01 4.33 1.47e-05
b� 1.19e-01

Table 3.14: Regression parameter estimates for Fay�Herriot model (5).
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From Tables 3.13 and 3.14, we can see that all employed regressors are signi�cant
at the 5% signi�cance level for both models. The residuals for the gamma model are
computed as

rd = yd � b� d ; d = 1 ; : : : ; D ; (15)

where b� d = ( x >
d

b� + b� bvd)� 1 is in fact the plug-in predictor. The residual sum of squares
is then

r 2 =
DX

d=1

r 2
d = 0 :321:

For the �t by the Fay�Herriot model, we employed the function eblupFHfrom the package
sae implemented in the R software for statistical computing. Unfortunately, this function
does not deliver predictions of the random e�ects,bvd; d = 1 ; : : : ; D , but only an estimate
b� 2
v of the variance of these e�ects. For this reason, we are not able to compute the

residuals for the Fay�Herriot model in the same way as for the gamma model, see (15).
Thus, we cannot compare the quality of both �ts on the basis of the residual sum of
squares.

As the next step, we compute the EBP of� d; d = 1 ; : : : ; D , under the gamma model,
and the EBLUP of � d under the Fay�Herriot model by the function eblupFH. The results
are very similar as evident from Figure 1. The precision of both predictors is depicted in
Figure 2, where the estimates ofMSE(b� d); d = 1 ; : : : ; D , were calculated by the bootstrap
algorithm for the gamma model and by the functionmseFHfrom the sae package for
the Fay�Herriot model. The function mseFHdoes not use the parametric bootstrap for
calculation of the MSE estimates, but under the Fay�Herriot model, an approximation
of MSE(b� EBLUP

d ) = E( b� EBLUP
d � � d)2, d = 1 ; : : : ; D , is employed, see [1]. In this �gure,

it is also plotted the variance of the direct estimatesyd; d = 1 ; : : : ; D .
We can immediately see from Figure 2 that by the introduction of both models, greater

precision for small area estimates was achieved compared to the direct estimatesyd. If we
compute the means of the MSE estimates depicted in Figure 2 over all domains, we get
3:20e� 03 and 3:08e� 03 for the Fay�Herriot model and the gamma model, respectively.
Thus, the MSE estimates obtained under the gamma model are obviously slightly more
accurate than those obtained under the Fay�Herriot model bymseFHfunction.

5 Conclusion
In this work we introduced area�level model (11) assuming that the conditional responses
are from gamma distributions. As a suitable motivation for investigation of this model,
we can consider e.g. the prediction of average incomes for small areas. Under asmall
area, we mean either a real geographical area or a socio�demographic group for which
predictions of characteristics of interest are required and, at the same time, the sample
size of observations for this area (or group) is too small to provide the reliable predictions.
It means that these predictions usually have got a large variance. For this reason, we
de�ne model (11) using data from all areas to improve the direct estimates for each
particular area in sense of minimizing the MSE.

As a characteristic of interest, we consider the average income per area. We derive
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Figure 1: Comparison of the EBPs for the gamma model with the EBLUPs for the
Fay�Herriot model. The predictions under both models seem to be very similar.

the empirical best predictor(EBP) under this model and provide algorithm 3.2.1 for cal-
culation of the EBPs. Moreover, the plug-in predictor of the average incomes is supplied.

Subsequently, gamma model (11) and known Fay�Herriot model (5) are applied to
real data. Speci�cally, to the Spanish Living Condition Survey (SLCS) data from the year
2008. The summary of both �ts is presented in tables 3.13 and 3.14. All used regressors
proved to be signi�cant at the 5% signi�cance level for both models as evident from these
tables.

The EBPs of the parameters of interest,� d (d = 1 ; : : : ; D), obtained under the gamma
model seem to be very similar to the EBLUPs of� d under the Fay�Herriot model ac-
cording to Figure 1. Dealing with the MSE estimates of these predictors, the EBPs may
be slightly more accurate than the EBLUPs obtained under the Fay�Herriot model, see
Figure 2. Finally, we can conclude that by the introduction of both models, some reduc-
tion in the MSE of the direct estimatesyd; d = 1 ; : : : ; D , was achieved as evident from
Figure 2 and thus it is reasonable to employ both models for estimation of the average
incomes for small areas.
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Konstrukce stabilizujících łízení respektující
cenu pomocí demonstrací
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Abstract. This paper is concerned with the construction of stabilizing control laws for control-
a�ne systems with feedback using demonstrations and linearization. These demonstrations are
trajectories of a stabilized system and are provided via a numerical solver. We construct the
feedback control law for the whole state space using these trajectories and test it using Lyapunov
functions that are also learned on the demonstrations. Hence the gathered control laws represent
stabilizing strategies that may also respect a chosen cost.

Keywords: system stabilization, control-a�ne systems, Lyapunov functions

Abstrakt. Tento text popisuje konstrukci stabilizujících łízení se zpìtnou vazbou pro systØmy
a�nní v łízení, a to pomocí demonstrací a linearizace dynamiky systØmu. Demonstrace jsou
tvołeny trajektoriemi stabilizovanØho systØmu płedpoŁítanými numerickým łe„iŁem. Pomocí
tìchto trajektorií získÆme zpìtnovazebnØ łízení pro stavový prostor. Toto łízení nÆslednì ovìłíme
pomocí Lyapunovských funkcí, kterØ tØ¾ získÆme z napoŁítaných demonstrací. Postup celkovì
poskytuje stabilizující łízení, kterÆ navíc mohou respektovat zvolenou cenu.

KlíŁovÆ slova:stabilizace systØmø, systØmy a�nní v łízení, LyapunovskØ funkce

1 Úvod
Uva¾me systØm lineÆrní v łízení oznaŁovaný tØ¾ jako systØm a�nní v łízení. Standardní
œlohou je navrhnout pro takový systØm łízení, kterØ stabilizuje tento systØm do rovnovÆ¾-
nØho stavu. Obvyklým postupem v takovØ œloze je nalezení vhodnØ Lyapunovy funkce pro
systØm s łízením (dÆle zkr. CLF z angl.control-Lyapunov function) a pomocí Sontagovy
formule [11] získat zpìtnovazebnØ stabilizující łízení.

¨astým dodateŁným po¾adavkem na łízení v„ak i je minimalizace ceny podØl trajek-
torie systØmu. V tu chvíli se v„ak projevuje nevýhoda Sontagovy formule, kterÆ obecnì
negeneruje optimÆlní łízení k płedem vybranØmu kritØriu ceny [5]. Proto v tomto textu na-
vrhujeme nový postup generace łízení vyu¾ívající płedpoŁítanØ trajektorie získanØ łe„iŁem
zalo¾enØm na łe„ení optimÆlního łízení płevodem na œlohu nelineÆrního programovÆní.

Tento postup je inspirovÆn pracemi [13] a [10], ale navíc dÆle u¾ijeme napoŁítanØ
trajektorie pro nauŁení se CLF dle prÆce [9]. Toto umo¾òuje napoŁítanØ łízení efektivnì
kontrolovat a dle potłeby doplòovat vhodnì o dal„í demonstrace. Płi œspìchu procedury
je tedy výsledkem stabilizující łízení, kterØ díky demonstrÆtoru respektuje i cenu tohoto
łízení.

39



40 J. Fejlek

2 De�nice problØmu
Nech» je systØm popsaný soustavou diferenciÆlních rovnic

_x = F (x) + G(x)u; (1)

płiŁem¾ x 2 Rn oznaŁuje stavy systØmu au 2 Rd oznaŁuje łízení aF : Rn 7! Rn a
G : Rn 7! Rn � d jsou hladkØ funkce. O tomto systØmu navíc płedpoklÆdejme, ¾e mÆ v
bodì x = 0 jediný rovnovÆ¾ný stav.

Nech» je stav na„eho systØmu røzný od rovnovÆ¾nØho a mìjme płÆní dosÆhnout pro
t ! + 1 rovnovÆ¾nØho stavu. Abychom tak uŁinili, je obecnì nutnØ pøsobit na sys-
tØm pomocístabilizujícího łízení u(t). PłedpoklÆdejme, ¾e takovØ łízení pro ka¾dý stav
systØmu existuje. Navíc chceme, aby toto łízení bylo zpìtnovazebnØ, tedy tvaru

u(t) = k(x(t)) ; (2)

kterØ dÆle respektuje kvadratický funkcionÆl ceny

V (x(0)) =
Z + 1

0
x(t)T Px(t) + u(t)T Qu(t) dt; (3)

kde P a Q jsou pozitivnì de�nitní matice. PostaŁující podmínkou pro existenci stabi-
lizujícího łízení je existence spojitì diferencovatelnØ CLFL splòující pro v„echny stavy
systØmux podmínky [12]

1. L (x) ! + 1 pro kxk ! + 1

2. L (x) � 0 pro v„echnax a L (x) = 0 prÆvì tehdy, kdy¾ x = 0

3. minu r L (x)T (F (x) + G(x)u) < 0 pro v„echnax 6= 0

Pro systØm a�nní v łízení navíc lze stabilizující łízení zvolit ve zpìtnovazebnØ podobì
explicitnì pomocí Sontagovy formule jako [11]

u = � G(x)T r L (x)
r L (x)T F (x) +

p
(r L (x)T F (x))2 + ( r L (x)T G(x)G(x)T r L (x))2

r L (x)T G(x)G(x)T r L (x)
;

(4)
pokud jmenovatel není nula. Pro tento płípad se kladeu = 0 : ZÆvìrem poznamenejme,
¾e stabilizovatelnost nelineÆrních systØmø nÆs mø¾e zajímat pouze na nìjakØ kompaktní
souvislØ podmno¾inìS obsahující poŁÆtek. V tomto płípadì jsou podmínky na CLF ana-
logickØ globÆlnímu płípadu s omezením na mno¾inuS. Pak tato CLF implikuje existenci
łízení na jistØ podmno¾inì mno¾iny S, kterØ stabilizuje systØm a tuto podmno¾inu nikdy
neopustí [9]. Pro samotnØ płíklady tedy staŁí hledat CLF na þdostateŁnìÿ velkØ mno¾inì
stavø obsahující poŁÆtek.

3 Koncept konstrukce stabilizujícího łízení
Pro zaŁÆtek uveïme struŁný płehled postupu pro nalezení stabilizujícího łízení. Płed-
poklÆdejme, ¾e mÆme na poŁÆtku mno¾inu navzorkovaných trajektoriíT płedstavující
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stabilizaci na„eho systØmu (1) z vybraných poŁÆteŁních stavø systØmu. Tyto trajektorie
získÆme pomocídemonstrÆtoruzalo¾enØm napł. na numerickØ optimalizaci.

V první fÆzi algoritmu se pomocí tìchto płedpoŁítaných trajektorií nauŁíme CLF
pro nÆ„ systØm (1). NÆslednì de�nujeme s vyu¾itím napoŁítaných trajektorií łízení pro
v„echny stavy systØmu u¾itím linearizace dynamiky systØmu. Toto łízení nÆslednì zkont-
rolujeme prostłednictvím získanØ CLF. Pokud toto ovìłení sel¾e, po¾ÆdÆme demonstrÆtor
o dal„í trajektorie zaŁínající stavy systØmu, kde byl problØm detekovÆn. Tyto trajekto-
rie (a novØ demonstrace) vyu¾ijeme pro aktualizaci CLF a na„eho łízení a celý proces
opakujeme dokud nenastane œspìch płi ovìłovÆní. Bude-li celý postup œspì„ný, získÆme
nakonec łízení, kterØ je kompatibilní s CLF pro nÆ„ systØm, a tedy je stabilizující.

Koncept algoritmu

1. PoŁÆteŁní systØm trajektoriíT obsahující demonstrace(X ; U) získaných demon-
strÆtorem.

2. Do nalezení stabilizujícího łízení nebo selhÆní procedury:

(a) NauŁ se CLFL na vzorcích (X ; U), v prøbìhu uŁení doplòuj do T a (X ; U)
płípadnØ nalezenØ protipłíklady s vyu¾itím demonstrÆtoru.

(b) Na aktuÆlnímT sestroj łízení u pomocí linearizace.
(c) Otestuj, ¾e je získanØu stabilizující pomocí CLF L . Pokud nalezen protipłíklad

x, získej z demonstrÆtoru trajektorii zx a płidej ji do T . Do (X ; U) doplò
płíslu„nØ demonstrace. NÆslednì opakuj celý postup (a){(c) znovu.

4 DemonstrÆtor
FundamentÆlním stavebním kamenem navr¾enØho postupu bude uŁení se łízení z demon-
strací poskytnutých demonstrÆtorem. IdeÆlní demonstrÆtor płedstavuje Łernou skłíòku,
kterÆ pro zvolený poŁÆteŁní stav poskytuje stabilizující łízení s płihlØdnutím k cenovØmu
funkcionÆlu (1). Nejsnadnìji uchopitelný a v praxi implementovatelný demonstrÆtor je
tvołen łe„iŁem pro optimÆlní łízení zalo¾enØm napłímØm postupu [3]. Ten spoŁívÆ v
łe„ení optimalizaŁní œlohy nelineÆrního programovÆní (NLP) tvaru

min f (x)

za podmínek

g(x) = 0 :

Tuto œlohy získÆme z na„eho problØmu diskretizací hledanØ optimÆlní trajektorie systØmu
(x � (t); u� (t)) na tvar (x �

k ; u�
k) (płiŁem¾ budeme dÆle aproximovat nekoneŁný Łasový ho-

rizont dostateŁnì dlouhým koneŁným Łasovým horizontem). Cílovou funkci NLP œlohy
zvolíme jako diskrØtní aproximaci funkcionÆlu ceny (3) (płedpoklÆdejme pevnou dØlku
ŁasovØho kroku, oznaŁenou jakoh):

1
2

�
xT

1 Px1 + uT
1 Qu1 + xT

N PxN + uT
N QuN

�
+

N � 1X

k=2

xT
k Pxk + uT

k Quk : (5)
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Vazby v œloze nelineÆrního programovÆní pak vyjadłují vztahy mezi(xk ; uk) danými zvo-
lenou diskretizací dynamiky systØmu [3]. Øe„ením optimalizaŁní œlohy je pak posloupnost
(x �

k ; u�
k), ze kterØho płípadnì získÆme łízení ve spojitØm Łase interpolací.

Døle¾itým faktorem je, ¾e toto łízení je tzv. feed-forward, tedy neobsahuje zpìtnou
vazbu. Pro dal„í œvahy płedpoklÆdejme, ¾e pro zvolenou œlohu mÆme demonstrÆtor za-
lo¾ený na płímØm postupu, který generuje stabilizující łízení.

5 UŁení se CLF z demonstrací

Cílem tØto ŁÆsti je najít CLF, pomocí kterØ lze testovat, ¾e je łízení konstruovanØ dÆle
v textu stabilizující pro systØm (1). Na rozdíl od prací [13] (vyu¾ívající płímý výpoŁet
CLF pomocí nÆroŁnØsum-of-squaresoptimalizace) Łi [10] (vyu¾ívající Łistì simulace)
uvÆ¾íme postup płedstavený v [9], který odpovídÆ na„í płedstavì metody postavenØ na
demonstrÆtoru.

Mìjme nÆ„ demonstrÆtor generující stabilizující łízení a mno¾inu demonstrací. Na„ím
cílem je se z mno¾iny demonstrací nauŁit CLF pro systØm (1). Provedeme to uvÆ¾ením
lineÆrnì parametrizovanØho systØmu funkcíf L (x; p)g a nalezneme hodnotu parametrøp
tak, aby ve v„ech bodech daných demonstracemi byly splnìny podmínky

1. L (x; p) ! + 1 pro kxk ! + 1 a L (0; p) = 0 .

2. L (x; p) > 0 pro v„echny demonstrace (x,u) nenulovØ.

3. r L (x)T (F (x) + G(x)u) < 0 pro v„echny demonstrace (x,u) nenulovØ.

Budeme płedpoklÆdat, ¾e bod jedna je splnìn vhodnou volbou uva¾ovaných funkcí.
Body dva a tłi pro lineÆrnì parametrizovaný systØmu płedstavují soustavu lineÆrních ne-
rovnic. Ty vytínají v prostoru mo¾ných hodnot parametrø mnohostìn (uva¾ujme prostor
mo¾ných hodnot parametrø tvaru pmin � p � pmax ). Pro výbìr jednØ konkrØtní hodnoty
parametrø zvolíme stłed vepsanØho elipsoidu o maximÆlním objemu [9], nebo» se mimo
jinØ jednÆ o konvexní optimalizaŁní problØm [4].

Nalezením hodnoty parametrø urŁíme kandidÆta na CLFkompatibilníhos demonstra-
cemi. ZbývÆ ovìłit, ¾e se jednÆ skuteŁnì o CLF pro nÆ„ systØm (1). Zde se spokojíme pro
jednoduchost s falzi�kÆtorem, tedy se pokusíme nalØzt protipłíklad. Falzi�kace podmínky
v bodu dva je v jÆdru jednoduchÆ, nalezneme minimumL (x; p) a ovìłíme, ¾e není men„í
ne¾ nula. Pro falzi�kaci podmínky 3 vyu¾ijeme toho, ¾e Sontagova formule (4) poskytuje
stabilizující łízení, kterØ je kompatibilní s CLF, kterÆ łízení vygenerovala. Tudí¾ je nutnì
pro łízení uS vygenerovanØ Sontagovou formulír L (x; p)T (F (x) + G(x)uS(x)) < 0 pro
v„echnax 6= 0 , co¾ mø¾eme opìt vy„etłit optimalizací.

Nalezneme-li v prøbìhu falzi�kace protipłíklad, vezmeme tento protipłíklad jako poŁÆ-
teŁní stav novØ trajektorie, kterou vygenerujeme demonstrÆtorem. Tento postup opaku-
jeme, dokud nenalezneme kandidÆta, kterØho se nÆm nepodałí zfalzi�kovat. Płípadnì
mø¾e procedura selhat tím, ¾e mno¾ina płípustných parametrø je prÆzdnÆ.
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6 Sestavení łízení z demonstrací
Płipomeòme, ¾e na„í pøvodní œlohou je sestavit zpìtnovazebnØ stabilizující łízení (2) re-
spektující cenový funkcionÆl (3). Samotný demonstrÆtor v tomto ohledu není dostaŁující,
nebo» łízení jím poskytnutØ je de�novanØ płes łe„ení NLP œlohy a navíc není zpìtnova-
zebnØ.

Poznamenejme, ¾e zde uvedenÆ konstrukce stabilizujícího łízení z trajektorií není no-
vým konceptem a tento postup nalezneme v [13] a [10]. Uva¾me tedy diskrØtní trajektorii
poskytnutou demonstrÆtorem a stav systØmux poblí¾ zaŁÆtku tØto trajektorie. Zpìtnova-
zebnØ łízení získÆme pomocístabilizace trajektorie. Její zÆkladní my„lenkou je zkonstru-
ovÆní łízení, jeho¾ cílem je sledovat płedpoŁítanou trajektorii(x �

k ; u�
k) pomocí zavedení

Łasovì promìnnØho lineÆrnì-kvadratickØho modelu (LQR). Konstrukce tohoto modelu se
provede nahrazením pøvodní dynamiky systØmu (1)

_x = F (x) + G(x)u

dynamikou
� _x = A(x � (t); u� (t))� x + B (x � (t); u� (t))� u; (6)

kde (x � (t); u� (t)) je sledovanÆ optimÆlní trajektorie systØmu,� x � x � x � a � u � u � u�

a
A(x � (t); u� (t)) �

@(F (x) + G(x)u)
@x

����
x= x � (t );u= u � (t )

;

B (x � (t); u� (t)) �
@(F (x) + G(x)u)

@u

����
x= x � (t );u= u � (t )

:

Nebo» je ale výstupem z demonstrÆtoru diskrØtní trajektorie(x �
k ; u�

k) płejdeme k diskrØt-
nímu modelu

� xk+1 = ( I + hAk)� xk + hBk � uk � A0
k � xk + B 0

k � uk ; (7)

kde jsme zavedli znaŁeníAk � A(x �
k ; u�

k) a Bk � B (x �
k ; u�

k).
NÆ„ cíl je nyní zkonstruovat łízení, kterØ bude sledovat płedpoŁítanou trajektorii,

tedy splòující � xk ; � uk ! 0. Pro jeho zkonstruovÆní zvolíme nÆsledující diskrØtní LQR
problØm

min
NX

k=1

� xT
k P � xk + � uT

k Q� uk (8)

za podmínek

� xk+1 = A0
k � xk + B 0

k � uk :

Øe„ení tohoto problØmu je lineÆrní zpìtnovazebnØ łízení tvaru� uk = � K k � xk , kde K k
je dÆno łe„ením płíslu„nØ diferenŁní Riccatiho rovnice [2]

Sk = Q + AT
k (Sk+1 � Sk+1 Bk(R + B T

k Sk+1 Bk)� 1B T
k Sk+1 )Ak (9)

K k = ( R + B T
k Sk+1 Bk)� 1B T

k Sk+1 Ak : (10)
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Na„e diskrØtní łízení pro stavx v Łasek, tedy bude

uk = u�
k � K k(x � x �

k); (11)

a łízení pro spojitý Łas t 2 hhk; h(k + 1) i lze zvolit jako lineÆrní interpolace hodnotuk a
uk+1 :

Nyní je„tì zmiòme jak pokraŁovat v generovÆní łízení na konci trajektorie, nebo»
výstup z demonstrÆtoru je z principu koneŁný. Nebo» lze oŁekÆvat, ¾e v tØto dobì ji¾
budeme dostateŁnì blízko rovnovÆ¾nØmu stavu, mø¾eme sestavit lineÆrní model poblí¾
rovnovÆ¾nØho stavu

_x = A(0; 0)x + B (0; 0)u;

a za funkcionÆl ceny zvolit pøvodní funkcionÆl ceny (3). Tímto mÆme standardní LQR
problØm s nekoneŁným horizontem łe„itelný pomocí algebraickØ Riccatiho rovnice pro
spojitý Łas [7]:

0 = A(0; 0)T S + SA(0; 0) � SB(0; 0)R� 1B T (0; 0)S + Q; (12)
K = R� 1B T (0; 0)S (13)

s łízením u(t) = � Kx (t).
ZbývÆ je„tì zvolit jednu trajektorii (x �

k ; u�
k) płi płítomnosti více trajektorií a tØ¾ urŁit v

jakØ ŁÆsti trajektorie stabilizaci zahÆjit. Uva¾me zaŁÆtky dvou stejnì dlouhých trajektorií
(jednu z trajektorií mø¾eme doplnit nulovými stavy s nulovým łízením na potłebnou
dØlku). Trajektorii mø¾eme zvolit pomocí maticK 1 získanØ z łe„ení Riccatiho rovnic (10),
nebo» hodnota� xT

1 K 1� x1 vyjadłuje cenu stabilizace pro diskrØtní model (7) vzhledem k
funkcionÆlu (8) [2]. Mø¾eme tedy vybrat tu trajektorii, kterÆ je v tomto smyslu levnìj„í.

V tuto chvíli je ale tłeba mít na pamìti, ¾e získanØ łízení bylo zkonstruovÆno na
zÆkladní diskrØtní aproximace spojitØ dynamiky systØmu a dÆle bylo vyu¾ito lokÆlní li-
nearizace tohoto modelu. Je tedy snadno płedstavitelnØ, ¾e pro dostateŁnì vzdÆlený stav
od płedpoŁítaných trajektorií nebude toto łízení stabilizující.

7 Falzi�kace stability získanØho łízení
K vy„etłovÆní łízení zkonstruovanØ v ŁÆsti 6 vyu¾ijeme CLF, kterou jsme získali na
poŁÆtku na„eho algoritmu. Zvolme tedy stav systØmu a napoŁítejme pro nìj łízení zís-
kanØ stabilizací podle þnejbli¾„íÿ trajektorie a ovìłme, ¾e zpøsobuje pokles CLF. Tento
postup v„ak odpovídÆ falzi�kaci łízení, płi kterØm budeme pro ka¾dý stav v ka¾dØm Łase
napoŁítÆvat þnejbli¾„íÿ trajektorii a płíslu„nØ łízení. Toto v„ak jistì není praktickØ.

Na druhØm extrØmu le¾í nasimulovÆní a kontrola celØho łízení podØl jednØ na zaŁÆtku
vybranØ trajektorie. To v„ak vícemØnì odpovídÆ postupu v [10] a do znaŁnØ míry se ztrÆcí
bene�t získÆní CLF, nebo» ze simulace mø¾eme płímo vyhodnotit výsledný stav systØmu.
Jako ideÆlní kompromis se zdÆ být nasimulovÆní pouhØ ŁÆstí trajektorie a kontrola tØto
ŁÆsti vzhledem k napoŁítanØ Lyapunovì funkci. To vlastnì odpovídÆ falzi�kaci łízení, płi
kterØm bychom po urŁitØ danØ dobì provedli płehodnocení cílovanØ trajektorie.

SamotnÆ falizi�kace lze opìt chÆpat jako hledÆní optima, v tomto płípadì maxima
funkce

max
t2h0;t max i

L (x(t); p)T (F (x(t)) + G(x(t))u(x(t))) ;
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av„ak je tłeba mít na pamìti, ¾e tato funkce mÆ více lokÆlních maxim a ze zpøsobu
napoŁítÆvÆní łízení obsahuje skokovØ nespojitosti. Z tohoto døvodu je prostor stavø v
implementaci prozkoumÆvÆn globÆlním optimalizaŁním algoritmem nevy¾adujícím na-
poŁítÆvÆní derivací funkce.

Nalezneme-li protipłíklad, vygenerujeme z tohoto bodu novou trajektorii pomocí de-
monstrÆtoru, nalezneme novou kompatibilní CLF a získÆme novØ łízení. Takto budeme
doplòovat trajektorie, dokud nedojde k selhÆní ve smyslu nenalezení vhodnØ CLF, Łi
dokud nebudeme schopni nalØzt protipłíklad.

8 Celkový płehled algoritmu
1. PoŁÆteŁní systØm trajektoriíT obsahující demonstrace(X ; U) získaných demon-

strÆtorem a systØm lineÆrnì parametrizovaných kandidÆtø na CLFf L (x; p)g:

2. Do nalezení stabilizujícího łízení nebo selhÆní procedury:

(a) NauŁ se CLFL na demonstracích z(X ; U) hledÆním kandidÆtaL (x; p) splòující
podmínky:

i. L (x; p) > 0 pro v„echny demonstrace(x; u) nenulovØ.
ii. r L (x)T (F (x) + G(x)u) < 0 pro v„echny demonstrace(x; u) nenulovØ.

a nÆslednì hledej protipłíklady łe„ením optimalizaŁních œloh

i. minx L (x; p);
ii. maxx r L (x; p)T (F (x)+ G(x)uS(x)) ; kde uS je łízení danØ Sontagovou for-

mulí (4).

Doplòuj do T a (X ; U) płípadnØ nalezenØ protipłíklady s vyu¾itím demonstrÆ-
toru.

(b) Na aktuÆlnímT sestroj łízení u pomocí linearizace dle sekce 6.

(c) Hledej protipłíklady k tvrzení, ¾e je získanØu stabilizující łe„ením optimaliza-
Łní œlohy

max
t2h0;t max i

L (x(t); p)T (F (x(t)) + G(x(t))u(x(t))) ;

kde (x(t)) ; u(x(t))) jsou nasimulovanØ trajektorie po zvolenou dobutmax , viz
sekce 7. Pokud nalezen protipłíkladx, získej z demonstrÆtoru trajektorii zx a
doplò do (X ; U) płíslu„nØ demonstrace. NÆslednì opakuj celý postup (a){(c)
znovu.

9 Płíklad
Uva¾me nÆsledující systØm a�nní v łízení

_x1 = � x1 + x2

_x2 =
1
2

x1 �
1
2

x2(1 � cos 2x1 + 2) 2 + (cos 2x1 + 2) u
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ObrÆzek 1: Protipłíklad płi kontrole łízení (a) a płíklad �nÆlní získanØ trajektorie (b): plnØ
ŁÆry oznaŁují nasimulovanou trajektorii obou stavø, płeru„ovanØ cílovanou trajektorii,
teŁkovanÆ ŁÆra oznaŁuje rovnovÆ¾ný stav

a nech» jsou maticeP a Q v (3) zvoleny jako jednotkovØ. Pro aplikaci płedstavenØho
algoritmu je nejprve nutnØ zvolit vhodný demonstrÆtor. Pro tento œŁel u¾ijeme balíŁek
CasADi [1] implementovaný pro MATLAB specializovaný pro łe„ení œloh nelineÆrního
programovaní plynoucích z problØmu optimÆlního łízení. Za diskretizaci dynamiky sys-
tØmu uvÆ¾íme Hermiteovu-Simpsonovu kolokaŁní metodu [6]. Jako aproximaci nekoneŁ-
nØho horizontu zvolíme dØlku ŁasovØho horizontu jako minimÆlnì 4 s tím, ¾e trajektorii
z demonstrÆtoru akceptujeme, pokud je norma posledního stavu men„í ne¾ 0.1 (jinak je
Łasový horizont prodlou¾en). DØlka ŁasovØho kroku byla zvolena jako 0.1.

Jako parametrizovaný systØm kandidÆtu na CLF zvolíme ryze kvadratickØ polynomy
a omezíme se na mno¾inu stavøh� 2; 2i � h� 2; 2i (pro tento systØm nedochÆzí płi stabi-
lizaci k opu„tìní tØto mno¾iny). Pro nalezení kandidÆta vyu¾ijeme nÆstroj YALMIP [8] s
vnitłním łe„iŁem SDPT3 [14] pomocí kterØho nalezneme stłed v tomto płípadì vepsanØ
elipsy o maximÆlním objemu pomocí łe„ení płíslu„nØ œlohy semide�nitního programo-
vÆní. ¨asový krok pro płepínÆní zvolíme jako 0.5, který tedy i hraje roli dØlky simulací
systØmu pro ovìłovÆní. SamotnØ simulace provedeme pomocí metody RKF45. Pro sa-
motnou falzi�kaci vyu¾ijeme v płípadì CLF matlabovskou funkci fmincon, pro falzi�kaci
trajektorie diferenciÆlní evoluci.

Ilustraci postupu mø¾eme vidìt na obrÆzku 1a, kde je uveden płíklad zamítnutØ vy-
generovanØ trajektorie kvøli nekompatibilitì s nalezenou CLF. Z obrÆzku vidíme, ¾e sku-
teŁnì jeden stav płestÆvÆ být v zÆvìreŁnØ fÆzi trajektorie stabilizovÆn. Na obrÆzku 1b
vidíme płíklad kompletní trajektorie systØmu vŁetnì płepínÆni cílovanØ trajektorie pro
jeden vybraný stav.

Falzi�kace łízení byla ukonŁena po płidÆní 5 trajektorií. Po tØ se ji¾ nepodałilo najít
protipłíklad nekompatibilní s nalezenou CLF. Mø¾eme si pov„imnout, ¾e płidÆní dal„ích
trajektorií (na zÆkladì maximalizace vzdÆlenosti od ji¾ płítomných trajektorií) płibli¾uje
łízení k optimÆlnímu łízení pro tento płíklad, kterØ je urŁeno cenouV � (x) = 1

2x2
1 + x2

2:
Toto vidíme na obrÆzku 2, kde bylo cena łízení nasimulovÆna płibli¾nì z 1500 stavø.



Konstrukce stabilizujících łízení respektující cenu 47

stavy
0

3

6

9

ce
na

(a) 5 trajektorií

stavy
0

3

6

ce
na

(b) 10 trajektorií

stavy
0

3

6

ce
na

(c) 15 trajektorií

stavy
0

3

6

ce
na

(d) 20 trajektorií

ObrÆzek 2: Cena łízení dle poŁtu trajektorií, body oznaŁují cenu získanØho łízení pro
vybranØ stavy (sełazenØ dle optimÆlní ceny), płeru„ovanÆ ŁÆra vyznaŁuje optimÆlní cenu

10 ZÆvìr
V tomto textu byl płedstaven postup na generovÆní łízení pomocí demonstrací vygene-
rovaných demonstrÆtorem, který je zalo¾en na płímØm łe„ení œlohy optimÆlního łízení.
Toto łízení je ovìłovÆno ve smyslu stabilizace falzi�kací pomocí konstrukce Lyapunových
funkcí pro systØm s łízením. Postup byl demonstrovÆn na jednoduchØm v łízení a�nním
problØmu. Pro dal„í analýzu je nutnØ testovÆní na dal„ích slo¾itìj„ích problØmech. Ji¾
s płedstihem je płedvídatelným nedostatkem znaŁnÆ zÆvislost konstrukce łízení na de-
monstrÆtoru. Na druhou stranu łízení zkonstruovanØ demonstrÆtorem respektuje cenový
funkcionÆl, na rozdíl od obvyklØho postupu konstrukce stabilizujícího łízení pomocí Son-
tagovy formule. V budoucnu je zejmØna zÆhodno modi�kovat postup tak, aby dokÆzal
efektivnì fungovat i pro demonstrÆtor, který sÆm o sobì neposkytuje v¾dy stabilizující
łízení.
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Abstract. The anomaly detection is sub �eld of arti�cial intelligence the aim of which is
identifying data that are somehow di�erent from an expected pattern. Anomaly detection is
also known as one-class classi�cation because it is a similar task to the classi�cation with the
only di�erence: The training set contains the only non-anomalous data . This makes the task
di�cult because the character of the anomalous data is unknown when the model is trained.

We propose an adaptive approach for density-approximating neural network models, the
alternative use of neural models in anomaly detection. Traditionally, in anomaly detection
context the common use of neural models is in form of auto-encoders. Through the use of auto-
encoders the true anomality is proxied by reconstruction error. Auto-encoders often perform
well but do not guarantee to perform as expected in all cases. A popular more direct way
of modeling anomality distribution is through k-Nearest Neighbor models. AlthoughkNN can
perform better than auto-encoders in some cases, their applicability can be seriously impaired by
their space and time complexity especially with high-dimensional large-scale data. The density-
approximating neural networks [10] model the distribution imposed bykNN using. It was proved
that such neural models are capable of achieving comparable accuracy tokNN while reducing
computational complexity by orders of magnitude on benchmark data form UCI repository.
However, the original method could be insu�cient in some cases as shown in this paper.

We propose an adaptive approach that provides better accuracy speci�cally for more complex
data. We evaluate the proposed idea against the non-adaptive approach and standardkNN on
data from computer network tra�c provided by Cisco Systems company and show that in
majority of cases it is possible to improve on accuracy or computational cost.

Keywords: Anomaly detection, neural network

Abstrakt. Detekce anomÆlií je podoborem um¥lØ inteligence a zabývÆ se nalezením anomÆlních
prvk•. Jako anomÆlní se dají pova”ovat data (pozorovÆní), kterÆ jsou rozdílnÆ bu⁄ od vzorových
dat, nebo od o£ekÆvanØho vzoru. Tato œloha se n¥kdy nazývÆ jako jednot°ídní klasi�kace a to
proto, ”e pro trØnovÆní modelu jsou k dispozici pouze data z jednØ konkrØtní t°ídy. Av†ak detekce
anomÆlií je mnohem slo”it¥j†í a obtí”n¥j†í œkol ne” klasi�kace, proto”e p°i detekci anomÆlii
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není p°edem znÆm charakter anomÆlních dat a je nutnØ rozhodovat, jak velkØ výchylky musí
data dosÆhnout, aby byla detekovÆna jako anomÆlní. V textu jsou popsÆny ji” znÆmØ modely
neuronových sítí pro detekci anomÆlií v£etn¥ t¥ch robustních v•£i †umu.

V tØto prÆci je prezentovÆn adaptivní p°ístup pro neurÆlní aproxima£ní metodu, kterÆ je
alternativou k tradi£n¥ pou”ívaným metodÆm pomocí neuronových sítí v podob¥ autoencoder•.
Nevýhoda autoencoder• je ta, ”e anomalitu nemodelují p°ímo, ale jen pomocí rekonstruk£ní
chyby. P°ímou cestou jak modelovat anomalitu je nap°íklad pou”ití kNN. O kNN je znÆmo
”e funguje pro detekci anomÆlií velmi dob°e a zatím nebyla nalezena metoda, kterÆ by obecn¥
fungovala lØpe. Velkou nevýhodoukNN je v†ak jeho výpo£etní nÆro£nost, kterÆ brÆní pou”ití pro
mnoho reÆlných aplikací. V minulosti se ukÆzalo, ”e neurÆlní model pro aproximaci hustoty, je
schopen se kvalitativn¥ vyrovnatkNN a zÆrove‹ výrazn¥ zredukovat výpo£etní nÆro£nost. Tato
metoda byla v minulosti evaluovÆna na ve°ejných datasetech z UCI repositÆ°e av†ak na datasetu z
oboru komunikace na po£íta£ových sítích nedosahuje v p•vodn¥ publikovanØ form¥ po”adovaných
výsledk•, jak prezentujeme v tomto £lÆnku. Adaptivní p°ístup, který je p°edstaven v tomto
£lÆnku výrazn¥ vylep†uje p°esnost d°íve publikovanØ metody a to zejmØna pro komplikovanØ
datasety. Toto vylep†ení je evaluovÆno na datech z provozu na po£íta£ových sítích poskytnutých
spole£ností Cisco Systems a je ukÆzÆno, ”e adaptivní p°istup mÆ lep†í výsledky ne” p•vodní
metoda a takØ ”e na rozdíl od p•vodní metody dorovnÆvÆ výsledkykNN.

Klí£ovÆ slova:Detekce anomÆlií, neuronovØ sít¥

1 Introduction

Representation Learning is enabler of many types of models - classi�ers, anomaly detec-
tors, etc. We focus on anomaly detection as the �eld that is relatively least researched,
while constantly gaining on importance.

Anomaly detection (AD) is gaining on importance with the massive increase of data
we can observe in every domain of human activity. In many applications the goal is to
recognize objects or events of classes with unclear de�nition and missing prior ground
truth, while the only assumed certainty is that these entities should be di�erent from
what we know well. The problem can thus be seen as the problem of modeling what is
common, and then identifying outliers.

Applications of anomaly detection are extensive. Anomaly detection is inherent in
cyber security, is successfully applied in industrial quality control, banking and credit
card fraud detection, in medicine it can help raise alarms when a patient’s condition
deteriorates, etc.

Anomaly detection as a general problem has been widely studied as we overview in
Section 1.1. Current state of the art is, however, less satisfactory than in supervised
learning. Speci�cally, the recent rapid advances in neural networks (for overview see,
e.g., [16], [7], [13]) seem to not have been replicated as successfully in anomaly detection.

The primary neural model use in anomaly detection is throughauto-encoders(AE).
Auto-encoders, however, do not model distribution of anomalies, they optimize a proxy
criterion, usually in form of reconstruction error. This fact can limit the success of AEs
in some problem areas.

Among traditional anomaly detection principles thek-nearest neighbor(kNN) remains
among the best performing models. Distance-based detectors directly model the density
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but can become computationally expensive or even prohibitive in on-line and embedded
systems.

Density-approximating neural networks models take use of distance-basedkNN prin-
ciple to enable training of neural models with multiple potential advantages: better ro-
bustness against noise as well as low computational complexity leading to high detection
speed - an important parameter especially in on-line and embedded anomaly detection
applications.

In this paper we propose an adaptive approach for density-approximating neural net-
works models and evaluate its performance for complex real data of computer network
tra�c.

The paper is structured as follows: in Section 1.1 we review existing anomaly detection
methodology, in Section 2 we introduce the proposed method, in Section 3 we cover the
experimental evaluation of the proposed method and comparison tokNN in Sections 4
and 5 we provide discussion and conclusion.

1.1 Anomaly detection

Anomaly detection is also known as one-class classi�cation. The goal is to detect a sample
that is somehow di�erent from expected patterns or other observations, without knowing
the exact de�nition of di�erent . Hence, anomaly detection techniques focus on modeling
what is expected, and subsequently to mark as anomaly anything su�ciently di�erent
from the expected.

Contrary to the other machine learning tasks such as classi�cation, the anomaly de-
tection is more di�cult because the character of the anomalous data is unknown when
the model is trained. In addition to that, the decision how much the sample must be
di�erent from others, to be detected as anomalous, is a problem.

There is a number of methods for anomaly detection the survey of which is given, e.g.,
in [5], [18], [21]. This paper focuses on nearest neighbor based techniques [15] and neural
models and consequently investigates the question of how to �nd synergy between both.
Nearest neighbor techniques are bene�cial for their performance (under certain condi-
tions) and adaptability to various data types. Their computational complexity, however,
grows rapidly with both the dimensionality and size of the training data. Supporting
structures thus have been proposed especially in form ofk-d trees[1, 11, 2] andball trees
[25, 2] to mitigate the problem. But the problem of complexity has thus not disappeared.

The standard anomaly detection knowledge base also includeskernel PCA methods
[19], kernel density estimation (KDE) including robust KDE [14] and one-class support
vector machines (SVM)[24] that all have been compared to and partly outperformed by
neural models, see, e.g., [26]. Neural network models are used for anomaly detection in two
di�erent ways: 1) fully unsupervised, i.e., neural network is trained on the regular data
only and produces anomaly score or any other similar metric which can be thresholded
, 2) supervised to some extent, i.e., knowledge about possible outliers or other indirect
information about anomality apart from the mere density is utilized during training (see,
e.g., [4], [22], [23], [12], [27], [20]). In the following we consider only the standard approach
to anomaly detector training where no additional information is assumed available apart
from the unlabeled data.
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2 Proposed Method

The proposed method aims to make nearest neighbor based anomaly detection e�cient
utilizing a neural network. The main idea is simple: train a neural network that estimates
kNN score. The algorithm does it in two logical steps. First, it creates an auxiliary dataset
covering the input space, and for each point of this auxiliary set akNN anomaly score
is computed. Then, this auxiliary dataset is used as a training set to train the neural
network-based estimator.

Having the training set X = f x1; x2; :::;xng; x i 2 Rd, 8i 2 f 1; ::; ng, let us denoteA
the auxiliary data set of m samples whereA = f a1; a2; :::;amg, ai 2 Rd, 8i 2 f 1; ::; mg
and Y the vector of respective anomaly scores, whereY = f y1; y2; :::; ymg, yi 2 R),
8i 2 f 1; ::; mg. We will consider the size of the proposed neural network’s hidden layers
to be d � p wherep is a parameter.

2.1 Auxiliary set construction

In this stage the auxiliary set A is computed from the training setX . In addition to
the uniform auxiliary set computingwe introduceadaptive auxiliary set computingwhich
covers the space in more e�cient way and prevents learning errors stemming from the
hard space boundary thresholding in the uniform set case.

2.1.1 Uniform auxiliary set construction

The idea from [10] is naïve as it attempts to cover the anomaly space uniformly on a
rectangular subspace de�ned as smallest enclosing hyper-block that contains all points in
the input data space.

1. A bounding hyper-block ofX is observed. Such hyper-block is de�ned with the
vector of lower boundsh l and upper boundshu such that h ( j )

l 6 x ( j )
i 6 h ( j )

u 8i 2
f 1; ::; ng 8j 2 f 1; ::; dg wherex ( j )

i representsj -th element of i -th vector from X

2. The hyper-block is �lled with randomly generated and uniformly distributed sam-
ples f a1; a2; :::;amg. By default we consider uniform random sampling. Note that
the choice ofm for concrete problem may depend onn and d (see also Sec. 3.2.2).

3. The anomaly score vectorY is constructed so that for each auxiliary sampleai ; i 2
f 1; ::; mg the respectiveyi 2 Y is computed ask-Nearest Neighbor mean distance
G(�):

yi = G(ai ) =
1
k

kX

j =1

D j (ai ) (1)

whereD j (ai ) represents thej -th smallest distance ofai to samples fromX . Note
that the number of neighborsk is a parameter [28, 17].
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2.1.2 Adaptive auxiliary set construction

Uniform auxiliary as de�ned above set is sub-optimal due to multiple reasons. Clearly
the distribution of points in uniform auxiliary set does not re�ect varying importance
of various regions in the auxiliary space; uniform auxiliary set can easily waste sampled
points in regions of no importance while lacking coverage in dense complicated modes.
Another problem is the de�nition of the bounding hyper-block; its hard boundaries can
lead to misrepresentation of true distribution of anomalies. It may and does happen that
due to sampling the input data represent distributions that in fact should be modeled
way outside the boundaries of the hyper-block that rely too tightly on the particular
sampling represented in the input data.

We propose to construct auxiliary data set adaptively to re�ect the distribution in
input data. This is achieved by generating auxiliary samples according to a modi�ed
Parzen estimate of the input density. No bounding hyper-block is thus needed, while
the auxiliary samples now become more frequent in areas of more detail. The resulting
auxiliary data set is thus expectably signi�cantly better than the uniform one of the same
size (nr. of samples).

1. Optimal varianceh for Parzen window approximation ofX is discovered.

2. The auxiliary set A = f a1; a2; :::;amg is created as realization of Parzen approx-
imated distribution of X as follows: We iterate over samples ofX and create
ai = x i + N (0; h � kvar ) where kvar (variance multiplicative coe�cient) is a pa-
rameter. Typically m > n thus one sample formX generates more samples in
A :

8i 2 f 1; :::; mg : ai = x i mod n + N (0; h � kvar )

Note that the choice ofm and kvar for concrete problem may depend onn and d
(see also Sec. 3.2.2).

3. The anomaly score vectorY is constructed in the same way as for uniform auxiliary
set. (see Sec. 2.1.1, step 3)

2.2 Training of the model

The feed forward multi-layer neural network (see Fig.1) is trained withA and Y to be
able to predict the anomaly score. In other words, the input vectorai 2 Rd is projected
to y0

i 2 R as follows:
y0

i = f � (ai ) = f (4)
� (4) (f (3)

� (3) (f (2)
� (2) (f (1)

� (1) (ai )))) (2)

where f ( j )
� ( j ) represents thej -th layer of the NN and the layer propagation is de�ned as:

f ( j )
� ( j ) (ai ) = c(W ( j )ai + b ( j )) (3)

thus f ( j ) is parameterized by� ( j ) = f W ( j ) ; b ( j )g, c is an activation function, W ( j ) is
a weight matrix and b ( j ) is a bias vector of thej -th layer.
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Figure 1: Structure of the utilized network

The parameters of the model are optimized withA and Y such that the average loss
function is minimized:

� � = arg min
�

1
m

mX

i =1

L
�

yi ; y0
i

�
(4)

whereL represents a loss function.

3 Experimental Evaluation
The main aim of the experiment is to compare the two mentioned approaches to standard
kNN based anomaly detection and to discover possible advantage of adaptive approach
in comparison to uniform approach. The experiment is performed on real data from
computer network tra�c. As a metric we use area under the curve of receiver operating
characteristics (AUC of ROC) [3]. 1

3.1 Data Set
Our aim is to operate on real data form computer network tra�c. The dataset was
provided by Cisco Systems company and it describes connections between users and
servers. Originally, the datset is multiclass thus to create an AD dataset we have adopted
the experimental protocol of Emmott [9], who has introduced a methodology of creating
general AD benchmarking sets using multi-class data.

One selected class is used to form the non-anomalous data and some of the others are
used as source of anomalies. The concrete choice of anomaly representing classes leads up
to four di�erent datasets of four levels of detection’ di�culty. Emmott demonstrated the

1The utilized hardware for this experiment is provided by the supercomputer services of the computing
and information center at the Czech Technical University and Cognitive Research at Cisco Systems,
Prague.
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utility of such approach by creating a number of carefully selected sets and using them
to evaluate performance of six popular AD method. There is a large number of various
multi-class data sets usually based on a real-world data in the UCI repository hence the
constructed benchmark sets provide a reasonable reality check. In 2014 Dau considered
Emmott’s methodology as the most advanced [6].

To give more insight into method’s performance under various conditions the anoma-
lous data are grouped according to their di�culty. We thus perform our evaluation on
easy, medium, hard and very hardproblems. The set has 222 455 samples and dimension
10.

3.2 Evaluation Setup

To construct training and testing sets, in all cases random sampling is used such that 75
% of normal (non-anomalous) samples is used for training and the rest 25 % for testing.
The anomalous samples are only used for testing. The score is measured with AUC of
ROC [3] as is common in literature. The advantage of this metric is the independence on
speci�c thresholding.

3.2.1 k-Nearest Neighbors Setup

To evaluatekNN accuracy we compute AUC according to the anomaly score obtained as
mean distanceG(�) introduced in Equation (1).

The optimal choice of the parameterk which is essential forkNN is not addressed in
this paper. However, we observedk = 5 as the best performing thus it is used for all
presented experiments. Remark: note that the proposed method is applicable for anyk.

3.2.2 Proposed Method Setup

To evaluate the accuracy of the proposed model we compute AUCs using the neural
network introduced in Section 2.2. The method is subject to parametrization: its perfor-
mance can be a�ected by the properties of auxiliary data set as well as by the standard
neural model parametrization (number of layers, number of neurons in layers etc).

We �xed the auxiliary set construction parameters for all experiments as follows. We
�xed k = 5 in kNN used for auxiliary data set construction to get results comparable to
the standalonekNN anomaly detector. The auxiliary data set is constructed as described
in Section 2.1.1 with the total number of auxiliary samples set tom = n � d � l , where l
is set to 18. The choice of the parameterl is empirical and re�ects a trade-o� between
model accuracy and computational complexity of the training.

ReLU (f (x) = max(0 ; x)) activation function is used for all neurons (except input).
Size of batch is set always to 80. We opted for a simple meta-optimization of neural model
parameters so as to avoid the worst local optima. The same procedure is applied across all
benchmark data. For this purpose we train for each training data set multiple models, to
eventually retain the version with best loss function result. The variation across training
runs consist in: 2 or 3 hidden layers, hidden layer size3d or 5d, multiple random weight
initialization, number of iterations thresholded by six values between 15000 and 700000.
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Figure 2: Top: Performance’s dependence on parameterkvar for each di�culty. The
chart indicates that optimal value could vary on the problem di�culty. The very hard
problem reach maximal score forkvar = 2 for which even hard performs better than
easy and medium. Except very hard, the scores reach the maximum nearkvar = 4 .
With growing kvar above 4 the scores decrease rapidly for harder problems. Bottom:
Performance’s dependence on parameterkvar averaged over all di�culties. It is apparent
that the optimal choice iskvar = 4

3.2.3 Hyper-parameter tuning for adaptive auxiliary set computing

The adaptive approach utilize parameterkvar (variance multiplicative coe�cient) which is
essential to correct the variance obtained by the Parzen window coverage that surprisingly
must be scaled to become e�cient. Full analysis of various coe�cients for each di�culty
separately is given in Fig. 2. However, the optimal parameter was selected over all
di�culties as maximum of the average score.
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3.3 Detection Accuracy Results

Table 1: proposed methodversuskNN, grouped by problem di�culty.
Easy Medium Hard V. Hard Win Avg

kNN 96,0 94,9 96,2 90,8 2 94,5
Uniform 94,0 90,3 79,4 65,9 0 82,4
Adaptive 98,5 97,7 95,9 80,0 2 93,0

Assessing results of three methods over multiple datasets (di�culties) can be done
in multiple ways [8]. We provide the achived AUC accuracies in table 1, each column
covering one problem di�culty level with highlighted best score for each problem. The
proposed method with uniform approach achieved lowest score for each problem. However
the adaptive approach outperformskNN at easyand medium level. Two overall compar-
ison methodologies such as counts of wins and averages over the datasets are provided in
the table.

The results show that the adaptive approach outperforms the uniform approach at
most di�culty levels. The results do not show signi�cant di�erence between the proposed
method with adaptive approach and coventionalkNN with exception of the very hard
anomalies.

To summarize, the introduction of adaptive auxiliary set has enabled considerable
improvement of accuracy achieved by the neural model on a real world dataset that can
be considered challenging in general. The computational complexity in the application
phase is not a�ected by switching to the adaptive approach; for details we refer to the
complexity analysis given in [10].

4 Discussion

Figure 3: Anomaly scores on a 2D projection of the utilized data set inferred by distance
to k-nearest neighbours. Warmer color depicts higher anomaly.

To give more insight into how the proposed model replicateskNN-induced anomaly
distribution we provide heat-maps on 2D projection of the utilized dataset. Fig.3 de-
picts anomaly score distribution obtained bykNN. Fig.4 demonstrates the anomaly score
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Figure 4: Anomaly scores on a 2D projection of the utilized data set. Anomalousness
inferred by the proposed model. Non-adaptive approach is on the left side, adaptive on
the right side. Warmer color depicts higher anomaly.

distribution imposed by the proposed model for both the non-adaptive and adaptive
approach.

To construct the heat-maps the dataset were transformed into 2D space using PCA.
The respective anomaly in each pixel position is marked by color on a scale from blue
(lowest anomaly) to red (highest anomaly).

Note also that we have not exhausted all parametrization options of the neural network
when comparing the proposed model tokNN. It should be also noted that the main
idea behind our proposed method does not actually depend on neural networks. Once
an auxiliary set is constructed, it should be possible to apply any predictor capable of
learning from samples with labels fromh0; 1i .

In this experiment, we assume there is the only optimal value for parameterkvar even
though separate tuning for each problem would reach to better score of the adaptive
approach. Our experiment is based on real simulation where no information about the
character of tested data is available. However there is an opportunity for further research
about how to tune the parameter with respect to what types of anomalous data we focus
on.

The accuracy of the proposed method thus depends crucially on the number and dis-
tribution of auxiliary samples. In the present paper we assume only the constant number
of axiliary samples for both approaches of the proposed experiment (cf. Section 3.2.2).
Expectably the accuracy of the proposed model can be improved further by optimization
of the auxiliary set size with respect to data set properties. This is the subject of our
next e�ort.

5 Conclusion
We propose an novel adaptive approach for density-approximating neural network models
for anomaly detection. We take use of distance-basedk-Nearest Neighbor principle to en-
able unsupervised training of neural networks that directly model the density of anomaly
values. This is in contrast to most neural networks where anomality is modeled indirectly
through reconstruction error or other proxy criterion. The non-adaptive approach has
been shown to perform well [10] while using only a naïve auxiliary set construction; in
this paper we use the adaptive approach that better corresponds with the nature of the
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input data and that is able to achieve signi�cantly better coverage with the auxiliary set.
This is crucial for successful modeling of non-trivial data sets, such as real data from
network tra�c, where the uniform sampling appears insu�cient.

We compare the proposed approach’s accuracy tokNN on an set of real data. To
obtain robust results we de�ned meta-optimization of parameters for both approaches of
the compared neural models. The evaluation shows that the proposed approach exhibits
multiple advantages. When compared to the uniform density approach it often provides
better accuracy. When compared tokNN it provides comparable accuracy with princi-
pally lower computational complexity - an important property especially in on-line and
embedded anomaly detection applications.
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Abstract. This work deals with higher-order numerical scheme for multicomponent 
ow of
mixture in porous media. Mathematical model uses Darcy law to describe velocity �eld, vo-
lume balance equations for the components of the mixture and volume balance equation with
prescribed initial and boundary conditions. Problem is solved via iterative IMPEC (implicit
pressure, explicit concentration) method with mixed-hybrid �nite element method to discre-
tize Darcy’s velocity using higher-order Raviart-Thomas element and discontinuous Galerkin
method to discretize transport and pressure equations. In the numerical experiment of the one-
dimensional 
ow the functionality of the scheme is demonstrated including its presumed order
of convergence.

Keywords: Compositional 
ow, Mixed-hybrid �nite element method, Discontinuous Galerkin
method

Abstrakt. V tØto prÆci se zabývÆme numerickým schØmatem vy„„ího łÆdu płesnosti pro proudìní
víceslo¾kovØ smìsi v porØzním prostłedí. Matematický model vyu¾ívÆ popisu rychlosti pomocí
Darcyho zÆkona, bilanŁních rovnic pro komponenty smìsi a rovnice pro objemovou bilanci s
poŁÆteŁními a okrajovými podmínkami. ProblØm łe„íme iterativní metodou IMPEC (implicit
pressure, explicit concentrations) v kombinaci se smí„enou hybridní verzí metody koneŁných
prvkø za pou¾ití vy„„ího Raviartova-Thomasova prvku pro diskretizaci Darcyho zÆkona a ne-
spojitou Galerkinovou metodou pro diskretizaci transportních rovnic a rovnice pro tlak. V nu-
merickØm experimentu jednodimenzionÆlního proudìní je demonstrovÆna funkŁnost schØmatu
vŁetnì jeho płedpoklÆdanØho łÆdu płesnosti.

KlíŁovÆ slova:KompoziŁní proudìní, Smí„enÆ hybridní metoda koneŁných prvkø, NespojitÆ
Galerkinova metoda

1 Úvod

TradiŁní płístup k modelovÆní transportu smìsí je pou¾ití metod nízkých łÆdø pro apro-
ximaci płíslu„ných rovnic. To mø¾e vØst k nutnosti łe„it problØm na velmi jemných sítích,
co¾ zejmØna płi pou¾ití neimplicitních łe„iŁø vede k jejich nestabilitì płi vìt„ích Łasových

� Tato prÆce byla podpołena grantem SGS17/194/OHK4/3T/14.
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krocích. V tØto prÆci implementujeme novou iteraŁní metodu [3] spolu s metodami vy-
„„ích łÆdø, płiŁem¾ uvidíme, ¾e výslednØ numerickØ łe„ení je ji¾ płi pou¾ití hrubØ sítì
relativnì płesnØ jak kvalitativnì, tak kvantitativnì. V nÆsledujícím textu płedstavíme
zÆklady modelovÆní proudìní víceslo¾kovØ smìsi v porØzním prostłedí a podrobnìji ro-
zebereme odvození płíslu„ných rovnic pro potłeby metod koneŁných prvkø a diskrØtní
Galerkinovy metody, płiŁem¾ se omezíme na výklad v jednØ dimenzi.

2 Matematický model

2.1 Transportní rovnice

PłedpoklÆdejme stlaŁitelnØ 1D proudìní jednofÆzovØ smìsi onc komponentÆch v porØzním
prostłedí s danou porozitou� płi konstantní teplotì T . ZanedbÆme-li difuzi, transport
komponent smìsi lze popsat nÆsledujícími bilanŁními rovnicemi hmoty

@(� (x)ci (x ; t))
@t

+ r � (ci (x ; t)v (x ; t)) = f i (x ; t); i = 1 ; :::; nc; (1)

kdeci je celkovÆ molÆrní koncentracei -tØ komponenty,f i je złídlový Łlen i -tØ komponenty
a v je rychlostní pole. Rychlostní pole zde popisujeme pomocí Darcyho zÆkona s absencí
gravitaŁního pole

r p = � � k � 1 � v ; (2)

kde � [kg � m� 1 � s� 1] je viskozita ak = k(x) je permeabilita prostłedí. Z bilance objemu,
viz [1], lze odvodit nÆsledující rovnici pro tlak

@(� (x)p(x ; t))
@t

+
ncX

i =1

� i (t)r � (ci (x ; t)v (x ; t)) =
ncX

i =1

� i (t)f i (x ; t): (3)

VeliŁina � i je spojenÆ s molÆrním objemem smìsi a lze ji vypoŁítat pomocí stavovØ rovnice
p = p(c1; :::; cnc ; T) jako

� i =
�

@p
@ci

�
: (4)

2.2 Formulace modelu

Nech»
 � Rd; d 2 N je omezenÆ oblast a nech»I � R je Łasový interval. V 
 � I łe„íme
nÆsledující soustavu rovnic pro celkovØ koncentracei � tØ slo¾ky smìsi ci = ci (x ; t)

@(� (x)ci (x ; t))
@t

+ r � (ci (x ; t)v (x ; t)) = f i (x ; t); i = 1 ; :::; nc; (5)

kde v je dÆno (2). Rovnice (2), (3) a (5) propojujeme stavovou rovnicí

p = p(c1; :::; cnc ; T); (6)
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a płedepisujeme nÆsledující poŁÆteŁní a hraniŁní podmínky

ci (x ; 0) = c0
i (x); 8x 2 
 ;

ci (x ; t) = cD
i (x); 8x 2 
 ; t > 0

p(x ; t) = pD (x ; t); 8x 2 � p; t 2 I;
v (x ; t) � n(x) = vN (x ; t); 8x 2 � v; t 2 I;

(7)

kde n je vnì orientovaný jednotkový normÆlový vektor k hranici @
 , � p [ � v = @

a � p \ � v = ; . Poznamenejme, ¾e rovnice (6) a (7) jsou svÆzÆny podmínkoupD =
p(cD

1 ; :::; cD
nc

; T).

3 NumerickØ łe„ení
Rovnici pro tlak (3) łe„íme smí„enou hybridní verzí metody koneŁných prvkø s vy„„ím
łÆdem płesnosti. ZískanØ rychlostní pole je pou¾ito v transportních rovnicích, kterØ jsou
łe„eny nespojitou Galerkinovou metodou (DG). V dal„ím se omezíme na jednu dimenzi,
tj. v rovnicích (5) - (7) klademe d = 1 . Oblast 
 � R pokryjeme numerickou sítí s poŁtem
elementøne.

3.1 Diskretizace rychlostního pole
CelkovØ rychlostní pole je aproximovÆno pomocí Raviartova-Thomasova prvku prvního
stupnì jako

vK (x; t ) =
3X

j =1

vK;j (t)wK;j (x); (8)

kde wK;j je bÆzovÆ funkce prostoruRT1(K ) a vK;j je płíslu„ný stupeò volnosti. Diskre-
tizací Darcyho zÆkona (2) získÆme płedpis provK;j jako fuknci tlaku. Rovnice (2) vynÆ-
sobíme bazickou funkcíwK;m a nÆslednou integrací płes elementK = ( a; b) a pou¾itím
per-partes získÆme

(pwK;m )jb � (pwK;m )ja �
Z

K
p

@wK;m

@x
+ � K

3X

l=1

vK;l

Z

K
wK;m k � 1wK;l = 0 : (9)

Na tomto místì poznamenejme, ¾e v jednØ dimenzi platíE 2 @K= f a; bg, pro K = ( a; b).
Tlak na elementuK aproximujeme lineÆrní funkcí ve tvaru

pK (x; t ) =
2X

j =1

� K;j (t)� K;j (x); (10)

kde P1(K ) = spanf � 1; � 2g je prostor polynomø na elementuK stupnì nejvý„e jedna.
Tlak na hranicích elementu popisujeme konstantní funkcí

p(x; t )jE = �̂ K
E;1(t) (11)
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V tØto prÆci volíme

� K; 1(x) = 1 ; � K; 2(x) =
2

b � a
(x �

b+ a
2

) pro 8x 2 K = ( a; b): (12)

Rovnice (9) pak płejde na tvar

3X

l=1

~� K
m;l vK;l = � � 1

K

 
2X

i =1

� K
i;m � K;i �

X

E 2 @K

�̂ K
E;1� K;m

E

!

; (13)

kde jsme proK = ( a; b) oznaŁili

~� K
m;l =

Z

K
wK;m k � 1wK;l ;

� K
i;m =

Z

K
� K;i

@wK;m

@x
;

� K;m
E =

(
� wK;m (a); E = f ag;
wK;m (b); E = f bg;

(14)

Inverzí matice ~� K = [~� K
m;l ]

3;3
m;l =1 získÆme explitní vztah pro rychlostivK;j , j = 1 ; 2; 3

vK;j = � � 1
K

"
3X

l=1

� K
j;l

2X

m=1

� l;m � K;m �
2X

l=1

� K
j;l

X

E 2 @K

�̂ K
E;1� K;j

E

#

; j = 1 ; 2; 3; (15)

kde jsme oznaŁili� K
m;l = [~� K ]� 1

m;l . Proto¾e na veliŁinu k je kladena podmínkak(x) > 0,
8x 2 
 , lze matici ~� K invertovat. Podmínku spojitosti normÆlových komponent rych-
lostního pole na hranÆchE = K \ K 0 sousedících elementøK; K 0 zapí„eme pomocí
płíslu„ných stupòø volnosti na hranì E . V płípadì 1D je to pouze jeden stupeò volnosti

vK;j + vK 0;j 0 = 0 ; (16)

kde index j , resp. j 0 oznaŁuje stupeò volnosti płíslu„ný hranì E = K \ K 0 a elementuK ,
resp. K 0. NÆsledující podmínka vyjadłuje rovnost tlakø (resp. spojitost tlaku) na hranì
E dvou sousedících elementøK; K 0

�̂ K
E;1 = �̂ K 0

E;1 =: �̂ E : (17)

Diskretizací hraniŁních podmínek (7) získÆme

�̂ E = �̂ D
E;mean ; 8E � � p;

vK;j 0 = vN
E;mean ; 8E; K : E � � v; E 2 @K;

(18)

kde �̂ D
E;mean je płedepsanÆ hodnota tlakup zprømìrovanÆ na hranuE a vN

E;mean je płe-
depsanÆ rychlost na hranìE 2 @K � � v, kde index j 0 opìt oznaŁuje stupeò volnosti
płíslu„ný hranì E elementuK . Symbol K : E oznaŁuje elementyK sousedící s hranou
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E . Pomocí rovnice (16) lze eliminovat rychlost a získat tak systØm lineÆrních algebraic-
kých rovnic pro neznÆmØ� a �̂

X

K :E 2 @K

"

� � 1
K

3X

l=1

� K
j;l

2X

m=1

� l;m

#

� K;m (t)�

X

K :E 2 @K

"

� � 1
K

2X

l=1

� K
j 0;l

X

E 02 @K

� K;j 0

E 0

#

�̂ K
E 0(t) =

X

K :E 2 @K� � v

vN
E;j (t); 8E 6� � p;

�̂ E (t) = �̂ D
E (t); 8E � � p;

(19)

co¾ lze zapsat v maticovØ formì

R � � � M � �̂ = V : (20)

Prvky matic R ; M a vektoru V lze snadno vyŁíst ze soustavy (19).

3.2 Aproximace transportních rovnic a rovnice pro tlak
Transportní rovnice (1) s podmínkami (7) łe„íme pomocí diskrØtní Galerkinovy metody.
VynÆsobením (1) bazickou funkcí� K;m a integrací płes elementK = ( a; b) s pou¾itím
per-partes dostaneme proi = 1 ; :::; nc

� K
d
dt

Z

K
ci � K;m + [( ci � K;m vK )jb � (ci � K;m vK )ja] �

Z

K
ci (vK

@� K;m

@x
) =

Z

K
f i � K;m ; (21)

kde jsme oznaŁili� K zprømìrovanou hodnotu porozity � płes elementK . Rychlostní pole
vK aproximujeme pomocí (8) a koncentracici pro i = 1 ; :::nc aproximujeme za pou¾ití
bÆzeP1(K ) = spanf � K; 1; � K; 2g opìt pomocí lineÆrní funkce jako

ci;K (x; t ) =
2X

j =1

� i;K;j (t)� K;j (x): (22)

JednÆ se tedy o po elementech lineÆrní aproximaci nespojitou płes hranice elementø. Po
œpravì (21) získÆme proi = 1 ; :::; nc, m = 1 ; 2 a ka¾dØK 2 Th

� K

2X

j =1

~� K
m;j

d� i;K;j (t)
dt

+
3X

j =1


 i;K
m;j (t)vK;j (t) = Fi;m (t); (23)

kde jsme oznaŁili

~� K
m;j =

Z

K
� K;m � K;j ; Fi;m (t) =

Z

K
f i (t)� K;m


 i;K
m;j (t) =

X

E 2 @K

� K;j
E;m ĉi;K;E (t) �

3X

l=1

� K;m
j;l � i;K;l (t);

� K;j
E;m =

(
� (wK;j � K;m )(a); E = f ag;
(wK;j � K;m )(b); E = f bg;

� K;m
j;l =

(
� (wK;j � K;l

@� K;m
@x )(a); E = f ag;

(wK;j � K;l
@� K;m

@x )(b); E = f bg:
(24)
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Ve výrazu (24) pro 
 i;K
m;j (t) vystupuje veliŁina ĉi;K;E (t), kterou poŁítÆme pomocí upwin-

dovØho schØmatu

ĉi;K;E (t) =

8
><

>:

ci;K (x; t ); vK nE � 0; x 2 E = K \ K 0

ci;K 0(x; t ); vK nE < 0; x 2 E = K \ K 0 =2 � v;
cD

i (x; t ); vK nE < 0; x 2 E = K \ K 0 2 � v:
(25)

Inverzí matice ~� K = [~� K
m;j ]3;3

m;j =1 získÆme proi = 1 ; :::; nc, m = 1 ; 2 a ka¾dØK 2 Th

d� i;K;m (t)
dt

=
1

� K

2X

j =1

� K
m;j Fi;m (t) �

1
� K

2X

j =1

vK;j (t)

 
2X

q=1

� K
m;q 
 i;K

q;j (t

!

� C i;K
m (t): (26)

Podobným postupem s rovnicí pro tlak (3) získÆme prom = 1 ; 2 a ka¾dØK 2 Th

� K

2X

j =1

~� K
m;j

d� K;j (t)
dt

+
ncX

i =1

� i (t)
3X

j =1


 i;K
m;j (t)vK;j (t) =

ncX

i =1

� i (t)Fi;m (t): (27)

Do płedchozí rovnice (27) dosadíme vztah (15) pro rychlosti, Łím¾ po œpravÆch dostaneme

d� K;m (t)
dt

=
2X

j =1

� K
m;j (t)� K ; j (t) +

2X

j =1

� K
m;j (t) �̂ K

j (t) + ’ K
m (t) � P K

m (t); (28)

kde jsme pomoí inverze� K
m;q = [~� K ]� 1

m;q oznaŁili

� K
m;j (t) = �

1
� K

� � 1
K

 
2X

q=1

� K
m;q

"
ncX

i =1

� i (t)
3X

l=1


 i;K
q;l (t)

3X

r =1

� K
r;l �

K
j;r

#!

;

� K
m;j (t) =

1
� K

� � 1
K

 
2X

q=1

� K
m;q

"
ncX

i =1

� i (t)
3X

l=1


 i;K
q;l (t)� K

j;l

#!

;

’ K
m (t) =

1
� K

 
ncX

i =1

� i (t)
2X

q=1

� K
m;qFi;q (t)

!

:

(29)

3.3 ¨asovÆ diskretizace
Semi-diskrØtní rovnici (28) nyní zdiskretizujeme v Łase pomocí! � schØmatu Eulerovy
metody nÆsledovnì

� n+1
K;m = � n

K;m + ! � tPK;n +1
m + (1 � ! )� tPK;n

m ; 8K 2 Th; m = 1 ; 2; (30)

kde ! 2 h0; 1i . Rovnice (30) płejde pro! = 0 v explicitní schØma, pro! = 1 v implicitní
schØma a pro! = 1=2 ve schØma druhØho łÆdu płesnosti Cranka a NicolsonovØ. Proto¾e
je výraz PK

m lineÆrní v neznÆmØ� K;m , lze dÆle (30) płepsat na
2X

j =1

h
� m;j � ! � t� K;n +1

m;j

i
� n+1

K;j �
2X

j =1

h
(1 � ! )� t� K;n +1

m;j

i
�̂ n+1

K;j = � n
K;m + (1 � ! )� t

�
PK;n

m + ’ K;n +1
m

�

= GK
m ; 8K 2 Th; m = 1 ; 2:

(31)



ModelovÆní transportu víceslo¾kovØ smìsi v porØzním prostłedí 67

Płedchozí vztah (31) zapí„eme v maticovØ formì

D � � n+1 + H � �̂ n+1 = G : (32)

Rovnici (26) pro koe�cienty � i;K;m koncentracíci;K diskretizujeme podobnì, viz sekce 3.4.

3.4 IteraŁní schØma
Pro výpoŁet numerickØho łe„ení jsme vyu¾ili iterovanØ IMPEC schØma popsanØ v [3].

1. Pro n = N0 : NT opakujeme.

2. Inicializace:
l := 0 .
� n+1 ;0

K;m = � n
K;m ,

� n+1 ;0
i;K;m = � n

i;K;m .
hodnoty �̂ n+1 ;0

E získÆme łe„ením łe„ení (19),
hodnoty vn+1 ;0

K;m získÆme łe„ením (15),
hodnoty � n+1 ;0

i , získÆme łe„ením (4),

3. Opakuj

(a) l := l + 1 .
(b) Vyłe„íme dvojici soustav (20) a (32) pro neznÆmØ� n+1 ;l a �̂ n+1 ;l

R � � n+1 ;l � M � �̂ n+1 ;l = V ;
D � � n+1 ;l + H � �̂ n+1 ;l = G ;

(33)

kde lze s výhodou vyu¾ít toho, ¾e matice D je (blokovì) diagonÆlní a tak lze
její inverzi snadno vypoŁítat.

(c) VypoŁteme

vn+1 ;l
K;j = � � 1

K

"
3X

l=1

� K
j;l

2X

i =1

� l;i � n+1 ;l
K;i �

2X

l=1

� K
j;l

X

E 2 @K

�̂ K;n +1 ;l
E � K;m

E

#

; j = 1 ; 2; 3:

(34)
(d) Nalezneme neznÆmØ hodnoty� n+1 ;l

i pro i = 1 ; :::nc, diskretizací (26) z rovnice

� n+1 ;l
i;K;m = � n

K;m + ! � t ~Ci;K;n +1 ;l;l � 1
m + (1 � ! )� tCi;K;n

m ; 8K 2 Th; m = 1 ; 2;

~Ci;K;n +1 ;l;l � 1
m =

1
� K

2X

j =1

� K
m;j F n+1

i;m �
1

� K

3X

j =1

vn+1 ;l
K;j

 
2X

q=1

� K
m;q 
 i;K;n +1 ;l � 1

m;j

!

:

(35)
(e) Iterace konŁí, pokud platí

maxf
jjpn+1 ;l � pn+1 ;l � 1jj 2

L 2

jjpn+1 ;l jj 2
L 2

;
ncX

i =1

jjcn+1 ;l
i � cn+1 ;l � 1

i jj 2
L 2

jjcn+1 ;l
i jj 2

L 2

;
ncX

i =1

jj � n+1 ;l
i � � n+1 ;l � 1

i jj2
L 2

jj � n+1 ;l
i jj 2

L 2

g < tol ;

(36)
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kde tol je płedepsanÆ płesnost a

pK =
2X

j =1

� K ; j � K;j ; ci;K =
2X

j =1

� i;K;j � K;j ; i = 1 ; :::nc: (37)

Pokud jsme dosÆhli po¾adovanØ płesnosti, poklÆdÆme� n+1 = � n+1 ;l , vn+1 =
vn+1 ;l a � n+1

i = � n+1 ;l
i , i = 1 ; :::nc, n := n + 1 a jdeme na krok 1. V opaŁnØm

płípadì jdeme na krok (a).

4 Výsledky
Navr¾enØ numerickØ schØma otestujeme na 1D œloze, její¾ analytickØ łe„ení je znÆmo.
Uva¾ujeme œlohu pro
 = ha; bi , I = ( t0; � ), nc = 1 , f 1(x; t ) = 0 , � = 1 , k = 1 , � = 1=2
se stavovou rovnicíp = c. Øe„íme tedy œlohu

@c(x; t )
@t

�
@

@x
(c(x; t )v (x; t )) = 0 ; v = � 2

@c
@x

; (38)

s poŁÆteŁní a hraniŁnímí podmínkami

c(x; 0) = B (x; t 0); 8x 2 
 ;
p(x; t ) = B (x; t ); 8x 2 � p; t 2 (t0; � );
v (x; t ) = 0 ; 8x 2 � v; t 2 (t0; � );

(39)

kde B = B (x; t ) je Barenblattovo łe„ení œlohy ve tvaru

B (x; t ) = t � 1
3

�
1 �

x2

12
t � 2

3

�

+
; (40)

kde (z)+ = maxf z;0g. DÆle volíme oblast
 = h0; 100i , poŁÆteŁní Łast0 = 4 � 103 a kon-
cový Łas � = 106. NumerickØ łe„ení je srovnÆno s analytickým (40) pomocí experimentÆl-
ního łÆdu konvergence (EOC) za pou¾ití prvkøRT0 a RT1. AnalytickØ łe„ení je projek-
tovÆno na numerickou sí», kde je poŁítÆno numerickØ łe„ení a to v¾dy do krajø intervalu
elementu. AnalytickØ łe„ení je tak aproximovÆno po elementech lineÆrní funkcí. Chybu
En mezi analytickým a numerickým łe„ením poŁítÆme ve tłech normÆchL1; L2 a L1 .
¨asový krok volíme � t = 400 a Łasovou diskretizaci volíme schØma Cranka-NicolsonovØ,
tj. ! = 0 :5 v (31) a (35).

Z tabulky 3 vidíme, ¾e zjemòujeme-li Łasový krok œmìrnì prostorovØmu kroku� t �
1=ne, dochÆzí ke sní¾ení łÆdu płesnosti, i kdy¾ je pou¾ita metoda druhØho łÆdu Cranka-
NicolsonovØ. ProblØm patrnì spoŁívÆ v kroku (d) iteraŁního algoritmu, kdy koncentrace
na novØ ŁasovØ hladinì poŁítÆme explicitnì. AŁkoliv se toto explicitní iteraŁní schØma
płibli¾uje k implicitnímu schØmatu pomocí vnitłního iteraŁního cyklu, schØma bude mít
patrnì zlomkový łÆd płesnosti v Łase.
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Tabulka 1: Chyby koncentracíc v Łase� = 106 vøŁi analytickØmu łe„ení a EOC proRT0.
Pro Łasový krok platí � t � 1=n2

e.

Sí» (ne) � t jjEn jj L 1 EOC1 jjEn jj L 2 EOC2 jjEn jj L 1 EOC1

4 100 5:6314� 10� 3 � 7:1172� 10� 4 � 1:8286� 10� 4 �

8 25 2:8488� 10� 3 0:9838 3:5985� 10� 4 0:9839 9:7048� 10� 5 0:9131

16 6.25 1:4332� 10� 3 0:9911 1:8096� 10� 4 0:9917 5:0018� 10� 5 0:9563

32 1.5625 7:1949� 10� 4 0:9942 9:0770� 10� 5 0:9954 2:5397� 10� 5 0:9778

64 0.39063 3:6063� 10� 4 0:9965 4:5467� 10� 5 0:9974 1:2797� 10� 5 0:9888

128 0.0976561:8057� 10� 4 0:9979 2:2757� 10� 5 0:99853 6:4240� 10� 6 0:99432

Tabulka 2: Chyby koncentracíc v Łase� = 106 vøŁi analytickØmu łe„ení a EOC proRT1.
Pro Łasový krok platí � t � 1=n2

e.

Sí» (ne) � t jjEn jj L 1 EOC1 jjEn jj L 2 EOC2 jjEn jj L 1 EOC1

4 100 3:4048� 10� 4 � 3:8893� 10� 5 � 8:3915� 10� 6 �

8 25 8:5181� 10� 5 1:9990 9:7260� 10� 6 1:9996 2:1038� 10� 6 1:9959

16 6.25 2:1300� 10� 5 1:9997 2:4317� 10� 6 1:9999 5:2663� 10� 7 1:9981

32 1.5625 5:3252� 10� 6 2:0000 6:0794� 10� 7 2:0000 1:3174� 10� 7 1:9991

64 0.39063 1:3300� 10� 6 2:0008 1:5195� 10� 7 2:0003 3:2944� 10� 8 1:9996

128 0.0976563:3266� 10� 7 1:9998 3:7990� 10� 8 2:0000 8:2373� 10� 9 1:9998

Tabulka 3: Chyby koncentracíc v Łase� = 106 vøŁi analytickØmu łe„ení a EOC proRT1.
Pro Łasový krok platí � t � 1=ne.

Sí» (ne) � t jjEn jj L 1 EOC1 jjEn jj L 2 EOC2 jjEn jj L 1 EOC1

64 12.5 1:3061� 10� 6 � 1:5175� 10� 7 � 3:3731� 10� 8 �

128 6.25 3:2024� 10� 7 2:0281 3:8283� 10� 8 1:9869 8:9815� 10� 9 1:9090

256 3.125 8:0228� 10� 8 1:9970 1:0033� 10� 8 1:9319 2:5192� 10� 9 1:8340

512 1.5625 2:2174� 10� 8 1:8553 2:9758� 10� 9 1:7535 7:6625� 10� 10 1:7171

1024 0.781258:6899� 10� 9 1:3514 1:0664� 10� 9 1:4805 2:5281� 10� 10 1:5997

2048 0.390632:4776� 10� 9 1:8104 2:9762e � 10� 10 1:8413 6:8590� 10� 11 1:8820
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ObrÆzek 1: Kvalitativní porovnÆní numerickØho łe„ení v nìkolika Łasových hladinÆch za
pou¾ití RT0 (nahołe) a RT1 (dole). ¨erchovanou ŁÆrou je vyzobrazeno analytickØ łe„ení
a plnou ŁÆrou numerickØ łe„ení.

5 ZÆvìr
V tØto prÆci jsme implementovali iteraŁní metodu fully mass-conservative iterative IM-
PEC spoleŁnì s MHFEM a DG vy„„ích łÆdø płesnosti pro modelovÆní jedno-fÆzovØho
proudìní víceslo¾kovØ smìsi v porØzním prostłedí. Pomocí srovnÆní se znÆmým analytic-
kým łe„ením jsme ovìłili vy„„í łÆd płesnosti v prostoru. Płi pou¾ití schØmatu Cranka-
NicolsonovØ s druhým łÆdem płesnosti v Łase jsme narazili na jev, kdy se chyba ŁasovØ
diskretizace nesni¾uje s łÆdem dva ale stÆle více ne¾ jedna. To spolu s implementací
metody ve dvou dimenzích bude płedmìtem dal„ího zkoumÆní.
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Abstract. Bayesian decision maker accumulates its knowledge into probability distribution
of an unknown parameter within a parametric model serving for prediction of future obser-
vations. Bayes’ rule is the unique accumulation mechanism whenever realisations of relevant
data are observed. In multiple-participant decision making, an independent knowledge is often
compressed by another participant into the probability distribution describing the same future
observations. The use of this probability distribution may signi�cantly spare the e�ort spent
by the knowledge-accumulating participant. Particular recommendations how to exploit this
knowledge description exist, but a systematic methodology is missing. This paper formulates
and solves a widely applicable knowledge processing respecting the information fusion principle.

Keywords: decision-making, information fusion, cooperation

Abstrakt. Bayesovský rozhodova£ uklÆdÆ svoji znalost jako pravd¥podobnostní rozd¥lení nad
neznÆmým parametrem skrze parametrický model slou”ící pro predikci budoucích pozorovÆní.
Bayesovo pravidlo je jedine£ný mechanismus akumulace nabytØ znalosti, kdykoliv je pozorovÆna
realizace relevantních dat. V multiagentním rozhodovÆní je nezÆvisle na sob¥ získanÆ znalost
£asto shroma”⁄ovÆna jiným agentem do pravd¥podobnostní distribuce popisující ta samÆ bu-
doucí pozorovÆní. Pou”ití tØto pravd¥podobnostní distribuce m•”e podstatn¥ u†et°it œsilí vy-
nalo”enØ agentem shroma”dujícím pot°ebnou znalost o parametrech. JistÆ doporu£ení jak vyu”ít
popis tØto znalosti existují, nicmØn¥ systematickÆ metodologie chybí. Tato prÆce formuluje a
°e†í †iroce aplikovatelnØ zpracovÆní znalosti s ohledem na princip fœze informace.

Klí£ovÆ slova:rozhodovÆní, fœze informace, spoluprÆce

Full paper: F. H•la, M. KÆrný, T.V. Guy. Fusion of Accumulated Probabilistic Knowl-
edge in Multiple-Participant Decision Making. Submitted to Information Fusion.
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Abstract. This contribution studies the phase transitions by following the time development
of the interface between a solid and liquid phase in a medium. Phase transitions can been
found both in the nature and in the industry. In the �rst part, the used mathematical model
is described. In the second part, a numerical solution based on the �nite-di�erence method is
given. Finally in the last part of the contribution, the simulations verifying the used model are
shown as well as some preliminary results of an anisotropic crystal growth.

Keywords: phase �eld, phase transition, crystal growth, dendrites

Abstrakt. V tomto p°ísp¥vku studujeme fÆzovØ p°echody na zÆklad¥ vývoje rozhraní mezi
pevnou a kapalnou fÆzí v mØdiu. FÆzovØ p°echody se vyskytují jak v p°írod¥, tak i v pr•myslu.
V první £Æsti p°ísp¥vku je popsÆn pou”itý matematický model. V druhØ £Æsti je ukÆzÆno
pou”itØ numerickØ °e†ení zalo”enØ na metod¥ kone£ných diferencí. Nakonec jsou v poslední
£Æsti p°ísp¥vku ukÆzÆny simulace potvrzující sprÆvnost pouzitØho modelu, jako” i p°edb¥”nØ
výsledky anizotropního r•stu krystal•.

Klí£ovÆ slova:fÆzovØ pole, fÆzovØ p°echody, r•st krystal•, dendrity

1 Introduction
The main motivation of this paper is to study and model a growth of crystals. The
crystallisation is a phenomenon occurring both in the nature (e.g. snow�akes) and in the
industry (from semi-conductors to jet engine turbines).

The study of the crystallization is limited to the time development of the interface
between a solid and liquid phase. Starting from a nucleus of solid phase the liquid phase
can either solidify at a nucleus boundary � enlarging the crystal � or the crystal itself
can melt and turn back to the liquid phase. This process can also be anisotropic � the
crystal grows faster in certain direction than in others creating dendrites.

This work follows papers by M. Bene†, which study the microstructure growth during
solidi�cation [1], [2], [3] and papers by A. �Æk, which study the growth in porous media [8],
[9]. This article is divided into two sections. In the �rst section, the used mathematical
model is described and a numerical scheme is presented. In the second section, the

� This work has been partially supported by the project �Investigation of shallow subsurface �ow with
phase transitions� No. 17-06759S of Czech Science Foundation.
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numerical scheme is �rst veri�ed by two settings with known analytical solutions. Then
several interesting cases are shown.

2 Mathematical model
In this section, we present the model of phase transitions and the numerical scheme used
to obtain a numerical solution.

A model, taken from [1], was used to describe the behaviour of the phase transi-
tions. This model consists of two partial di�erential equations for two variablesp and u
representing the phase and the temperature, respectively. It takes form:

�� 2@tp = g(�) � 2� p + f 0(p) + F (u; p) in (0; T) � 
 ;
�c@tu = � � u + L@tp in (0; T) � 
 ;
uj t=0 = uini ; vj t=0 = vini in 
 ;
uj@
 = 
 u; vj@
 = 
 v on (0; T) � @
 :

(1)

In this paper the right hand side functionf 0 always takes the form

f 0(p) = ap(1 � p)
�

p �
1
2

�
; (2)

wherea is a constant, while the right hand side source termF (u; p) is used in two di�erent
forms. The �rst one, denoted asModel 1, is

F (u; p) = � b�� 2(u � u� ) (3)

and the second one, denoted asModel 3, is

F (u; p) = � �� 2jr pj(u � u� ); (4)

where j � j is a norm. The functiong = g(�) , which determines the anisotropy, is set to a
constant value 1 in most experiments in this paper. The only exceptions are experiments
with dendrites in Sections 3.2.2 and 3.2.3, whereg(�) of the following form is used

g(�) = 1 + A(1 � m2) cos(m(� � � 0)) : (5)

Variable � is dependent on the gradient ofp as � = arctan
�

@x p
@y p

�
. The values of param-

eters � 0 and m determine the anisotropy type. In nature, mostly 4-fold (form = 4 ) and
6-fold (for m = 6 ) symmetries occur. Furthermore, value of parameterA has to satisfy
the following condition

A <
1

m2 � 1
: (6)

The physical properties used areL the latent heat, u� the transition temperature (or
melting point), � the heat conductivity, � the density and c the heat capacity. � , �
and c are in general functions ofu, but in this paper we assume them to be constant.
Parameters�; �; � and b are also constant.
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(a) Spatial mesh

(b) Mesh for discretization in
time

Figure 1: 1a: A discretization of a rectangle(ax ; bx ) � (ay; by) into a mesh with (Nx + 1) �
(Ny + 1) nodes with equidistant spatial stepshx and hy. 1b: A discretization of time axis
with a time step � and the initial time level t0 = 0 . [5]

2.1 Numerical Solution
This subsection describes the discretization of space and time and the numerical scheme
used to obtain a numerical solution.

2.1.1 Discretization in Space and Time

The numerical solution is calculated on a discrete mesh and in discrete time steps. The
mesh is created on a rectangular domain
 = ( ax ; bx ) � (ay; by) as a set of nodes

f (ih x ; jh y)ji = 0 ; : : : ; Nx � 1; j = 0 ; : : : ; Ny � 1g (7)

whereNx ; Ny 2 N are numbers of mesh nodes inx and y axis, respectively, andhx = bx � ax
N x

and hy = by � ay
N y

are the lengths of the spatial steps. The mesh is in Figure 1a. The
coordinates of(i; j )� th point can be obtained asx i = ax + ih x and yj = ay + jh y. The
discretization of time is obtained by division of time into discrete time steps of length� .
This is shown in Figure 1b. Starting from an initial time t0 = 0 the k-th time level is
tk = k� .

2.1.2 Finite-Di�erence Scheme

The functionsu; p in (1) depend on timet and spatial coordinatesx; y, i.e., u = u(t; x; y ); p =
p(t; x; y ). Let the notation of tk ; x i a yj be as stated above. Furthermore, we denote

u(tk ; x i ; yj ) = uk
i;j ;

p(tk ; x i ; yj ) = pk
i;j :

(8)

In what follows, w substitutes the variablesu and p.
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This scheme uses the forward di�erence to substitute the �rst time derivative@tw as

@twk
i;j =

1
�

�
wk+1

i;j � wk
i;j

�
+ O(� ) (9)

and the central di�erence to substitute the second spatial derivative� w as

� wk
i;j = @xx wk

i;j + @yywk
i;j

=
1
h2

x

�
wk

i +1 ;j � 2wk
i;j + wk

i � 1;j
�

+
1
h2

y

�
wk

i;j +1 � 2wk
i;j + wk

i;j � 1
�

+ O(h2
x + h2

y):
(10)

The gradient jr pj in Model 3 is approximated as follows

jr pjki;j =
r

1
2

jr pk
i;j j2 +

1
2

jr pk
i;j j2; (11)

where j � j is the standard norm inR2 and

r pk
i;j =

�
@xpk

i;j
@ypk

i;j

�
=

 pk
i +1 ;j � pk

i;j
h1

pk
i;j +1 � pk

i;j
h2

!

;

r pk
i;j =

�
@xpk

i;j
@ypk

i;j

�
=

 pk
i;j � pk

i � 1;j
h1

pk
i;j � pk

i;j � 1
h2

! (12)

are the forward and backward gradients ofp.
Finally, we set � k

i;j to be equal to

� k
i;j = arctan

 
hy

hx
�

pk
i +1 ;j � pk

i � 1;j

pk
i;j +1 � pk

i;j � 1

!

: (13)

Applying (8)�(13) to Problem (1) we obtain the �nal numerical scheme as follows

�� 2 pk+1
i;j � pk

i;j

�
= g(� k

i;j )� 2

 
pk

i +1 ;j � 2pk
i;j + pk

i � 1;j

h2
x

+
pk

i;j +1 � 2pk
i;j + pk

i;j � 1

h2
y

!

+ f 0(pk
i;j ) + F (uk

i;j ; pk
i;j );

�c
uk+1

i;j � uk
i;j

�
= �

 
uk

i +1 ;j � 2uk
i;j + uk

i � 1;j

h2
x

+
uk

i;j +1 � 2uk
i;j + uk

i;j � 1

h2
y

!

+ L
pk+1

i;j � pk
i;j

�
;

(14)
where f 0(pk

i;j ) and F (uk
i;j ; pk

i;j ) are obtained from (2) and (3)-(4) based on the selected
model by substitution ofu and p for uk

i;j and k
i;j from (8). jr pk

i;j j is then substituted using
(11). We can notice, that only one term in (14) in each equation is at time leveltk+1 . By
expressing this term we can calculate new values ofu and p in time tk+1 using terms at
time tk .

3 Computational studies
In this section, various conducted computations are presented. In the �rst subsection,
computations verifying the model and the scheme are conducted and in the second sub-
section some preliminary results of a dendritic growth are shown.
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parameter R0 � � � c � a b � u� L
value 0.15 10 0.01 1 1 0.1 1 0.118 100 1 0

Table 1: Values of parameters used in the Level Set Veri�cation experiment.

Parameter Notation Value
domain 
 (0; 1) � (0; 1)

x-axis spatial step hx 0:01
y-axis spatial step hy 0:01

time step � hx � hy = 10� 4

time of computation T 1:9

Table 2: Numerical parameters in the Level Set Veri�cation experiment.

3.1 Model veri�cation

To verify the numerical solution we use two examples in which it can be compared with
a known analytical solution.

3.1.1 Level Set Veri�cation

In this experiment, we set the initial and boundary conditions as follows

uj t=0 = 1 ; pjt=0 =
1
2

�
1 � tanh

�
8jxj
2R0

� 4
��

in 
 ;

uj@
 = 1 ; pj@
 =
1
2

�
1 � tanh

�
8jxj
2R0

� 4
��

on (0; T) � @
 ;
(15)

whereR0 is a positive parameter andjxj denotes theR2 norm of x 2 
 . The value ofR0
as well as the other values of parameters of (1) are in Table 1. Numerical characteristics
can then be found in Table 2. We then follow the time development of the intersection of
the phase �eld p with a constant surface with value equal to0:5. This intersection has a
circular shape whose radiusR = R(t) develops in accordance with the analytical solution
of the problem

R(t) =
r

R2
0 �

2t
�

; (16)

where values of parametersR0 and � are identical with those in Table 1.
The comparison of numerically obtained circular intersection and analytical circle

with radius R = R(t) given by (16) can be seen in Figure 2. Numerical solution is shown
by the thin green curve while the analytical one by the thick red curve. We can see that
the numerical solution closely approximates the analytical one.
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Figure 2: The time development of the Level Set Veri�cation experiment. The red circle
represents the analytical solution and the green circle represents the numerical solution.
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parameter R0 � � � c � � 0 a � u� L "
value 0.1 20 hx 1 1 0.15 0.5 2 20 0 1 0.02

Table 3: Values of parameters used in the Volcano experiment. Note that value of� is
equal to spatial step of the mesh that can be found in Table 4.

3.1.2 Volcano

This subsection provides another veri�cation of the numerical scheme. In [6] an analytical
solution for the temperature variableu of Problem (1) is given in the following form

~u(x; t ) =

(
U(t) x 2 
 � R2; jxj � R(t);
U(t) + T

�
jx j

R(t )

�
x 2 
 � R2; jxj > R (t):;

(17)

where

R(t) =
q

R2
0 + 2 � 0t; U (t) =

� " (� 0 + 1)
R(t)

;

T(s) = � � 0e� 0=2
Z s

1

e� ( � 0=2)z2

z
dz:

(18)

If we set initial and boundary conditions to

uj t=0 = ~u(x; 0); pj t=0 = ~p(x);
uj@
 = ~u(x; t ); pj@
 = 0 ;

(19)

where ~p is de�ned as

~p(x) =

8
><

>:

1 x 2 
 � R2; jxj � R0 � 2�;
0 x 2 
 � R2; jxj > R 0 + 2 �;
jxj + R0+2 �

4� otherwise;
(20)

the numerical solution of Problem (1) for temperatureu at time t should correspond
with analytical solution ~u(x; t ) from (17) in the whole domain
 . Figure 3 shows that the
numerical solution (multicoloured surface) is in accordance with the analytical solution
(two bands of this solution are shown in green color). The parameter values are in Table 3.
The numerical parameters are then in Table 4.

3.2 Dendritic Patterns

This subsection contains preliminary numerical results of dendritic growth of a crystal.
All three examples shows growth of a crystal from a round nucleus. The �rst computation
shows an isotropic stable pattern growth, while others show development of instabilities
into dendrites � namely four or six � in an anisotropic medium. In all experiments the
Model 3 right hand side functionF (u; p) (4) is used.
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Parameter Notation Value
domain 
 (0; 3) � (0; 3)

x-axis spatial step hx 2:5 � 10� 3

y-axis spatial step hy 2:5 � 10� 3

time step � 0:01 � hx � hy = 6 :25 � 10� 8

time of computation T 0:1

Table 4: Numerical parameters in the Volcano experiment.
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Figure 3: The time development of the Volcano experiment. The coloured surface shows
the numerically obtained temperatureu while the green bands show a part of the ana-
lytical solution.
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Figure 4: The time development of a crystal growth without dendrites.

No. \ Parameters R0 � � � c � a � u� L A m � 0

no dendrites 0.3 1 4 � 10� 3 1 1 1 2 50 0 1 - - -
four dendrites 0.3 1 4 � 10� 3 1 1 1 2 200 0 1 0.06 4 0.
six dendrites 0.3 1 4 � 10� 3 1 1 1 2 200 0 1 0.02 6 0.2

Table 5: Values of parameters used in the experiments with no dendrites, four dendrites
and six dendrites.

3.2.1 Growth without Dendrites

In the �rst experiment, we study a growth of a crystal from a round nucleus with the
radiusR0 in an isotropic medium. The time development in Figure 4 shows only a growing
circle which eventually �lls the whole domain
 . No dendrites appear in this case. Their
growth is blocked not only by the isotropic medium but also by a relatively low value
of parameter � . The value of this parameter can be found in the �rst row of Table 5
together with the rest of parameter values used in this experiment. Table 6 then shows
the used numerical parameters.

3.2.2 Growth with Four Dendrites

In this experiment the anisotropy functiong(�) is used for the �rst time in this paper.
The initial settings are the same as in the previous experiment. Moreover, most of the
parameter values are the same as in the previous experiment except the value� . Since
the anisotropy is present in the model, we also have to add three new parametersA; m
and � 0. The parameter values are summarized in the second row of Table 5. In Figure
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Parameter Notation Value
domain 
 (0; 3) � (0; 3)

x-axis spatial step hx 5 � 10� 3

y-axis spatial step hy 5 � 10� 3

time step � 0:01 � hx � hy = 2 :5 � 10� 7

time of computation T 0:1

Table 6: Numerical parameters in the experiment of crystal growth without dendrites.

(a) p in time t = 0 (b) p in time t = 0 :01 (c) p in time t = 0 :02

(d) p in time t = 0 :03 (e) p in time t = 0 :04 (f) p in time t = 0 :05

Figure 5: The time development of a crystal growth with four dendrites, rotated by� 0.

5 the time development can be seen � the crystal grows starting from a round nucleus.
However, unlike in the previous experiment it now grows faster in four directions. It can
be noticed that these directions are rotated from diagonal of the rectangular domain by
angle � 0. The numerical parameters are the same as in the previous experiment and can
be found in Table 6.

3.2.3 Growth with Six Dendrites

This experiment is analogous to the previous one. All parameter values are identical
to those in the previous experiment except those connected to anisotropy � namelyA
and m. m is now set to six, which further reduces the valueA due to (6). This leads
to a change in the number of dendrites from four to six which can be seen in Figure 6,
where the time development is shown. We can notice, that in this case the solution is not
symmetric. This is probably due to the insu�cient precision of the numerical scheme �
a usage of a more precise method will probably be required. The parameter values can
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(a) p in time t = 0 (b) p in time t = 0 :01 (c) p in time t = 0 :02

(d) p in time t = 0 :03 (e) p in time t = 0 :04 (f) p in time t = 0 :05

Figure 6: The time development of a crystal growth with six dendrites, rotated by� 0.

again be found in Table 5 in its last row. The numerical parameters are the same as in
the two previous experiments and are listed in Table 6.

4 Conclusions

The main goal of this paper was to study the phase transitions in a medium. After a brief
introduction, the used mathematical model was presented. This model was discretized
using the �nite-di�erence method. The numerical scheme was �rst used to obtain a
numerical solution for problems with a known analytical solution. This helped to verify
the numerical scheme. Then an anisotropy was introduced to the model and it was
used to model a growth of crystals with four or six dendrites. The future work will
include introduction of a more precise numerical scheme to eliminate the in�uence of
the numerical mesh on the symmetry of the crystals and addition of obstacles into the
medium to simulate a growth of crystals in a porous medium.
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Abstract. Independent Vector Extraction aims at the joint blind source extraction of K
dependent signals of interest (SOI) fromK linear mixtures (one signal from one mixture).
Within each mixture, the signal of interest is assumed to be independent of the other signals,
so SOIs form so-called independent vector component.

Compared to Independent Vector Analysis (IVA), the (de-)mixing model contains a mini-
mum number of parameters needed for extraction, since it aims only on extraction of one vector
component. The SOIs are assumed to be non-Gaussian or noncircular Gaussian, while the other
signals, referred to as background, are modeled as circular Gaussian.

A Cramér{Rao{Induced Bound (CRIB) for Interference{to{Signal Ratio (ISR) is derived
and compared with the similar bound for Independent Component Extraction (ICE) and IVA.
The derived bound is proved to be lower or equal than that one for ICE. Numerical simulations
show a good correspondence between the empirical results and the theory. The advantage
based on dependency of mixtures results to better separation accuracy and helps to solve the
permutation ambiguity.

Keywords: Blind Source Separation, Cramér-Rao Lower Bound, Independent Component Anal-
ysis, Independent Vector Analysis

Abstrakt. Cílem metody nazvané Independent Vector Extraction je zároveò separovatK
statisticky závislých signálù (tzv. SOI) z K lineárních smìsí (jeden signál z ka¾dé smìsi). V
dané smìsi se pøedpokládá, ¾e SOI je nezávislý s ostatními signály. V¹echny SOI z jednotlivých
smìsí spoleènì tvoøí nezávislou vektorovou komponentu.

V porovnání s Independent Vector Analysis (IVA) obsahuje (de-)mixující model pouze min-
imální potøebný poèet parametrù pro extrakci, jeliko¾ cílem je extrakce pouze jedné komponenty.
Pøedpokladem je, SOI signály jsou negaussovské nebo necirkulární Gaussovské.

Odvozená Crámerova-Raova dolní mez je následnì porovnána s ji¾ známými mezemi pro
Independent Component Extraction (ICE) a IVA. Podaøilo se také ukázat, ¾e tato mez je
v¾dy men¹í ne¾ odpovídající mez pro ICE. Numerické simulace potvrzují odvozené teoretické
výsledky. Vyu¾ití vzájemné závislosti mezi cílovými signály SOI umo¾òuje dosa¾ení vy¹¹í sep-
araèní pøesnosti a také pomáhá k odstranìní permutaèního problému.

� This work was supported by The Czech Science Foundation through Project No. 17-00902S, and by
the United States Department of the Navy, O�ce of Naval Research Global, through Project No. N62909-
18-1-2040, and by the grant SGS18/188/OHK4/3T/14.
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Abstract. Sensor and lens blur degrade images acquired by digital cameras. Simple and fast
removal of blur using linear �ltering, such as Wiener �lter, produces results that are not accept-
able in most of the cases due to ringing artifacts close to image borders and around edges in the
image. More elaborate deconvolution methods with non-smooth regularization, such as total
variation, provide superior performance with less artifacts, however at a price of increased com-
putational cost. We consider the alternating directions method of multipliers, which is a popular
choice to solve such non-smooth convex problems, and show that individual steps of the method
can be decomposed to simple �ltering and element-wise operations. Filtering is performed with
two sets of �lters, called restoration and update �lters, which are learned for the given type of
blur and noise level with two di�erent learning methods. The proposed deconvolution algorithm
is implemented in the spatial domain and can be easily extended to include other restoration
tasks such as demosaicing and super-resolution. Experiments demonstrate performance of the
algorithm with respect to the size of learned �lters, number of iterations, noise level and type of
blur.

Keywords: Wiener �lter, LMMSE, deconvolution, total variation, ADMM, non-smooth opti-
mization

Abstrakt. Vlivem nedokonalého senzoru a objektivu dochází k po²kození snímk· po°ízených
digitálními fotoaparáty. K odstran¥ní t¥chto rozmazání je moºné pouºít lineární �ltry, nap°.
Wiener·v �ltr, nicmén¥ výsledky jsou obvykle neuspokojivé vzhledem k výskytu tzv. Gibsových
artefakt· v blízkosti hran a okraj· obrázku. Lep²ích výsledk· s men²ím výskytem artefakt·
je moºné dosáhnout p°i pouºití propracovan¥²ích dekonvolu£ních metod s vyuºitím nehladké
regularizace, nap°. totální variace, ov²em za cenu vy²²í výpo£etní náro£nosti. V tomto £lánku
uvaºujeme numerickou metodu ADMM (Alternating Directions Method of Multipliers), °e²ící
nehladké konvexní problémy a ukazujeme, ºe jednotlivé kroky této metody je moºné rozloºit na
jednoduché �ltrování a prahování po prvcích. Filtrování je provedeno za pomocí dvou skupin
�ltr·: rekonstruk£ní a aktualiza£ní, které jsou nau£eny pro daný typ rozmazání a úrovn¥ ²umu
za pomocí dvou r·zných u£ících mechanizm·. Navrhovaný dekonvolu£ní algoritmus je imple-
mentován v obrazové domén¥ a je moºné ho snadno roz²í°it o dal²í rekonstruk£ní problémy,
jako demosaicing £i super-resolution. Provedené experimenty demonstrují kvalitu rekonstrukce
v závislosti na velikosti nau£ených �ltr·, po£tu iterací, úrovni ²umu a typu rozmazání.

� This work has been supported by the grant: •e²ení inverzních problém· vznikajících p°i analýze
rychle se pohybujících objekt·GAƒR: GA18-05360S.
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Abstract. The lattice Boltzmann method (LBM) is an e�cient numerical method capable of
simulating �uid �ow in the laminar as well as turbulent regime. LBM is suitable for massive
parallelization on GPUs, but domain decomposition and using multiple GPUs is needed for high-
resolution simulations due to limited amount of memory on a single GPU. In order to simulate
�ow over complex immersed bodies or interactions with elastic structures, it can be coupled with
the immersed boundary method (IBM). In our recent work, we proposed a modi�cation of the
method to improve the conditioning of the linear systems, which leads to faster convergence. In
this work, we focus on the implementation of LBM for GPU clusters and investigate the e�cient
implementation of IB-LBM on a single GPU only. We consider several numerical methods,
preconditioners, and libraries such as CUSPARSE and TNL and present the impact of each
approach on the overall performance of the IB-LBM solver.

Keywords: lattice Boltzmann method, immersed boundary method, parallel implementation on
GPU, computational study

Abstrakt. M°íºková Boltzmannova metoda (LBM) je efektivní numerická metoda schopná
simulovat proud¥ní tekutin v laminárním i turbulentním reºimu. LBM je vhodná pro masivní
paralelizaci na GPU akcelerátorech, ale pro simulace ve vysokém rozli²ení je kv·li omezenému
mnoºství pam¥ti na GPU pot°eba vyuºít více akcelerátor·. Pro simulaci proud¥ní kolem t¥les s
komplikovanou hranicí nebo interakce s elastickými t¥lesy je moºné zkombinovat LBM a metodu
vno°ené hranice (IBM). V na²í nedávné práci jsme navrhli modi�kaci této metody zlep²ující pod-
mín¥nost soustavy lineárních rovnic, coº vede k rychlej²í konvergenci. V této práci se zam¥°u-
jeme na implementaci LBM pro klastry vyuºívající GPU akcelerátory a zkoumáme efektivitu
implementace metody IB-LBM na jednom GPU. Uvaºujeme n¥kolik numerických metod, p°ed-
podmín¥ní a knihoven jako CUSPARSE a TNL a porovnáváme vliv t¥chto p°ístup· na celkový
výkon °e²i£e IB-LBM.

Klí£ová slova: m°íºková Boltzmannova metoda, metoda vno°ené hranice, paralelní implementace
na GPU, výpo£etní studie
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1 Lattice Boltzmann method

The lattice Boltzmann method (LBM) is a popular computational method for the simu-
lation of �uids. Instead of solving the Navier�Stokes equations, LBM is based on approx-
imating the temporal evolution of macroscopic quantities such as density� , velocity v,
and others (pressure, stress tensor, etc.) using probability moments of discrete particle
distribution functions f k = f k(x ; t), k = 1; : : : ; q, whereq denotes the number of discrete
velocities per lattice site. In this work, we consider a regular 3D lattice with the D3Q27
model consisting ofq = 27 discrete velocities per lattice site denoted as� k , k = 1; : : : ; q.
The evolution of f k is described by the following discrete Boltzmann transport equation
for all k = 1; : : : ; q,

f k(x � + � t� k ; t + � t) � f k(x � ; t) = Ck(x � ; t) + Gk(x � ; t); 8x � 2 
̂ ; 8t > 0; (1)

where 
̂ denotes the set of all discrete lattice sites,Ck denotes the discrete collision
operator, Gk denotes the discrete forcing term, and� t denotes the dimensionless time
interval of one LBM iteration, which is set to unity, i.e., � t = 1. Macroscopic quantities
can be reconstructed by taking moments of the discrete particle distribution functions
f k , for example the macroscopic density� is given by

� (x � ; t) =
qX

k=1

f k(x � ; t) (2)

and the macroscopic velocityv can be computed from the macroscopic momentum density
� v which is given by

� (x � ; t)v(x � ; t) =
qX

k=1

f k(x � ; t)� k +
1
2

g(x � ; t)� t; (3)

whereg denotes the external force density exerted on the �uid. The detailed derivation
of LBM is out of scope of this work and we refer the reader to [7] for details.

1.1 Computational algorithm

The main advantage of LBM is that the computational algorithm for solving Eq. (1)
can be split into a collision and a streaming step. In the collision step,Ck and Gk are
evaluated using only local values off k and in the streaming step the value of eachf k is
transferred in the direction of � k to the neighbouring lattice site fork = 1; : : : ; q. The
LBM algorithm can be formulated in several ways with respect to the streaming step,
with the so-called push and pull schemesbeing the most straightforward ones. In the
push scheme, the streaming step follows the collision step and the post-collision values
of eachf k are written (i.e., pushed) to the corresponding neighbouring lattice sites. On
the other hand, the pull scheme orders streaming before the collision step and thus the
pre-collision values of eachf k are read (i.e., pulled) from the relevant neighbouring lattice
sites. The algorithm using the pull scheme is summarized below in Algorithm 1.
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Algorithm 1 (LBM)

1. Initialization (read input data, set initial condition, etc.)

2. While the �nal time is not reached, do for allx � 2 
̂ :

2.1. Streaming step (read the pre-collision state of allf k from neighbouring sites).

2.2. If x � lies on the domain boundary, handle boundary conditions.

2.3. Collision step (evaluate the collision operatorCk and forcing term Gk).

2.4. Output data (evaluate and write all predetermined macroscopic quantities).

A disadvantage of the push and pulled schemes is that in order to avoid write con�icts
in the implementation of the LBM algorithm, two sets of distribution functions f k are
needed � one for the current time level and another for the next time level. On the
other hand, this so-calledA-B pattern can be easily implemented as well as parallelized.
Alternative approaches, such as theA-A pattern [1, 12] or Esoteric Twist algorithm [6],
perform the streaming step in-place and thus need only one array for storing the values
of f k at a single time level, but their implementation is more complicated. In this work,
we consider only the pull scheme and the A-B pattern.

In order to utilize multiple GPUs or even multiple nodes for computation, the LBM
algorithm has to be reformulated following the domain decomposition approach. In short,
the computational domain 
 is split into subdomains
 j , j = 1; : : : ; Np which are pro-
cessed independently usingNp processors and after each iteration, the necessary data are
copied between neighbouring subdomains in order to provide data computed elsewhere.
This approach is summarized below in Algorithm 2. However, a naïve implementation
of this domain decomposition algorithm does not scale with increasing number of GPUs,
which can be seen from the results of weak scaling analysis in Table 1. The benchmark
problem was computed on the RCI cluster which contains 4 Nvidia Tesla V100 GPUs per
node (i.e., 48 GPUs in total).

Algorithm 2 (Distributed LBM)

1. Initialization (read input data, set initial condition, etc.)

2. Copy distribution functions on the boundaries between subdomains.

3. While the �nal time is not reached:

3.1. For all lattice sites on all subdomains, perform steps 2.1-2.4 of Algorithm 1.

3.2. Copy distribution functions on the boundaries between subdomains.

Nnodes NGP Us GLUPS Eff

1 1 2.5 1.00
1 4 7.8 0.79
2 8 11.5 0.58
4 16 14.0 0.35

Table 1: Performance of the naïve implementation of distributed LBM (Algorithm 2).
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In order to improve the scaling of the distributed LBM algorithm, several optimiza-
tions are necessary. First of all, it is necessary tooverlap computation with communica-
tion in order to hide the extra latency which was not present in the original Algorithm 1.
This can be done by processing the boundary lattice sites of each subdomain separately
from the interior lattice sites, copying the data between subdomains as soon as the compu-
tation on the boundary has �nished, and processing the interior lattice sites independently
while all processes exchange the boundary data. This approach can be summarized in
Algorithm 3 using asynchronousoperations for communication between processes.

Algorithm 3 (Distributed LBM with overlapped computation and communication)

1. Initialization (read input data, set initial condition, etc.)

2. Copy distribution functions on the boundaries between subdomains.

3. While the �nal time is not reached:

3.1. On all subdomains, start processingboundary lattice sites.
3.2. On all subdomains, start processinginterior lattice sites.
3.3. On all subdomains, wait until boundary lattice sites are processed.
3.4. On all subdomains, initiateasynchronous communicationfor boundaries.
3.5. Wait for all preceding operations to �nish.

Another important optimization is that the boundary data should be copied without
using custom bu�ers. This is possible in general only with a 1D distribution of the
processes (i.e., processes are numbered linearly and each has at most two neighbours:
one on the left and one on the right) and with an appropriate storage layout for the
underlying multidimensional array in order to ensure contiguity of the transferred data.
Finally, for the LBM algorithm it is not necessary to exchange all 27 distribution functions
f k between each neighbouring processes, but the communication size can be reduced to
only 9 speci�c distribution functions which should be streamed from one subdomain to
another. However, a speci�c ordering of the distribution functionsf k is necessary due to
the previous optimization.

These optimizations can be implemented with a so-calledCUDA-aware MPI library
and using CUDA streams for the management of asynchronous operations on the GPU.
The resulting performance of the optimized LBM solver on the RCI cluster is shown in
Table 2. For 8 nodes (32 GPUs) there is still a signi�cant drop in the parallel e�ciency,
but this is likely caused by a hardware problem (the cluster has a star topology for the
high-speed In�niBand network and the central switch may be saturated).

2 Immersed bounary�lattice Boltzmann method

In this section, we describe the modi�ed implicit immersed boundary�lattice Boltzmann
method (IB-LBM) based on our recent paper [5] and present the implementation details
as well as results of a computational performance study performed on a modern GPU
system.

The immersed boundary method (IBM) introduced by C. Peskin in [11] allows simu-
lating the �uid�structure interaction using Eulerian coordinates for the �uid description
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Nnodes NGP Us GLUPS Eff

1 1 2.5 1.00
1 4 10.4 1.05
2 8 19.3 0.97
4 16 39.4 0.99
8 32 50.1 0.63

Table 2: Performance of the optimized implementation of distributed LBM with over-
lapped computation and communication, unbu�ered communication and reduced com-
munication size.

and Lagrangian coordinates for the description of the immersed body (elastic) boundary.
Similarly to [15, 4, 10, 3], our overall motivation for using the IBM is its coupling with
the Lattice Boltzmann Method (LBM) and developing an e�cient numerical solver on
GPU which, for instance, can be used to investigate blood �ow patterns in large arteries
with non-rigid walls. In most cases, however, the coupled immersed boundary�lattice
Boltzmann method (IB-LBM) does not guarantee impermeability of the discretized body
boundary. Therefore, in order to prevent penetrative �uid �ow through the boundary,
the choice of the Lagrangian discretization requires careful treatment and further inves-
tigation. In our recent paper [5], we investigated the e�ects of the spacing of Lagrangian
nodes discretizing a rigid and immobile immersed body boundary and based on [13, 14],
we proposed a modi�ed implicit IB-LBM which signi�cantly improves the conditioning
of linear systems for densely-spaced discretizations.

From the performance point of view, solving large linear systems of equations resulting
from the implicit IB-LBM is the most crucial step. In this section, we compare several
numerical methods, preconditioners, and libraries such as CUSPARSE [9] and TNL, and
investigate the impact of each approach on the overall performance.

2.1 Mathematical and numerical models

Solely for the purpose of the computational study presented here, we consider �ow in
three-dimensional domains without gravity, the �uid is assumed as Newtonian and incom-
pressible, and the immersed body is considered rigid and immobile. The mathematical
model describing the �uid �ow and the immersed body��uid interaction is represented
by the following set of partial di�erential equations [11]:

� (x ; t)
�

@v(x ; t)
@t

+ v(x ; t) � r v(x ; t)
�

+ r p(x ; t) = � (x ; t)� v(x ; t) + g(x ; t); (4a)

r � v(x ; t) = 0 ; (4b)

g(x ; t) =
Z

�

gb (X (s; t); t) � (x � X (s; t)) ds; (4c)

@X
@t

(s; t) = vb (X (s; t); t) =
Z




v(x ; t)� (x � X (s; t)) dx ; (4d)
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for all time t > 0, all Eulerian spatial coordinatesx 2 
 , where 
 � R3 denotes the
computational domain, and alls that denote the parametric coordinate of the Lagrangian
points X 2 � , where� is the boundary of the immersed body. In Eq. (4),� is the �uid
density, v and vb are the �uid velocities in the Eulerian and Lagrangian description,
respectively,p is the �uid pressure, � is the dynamic viscosity of the �uid, g and gb are
the force density source terms realizing the �uid-body interaction in the Eulerian and
Lagrangian description, respectively, and� denotes the Dirac delta function. Since� is
not a regular function, Eq. (4) holds in the weak sense for generalized functions.

The numerical scheme uses LBM to solve the Navier�Stokes equations given by
Eqs. (4a) and (4b) with the forcing termg given by Eq. (4c), see Section 1 for details.
In general, the temporal evolution of the body boundary in the Lagrangian coordinates
given by Eq. (4d) can be treated, e.g., with the �nite di�erence method. However, in the
special case of an immobile body boundary, we have@X

@t(s; t) = 0 and the Lagrangian
coordinates stay constant. The body boundary� is discretized by a �nite set �̂ con-
sisting of NL Lagrangian points X ` 2 �̂ , conveniently numbered for further derivation
as ` = 1; : : : ; NL . The computational domain 
 , assumed rectangular, is discretized by
a �nite lattice 
̂ (a regular rectangular grid) represented by Eulerian pointsx � 2 
̂ ,
conveniently numbered as� = 1; : : : ; NE .

Based on [5], Eqs. (4c) and (4d) are discretized as follows. The �uid velocityv =
v(x ; t) at some Eulerian pointx 2 
 and time t that is assumed in the form

v(x ; t) = v � (x ; t) + c(x ; t); (5)

wherec is the unknown velocity correction andv � denotes the intermediate velocity that
is in the discrete form given by

v � (x � ; t) =
1

� (x � ; t)

qX

k=1

f k(x � ; t)� k ; (6)

for all x � 2 
̂ . Once the velocity correctionc(x � ; t) in the discrete form is known, the
desired force densityg is given by

g(x � ; t) =
2� (x � ; t)

� t
c(x � ; t): (7)

The equation for c is derived in the continuous spaces
 and � using the properties
of convolutions with the Dirac delta function. The body boundary velocityvb at some
Lagrangian point X (r ) 2 � is related to the decomposed velocityv from Eq. (5) in the
Eulerian description as

vb(X (r ); t) =
Z




�
v � (x ; t) + c(x ; t)

�
� (x � X (r ))dx : (8)

Analogously, c is related to the unknown boundary velocity correctioncb in the La-
grangian description as

c(x ; t) =
Z

�

cb(X (s); t)� (x � X (s))ds: (9)
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Combining Eqs. (8) and (9) and using the properties of the Dirac delta function, we
obtain

vb(X (r ; t); t) =
Z




v � (x ; t)� (x � X (r ))dx +
Z

�

cb(X (s); t)� (X (r ) � X (s))ds: (10)

The �rst integral in Eq. (10) mediates the transfer between the Lagrangian and Eule-
rian coordinates and the second integral is e�ective only in the Lagrangian description.
Equation (10) can be discretized as

vb(X ` ; t) =
NEX

� =1

v � (x � ; t)D(x � � X ` )� x � +
NLX

k=1

cb(X k ; t)D(X ` � X k)� sk ; (11)

for all X ` 2 �̂ , where� x � = h3 is the volume of the dual volume centred aroundx � 2 
̂ ,
� s` 2 R denotes the size of a boundary element aroundX ` , andD denotes the continuous
kernel distribution proposed by C. Peskin in [11] de�ned by

D(z) =
3Y

k=1

1
h

�

 
z(k)

h

!

; (12)

wherez(k) denotes thek-th component of a vectorz and � is a continuous approximation
of the one-dimensional Dirac delta function [8]. According to [5], a simple choice of�
given by

� (r ) =

(
1 � j r j for jr j � 1;

0 for jr j � 1;
(13)

leads to reasonable results for all choices of the Lagrangian discretization.
The coe�cients A `;k = D(X ` � X k) form a sparse, symmetric positive de�nite matrix

A 2 RNL ;N L . Hence, Eq. (11) represents a linear system of equations forcb(X k ; t)� sk ,
i.e., for the components of the unknown boundary velocity correctioncb(X k ; t) multiplied
by the size of the boundary element� sk , k = 1; 2; : : : ; NL . Oncecb(X k ; t)� sk is known,
the velocity correctionc(x � ; t) is obtained for all x � 2 
̂ from the discrete form of Eq. (9)
as

c(x � ; t) =
NLX

k=1

D(x � � X k)cb(X k ; t)� sk ; (14)

i.e., the computation of � sk is actually not necessary in order to obtain the velocity
correction c(x � ; t) in the Eulerian description.

2.2 Computational algorithm

Based on the preceding derivation of the numerical method, the computational algorithm
can be summarized in Algorithm 4.

Algorithm 4 (IB-LBM)
For each time levelt j :



96 J. Klinkovský

1. Computev � (x � ; t j ) for all lattice sites x � 2 
̂ using Eq. (6).

2. Compute the �rst sum in Eq. (11) for all X ` 2 �̂ , i.e., v �
b(X ` ; t j ) =

NEP

� =1
B `;� v

� (x � ; t j )� x � ,

whereB `;� = D(x � � X ` ).

3. For i = 1; 2; 3, denotebi � [� v � ;( i )
b (X ` ; t j )]

NL
`=1 2 RNL andy i � [c(i )

b (X ` ; t j )� s` ]
NL
`=1 2

RNL , where the upper index(i ) denotes thei -th component of the preceding vector,
and solve the linear systemA y i = bi (c.f. Eq. (11) where we setvb(X ` ; t) � 0).

4. Compute the velocity correctionc(x � ; t j ) for all x � 2 
̂ using Eq. (14), i.e.,c(x � ; t j ) =
NLP

k=1
B k;� cb(X k ; t)� sk .

5. Compute the force densityg(x � ; t j ) for all x � 2 
̂ using Eq. (7).

6. Perform an LBM iteration (i.e., steps 2.1-2.4 of Algorithm 1).

Note that in the Step 2, the multiplication with a matrix B = [ B `;� ]
NL ;N E
`=1 ;� =1 mediates

the transformation from Eulerian to Lagrangian coordinates, and in the Step 4, the
multiplication with a transposed matrix B T mediates the transformation from Lagrangian
to Eulerian coordinates.

2.3 Implementation strategies

The IB-LBM computational algorithm contains several steps for which the most suitable
implementation strategy is not obvious. Firstly, as described in Section 1, the LBM
algorithm alone is suitable for the implementation on GPUs, so we do not consider a
CPU-only implementation of IB-LBM. On the other hand, the solution of the linear
systems in the Step 3 of Algorithm 4 is easily done on CPU using an external library
such as UMFPACK [2]. However, combining the computation of LBM on the GPU and
the solution of linear systems on the CPU would cause a lot of communication due to
data transfers between the GPU and CPU in every time step, which might lead to bad
performance. Hence, additional approaches reducing the amount of data transfers or
moving the solution of the linear systems to the GPU need to be examined.

For the computational study presented below, we consider the following approaches.
The linear systems from the Step 3 of Algorithm 4 are solved either with UMFPACK [2] on
CPU or with the conjugate gradients (CG) method either on CPU or GPU. We compare
two implementations of the CG method: TNL provides an implementation for both CPU
and GPU and CUSPARSE [9] provides an implementation for GPU only. The TNL-
based implementation of the CG method is used either without a preconditioner or with
the incomplete Cholesky factorization (IC(0)). Finally, the coordinate transformations
in Steps 2 and 4 are computed either on CPU or GPU.

2.4 Numerical results

Results of a detailed qualitative study involving the presented method have been pub-
lished in [5]. In this section, we extend those results with an analysis of computational
performance. The simulations presented here were computed on one node of the RCI
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Figure 1: Setup of the computational domain for the benchmark of �ow around a sphere.
In�ow boundary is on the left and out�ow boundary is on the right.

Implementation MLUPS

UMFPACK
� coordinate transformations on CPU 99
� coordinate transformations on GPU 728

Conjugate gradients (no preconditioner)
� CUSPARSE-based (GPU) 1013
� TNL-based (GPU) 1415
� TNL-based (CPU) 1406

Conjugate gradients (IC(0) preconditioner)
� TNL-based (GPU) 1435
� TNL-based (CPU) 1424

Table 3: Performance comparison for the �ow around a sphere in the highest resolution.

cluster, which contains 2 CPUs Intel Xeon Gold 6130 (16 cores, 384 GiB RAM) and 4
GPUs NVIDIA Tesla V100 (5120 cores, 32 GiB memory). However, only 1 CPU and at
most 1 GPU were used in every simulation.

As the �rst benchmark, we computed the �ow around a rigid sphere in the computa-
tional domain depicted in Fig. 1. The in�ow velocity is prescribed such that the Reynolds
number based on the sphere diameter isRe = 100. The sphere was discretized such that
the maximal distance� between two neighbouring Lagrangian points is equal to the Eu-
lerian lattice spacingh. In the highest resolution considered, i.e.h = � = 11=384 cm,
there are approximately 56� 106 Eulerian points and 7620 Lagrangian points. The results
in Table 3 show signi�cant di�erence between coordinate transformations computed on
CPU and GPU. Therefore, di�erent strategies for the computation of coordinate transfor-
mations were considered only with the UMFPACK solver and in all following simulations,
coordinate transformations were computed on the GPU. The results also show a signif-
icant advantage of the TNL-based implementation of the CG method compared to the
CUSPARSE-based implementation. On the other hand, the use of an IC(0) precondi-
tioner does not make a signi�cant di�erence in the performance.

The second benchmark is the �ow around a rigid cylinder in a computational domain
whose 2D cross-section is depicted in Fig. 2. The in�ow velocity is prescribed such that the
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Figure 2: 2D cross-section of the computational domain for the benchmark of �ow around
a cylinder. In�ow boundary is on the left and out�ow boundary is on the right.

Implementation MLUPS

UMFPACK
� coordinate transformations on CPU 85
� coordinate transformations on GPU 942

Conjugate gradients (no preconditioner)
� CUSPARSE-based (GPU) 930
� TNL-based (GPU) 1236
� TNL-based (CPU) 904

Conjugate gradients (IC(0) preconditioner)
� TNL-based (GPU) 1218
� TNL-based (CPU) 899

Table 4: Performance comparison for the �ow around a cylinder in the highest resolution.

Reynolds number based on the cylinder diameter isRe = 100. Compared to a sphere used
in the previous benchmark, the discretization of a cylinder spanning the whole depth of
the computational domain leads to a higher ratio of the number of Lagrangian points and
the number of Eulerian points. In the highest resolution considered, i.e.h = � = 41=192
cm, there are approximately 34� 106 Eulerian points and 55� 103 Lagrangian points.
This leads to a lower performance measured in MLUPS as shown in Table 4, but it also
highlights the bene�ts of executing the CG method on the GPU rather than on the CPU.

3 Conclusion

We have described parallel implementation of LBM and IB-LBM for GPUs and shown
results of computational studies to compare the e�ects of various optimizations. Our
MPI-based implementation of the LBM shows good scalability up to 4 nodes (16 GPUs).
The highest performance of the IB-LBM solver has been achieved by computing the co-
ordinate transformations on the GPU and by using the TNL-based implementation of
the CG method on the GPU. For the presented benchmarks with a rigid and immobile
immersed bodies, the use of a strong preconditioner such as IC(0) does not seem to be
necessary, because the count of iterations is already very small even without a precon-
ditioner. For problems with moving or elastic bodies, however, a strong preconditioner
may be necessary for a good performance.
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Abstract. In the description of complex dynamical systems using graph theory, Pearson linear
correlation is the most commonly used approach to graph construction. However, it was shown
that using correlation can strongly a�ect the resulting network and its graph-theoretical prop-
erties. This phenomenon is well documented on the so-called small-world coe�cient, correlation
graphs of random system have small-world property. For this reason, alternative methods (in-
cluding partial correlation) to graph construction were suggested. Using numerical simulations,
we investigate other graph-theoretical properties, such as the rich-club coe�cient and assorta-
tivity of correlation and partial correlation graphs. The results documents that both correlation
and partial correlation graphs generated by a randomly coupled VAR(1) model show not only
(spurious) small-world, but also other commonly discussed properties.

Keywords: assortativity, complex system, partial correlation, rich-club coe�cient, VAR(1) pro-
cess

Abstrakt. Pearsonova lineární korelace je nej£ast¥j²ím p°ístupem ke konstrukci grafu konektiv-
ity daného komplexního systému. Bylo v²ak ukázáno, ºe samotné pouºití korelace siln¥ ovliv¬uje
odhadnutou strukturu p·vodní sít¥, a tedy i její grafov¥ teoretické vlastnosti. Tento jev je
podrobn¥ zdokumentován p°edev²ím na takzvaném small-world koe�cientu - korela£ní matice
náhodného systému vykazuje vlastnost malého sv¥ta. Z tohoto d·vodu byly navrºeny alter-
nativní metody konstrukce grafu konektivity jako nap°íklad parciální korelace. Na základ¥
numerických simulací ur£ujeme dal²í v praxi vyuºívané grafov¥ teoretické vlastnosti, jako jsou
rich-club koe�cient, a asortativita, korela£ních a parciálních korela£ních graf·. Ukazuje se, ºe
korela£ní grafy, ale p°ekvapiv¥ i parciální korela£ní grafy generované vektorovým autoregresním
procesem °ádu 1 s náhodnou strukturní maticí vykazují nejen vlastnost malého sv¥ta, ale i vý²e
uvedené vlastnosti.

Klí£ová slova: asortativita, komplexní systém, parciální korelace, rich-club koe�cient, VAR(1)
proces

1 Introduction

The study of the structure of real dynamical (complex) systems is a subject of research
in various scienti�c disciplines such as neuroscience, climatology, sociology, biology or

� This work has been supported by the grant No. SGS17/193/OHK4/3T/14 and by the Czech Science
Foundation project No. GA19-16066S.
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computer science. A key principle in complex network research is viewing the system at
hand as a network of interacting subsystems (nodes), with one of the central questions
being that of estimating the pattern of mutual or causal interactions of these. While
in some cases (computer and social networks), the existence of links can be naturally
de�ned, in other systems (neuroscience, climatology) it is often problematic to determine
this structure by direct observation. In this context, the methodology of inference of
functional (or e�ective) connectivity structure using only the knowledge of time series has
recently been developed. Such networks are often described by global graph-theoretical
characteristics, for example, clustering coe�cient, characteristic path length, small-world
property, e�ciency, transitivity, rich-club coe�cient, assortativity, and many others.

In practice, the Pearson linear correlation is the most commonly used approach to
network construction. However, it has been shown that using the correlation matrix as
the connectivity matrix of the system can a�ect resulting graph-theoretical properties.
This phenomenon was described in detail especially for the small-world property (coe�-
cient) [1]. Using correlation to graph construction leads, in particular with the knowledge
of only a short sample of time series, to the false detection of the small-world property
even at random graphs.

Alternative methods to the network construction which should mitigate this prob-
lem were suggested containing partial correlation, Granger causality or information-
theoretical approach. In our work, we study the graph-theoretical properties, especially
the rich-club coe�cient and assortativity of the connectivity matrix in dependence on the
form of graph construction (containing correlation and partial correlation).

2 Connectivity matrix of random process

A vector random process is a set off X t j t 2 M g, where X t denotesn-dimensional
vector random variable (n-dimensional vector whose components are random variables).
The elements of vector random variablesX t will be denoted asX i

t , where i 2 n̂, hence
X t = ( X 1

t ; : : : ; X n
t )> : SetM is usually represented as set of times, in cases whereM � N,

or M � Z we talk about so-called time series or random process discrete in time. The
motivation for representing a random process using a graph is to �nd out which elements
of the system interact together. The set of these interactions between system elements is
generally called connectivity. Thus, the �rst step in the graph representation is to assign
the so-called connectivity matrix to the random process. The connectivity matrix is not
a uniquely de�ned object, so there are di�erent approaches to its de�nition. The most
common approach is to de�ne elements of this matrix using some measure of statistical
dependence between elements of a given system, such as correlation or partial correlation.
For simplicity, let us demonstrate the representation procedure with the choice of the
correlation matrix as a matrix of connectivity. Alternative constructions of connectivity
matrix, such as mentioned partial correlation, will be discussed later. Let us assume
random variablesX and Y, E[X ] denotes expected value of variableX and var(X )
denotes its variance. Correlation coe�cient of random variablesX and Y is then de�ned
by the expression

� (X; Y ) =
E [(X � E [X ]) (Y � E [Y])]

p
var(X )var(Y)

: (1)
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Correlation matrix of vector random variableX ; denoted asC (X ), is matrix of correlation
coe�cients between all variables in the system, hencei; j -th element of correlation matrix
is given by expression,

[C (X t )]i;j = �
�
X i

t ; X j
t

�
: (2)

This correlation matrix C (X t ) is then represented as the adjacency matrix of the graph.

Graph G = ( V; E) is ordered pair of sets whereV is set of nodes andE �
� V

2

�
is set of

edges. Elements of adjacency matrix of the graph G are de�ned as

ai;j =
�

1 (i; j ) 2 E
0 (i; j ) 62E

: (3)

Since correlation matrix has real values, in order to be understood as an adjacency matrix,
it is necessary to binarize it. In practice, threshold valueK is chosen arbitrarily and
adjacency matrix is constructed as follows,

[hK (A)]i;j =
�

1 ai;j � K
0 ai;j < K

: (4)

This thresholded correlation matrix (connectivity matrix of the original process) is then
understood as adjacency matrix of the graph. On such constructed graph, graph-theoretical
properties are then calculated.

Partial correlation

The partial correlation coe�cient is designed to re�ect the relationship between observed
random variables, excluding the in�uence of other random variables in the system. For-
mally, partial correlation between random variablesY and Z with respect to variables
X = ( X 1; : : : ; X n )> is de�ned as follows.

Ŷ = � 1 + � >
1 X denotes best linear approximation ofY by variablesX and Ẑ = � 2 + � >

2 X
denotes best linear approximation ofZ by variablesX . Partial correlation betweenY a
Z with respect to X is de�ned as correlation of the residualsY � Ŷ and Z � Ẑ:

� (Y; ZjX ) = �
�

Y � Ŷ ; Z � Ẑ
�

: (5)

Partial correlation matrix P of vector random variableX = ( X 1; : : : ; X n )> is de�ned as

[P]i;j = �
�
X i ; X j jX r f X i ; X j g

�
: (6)

In estimation we use the relation between partial correlation matrix and inverted cor-
relation matrix. By ci;j is denoted the element of inverted correlation matrix, thus
[C � 1 (X )]i;j = ci;j . Elements of partial correlation matrix pi;j are given by the expression

pi;j =
�

� ci;jp ci;i cj;j
i 6= j

1 i = j
: (7)

In the process of characterization of random process as a graph, which was presented
in this section, partial correlation coe�cient (matrix) can be used instead of correlation
coe�cient (matrix).
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3 Rich-club property

The �rst of the studied properties is rich-club property. This property (coe�cient)
was �rst introduced in paper studying Internet topology and it was designed to express
whether high degree nodes are connected directly together [3]. In �gure 1 you can see a
typical example of rich-club structure. The rich-club coe�cient � (k) was de�ned as the
ratio of the total actual number of links to the maximum possible number of links between
elements with node degree at leastk. Note that maximum possible number of these links
is N>k (N>k � 1)=2; whereN>k is the number of nodes with degree greater than or equal
to k: The rich-club coe�cient of the graph is then de�ned by the expression

� (k) =
2E>k

N>k (N>k � 1)
(8)

whereE>k is the number of edges between the nodes of degree greater than or equal to
k. If the value of � (k) is close to 1 for values ofk close tokmax , the interpretation is
that high degree nodes of the network are well connected and the graph has rich-club
property. Value close to maximum node degree is not well de�ned, note that in our work
we consider this number equal tob0:8kmaxc. If we refer to the rich-club coe�cient � in
the following text, we understand� := � (b0:8kmaxc):

Figure 1: Example of "rich-club" network

Assortativity

A similar graph-theoretical property is assortativity. By assortativity, we understand a
preference for graph nodes to attach to others that are similar in some way. The assor-
tativity coe�cient was de�ned as the Pearson correlation coe�cient of degree between
pairs of linked nodes [2]. Formally let us consider a network withn nodes andM edges
with degree distribution pk (probability that randomly chosen node has degree k). The
original de�nition of assortativity deals with the so-called remaining degree (which is
simply one less than node degree). Distribution of the remaining degreeqk is then given
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by the expression

qk =
(k + 1) pk+1P

j � 1 jp j
; (9)

where � 2
q is the variance ofqk is understood andejk denotes the joint probability dis-

tribution of the remaining degrees of the two nodes. Assortativity coe�cient is �nally
de�ned as

r =

P
jk jk (ejk � qj qk)

� 2
q

; (10)

which corresponds to correlation of degree between pairs of linked nodes, therefore its
values are from[� 1; 1]; for the random graphsr = 0 (for n ! + 1 ), because edges are
placed randomly without regard to node degree hence there is no correlation between
node degrees.

4 Numerical simulation

In this section, we present the results of numerical simulations of the rich-club coe�cient
and assortativity of both correlation and partial correlation graphs. We consider systems
with random interaction structure A which we model by Erd®s-Rényi model of random
graph (matrix). In this model the probability of presence of a direct link between each
two elements is given by a prede�ned density valueD 2 [0; 1]: Practically we �x the
required density of the matrix A (percentage of the direct links) and assign a value of 1
to the corresponding number of randomly selected elements. This binary matrix is further
normalized to ascertain stationarity of the process by multiplying it with a constant s

� max
;

where � max is the largest eigenvalue (in absolute value) of the matrixA, and s 2 (0; 1)
is an optional parameter. We sets = 0:8 throughout the paper. The testing dataset
consists of vector autoregressive process of order 1 given by equation

X t = AX t � 1 + Et : (11)

as we said the above matrixA has a random structure. For this process, we can evaluate
the covariance matrix (and hence also correlation matrix) analytically. For a symmetric
matrix A, the covariance matrix of VAR(1) process in the equation (11) is equal to equal
to (I � A2)� 1 : Since matrix A is chosen randomly (process is representing random sys-
tem) our expectation about values of assortativity coe�cient of the (partial) correlation
matrix is r � 0 - as we explained above, random system has assortativity coe�cient
equal to 0. In the case of rich-club coe�cient� we compute values of the rich-club coe�-
cient of thresholded (partial) correlation matrix as well as rich-club coe�cient of original
structure matrix A: This allows us to compare how much (partial) correlation a�ects the
original structure in terms of the rich-club property rich-club property. Note that in this
comparison of the rich-club coe�cient, kmax is rede�ned as a minimum of maximal node
degree of these two networks.

Numerical simulations were performed as follows. Random matrixA of dimension
n was generated. Covariance matrix was calculated using expression(I � A2)� 1 and by
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normalization we obtain correlation matrix . From this correlation matrix, partial cor-
relation matrix was evaluated using (7). These matrices were then thresholded to the
density D. These thresholded matrices served us as adjacency matrices of the original
system (process). From these matrices, rich-club property and assortativity were evalu-
ated. Below we present results of rich-club coe�cient and assortativity of correlation and
partial correlation graphs generated by VAR(1) process with random structural matrix
with various values of network sizen and density D:

Figure 2: Ratio of the rich-club coe�cient of thresholded correlation matrix and rich-club
coe�cient of the original structural matrix A: Results are shown for a range of matrix
sizes:n 2 f 50; 100; : : : ; 500g and threshold densitiesD 2 f 10; 15; : : : ; 55%g:

Figure 3: Ratio of the rich-club coe�cient of thresholded partial correlation matrix and
rich-club coe�cient of the original structural matrix A. Results are shown for a range of
matrix sizes: n 2 f 50; 100; : : : ; 500g and threshold densitiesD 2 f 10; 15; : : : ; 55%g:

As can be seen from �gures 2 and 3 values of ratio of the rich-club coe�cient of
(partial) correlation graphs and rich-club coe�cient of random structural matrix A are
greater than 1. This observation can be interpreted as the using of correlation or partial
correlation itself increases the observed rich-club coe�cient of the investigating system.
In both cases, the biggest value of this ratio is acquired for large and relatively sparse
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networks. In the case of correlation graphs, ratio reaches the maximum value of 5, in
partial correlation graphs approximately 2. Thus partial correlation is biasing the result-
ing network less than correlation but still causes a relatively strong rich-club structure.
Note that even for relatively small and dense networks is this ratio greater than 1 and so
bias is seen in both cases.

Figure 4: Assortativity coe�cient r of thresholded correlation matrix. Results are
shown for a range of matrix sizes:n 2 f 50; 100; : : : ; 500g and threshold densities
D 2 f 10; 15; : : : ; 55%g:

Figure 5: Assortativity coe�cient r of thresholded partial correlation matrix. Results
are shown for a range of matrix sizes:n 2 f 50; 100; : : : ; 500g and threshold densities
D 2 f 10; 15; : : : ; 55%g:

Figure 4 suggests that correlation graphs show low values of the assortativity co-
e�cient thus correlation networks are relatively disassortative. In the case of partial
correlation graphs, see �gure 5, this phenomenon is not as strong but also there the
original random structure, for which is characteristicr � 0; is wiped out.
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5 Conclusion

The main aim of this paper was to study the in�uence of using correlation and partial
correlation in the process of representing the system by graph to the selected graph-
theoretical properties: rich-club property and assortativity. Our simulations demon-
strated that even in completely random systems these structures or properties can be
found just because of the using of these methods. In practice (neuroscience, sociology,
climatology, economics,...) the above procedure of representing a real dynamical system
by a graph is widely applied and based on measured graph-theoretical properties conclu-
sions of the original system are drawn. As this paper or [1] illustrates, these conclusions
can be misleading because even in random systems internal structures like small-world
property, rich-club property or assortativity can be found just because of the methodology
of representing. For this reason, we recommend using some kind of e�ective connectivity
method, for example, Granger causality or methods based on transfer entropy. In these
methods, the resulting matrix at least converges to the original structural matrix of the
system and graph-theoretical properties should not be biased.
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Abstract. The paper presents a new theory of invariants with respect to Gaussian blur. Unlike
earlier methods, the blur kernel may be arbitrary oriented, scaled and elongated. Such blurring
is a semi-group action in the image space, where the orbits are classes of blur-equivalent images.
Every orbit is represented by aprimordial image (\maximally deconvolved image"). We propose
a non-linear projection operator P which extracts blur-insensitive component of the image.
Projection operator P divides each imagef into its Gaussian componentP f (projection onto
the set of all Gaussian functions) and a non-Gaussian component. It can be proven that

I (f ) =
F (f )

F (P f )

is an invariant w.r.t. Gaussian blur in the frequency domain. The invariants in the image domain
are then formally de�ned as moments of the blur-insensitive component but can be computed
directly from the blurred image without an explicit construction of the projections
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Image description by the new invariants does not require any prior knowledge of the particular
blur kernel shape and does not include any deconvolution. Potential applications are in blur-
invariant image recognition and in robust template matching.

Keywords: Gaussian blur, Semi-group, Projection operator, Image moments, Moment invariants

Abstrakt. V tomto èlánku prezentujeme novou teorii invariantù vùèi gaussovskému rozmazání.
Narozdíl od existujících metod uva¾ujeme konvoluèní jádra, která jsou libovolnì natoèená, pro-
ta¾ená a ¹kálovaná. Tato rozmazání jsou akce semigrupy na prostoru obrazových funkcí, kde
orbity pøedstavují tøídy ekvivalentních obrázkù. Ka¾dá orbita je reprezentována tzv.praobráz-
kem, který si lze pøedstavit jako þmaximálnì dekonvolvovanýÿ obrázek. Navrhli jsme projekèní
operátor P, který extrahuje komponentu obrázku necitlivou na rozmazání. Projekèní operátor

� This work was supported by the Czech Science Foundation (Grant No. GA18-07247S), by the
Praemium Academiae, and by the Grant Agency of the Czech Technical University (Grant No.
SGS18/188/OHK4/3T/14).
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P rozdìlí obrázek f na gaussovskou komponentuP f (projekce na mno¾inu v¹ech gaussovských
funkcí) a negaussovskou komponentu. Lze ukázat, ¾e

I (f ) =
F (f )

F (P f )

je invariant vùèi gaussovskému rozmazání ve frekvenèní oblasti. Invarianty v obrazové oblasti lze
formálnì de�novat jako momenty praobrázku, ale lze je spoèítat pøímo z rozmazaného obrázku,
ani¾ bychom explicitnì konstruovali projekce
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Metoda nevy¾aduje apriorní znalost konkrétního konvoluèního jádra a nezahrnuje dekonvoluci.
Tyto deskriptory lze vyu¾ít pro rozpoznávání obrazu necitlivé na rozmazání a robustní databá-
zové vyhledávání.

Klíèová slova: gaussovské rozmazání, semigrupa, projekèní operátor, obrazové momenty, mo-
mentové invarianty

Full paper: J. Kostková, J. Flusser, M. Lébl and M. Pedone.Image Invariants to Ani-
sotropic Gaussian Blur. Proceedings of the Scandinavian Conference on Image Analysis
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Abstract. Many interesting binary classi�cation problems minimizes misclassi�cation below
(or above) a decision threshold. Such problems include, for example, Top Push [3], Accuracy
at the Top [1, 2] or the problem of hypothesis testing [4]. Regardless of the similarity of these
tasks, they are all considered separate problems. In this work, In this work, we show that all
of them can be written in the same form as well as we propose a general framework to handle
these classes of problems. Moreover, we show which known methods fall into the framework and
derive new methods or improvements of known methods, which also fall into this framework too.
Besides that, we provide a theoretical analysis, where we show that all presented methods can
be transformed or at least approximated by a convex optimization problem. Furthermore, we
mention selected possible pitfalls the methods may encounter. We also suggest several numerical
improvements including the implicit derivative and stochastic gradient descent. The last part of
the work contains an extensive numerical study of all mentioned methods. Based both on the
theoretical properties and numerical experiments, we conclude the paper by suggesting which
method should be used in which situation.

Keywords: Binary Classi�cation, Accuracy at the Top, Neyman-Pearson, Top-Push, Convexity.

Abstrakt. Mnoho zajímavých binárních klasi�ka£ních problém· minimalizuje po£et ²patn¥
klasi�kovaných pozorování pod (nebo nad) rozhodovacím prahem. Mezi takové problémy pat°í
nap°íklad úloha Top Push [3], Accuracy at the Top [1, 2] nebo úloha testování hypotéz [4].
V²echny tyto problémy jsou uvaºovány odd¥len¥ bez ohledu na jejich podobnost. V této práci
ukazujeme, ºe v²echny lze zapsat stejným zp·sobem a také navrhujeme obecný rámec pro °e²ení
úloh spadajících to t¥chto t°íd problém·. Dále ukazujeme, které známe metody spadají do
obecného rámce a odvozujeme nové metody nebo vylep²ení metod známých, která také spadají
do uvedeného obecného rámce. Krom¥ toho poskytujeme teoretickou analýzu tohoto rámce, kde
ukazujeme, ºe v²echny uvedené metody lze zapsat nebo alespo¬ aproximovat pomocí konvexní
optimaliza£ní úlohy. Dále zmi¬ujeme moºná úskalí, která mohou pro n¥které metody nastat.
Mimoto navrhujeme n¥kolik numerických vylep²ení v£etn¥ uºití implicitních derivací a metody
stochastického gradientního sestupu. Poslední £ást práce obsahuje rozsáhlou numerickou studii
uvedených metod. Na základ¥ teoretických vlastností i numerických experiment· zakon£ujeme
práci doporu£ením, pro jaké úlohy pouºít jakou metodu.

Klí£ová slova: Binární klasi�kace, Accuracy at the Top, Neyman-Pearson, Top-Push, Konvexita.

Full paper: L. Adam, V. Mácha, V. ’mídl, T. Pevný. General Framework for Bi-
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nary Classi�cation on Top Samples. Submitted to Journal of Machine Learning Re-
search (2019).
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Abstract. One of proposed quantum protocol allowing entanglement puri�cation has been
shown to exhibit chaotic properties. We numerically analyse much wider class of generalised
protocols showing how the new parameters manifest in the chaotic features. One of the pa-
rameters can be understood as free time evolution added to protocol iterations and we show
that this time relaxation can be manipulated by other protocol parameters. This result allows
e.g. to virtually introduce or eliminate the free evolution leading to modify chaotic evolution
represented by fractal structures. Furthermore in this sense of time manipulation we can execute
a whole new family of protocols by a single protocol setting. In consequence a whole family of
protocols is redundant to further deeper study.

Keywords: qubit, chaos, time evolution

Abstrakt. Jeden z navrºených puri�ka£ních protokol· k puri�kaci kvantového provázání vyka-
zuje chaotické vlastnosti. Nyní studujeme celou novou t°ídu obecn¥j²ích protokol· a ukazujeme,
jak nov¥ zavedené parametry ovliv¬ují chaotické efekty. Jeden z parametr· m·ºe být chápán
jako p°idání volného £asového vývoje mezi iterace protokolu; ukáºeme, ºe tato £asová relaxace
m·ºe být ovládána otatními parametry protokolu. To vede na p°íklad k tomu, ºe lze virtuáln¥
zavést £i naopak vyru²it £asový vývoj v protokolu, coº modi�kuje chaotické chování ve form¥
fraktálních struktur. Navíc v tomto smyslu m·ºeme celou skupinu protokol· realizovat jediným
protokolem. V d·sledku tak je moºné z dal²ích studií protokol· jeden z parametr· vynechat.

Klí£ová slova: qubit, chaos, £asový vývoj

1 Introduction

With quantum technologies getting more and more powerful, eyes turn to a fundamental
question. Realistic quantum state su�ers from decoherence because it interacts with its
environment and this leads e.g. to dissipation of entanglement which is an important
resource for quantum computation. Is there a way to e�ectively protect the information
or repair it? One of quantum protocols [1] proposed twenty years ago suggests to use
measurement based selection and modi�cation to protect the maximally entangled Bell
state. This nonlinear protocol was later shown to exhibit chaotic behaviour [4]. This
chaos is bound to the iterative evolution of quantum states itself and so has no analogy

� This work has been supported by the Grant Agency of the Czech Technical University in Prague,
grant No. SGS19/186//OHK4/3T/14.
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in classical physics. The chaos manifests in forming fractal structure [2] of chaotic states.
In addition, when evolution of mixed states is studied we come to a particular behaviour
understood as a phase transition where the physical phase is formed by the induced fractal
structure and the purity plays the role of temperature, [5]. There are many interesting
questions to the open quantum systems evolution and we hope to uncover some of the
mysteries of general quantum physics.

In this work we present a generalisation of the original protocol. The motivation to
this can be found in desire for general understanding of nonlinear evolution of quan-
tum systems. New protocols could possess interesting properties, allow for more e�ective
entanglement puri�cation etc. Our �nding brings important results thanks to particu-
lar parameterisation of the protocol action and numerical tools. One of the important
thought is to understand general protocol as another protocol equipped with additional
time relaxation operator. This operator we interpret as a free time evolution inserted
between subsequent protocol iterations. The question of delay between protocol itera-
tions is fundamental for practical applicability of the protocol. Besides the time phase
determined by this time relaxation, the protocol is determined by two real parameters
and such general protocol acts on a mixed qubit state which can be described using three
real parameters. This number of parameters together with nonlinear evolution equations
turns the simple idea of the protocol into formidable task to study despite the model is
one of easiest "toy models" one can consider.

2 Protocol settings

Original motivation for the nonlinear protocol lies in the fact that closed systems evolve
under unitary transformation which is isometry. In such case a general quantum state
cannot be repaired if damaged by environment. A simple idea implemented by Bechmann-
Pasquinucci [1] suggests to use another copy of the system as a particular environment and
based on the measurement of this environment to decide to repair the desired information
with suitable unitary gate. [1] gives simple scheme which preserves Bell statej� + i and
later papers show [4, 5] that the protocol is truly capable of repairing the damagedj� + i ,
i.e. purifying the entanglement. The protocol uses two key elements: CNOT gate to
implement measurement-based selection and Hadamard gate. While the CNOT gate is
responsible for nonlinear evolution, the Hadamard gate can be replaced by general unitary
gateU as so called twirling operator. Therefore we now introduce modi�ed protocol with
scheme showed at 1.

3 Protocol modi�cation

For the sake of simplicity we consider only action of the protocol on a single qubit, not
qubit pairs as the original protocol [1, 4]. This step will dismiss any entanglement out
of discussions but it allows us to easily perform numerical analysis which is the only
tool available for this mathematical problem. The most general form of qubit is mixed
state � characterised by three real parameters in following way, often called (Bloch-)Fano
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Figure 1: Scheme of a general pro-
tocol. Two copies of qubit pairs un-
dergo measurement based modi�ca-
tion which depends on twirling gateU.

representation, [3]:

� =
1
2

�
1 + w u � iv
u + iv 1 � w

�
; u; v; w 2 R ^ u2 + v2 + w2 � 1 (1)

The Fano space is a ball in a threedimensional Cartesian space and the north/south poles
u = v = 0; w = � 1 are the basis states of given computational basis.

The so called twirling gateU is now arbitrary unitary gate and it is expected to
modify chaotic features of the protocol. The gateU can be expressed as a matrix (in the
computational basis) depending only on three real parameters, angles. Fourth parameter
needed to uniquely describe a unitary matrix only in�uences global phase of the physical
state and as such is redundant. Additionally, the matrix can be decomposed in following
way:

U = T� Rx; ; T� =
�

1 0
0 ei�

�
; Rx; =

�
cosx sinxei 

� sinxe� i cosx

�
: (2)

The reason for such decomposition is that matrixT� can be given physical interpre-
tation of free time evolution of the system. Such free time evolution manifests on basis
states as a gain of a relative "time" phase� . The protocol equipped withU is physically
understood as a protocol equipped with rotationR followed by free time evolution, i.e.
iterations of the protocol are separated by certain time interval. When one iteration is
executed on state� , it is changed as follows:

� ! � 0 =
U � (� � � ) � Uy

Tr (U � (� � � ) � Uy)
(3)

where symbol� stands for elementwise multiplication of matrices. Considering Fano
representation of the state� we can write evolution equations inu; v; w:

u0 =
� 2w sin 2x cos( � � ) + ( u2� v2 ) [sin  sin(  � � ) + cos 2 x cos cos( � � )] + 2 uv [cos sin(  � � ) � cos 2x sin  cos( � � )]

1 + w2
;

v0 =
2w sin 2x sin(  � � ) + ( u2� v2 ) [sin  cos( � � ) � cos 2x cos sin(  � � )] + 2 uv [cos cos( � � ) + cos 2 x sin  sin(  � � )]

1 + w2
;

w0 =
2w cos 2x + ( u2 � v2 ) cos  sin 2x � 2uv sin  sin 2x

1 + w2
: (4)

These nonlinear equations are quadratic rational in state coordinatesu; v; w; terms
2w; u2 � v2; 2uv are consequence of the CNOT gate application. These terms are geo-
metrically combined by functions of protocol anglesx;  ; � . Note that the combinations
have property � � 2w + � � (u2 � v2) + 
 � 2uv ) � 2 + � 2 + 
 2 = 1 for all new coordinates
u0; v0; w0.
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4 Asymptotic dynamics

We are interested in asymptotic dynamics of the protocol because of the chaotic features.
Fractal structures emerge with repetitive iterations of the protocol and as such are de-
manding on computational power, they are simulated by su�cient amount of iterations.
There is no other approach besides numerical because there is no mathematical back-
ground for equations 4. Problem of chaos with three real variables goes beyond scope of
mathematical books and there are no usable analytical statements.

The two connected questions we try to answer at the moment are: What fractal
structures are obtainable for general protocol? What attractors are determined by the
protocol? Naturally, the answer is hidden in values of parametersx;  ; � . So we must ask
how do the fractal structures and attractors depend on the protocol parameters.

Application of one iteration of protocol equipped withU = TR twirling gate will be
schematically written in following notation:

� ! � 0 = TR[� ] (5)

To give visual representation to calculations and conclusions ofTR[TR[: : : TR[� ] : : : ]]
we now discuss creation of images we callattractor maps. Such maps serve to identify
attractor of given initial state. The map can be computationally a matrix where position
(matrix element position=pixel) represents an initial state and matrix element value
would code the attractor. Such matrix can be visualised as a coloured rectangular image
where the matrix entries are converted to colours with some colour scheme. The two-
dimensional rectangle must be now confronted with the ball of all possible initial states,
1. We use following physically motivated approach: choosing value of so called purity
P = u2 + v2 + w2 we choose a sphere of certain radius. In this two-dimensional manifold
the initial state is than uniquely determined by two spherical angles'; # . The attractor
maps will code value' on x-axis and# on y-axis. Attractors will be coded in grayscale.
Such coding would not be generally unique but for our purposes it recognises individual
attractors which is the aim of attractor maps. Connected regions of the same colour
can be understood in analogy to basins of attraction introduced in theory of complex
functions [6]. Borders separating regions of di�erent colours form the structure which is
of our interest as it contains states sensitive to initial conditions. That is the main point
crucially connected to chaos. The aim of this paper is not to analyse the fractals but to
give a brief overview of relation between the fractal and protocol parameters.

Consider two protocol characterised with two setsx1;  1; � 1, x2;  2; � 2. We will mark
corresponding iterations withT1R1[:]; T2R2[:]. We can say two protocols areasymptoti-
cally equivalentin case they induce the same fractal structure in the asymptotic regime.
The fractal structure may be rotated (as the ball in the Fano representation, 1) and the
attractors may be di�erent but the crucial properties of the fractal structure like its di-
mension remain kept. This concept of asymptotic equivalence de�ne a class of protocols
which in attractor maps di�er only in shift of position and change of colours, but "the
oceans and continents" keep their shape.

Numerical analysis uncovers peculiar result: Two protocolsT1R1[:]; T2R2[:] are asymp-
totically equivalent if x1 = x2 ^  1 � 2� 1 =  2 � 2� 2. We now de�ne angle� :=  � 2� for
given protocol and we conclude that the induced fractal structure of the protocol depends



Maniputlation of Time Evolution in Quantum Puri�cation Protocol 117

only on two real numbers:x; � . Before we proceed to practical applications we give also
a stronger result. We write it symbolically:

T1R1[T1R1[T1R1[: : : T1R1[� ] : : : ]]] = Ty
0 �(T2R2[T2R2[T2R2[: : : T2R2[T0�� �Ty

0 ] : : : ]]])�T0: (6)

This formula is independent of number of iterations. That means not only two protocol
are equivalent in asymptotic regime but they can be put equal at a price of additional
Fano space transformation expressed by operatorsT0. This operator is used before the
protocol application and its inverse is applied after the protocol is executed. SymbolT0 is
used because the operator has the form of free time evolution 2 and corresponding phase
is found: � 0 = � 1 � � 2. The action of operatorT0 on states in Fano space manifests as a
rotation around w-axis for angle� 0.

When given two asymptotically equivalent protocolsx; � , the value � 0 explains: Per-
form iterations of the �rst protocol. You will obtain the same result as if you would rotate
the Fano space for angle� 0, perform the iterations of the other protocol and rotated the
Fano space back by� � 0. In the images of attractor maps the �rst rotation shifts the
fractal structure by certain angle to the left (rotation of the Fano space aroundw-axis is
the shift in the spherical angle' which is on the horizontal axis of the map). The later
rotation changes the attractors which results into change of the colours of the map.

Two equivalent protocols do not have to be studied individually. The fractal structure
keeps the same properties and the fact we know the additional transformationT0 allows
us to easily �nd attractors of one of equivalent protocols by simply rotating attractors of
another one for corresponding angle� 0. We conclude that regarding asymptotic analysis
of general protocol, only two parametersx; � are relevant while � 0 allows to specify
exact attractor of given state � . The fractal structure e�ciently depends on only two
parameters, see example of attractor maps in 2.

Now, we proceed to applications of previous result which we put in physical context.
The time evolution expressed with phase� can be handled using equation 6 at the cost
of setting appropriate  . We present three basic concepts of this time manipulation.

� Adding the time relaxation to the protocol.

R1[R1[R1[: : : R1[� ] : : : ]]] ! T � (TR2[TR2[TR2[: : : TR2[Ty � � � T] : : : ]]]) � Ty (7)

If the protocol iterations are executed immediately but we need certain time evolu-
tion, resp. the phase� to take place, we can implement it without actually leaving
the system evolve freely. The required time for protocol implementation can dra-
matically decrease. GateR2 must be chosen with 2 =  1 + 2� .

� Eliminating the time relaxation from the protocol.

TR1[TR1[TR1[: : : TR1[� ] : : : ]]] ! Ty � (R2[R2[R2[: : : R2[T � � � Ty] : : : ]]]) � T (8)

On contrary, if the protocol iterations are separated by time evolution (for example
due to transmission of state or due to technological realisation) we can modify the
protocol to undo this unwanted phase� with setting  2 =  1 � 2� .
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� Changing the time relaxation of the protocol.

The most general case is exactly the equation 6 with meaning that the time delay
between protocol iterations can be lengthened or shortened at will.

All cases require pre- and postmodi�cation of the state to evolve. The modi�cation is
free evolution for a speci�c time delay which is determined by the default and the desired
protocol.

5 Conclusion

We have presented results based on numerical evidence but with high relevance and re-
liability. These very interesting statements can possibly be put on more solid ground
by certain analytical calculations. However, we deal with in�nite iterations of multidi-
mensional nonlinear maps which go beyond the scope of available mathematical books.
Therefore, the numerical approach is very welcome to at least give intuition what features
and consequences might the general protocol possess.

The main result 6 is valid for any number of iterations and allows us to identify one-
parametrical classes of protocols with the samex; � . The protocols belonging to the
same class induce the same fractal structure in the Fano space. The di�erence between
the protocols is given by actual value of� (resp.  = � + 2 � ). This parameter then
rotates the fractal structure and attractors as illustrated in 2.

Our �ndings can be used in several ways, most of all to modify free time evolution
between protocol iterations. The price for this is in using additional unitary transfor-
mation before and after the protocol iterations. We have presented exact forms of these
operators.

The importance of our results also lies in deeper understanding of nonlinear protocols
and further simpli�cation of their study.
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Figure 2: The attractor maps of protocols with x = 30 � ; � = 89 � , from top to bottom � is
chosen0� ; 60� ; 120� ; 180� . These maps depict asymptotic evolution of pure states, the Bloch
sphere is translated to rectangular maps via spherical angles' 2 [0; 2� ); # 2 [0; � ] which are
assigned to horizontal and vertical axes. Each colour codes a di�erent attractor, i.e. initial
states (pixels) with the same colour converge to the same attractor state. Choice of higher�
changes colours and shifts the fractal structure to the left.





Derived Sequences of Arnoux�Rauzy
Sequences�

Kate°ina Medková

3rd year of PGS, email:medkokat@fjfi.cvut.cz
Department of Mathematics
Faculty of Nuclear Sciences and Physical Engineering, CTU in Prague

advisors:

Edita Pelantová, Department of Mathematics
Faculty of Nuclear Sciences and Physical Engineering, CTU in Prague

Karel Klouda, Department of Applied Mathematics
Faculty of Information Technology, CTU in Prague

Abstract. One of the key notions in combinatorics on words are derived sequences which were
introduced by Durand [1]. Let u = u0u1u2 � � � be an in�nite sequence with all letters ui from
a �nite alphabet A and let w = ui ui +1 � � � ui + n� 1 be a non-empty factor of u. The integer i
is called an occurrence of the factor w in u. Let i < j be two consecutive occurrences ofw
in u. Then the word ui ui +1 � � � uj � 1 is a return word to a factor w in u. Here we take into
consideration only the sequenceu whose each factorw has �nitely many return words. Such a
sequence is calleduniformly recurrent . In addition, if w is a pre�x of u, then the sequenceu can
be written as the unique concatenation of the return words tow. The ordering of the return
words in this concatenation is coded by thederived sequenceof u to its pre�x w.

Return words and derived sequences were especially studied in the case of Sturmian se-
quences, which are the aperiodic binary sequences having the least factor complexity possible.
In particular, Vuillon [4] showed that a binary sequence is Sturmian if and only if its each factor
has exactly two return words. This property implies that the derived sequence to each pre�x of
a Sturmian sequence is Sturmian as well.

Sturmian sequences have various generalizations for multi-literal alphabets, one of them are
Arnoux�Rauzy sequences. A uniformly recurrent sequenceu over A is called Arnoux�Rauzy if
for all n it has (# A � 1)n + 1 factors of length n with exactly one left and one right special
factor of length n. In [2] the authors show that each factor of an Arnoux�Rauzy sequence over
A has exactly # A return words. It means that derived sequences of Arnoux�Rauzy sequences
over A can be considered over the same alphabetA . Nevertheless, such a property does not
characterize Arnoux�Rauzy sequences if# A > 2.

The aim of this paper is to study derived sequences of Arnoux�Rauzy sequences. For every
Arnoux�Rauzy sequenceu we describe the set Der(u) of derived sequences to all non-empty
pre�xes of u. As a corollary, we show that every derived sequence of an Arnoux�Rauzy sequence
is an Arnoux�Rauzy sequence as well. Durand [1] proved that the sequenceu is primitive
substitutive, i.e. it is a morphic image of a �xed point of a primitive morphism, if and only if
the set Der(u) is �nite. Here we precisely determine the cardinality of Der(u) for all primitive
substitutive Arnoux�Rauzy sequences. It generalizes the results from [3], where the cardinality
of Der(u) is bounded for the �xed points of primitive Sturmian morphisms.

� This work has been supported by the project no. CZ.02.1.01/0.0/0.0/16_019/0000778 and by the
grant SGS17/193/OHK4/3T/14.
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Abstrakt. Derivovaná slova de�noval Durand [1] v roce 1998 a od té doby se stala jedním
z klí£ových pojm· kombinatoriky na slovech. Nech´ u = u0u1u2 � � � je nekone£né slovo nad
kone£nou abecedouA a nech´ w = ui ui +1 � � � ui + n� 1 je jeho neprázdný faktor. P°irozené £ísloi
nazývámevýskytemfaktoru w ve slov¥u. Návratové slovok faktoru w je slovo ui ui +1 � � � uj � 1,
kde i < j jsou dva po sob¥ jsoucí výskytyw ve slov¥ u. V tomto £lánku uvaºujeme pouze
nekone£ná slova, jejichº kaºdý faktor má kone£n¥ mnoho návratových slov. Taková slova nazýváme
uniformn¥ rekurentní a platí pro n¥, ºe pro libovolný pre�x w slova u m·ºeme slovo u jednoz-
na£n¥ zapsat jako z°et¥zení návratových slov k pre�xuw. Po°adí jednotlivých návratových slov
v tomto z°et¥zení je kódovánoderivovaným slovemslova u k pre�xu w.

Návratová a derivovaná slova jsou detailn¥ prostudována zejména v p°ípad¥ sturmovských
slov, coº jsou binární aperiodická slova s minimální faktorovou komplexitou. Vuillon [4] ukázal,
ºe binární nekone£né slovo je sturmovské práv¥ tehdy, kdyº kaºdý jeho faktor má práv¥ dv¥
návratová slova. Z toho ihned plyne, ºe derivovaná slova sturmovských slov jsou op¥t sturmovská.

Sturmovská slova mají °adu zobecn¥ní na vícepísmenné abecedy, jedním z nich jsou i Arnoux�
Rauzyho slova. Uniformn¥ rekurentní nekone£né slovou nad abecedouA je Arnoux�Rauzyho,
pokud má pro kaºdé n práv¥ (# A � 1)n + 1 faktor· délky n a pro kaºdou délku n má práv¥
jeden levý a jeden pravý speciální faktor. Auto°i práce [2] ukázali, ºe kaºdý faktor Arnoux�
Rauzyho slova nad abecedouA má práv¥ # A návratových slov. To znamená, ºe derivovaná
slova Arnoux�Rauzyho slov nad A mohou být uvaºována nad stejnou abecedouA. Na rozdíl od
sturmovských slov ale tato vlastnost necharakterizuje Arnoux�Rauzyho slova, pokud# A > 2.

Cílem tohoto £lánku je studovat derivovaná slova Arnoux�Rauzyho slov. Pro kaºdé Arnoux�
Rauzyho slovou popí²eme mnoºinu Der(u) v²ech derivovaných slov k neprázdným pre�x·m slova
u. P°ímým d·sledkem této charakterizace je fakt, ºe kaºdé derivované slovo Arnoux�Rauzyho
slova je op¥t Arnoux�Rauzyho slovo. Durand [1] ukázal, ºe posloupnostu je primitivn¥ substitu-
tivní, tj. je to mor�cký obraz pevného bodu primitivního mor�smu, práv¥ tehdy, kdyº mnoºina
Der(u) je kone£ná. V tomto £lánku stanovujeme p°esnou velikost mnoºiny Der(u) pro v²echny
primitivn¥ substitutivní Arnoux�Rauzyho slova. Tím zobec¬ujeme p°edchozí výsledky [3], které
odhadují velikost mnoºiny Der(u) pro pevné body primitivních sturmovských mor�sm·.

Klí£ová slova: Arnoux�Rauzyho slovo, derivované slovo, návratové slovo

Full paper: K. Medková. Derived sequences of Arnoux-Rauzy sequences. In 'Combina-
torics on Words (WORDS, Loughborough, 2019)', R. Merca³ and D. Reidenbach (eds.),
volume 11682 ofLecture Notes in Computer Science, Springer (2019), 251�263.
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Abstract. This contribution deals with problems associated with generalization of the curve
shortening �ow into higher dimensional space. Speci�cally, the motion in normal and binormal
direction of closed curves embedded inR3 is analyzed and compared to the standard two-
dimensional case. Although the motion of space curves in normal direction is similar to that
in the plane, new phenomena may be observed inR3. Namely, embedded curves may develop
new types singularities, stop being simple or loose their convexity during the evolution. We
discuss some speci�c examples and present theoretical results addressing these problems. The
motion in the binormal direction, discussed in the second part of the talk, has been studied
mainly in the context of vortex dynamics. Aside from its application in physics, this motion has
many interesting properties. The local rate of parametrization as well as length, total torsion,
elastic energy and other global properties of closed curves are preserved and the motion law is
equivalent to a non-linear Schrödinger equation obtained by the Hasimoto's transformation.

Keywords: space curves, geometric �ow, parametric approach

Abstrakt. Tento p°ísp¥vek poukazuje na problémy spojené se zobecn¥ním geometrických tok·
k°ivek. Zkoumán je p°edev²ím pohyb uzav°ených prostorových k°ivek, který je srovnán s kla-
sickým pohybem v rovin¥. Narozdíl od b¥ºné de�nice, m·ºe pohyb jednoduchých k°ivek v
R3 generovat komplikovan¥j²í typy singularit, £ásti k°ivky do sebe mohou narazit a z p·vodn¥
konvexních k°ivek se mohou stát k°ivky konkávní. Tyto problýmy jsou nejprve teoreticky ana-
lyzovány a poté vysv¥tleny na konkrétních p°íkladech. Uvaºován je také pohyb ve sm¥ru binor-
málního vektoru, který vede k jednoduchému modelu dynamiky vírových smy£ek v Eulerovské
kapalin¥.

Klí£ová slova: prostorové k°ivky, geometrický tok, parametrická formulace
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Abstract. Many real-world problems belong to the area of continuous black-box optimization.
If the black-box function is also expensive, regression surrogate models are often utilized by opti-
mization algorithms to save evaluations of the original expensive function. In such optimization
tasks, Gaussian processes [7] modeling technique has been shown as a valuable surrogate model
for the Covariance Matrix Adaptation Evolution Strategy (CMA-ES) [3], the state-of-the-art
algorithm in continuous black-box optimization �eld. Choosing a suitable surrogate model or
a suitable setting of its hyperparameters is a complex selection problem, where research into
reusing knowledge represented by features of black-box function landscape is only starting.

In [6], we investigated how di�erent Gaussian process settings in�uence the error between the
predicted and genuine population ordering in connection with features representing the �tness
landscape. Apart from using features for landscape analysis known from the literature, we
proposed a new set of features based on CMA-ES state variables. We performed the landscape
analysis of a large set of data generated using runs of a surrogate-assisted version of the CMA-
ES, the Doubly Trained Surrogate CMA-ES [1, 4] (DTS-CMA-ES), on the noiseless part of the
Comparing Continuous Optimisers [2] benchmark function testbed.

The promising results of the previous research lead to the investigation into surrogate model
selection [5], where we utilized the knowledge from the previous model experience to design
a metalearing system. As a proof of concept, we provided a study investigating the in�uence
of landscape features on the performance of various Gaussian process covariance functions as
surrogate models for the DTS-CMA-ES.

Keywords: black-box optimization, surrogate model, Gaussian process, metalearing

Abstrakt. Mnoho praktických úloh spadá do oblasti spojité black-box optimalizace. Pokud
je black-box funkce navíc drahá, optimaliza£ní algoritmy vyuºívají namísto p·vodní funkce
náhradní regresní model. Gaussovské procesy prokázaly, ºe jsou vhodným náhradním mod-
elem pro algoritmus Covariance Matrix Adaptation Evolution Strategy [3] (CMA-ES) p°i °e²ení
optimaliza£ních úlohy tohoto typu. Výb¥r vhodného náhradního modelu nebo vhodného nas-
tavení jeho parametr· je komplexní problém výb¥ru, jehoº výzkum v oblasti opakovaného vyuºití

� The reported research was supported by the Czech Science Foundation grants Nos. 17-01251S and
18-18080S and by the Grant Agency of the Czech Technical University in Prague with its grant No.
SGS17/193/OHK4/3T/14.

yThis study has been provided in cooperation with Luká² Bajer and Jakub Repický.
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p°edchozích znalostí, jeº jsou reprezentovány p°íznaky tvaru black-box funkce, je teprve na svém
po£átku.

Ve £lánku [6] jsme zkoumali, jak r·zná nastavení gaussovských proces· ovliv¬ují chybu p°ed-
pov¥zeného po°adí populace v·£i po°adí skute£nému ve spojení s p°íznaky p°edstavujícími tvar
�tness funkce. Krom¥ p°íznak· známých z literatury jsme také p°edstavili zcela novou mnoºinu
p°íznak· zaloºenou na stavových prom¥ných algoritmu CMA-ES. Provedli jsme analýzu tvaru
funkcí na velkém mnoºství dat vytvo°ených za pouºití b¥h· verze algoritmu CMA-ES vyuºívající
náhradní model, jmenovit¥ algoritmu Doubly Trained Surrogate CMA-ES [1, 4] (DTS-CMA-ES),
na funkcích z platformy Comparing Continuous Optimisers [2] bez p°idaného ²umu.

Slibné výsledky p°edchozího výzkumu nás p°ivedly ke zkoumání výb¥ru náhradního mod-
elu [5], kde jsme vyuºívali p°edchozích zku²eností modelu pro vytvo°ení metau£ícího systému.
Abychom ov¥°ili ná² koncept, provedli jsme studii vlivu p°íznak· tvaru funkce na úsp¥²nost
predikce r·zných kovarian£ních funkcí gaussovského procesu jakoºto náhradního modelu pro
DTS-CMA-ES.

Klí£ová slova: black-box optimalizace, náhradní modelování, gaussovské procesy, metau£ení
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Abstract. Dynamical systems appear in a plethora of applications where the linear part pos-
sesses a transcendental transport function in the Laplace, Fourier or Z-transform. This is caused
by the form of the linear model which usually entails non-constant coe�cients, damping terms
or is modelled by partial di�erential equations of the hyperbolic or parabolic type. The presence
of non-integer orders of derivatives in the model of the anomalous system behaviour further
complicates matters. The thesis' objective is to explore these models by investigating model
formulation, continuous and discrete transport and the design of a control algorithm. The goal
is to study the transport functions by means of mathematical analysis in the complex domain,
�nd an analytical solution or its approximation and simulate the systems in order to verify their
properties.

Keywords: Transcendental transport, Laplace transform, Fourier transform

Abstrakt. V celé °ad¥ aplikací se vyskytují dynamické systémy, jejichº lineární £ást má tran-
scendentní p°enosovou funkci v Laplaceov¥, Fourierov¥ £i Z-transformaci. P°í£inou je tvar
lineárního modelu, který obvykle obsahuje nekonstantní koe�cienty, zpoº¤ovací £leny nebo je
popsán parciálními diferenciálními rovnicemi hyperbolického £i parabolického typu. Dal²í kom-
plikací je výskyt necelo£íselných derivací p°i popisu anomálního chování systém·. Cílem práce je
studium takových systém· od formulace modelu, p°es vlastnosti spojitého p°enosu aº k diskrét-
nímu p°enosu a návrhu °ídicího algoritmu. Cílem je studovat p°enosové funkce nástroji matem-
atické analýzy v komplexním oboru, nalézt analytické °e²ení nebo jeho aproximaci a provézt
simula£ní výpo£ty pro ov¥°ení vlastností systém·.

Klí£ová slova: Transcendentální p°enos, Laplaceova transformace, Fourierova transformace

1 Introduction

This contribution explores the numerical inversion of the laplace transform. The motiva-
tion of the investigation of the numerical inversion of the Laplace transform is laid out
below.

Consider a gas chromatograph. This device, depicted in Figure 1, employs an elon-
gated column to separate gas mixtures. The column is layered with di�usive compounds
in order to aid separation.
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A depiction of the gas chromatograph[1].

2 General model

Suppose there aren 2 N components in the gas phase on the inlet andN 2 N in the
di�usive phase. Assuming1st order kinematics, the batch kinematics of the system obey

@~c
@t

= P~c+ Q~a; (1)

@~a
@t

= R~c+ S~a; (2)

where the matricesP, Q, R, and S describe the batch kinematics of the system and
ck(x; t ); k 2 1; : : : ; n and ak(x; t ); k 2 1; : : : ; N are the concentrations in the gas phase
and in the stationary phase, respectively. The so-calledpiston model introduces a term
in the equation which models the gas phase as a piston propagating through the column,
are governed by the system of equations

@~c
@t

= � v
@~c
@x

+ P~c+ Q~a; (3)

@~a
@t

= R~c+ S~a; (4)

with constrains and initial conditions

t > 0; 0 < x < L; (5)

~c(0+ ; t) =: ~u(t); (6)

~c(L � ; t) =: ~y(t); (7)

~c(x; 0+ ) = ~0; (8)

~a(x; 0+ ) = ~0; (9)

whereL is the length of the column andv is the gas velocity.
In order to solve the aforementioned problem, the Laplace transform

~C(x; s) = L f ~c(x; t )g; (10)
~A(x; s) = L f ~a(x; t )g (11)
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is applied to both sides of equations (3) and (4) yielding

s~C = � v
@~C
@x

+ P~C + Q ~A )
@~C
@x

=
1
v

�
P + Q (Is � S)� 1 R

� ~C; (12)

s ~A = R~c+ S~a ) ~A = ( Is � S)� 1 R ~C; (13)

with boundary conditions

~C(0+ ; t) =: ~U(t); (14)
~C(L � ; t) =: ~Y(t); (15)

(16)

Hence, the general solution to (12) and (13) is

~C(x; t ) = exp
hx

v

�
P + Q (Is � S)� 1 R � Is

� i
~c(x; t ); (17)

~Y(x; t ) = exp

2

6
4

L
v|{z}
T

�
P + Q (Is � S)� 1 R � Is

�

3

7
5 ~c(x; t ): (18)

One can see that the homogeneous solution is

F(s) = exp
��

P + Q (Is � S)� 1 R � Is
�	

= exp( � Ts) exp(PT) exp
�
Q (Is � S)� 1 RT

�
:

(19)

3 One equilibrium reaction

In order to clarify the above model, consider an equilibrium equation with two compounds
with concentrations c1 and c2

c1
k1�*) �
k2

a1: (20)

The system of equations (1) and (2) are now transformed to

dc1

dt
= � k1c1 + k2a1; (21)

da1

dt
= k1c1 � k2a1; (22)

Since the equations no longer involve matrices, one can readily express the fundamental
solution as

F (s) = exp ( � Ts) exp (� k1T) exp
�
k2 (s + k2)� 1 k1T

�
; (23)

the inverse matrices reduce to an inversion of a scalar

F (s) = exp ( � Ts) exp (� k1T) exp
�

k1k2T
s + k2

�
: (24)

Observe that the solution has an essential singularity ats = � k2. This singularity would
correspond to an eigenvalue of the matrixS.

Note that the foregoing construction absents a piston term� v@c1
@x. This is due to the

fact that a Dirac inlet pulse is assumed and since the Laplace transform of a Dirac delta
function is constant, the derivative is omitted.
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The step function used as a boundary condition for the inlet of a chromatograph.

3.1 Realistic inlet

The Dirac delta function does not represent a realistic inlet. Therefore a more realistic in-
let in the form of a normalized pulse depicted in Figure 3.1 is considered. The normalized
stepfunction is introduced by the boundary condition

u(t) =
1 � I (t � � )

�
; (25)

whereI is the unit function. The Laplace transform of the boundary condition is

U(s) =
1 � exp(� �s )

�s
: (26)

Employing (18) the solution can be expressed as

Y(t) =
exp (� k1T) exp (� Ts)

�
(1 � exp (� � )) exp

�
k1k2T
s + k2

�
: (27)

In order to obtain a solution of the outlet, one has to invert the Laplace transform in (27).
The relation can bu further simpli�ed as

y(t) =
exp (� k1T)

�
(' (t � T) � ' (t � T � � )) ; (28)

where a new function' has been introduced in the form

' (t) =

(
0; t � 0;

L � 1
n

1
s exp

�
k1k2T
s+ k2

�o
; t > 0:

(29)

Hence the problem involves computing an inverse laplace transformation of (29).
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4 Inverse Laplace Transform

On can show that an inverse Laplace transform is equivalent to computing the Bromwich
integral

L � 1F (s) = f (t) =
1

2�i
lim

T !1

Z 
 + iT


 � iT
exp(st)F (s)ds; (30)

wheret > 0. The contour along which the above integral is calculated is chosen such that
the real part of all the singularities ofF (s) lie to the left of the contour. One can devise
various approaches to numerically calculate the inverse Laplace transform.

4.1 Talbot

The �rst method examined is due to Talbot[2, 3]. Talbot's approach utilises the fact
that the Bromwich contour in (30) can be arbitrarily deformed due to Cauchy's theorem
as long as the new contour is analytical. In order to improve the convergence of (30),
the integral needs values ofs with a large negative real component. The �xed Talbot
algorithm changes the contour of integration to

s(� ) = 
� (cot � + i ); � � < � < �; (31)

where 
 is a parameter. Note that the parameter has to be chosen in such a way as to
not intercept any poles ofF (s). The Talbot inverse Laplace therefore takes the form

f (t) =
1

2�i

Z �

� �
exp (ts(� )) F (s(� ))s0(� )d�; (32)

where s0(� ) = i
 (1 + i� (� )) and � (� ) = � + ( � cot � � 1) cot � . Evaluating the integral
simpli�es it to

f (t) =


�

Z �

0
Re [exp (ts(� )) F (� )(1 + i� (� ))] d�: (33)

This integral is calculated numerically with the aid of a trapezoidal approximation with
step size�=M and � k = k�=M

f (t; M ) =


M

(
1
2

F (
 ) exp(
t ) +
M � 1X

k=1

Re [exp (ts(� k)) F (s(� k)) (1 + i� (� k))]

)

: (34)

The value of 
 has been determined empirically[3] to be


 =
2M
5t

: (35)

The algorithm is called the �xed Talbot algorithm due to the fact that the contour is �xed
by the value of 
 . The approximation (34) has only one free parameter,M , which is the
number of terms to be summed up. Ergo it represents the precision of the approximation.
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4.2 Gaver-Stehfest

Gaver proposed and prooved[4] a successive approximation off (t) with the set of functions

f k(t) =
Z 1

0
pk(s)f

�
ts

ln 2

�
ds; (36)

where

pk(s) =
(2k)!

k!(k � 1)!
(1 � exp(� s))k exp(� ks); k � 1; s � 0: (37)

Gaver proved the convergence
lim

k!1
f k(t) = f (t); (38)

however realized that the convergence is very slow. Stehfest used[5, 6], a convergence ac-
celeration technique to accelerate the convergence of (38). He introduced new asymptotic
coe�cients and proposed an approximation known as the Gaver-Stehfest method

f n (t) =
ln 2

t

2nX

k=1

ak(n)F
�

k ln 2
t

�
; (39)

where

ak(n) =
(� 1)(n + k)

n!

min( k;N=2)X

j =[( k+1) =2]

j n+1

�
n
j

��
2j
j

��
j

k � j

�
; (40)

wheren � 1 and 1 � k � 2n.

4.3 de Hoog-Knight-Stokes

This algorithm is based on the fact that the inverse (30) can be decomposed into a Fourier
series. By considering the real and imaginary parts separately one arrives at

f (t) =
2
�

exp(
t )
Z 1

0
Re [F (s)] cos(!t )d! (41)

= �
2
�

exp(
t )
Z 1

0
Im [F (s)] sin(!t )d! (42)

=
1
�

exp(
t )
Z 1

0
Re [F (s)] exp(i!t )d!: (43)

The third equation is usually chosen for the numerical approximations. Using the trape-
zoidal rule with step of size�=T the Fourier integral is approximated as

f (t; 2M + 1) =
exp(
t )

T

2MX

k=0

Re
�
F (sk) exp

�
i�t
T

��
: (44)

This sum however converges very slowly. Employing a Pade acceleration schema, the
authors propose[7] an accelerated estimate

f (t; 
; T; M ) =
1
T

exp(
t )Re
�
"0

2M

�
; (45)
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The Talbot Inverse Laplace transform.

The Gaver-Stehfest Inverse Laplace transform.

where

"0
2M =

"
mX

n=0

bnzn

#
.

"
mX

n=0

bnzn

#

; c0 = 0 (46)

are the diagonal elements of the Pade table.

5 Numerical experiments

Numerical experiments of the inversion of (29) have been carried out. All three of the
aforementioned algorithms for the inversion of the Laplace transform are implemented in
the Python packagempmath package[8].

For illustration purposes, the values of the equilibrium constants have been chosen as
k1 = 0:2 and k2 = 0:1 and T = 2. The preliminary results are shown in �gures 55 and 5.
No signi�cant di�erence between the three algorithms has been found since the numerical
results are identical. Note that these results are very preliminary and a further tuning
shall be carried out.
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The de Hoog Inverse Laplace transform.
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Abstract. Possible generalizations of the Borland process are discussed in this paper. In the
original Borland model, constant volatility was assumed which leads to a complete market. This
restriction, however, is not supported by empirical observations. Therefore, it is attempted to
relax this assumption here and hence approach a more realistic scenario occurring in a �nan-
cial market. Introducing another source of randomness brings various complications, mainly
transition from complete to incomplete market. All those di�culties are addressed here. The
advantage of an option price obtainable from the generalized model is that it should better
compensate a trader for entering into risky contract since a more realistic underlying model is
assumed.

Keywords: stochastic process, stochastic volatility, Tsallis distribution, martingale, option pric-
ing

Abstrakt. V této práci jsou diskutovaná moºná zobecn¥ní Borland procesu. V originálním
Borlandov¥ modelu byla p°edpokládána konstantní volatilita, tento p°epoklad vede na "úplný"
trh. Nicmén¥ toto omezení není v souladu s empirickým pozorováním. Proto se v této práci
pokusíme tento p°edpoklad odstranit a tím se p°iblíºit k realn¥j²ímu p°ípadu vyskytujícího se na
�nan£ním trhu. P°idání dal²ího zdroje náhodnosti p°iná²í mnohé komplikace, hlavn¥ p°echod
z "úplného" trhu na "neúplný". V²echny tyto obtíºe jsou diskutovány. Výhoda ceny opce
získatelné ze zobecn¥ného modelu je, ºe tato cena by m¥la lépe kompenzovat obchodníka za
vstup do riskantního kontraktu, protoºe je pouºit reáln¥j²í model pro podkladové aktivum.

Klí£ová slova: stochastický proces, stachastická volatilita, Tsallisova distribuce, martingale,
oce¬ování opcí

1 Introduction

An option pricing plays an important role in a modern �nancial industry. The fundamen-
tal assumption for �nding a correct option price is choosing the most realistic model for
an underlying asset. Until recently, the most commonly used model was Black-Scholes,
see [9] or any textbook on mathematical �nance. However, there is an increasing de-
mand for generalized models going beyond this standard paradigm, see for instance [1].
Lisa Borland proposed one such generalization in her paper [3]. The major drawback of
her model, however, is an assumption of constant volatility which is not supported by

� This work has been supported by the Grant Agency of the Czech Technical University in Prague,
grant No. SGS16/239/OHK4/3T/14 and by Czech Science Foundation Grant No. 17-33812L.
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Figure 1: Comparison of Student and Gaussian distributions

empirical observations. In the present paper, the Borland process is recalled and its gen-
eralization in form of introducing stochastic volatility is proposed in order to approach a
more realistic scenario occurring in �nancial markets.

Next, the generalized model is applied to �nd an option price by using a no-arbitrage
paradigm. This paradigm leads to a partial di�erential equation and its solution deter-
mines the option price. The advantage of the option price obtainable from the generalized
model is that it should better compensate a trader for entering into a risky contract since
a more realistic underlying model is assumed.

The structure of this paper is as follows. In section 2, the new model with stochastic
volatility is introduced. Next, the standard procedure for �nding option pricing formula
for this particular model is presented in section 3 together with discussion on incomplete
market di�culties. Finally, section 4 suggests ideas for reformulating Borland's model
into a realm of semmimartingales which may facilitate derivative pricing under generalized
model.

2 Model speci�cation

In this central section, the proposed model is introduced along with a brief discussion of
the original model. The original Stochastic model for an evolution of an underlying asset
S is

dSt = �S dt +
p

�S d
 t ; (1)

whered
 t is de�ned by a stochastic di�erential equation

d
 t = Pq(
 t )
1� q

2 dB (1)
t ; (2)

and Pq(
 t ) is the solution of the Fokker-Planck equation corresponding to equation 2,
i.e. the transition probability density,

@Pq
@t

(
 ; t; 
 0; t0) =
1
2

@2P2� q
q

@
 2
(
 ; t; 
 0; t0); (3)

Pq(
 ; t; 
 0; t0) ! � (
 � 
 0) as t ! t0: (4)

The model speci�ed by equations 1 and 2 is adopted from the original paper [3].
However, this form of writing of the stochastic di�erential equation in 1 is not strictly
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speaking correct sinced
 t is not Brownian noise. A correct description of the model is
given by two coupled SDE

dSt = �S dt +
p

�SP q(
 t )
1� q

2 dB (1)
t ; (5)

d
 t = Pq(
 t )
1� q

2 dB (1)
t : (6)

Despite the mathematical incorrectness, there is a reason for writing the model in
the original form since it highlights the fact that the non-Brownian model for underlying
asset is used. The motivation for introducing non-Brownian noised
 t comes from the
empirical observation which shows that so-called Tsallis distribution �ts empirical log-
returns much better than standard normal distribution, see [3]. The justi�cation of the
model then comes from the fact that Tsallis distribution is the solution of equation 3
and hence it is the probability distribution of 
 t ( macroscopic behaviour ). In addition,
it can be shown that d
 t corresponds to a random part of log-returns. Therefore, this
model e�ectively captures observational behaviour.

Another interesting property is that the model may e�ectively capture periods of
high and low volatility. Imagine driving process
 t reaches regions with low probability,
then Pq(
 t ) becomes very small, and forq � 1:5, which is observed in a real market, the
volatility term turns into 1

Pq (
) 1=4 which becomes larger than in the case of highly probable
value of 
 t . The process
 t , and hence also processSt , will undergo a period of time
with higher volatility until the high volatility drives the process 
 t into more probable
regions.

Unlike in the original paper, the volatility � in the model is considered here to be
stochastic, and its dynamics is given by the stochastic di�erential equation

d� t = a(S; �; t )dt + b(S; �; t )dB (2)
t : (7)

The volatility model may for now stay in a full generality, i.e. a and b are arbitrary
functions ( the only condition is that the equation 7 must have a solution ).

The whole generalized model can be written in a compact matrix form

dX =

0

@
dS
d

d�

1

A =

0

@
�S
0

a(S; �; t )

1

A dt +

0

@

p
�SP q(
)

1� q
2 0

Pq(
)
1� q

2 0
0 b(S; �; t )

1

A
�

dB1

dB2

�
: (8)

Note that Itô lemma may still be applied on individual components of the vector
stochastic processX . In other words, it is possible to get a simpler equation ifS is
transformed into Yt = f (S; �; t ), where we choosef (S; �; t ) = ln S. Then, instead of the
�rst equation, we have equation forYt

dYt = ~� dt +
p

� d
 t ; (9)

where

~� = � �
1
2

�P 1� q
q (
) : (10)
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3 Option pricing

The main goal in this section is to derive a price for an optionC on the underlying asset
S. The option formula is derived using a no-arbitrage paradigm. This paradigm dictates
to construct a portfolio containing the option and some amount� 1 of the underlying
assetS. However, it is known from the standard theory that when another source of
randomness is present, such as random volatility in our case, some amount of another
option � 2 must be included into the portfolio �

� = C � � 1S � � 2C2: (11)

Subsequently, the option price is obtained by requiring the portfolio to be risk-free. That
is its increment must not contain any random term. The increment of the portfolio is
given by

d� = d C � � 1dS � � 2dC2; (12)

where the increment of the option is obtained from multi-dimensional Itô lemma

dC(S; t; � ) =
@C
@t

dt +
@C
@S

dS +
@C
@�

d� +
1
2

@2C
@S2

dS2 +
1
2

@2C
@�2

d� 2 +
@2C

@S@�
dSd�

=
�

@C
@t

+
1
2

�S 2Pq(
) 1� q@2C
@S2

+
1
2

b2 @2C
@�2

+
p

�SbPq(
)
1� q

2 �
@2C

@S@�

�
dt+

@C
@S

dS+
@C
@�

d�:

(13)

Plugging 13 into 12 gives the �nal expression for portfolio incrementd� , which can be
simpli�ed into

d� = Adt +
�

@C
@S

� � 1 � � 2
@C2
@S

�
dS +

�
@C
@�

� � 2
@C2
@�

�
d�; (14)

where the deterministic part is given by

A :=
@C
@t

+
1
2

�S 2Pq(
) 1� q@2C
@S2

+
1
2

b2 @2C
@�2

+
p

�SbPq(
)
1� q

2 �
@2C

@S@�
+

� � 2

�
@C2
@t

+
1
2

�S 2Pq(
) 1� q@2C2

@S2
+

1
2

b2 @2C2

@�2
+

p
�SbPq(
)

1� q
2 �

@2C2

@S@�

�
(15)

The next step is to eliminate randomness, i.e. all random terms needs to vanish. This
is achieved by requiring the coe�cients ofdS and d� in 14 to be equal to zero. This
condition gives constrains on� 1 and � 2.

@C
@�

� � 2
@C2
@�

= 0 (16)

and
@C
@S

� � 1 � � 2
@C2
@S

= 0: (17)

Thus,

� 2 =
@C
@�

@C2
@�

; � 1 =
@C
@S

� � 2
@C2
@S

=
@C
@S

�
@C
@�

@C2
@�

@C2
@S

: (18)
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The expressions in 18 serves two purposes. First, it helps to express an increment in the
portfolio � . Second, it gives a trading strategy for hedging against possible loss.

According to no-arbitrage principle any risk-free portfolio must grow with risk-free
interest rate r , i.e. it must satisfy the equation

d� = r �d t (19)

which gives the equation
A = r (C � � 1S � � 2C2) ; (20)

whereA is an abbreviation for 15.
Unlike in the standard Black-Scholes model, this equation does not provide a way for

�nding the price for the option C. It is just a relation between two unknown functions
C and C2. It can, however, be rearranged into

@C
@t + 1

2 �S 2Pq(
) 1� q @2C
@S2 + 1

2b2 @2C
@�2 +

p
�SbPq(
)

1� q
2 � @2C

@S@�� rC + rS @C
@S

@C
@�

=

@C2
@t + 1

2 �S 2Pq(
) 1� q @2C2
@S2 + 1

2b2 @2C2
@�2 +

p
�SbPq(
)

1� q
2 � @2C2

@S@�� rC2 + rS @C2
@S

@C2
@�

(21)

where the expressions for� 1 and � 2, equation 18, were used.
Since the left hand side of the equation 21 depends only on the parameters ( e.g. time

to maturity and strike ) of the original option C and the right side depends only on the
parameters of the other optionC2, it can be concluded that both sides are independent
of the parameters of the options. Therefore, both sides can be function only ofS, t and
� . This insight gives the equation for the option priceC

@C
@t

+
1
2

�S 2Pq(
) 1� q@2C
@S2

+
1
2

b2 @2C
@�2

+
p

�SbPq(
)
1� q

2 �
@2C

@S@�
� rC + rS

@C
@S

= f (S; t; � );

(22)
where f is some function ofS, t and � . It is common to introduce a new function
� = � (S; t; � ) so that

f (S; t; � ) = �
�

a(S; t; � ) � � (S; t; � )b(S; t; � )
�

@C
@�

(S; t; � ): (23)

The new function � is then called market price of (volatility) risk, see [9] or [2]. This
additional degree of freedom is re�ected in non-uniqueness of martingale measure and in
�nancial literature is referred to as market incompleteness. It is typically assumed that
market has chosen a speci�c martingale measure which corresponds to option prices and
� is chosen accordingly.

Another method for option pricing is a martingale method. The price is then deter-
mined, see e.g. [6], as

C(t) = E Q

�
� (t)
� (T)

Payof f (T)jF t

�
; (24)

where � (t )
� (T ) is often just a discount factore� (T � t )r and Q denotes martingale ( risk-free

) measure. If the stock price model is speci�ed as a SDE then according to Feynman-
Kac theorem, see [2], eq. 22 and 24 are equivalent. The advantage of the martingale
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pricing method is its generality. In particular it holds even for processes which are not
represented by SDE.

Incomplete market remark

The freedom in choice of functionf , respective� , was to be expected since according to
"Meta Theorem" [2] the number of random sourcesR = 2 is not equal to the number of
traded underlying assetsM = 1 and hence the market is incomplete.

The approach taken above is similar to portfolio replication. The idea is that if a claim
can be replicated by a self-�nancing portfolio then the price of the claim and the value of
the portfolio coincide. The problem here is that the portfolio in 11 is not self-�nancing
because it includes not only risk free asset and the underlying stock but also another
option. This is in agreement with incompleteness of the market, market is complete i�
every claim can be replicated by a self-�nancing portfolio, see [6] and since the market
model is incomplete we cannot construct a replicating portfolio.

However, the trick with adding another option into the portfolio relies on the fact
that the martingale measure ( i.e. functionf or � ) is the same for all traded claims. And
if we choose the price of one benchmark derivative then all other derivatives prices are
uniquely determined. The benchmark price is found form the market and by inverting
option price formula, the martingale measure chosen by the market is obtained.

4 Possible reformulations of Borland's model

As indicated in the previous section, the Borland's model is not formulated very well.
This later leads to complications in its generalization. In the following we try to suggest
a possible reformulations of Borland model, namely, using Levy process, subordinates or
change of measure. All those methods are included in a broad class of semmimartingale
models of �nancial market. That is the resulting stock price process may be written in
the form, see [8]

X (t) = X (0) + A(t) + M (t); (25)

whereA(t) is a stochastic process with �nite variation andM (t) is a local martingale.

4.1 Levy process formulation

Since a crucial characteristic of Borland's model is its Tsallis distribution for log returns.
One may try to achieve a similar model with Levy process. Since Student distribution
(Tsallis) is in�nitely divisible, a Levy process with given X (1) � Student shall preserve
the desired feature. After reformulation of Borland process into Levy process, the gen-
eralization to stochastic volatility may be feasible since stochastic volatility under Levy
model is a text book material, see [4].

Unfortunately, there are two complications. First, Student distribution is not stable.
Therefore a time scale at which the increments follow Student distribution needs to be
�xed and on any other time scale the distribution is di�erent. Second, its mathematical
structure is fairly complicated, see [5].
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4.2 Subordination

Another feasible reformulation is using Subordinate process. It is a well known fact that
every Levy process can be written as a subordination of a standard Brownian motion,
see e.g. [7]. The di�cult part is inverting this relation, i.e. �nding a proper random time
such that we obtain a desired Levy process after subordination. This overlaps with the
previous generalization. The only di�erence and advantage would be staying in a well
known regime of Brownian motion.

X (t) = B(� (t)) ; (26)

where� (t) is a non-decreasing Levy process.

4.3 Change of Time

The concept of change of time extends the subordination by relaxing the assumption that
the new time � needs to be Levy process. Moreover, it introduces a stochastic integral
representation of subordination, see [7],

X (t) = B(� (t)) =

tZ

0

HsdBs: (27)

Hence we can write
dX t = H tdB t (28)

and call processH t a derivative of new time with respect to the old time.

5 Conclusion

The partial di�erential equation for the option price was derived under the condition
that the underlying asset follows the Borland process with a stochastic volatility. The
derivation followed the standard option pricing paradigm, i.e. no-arbitrage argument.
The proposed generalized model should better capture the behaviour of stock prices, and
therefore the option prices obtainable from this model should better compensate for the
risk involved in entering an option contract. Furthermore, possible reformulations of
Borland's model in a realm of semmimartingales were suggested.
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Abstract. Recently, a preference elicitation for fully probabilistic design (FPD) of decision
strategies has been proposed. The adopted FPD framework converts the preference elicitation
to constructing an ideal probability. This ideal probability descries the desired closed-loop
behaviour formed by all involved random variables. The choice of this ideal closed-loop model has
been reduced to a minimisation task over a set of prospective ideals. The possibility that this set
may be empty was left aside. Usual internal inconsistencies of the formulated preferences make
this case frequent. The current paper solves with this problem. It applies the solution to Markov
decision processes with discrete-valued closed-loop behaviours, which are quite vulnerable to
inconsistencies. The result is broadly applicable as FPD is provably a proper dense extension of
standard Bayesian decision making.
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back Leibler Divergence

Abstrakt. Tato práce navazuje na nedávno navrhnutou metodu konstrukce preferencí agenta
v rozhodovacích úlohách s pln¥ pravd¥ podobnostním návrhem (PPN) rozhodovacích strategií.
Pouºití PPN p°evádí úlohu o konstrukci preferencí na konstruování ideální pravdepodobnostní
funkce chování systému. Výb¥r této ideální pravdepodobnostní funkce byl p°eveden na maxi-
maliza£ní úlohu na mnoºin¥ p°ípustných idéalních pravdepodobnostních funkcí. V praktických
úlohách se v²ak £asto stáva, ºe mnoºina p°ípustných idéalních pravdepodobnostních funkcí je
prázdná. Tento p°ípad je v £lánku vy°e²en a °e²ení je aplikováno na Markovské rozhodovací úlohy
s diskrétními stavy. Výsledky mají ²iroké moºnosti aplikace jelikoº PPN je hustým roz²í°ením
Bayesovské teorie rozhodování.

Klí£ová slova: pln¥ pravdepodobnostní návrh, konstrukce preferencí, Markovské rozhodovací
procesy, Kullback Leibler divergence

Full paper: M. Ruman, T. V. Guy, M. Kárný. Preference Elicitation for Markov Deci-
sion Processes within Fully Probabilistic Design Framework. submitted to IEEE Trans-
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Abstract. A classical continued fraction (CF) of a number x is periodic if and only if the
number x is quadratic irrational. In the case of multidimensional continued fractions (MCFs),
the situation is much more complicated. Firstly, the generalisation of classical CFs to more
dimensions is unambigous. Secondly, it is known that if a vectorialn-dimensional CF algorithm
(the algorithm that can be written as a multiplication of some integer matrices) of a vector~v
is periodic, then the elements of~v are algebraic numbers of degree at mostn. But it seems
probable that the other direction does not hold in any of the well-known algorithms. In fact,
there are only a few general results dealing with the problem which vectors have periodic MCF
algorithm.

We present a new approach to this problem. We construct transducers for matrix Möbius
transformations (transformations that can be written as a multiplication by an integer matrix) of
Brun MCFs similar to the transducers of G. N. Raney [5]. Using these transducers, we investigate
the periodicity of the transformed MCF from the MCF of the vector before the transformation
and the periodicity of Brun MCFs in general.

Keywords: Multidimensional continued fractions, periodicity, algebraic degree, transducers

Abstrakt. •et¥zový zlomek £íslax je periodický práv¥ tehdy, kdyº x je kvadratické iracionální
£íslo. V p°ípad¥ vícerozm¥rných °et¥zových zlomk· (MCF) je v²ak situace podstatn¥ sloºit¥j²í.
Za prvé neexistuje jednozna£né zobecn¥ní °et¥zových zlomk· pro více dimenzí. Za druhé je
dokázáno, ºe pokud je vektorovýn-dimenzionální MCF algoritmus (takový, který lze zapsat
jako násobení celo£íselných matic) vektoru~v periodický, pak sloºky vektoru ~v jsou algebraická
£ísla, jejichº stupe¬ je maximáln¥n. Av²ak opa£ná implikace velmi pravd¥podobn¥ neplatí u
ºádného z obecn¥ známých algoritm·. Celkov¥ existuje pouze velmi málo obecných výsledk·
zabývajících se otázkou, které vektory mají periodický MCF.

My zde p°edstavujeme nový p°ístup k tomuto problému. Konstruujeme p°evodníky pro mati-
cové Möbiovy transformace (transformace, které lze zapsat jako násobní celo£íselnou maticí) v
Brunov¥ MCF algoritmu, které jsou podobné Raneyho p°evodník·m [5] pro klasické °et¥zové
zlomky. Pomocí t¥chto p°evodník· zkoumáme periodicitu transformovaného MCF pomocí peri-
odicity MCF p°ed transformací a také periodicitu Brunových MCF obecn¥.

Klí£ová slova: Vícerozm¥rné °et¥zové zlomky, periodicita, algebraický stupe¬, p°evodníky
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1 Introduction

The continued fraction algorithm is an iterative process, using which we can represent
real numbers as a sequence of integers. It is based on Euclidean algorithm and it has
many interesting properties. One of these properties is, that the continued fraction rep-
resentation of a number is periodic if and only if the number is quadratic irrational (it is
a root of a quadratic equation).

In 1839 Hermite asked Jacobi, if there is an algorithm which would detect the algebraic
degree of a number (the minimal degree of a polynomial which has as a root the given
number) also for other algebraic numbers (the numbers that can be written as a root of a
polynomial). This gave birth to the multidimensional continued fractions (MCFs) which
are a generalisation of the continued fractions to higher dimensions.

As the last nearly two hundert years showed, the Hermite's question is quite hard.
The �rst big problem is, that there is no straightforward generalisation of the Euclidean
algorithm to higher dimension. Therefore, there were created also many MCF algorithms.
The second problem is, that for any of the well-known algorithms, there is no convincing
proof of which numbers have periodic representation in the algorithm. Although there
were many attempts to solve this problem (for example the numerous attempts of Leon
Bernstein and many others), there are still only partially results.

We will study the Brun MCF algorithm and we will show some transducers using which
we can compute Brun representation of a matrix Möbius transformation of a given vector
(a multiplication of the vector by an integer matrix) directly from the Brun representation
of this vector before the transformation. Using this transducers we introduce a concept
that helps to detect the period of the result of such a transformation.

Moreover, we hope, that using this concept, we will be able to detect, if the result of
a given matrix Möbius transformation is periodic or not. Or at least, that we �nd some
vector whose elements create a base of a cubic number �eld and which does not have a
periodic Brun expansion.

2 Classical continued fractions

Multidimensional continued fractions (MCFs) are generalisations of the classical contin-
ued fractions (CFs). Since all MCFs are based on the principle of classical continued
fractions, to ease the understanding, we �rst introduce the classical CFs and some of
their properties.

A step of a continued fraction (CF) algorithm (in a matrix form) is given by

(
(x i ; yi )T ! (x i � yi ; yi )T = ( x i +1 ; yi +1 )T ; if x i � yi

(x i ; yi )T ! (x i ; yi � x i )T = ( x i +1 ; yi +1 )T ; if x i < y i :

Moreover let:

M 1 =
�

1 1
0 1

�
; M2 =

�
1 0
1 1

�

Then we have:
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�
x i

yi

�
=

8
>>>>>><

>>>>>>:

M 1

 
x i +1

yi +1

!

if x i � yi

M 2

 
x i +1

yi +1

!

if x i < y i :

Let m 2 N and
�

x`

y`

�
2 R2

+ for all 0 � ` < m . Then the �rst m steps of the algorithm

can be written in the following way:
�

x0

y0

�
= M i 0 M i 1 : : : M i m � 1

�
xm

ym

�
= M a0

1 M a1
2 : : : M ak

j k
M dak +1

j k +1

�
xm

ym

�
;

where 0 � k < m and i ` ; j k ; j k+1 2 f 1; 2g for all 0 � ` < m and j k 6= j k+1 , a0 2
N; a` ; dak+1 2 Z+ . Therefore the continued fraction representation ofx

0

y0 is [a0; a1; a2; : : : ].
This corresponds to the fact that:

x0

y0
= a0 +

1

a1 +
1

a2 +
1
.. .

:

Continued fractions have many interesting properties. In what follows, we sum up
the properties, that we will investigate also in the multidimensional case.

2.1 Selected properties of classical CFs

Continued fractions can be used to determine some algebraic properties of a given number.
More precisely, using the continued fraction algorithm, we can determinate, whether the
number has algebraic degree equal to one, two or greater than two.

For x0

y0 2 Q, the number of steps in the CF algorithm is �nite. For x0

y0 2 RnQ, the algo-
rithm does not terminate, for arbitrary m the product of matricesM 1; M2 corresponding
to the �rst m steps in the CF algorithm is unique and determines the continued fraction
of the number x0

y0 .
Moreover, the CF algorithm of a numberx is periodic if and only if x is a quadratic

number (is the root of a quadratic polynomial and is irrational).
Example 1. � p

2
1

�
= M 1(M 2

2 M 2
1 )m

� p
2

1

�
; 8m 2 N

Concerning these properties of classical CFs, there arises a natural question. Is there
an analogue of the CF algorithm which would provide a periodic representation for every
vector of the form(x1; x2; : : : ; xn )T 2 Rn

+ , wherex1; x2; : : : ; xn are numbers from the same
number �eld of degreen?

Trying to answer this question, there were created many multidimensional continued
fraction algorithms (MCFs). We will focus only on the vectorial ones (the algorithms
that can be written as a matrix multiplications).
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3 Multidimensional continued fractions

The Euclidean algorithm, used in the classical CFs, is not extensible in a straightforward
manner to work with two and more numbers simultaneously. Because of that, there are
many commonly used MCF algorithms. The most well-know ones are the Jacobi-Perron
algorithm (introduced by Jacobi and generalized by Perron in [3]), Poincaré algorithm
[4], Brun algorithm [2], Selmer algorithm [8] and Fully subtractive algorithm [6]. For a
good overview of the known MCF algorithms see [1] and [7]. We decided to start with
the investigation of the Brun algorithm in dimensionn = 3 as it is one of the most simple
ones (for classical CF we haven = 2).

3.1 Brun algorithm

De�nition 2 (Brun algorithm [2] (1920)). A step of theBrun algorithm is given by

(x1; x2; x3)T 7! (x1; x2; x3 � x2)T

for 0 � x1 � x2 � x3 or analogously for other permutations of the vector(x1; x2; x3)T .

We can again write the algorithm in the matrix form. In this form one step of the
Brun algorithm for 0 � x1 � x2 � x3 is

(x1; x2; x3)T = B4(x1; x2; x3 � x2)T ;

where B4 =

0

@
1 0 0
0 1 0
0 1 1

1

A . The matrices corresponding to the other permutations of

(x1; x2; x3) are B1 =

0

@
1 0 0
1 1 0
0 0 1

1

A ; B2 =

0

@
1 0 0
0 1 0
1 0 1

1

A ; B3 =

0

@
1 1 0
0 1 0
0 0 1

1

A ; B5 =

0

@
1 0 1
0 1 0
0 0 1

1

A ; B6 =

0

@
1 0 0
0 1 1
0 0 1

1

A .

Brun in [2] also proved that for the dimensionn = 3 every expansion in the Brun
algorithm corresponds to a uniquelly determined vector (up to a scalar multiplication
and permtuation of elements).

In what follows, we want to investigate the periodicity of the Brun algorithm. There-
fore we start with the summary of what is known in this �eld.

3.2 Properties of MCFs and of the Brun algorithm

The following theorem holds for all (vectorial) MCF algorithms.

Theorem 3. Suppose the MCF expansion of a vector(x1; x2; : : : ; xn )T is periodic and let

(x(k)
1 ; x(k)

2 ; : : : ; x(k)
n )T = M (x(k+ m)

1 ; x(k+ m)
2 ; : : : ; x(k+ m)

n )T =

= �M (x(k)
1 ; x(k)

2 ; : : : ; x(k)
n )T

for some k; m 2 N; m 6= 0 and � 2 R (M is the matrix of its periodic part and � the
eigenvalue ofM ). Then:
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� � is an algebraic unit of degree at mostn.

� If the degree of� equalsn, then the numbers1; x2
x1

; x3
x1

; : : : ; xn
x1

constitute a basis of
the number �eld Q(� ).

The problem is that if deg(� ) � n � 1, we can havex j

x1
62Q(� ).

For the Brun algorithm and n = 3 we know a little bit more.

Theorem 4 (Brun [2]). The Brun algorithm for n = 3 detects rational dependence.

This in other words means that the Brun algorithm for rationally dependent numbers
terminates. Unfortunatelly, an analogue of this theorem does not hold even forn = 4.

For all of the MCF algorithms there still remain many open questions. A very impor-
tant such a question is, if any of the well-known MCF algorithms can detect the algebraic
degree of a number. In other words if in any of this algorithms for dimensionn � 3 holds:
a vector x = ( x1; x2; : : : ; xn ) has a periodic expansion if and only if1; x2

x1
; x3

x1
; : : : ; xn

x1
con-

stitute a basis of a number �eld of degreen. This is not known even forn = 3.
The problem is, that it is really hard to say that something does not have periodic

expansion (we can easily �nd some vector that does not have a periodic expansion in �rst
100; 1000; : : : steps but we do not see what happens in the in�nity).

Our goal is to solve, at least partially, the question, which numbers have periodic
expansion in some of the well-known algorithms. For this purpose we try to investigate
the MCF representation of a vectory = Mx , whereM is a nonnegative integer matrix of
the right size, compared with the MCF representation of a vectorx. We again describe
our methods �rstly in the case of classical CFs.

4 Matrix Möbius transformations and transducers

The transformations we will look on are matrix Möbius transformations.

4.1 Matrix Möbius transformation and Raney's transducers for
classical CFs

De�nition 5. Let M =
�

a b
c d

�
2 N2;2 and

�
x
y

�
2 R2.

The function h : R2 ! R2 determined by

hM

�
x
y

�
= M

�
x
y

�
=

�
ax + by
cx + dy

�

is the matrix Möbius transformation (MMT) associated with the matrixM .

For us is one of the key properties of this transformation, that the numberxy is

quadratic if and only if the number

0

@hM

0

@
x
y

1

A

1

A

10

@hM

0

@
x
y

1

A

1

A

2

is quadratic.
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For determining the CF representation of a number after a Möbius transformation
we will use some sort of transducers. Before we introduce them, we will need another
de�nition.

De�nition 6. Given n > 0, let DBn denote the set of matrices
�

a b
c d

�
2 N2;2 satisfying:

ad � bc= n

a > b; c and d > b; c:

The shortcut DB here stand for 'doubly-balanced'. A little bit informally we can also
say that DB is a set of matrices of the form:

0

@
a > b
_ ^
c < d

1

A :

For example
�

4 1
2 4

�
2 DB 14.

G. N. Raney in [5] showed that for positive quadratic numbersx; y and a matrix
M 2 DB n there exists a �nete state transducer depending only onn, denoted RT n ,

that can be used to determine the matrix CF representation ofhM

�
x
y

�
. Namely, the

set of states of the transducerTn is the set DB n , the input word of this transducer is

the matrix CF representation of
�

x
y

�
, the initial state is M and the output word is

the matrix representation of hM

�
x
y

�
. Moreover, Raney proved that the graph of the

transducerRT n is strongly connected.
In Figure 1 we can see the transducerRT 3 and in Table 1 we can see the table of the

transitions in this transducer.

A

B

A0

R j R3; L3 j L

LR j R

L2 R j RL2

L j LR

R
jR

L

R2 L j LR2

R
L

jL

L j L3; R3 j R

A =
�

3 0
0 1

�

B =
�

2 1
1 2

�

A0 =
�

1 0
0 3

�

Figure 1: TransducerRT 3.

We try to use a generalisation of the matrix Möbius transformation and the transduc-
ers for that transformation for the MCFs. Therefore, we start by introducing, how this
generalisation works.
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A =
�

3 0
0 1

�
B =

�
2 1
1 2

�
A0 =

�
1 0
0 3

�

�
3 0
0 1

�
RjR3; L3jL LR jR L 2RjRL 2

�
2 1
1 2

�
L jLR R jRL

�
1 0
0 3

�
R2LjLR 2 RL jL L jL3; R3jR

Table 1: Table of transitions in transducerRT 3

4.2 Matrix Möbius transformations and transducers for MCFs

De�nition 7. Let M =

0

@
a b c
d e f
g h i

1

A 2 N3;3 and

0

@
x
y
z

1

A 2 R3.

The function h : R3 ! R3 determined by

hM

0

@
x
y
z

1

A = M

0

@
x
y
z

1

A =

0

@
ax + by+ cz
dx + ey+ fz
gx + hy + iz

1

A :

is the matrix Möbius transformation (MMT) associated with the matrixM .

Analogously to the Raney's transducers we can construct transducers for performing
matrix Möbius transformations also for the MCFs. The problem is, that in the case of
MCFs the transducers do not have some of the key properties of the Raney's transducers.
Namely, the transducers have in�nitely many states. Moreover, it can happen that both
the input and output words are eventually periodic and the transitions taken in the
transducer arenot eventually in a cycle . For that reason we introduce the concept of
pattern transducers.

4.3 Pattern transducers for the Brun algorithm

For Q 2 Q6;3 we set

PQ =

8
>><

>>:
A 2 N3;3 : A =

0

@
x y z

(w)1 (w)2 (w)3

(w)4 (w)5 (w)6

1

A with w = Q

0

@
x
y
z

1

A

for somex; y; z 2 N

9
>>=

>>;
:

Conjecture 8. Let M; N 2 N3;3; detM; detN > 0 and NM 2 Z3;3
+ . There existsQ 2

Q6;3 such that8m 2 N
NM m 2 P Q:

Notation: given M; N , we setPN;M = PQ.

De�nition 9. If P; Q 2 P Q we say thatP and Q have the same pattern.
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Let us comment on, why we will use this concept. Letx 2 R and x = N M in the
Brun algorithm ( N; M are words over the alphabetf B1; B2; : : : ; B6g). So, if the above
conjecture holds, we know that if we take the matrix corresponding to the preperiodN and
�rst 10; 100; 1000or every other natural number periodsM of the Brun representation
of x we get a matrix with the same pattern (NM m 2 PN;M for all m). Moreover, in
almost all cases, we need to compute only the matricesN; NM; NM 2 for determining
the functions (w)1; (w)2; : : : ; (w)6 from the de�nition of PQ = PN;M .

For the caseN = Id we can say even more.

Proposition 10.
PId ;M = PQ

for someQ =

0

B
B
B
B
B
B
@

0 b1 c1

1 b2 c2

0 b3 c3

0 c1 c4

0 c2 c5

1 c3 c6

1

C
C
C
C
C
C
A

2 Q6;3.

In other words, givenM 2 Z3;3
+ there exist b1; b2; b3; c1; c2; c3; c4; c5; c6 2 Q such that

8m 2 N

M m =

0

@
x y z

b1y + c1z x + b2y + c2z b3y + c3z
c1y + c4z c2y + c5z x + c3y + c6z

1

A

for somex; y; z 2 Q.
We now use the concept of pattern matrices for constructing another transducers for

matrix Möbius transformations.

De�nition 11. Let T be a MMT for an input word which has the matrix of preperiod
equal toN and the matrix of period equal toM . Moreover, let S1S2 : : : , where 8i 2 N;
Si 2 f B1; B2; : : : ; B6g, be the output word of this transformation andS0 = Id .

The pattern transducer ofT; N; M is the transducer with states

PT N;M ; PS� 1
1 T N;M ; PS� 1

2 S� 1
1 T N;M ; : : :

and transitions PS� 1
i � 1 :::S � 1

1 T N;M
M jSi���! PS� 1

i :::S � 1
1 T N;M with i 2 Z+ .

The calculation follows this walk:

PT N;M
M jS1! PS� 1

1 T N;M
M jS2! PS� 1

2 S� 1
1 T N;M : : :

Let us comment a little bit more on, how the pattern transducers work. The pattern
tranducers are created from the generalisation of Raney's tranducers. However, in the
case of pattern tranducers, we in fact study, what happens if we read the preperiod and
�rst 10; 100; 1000 or in�nitely many (or every other natural number) of periods of the
input word before emitting the �rst part of the output word. And for that reason, we
use the classes of the same pattern.

The following conjecture shows why is this concept useful.
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Conjecture 12. Let S be the matrix of the period of the output word of the MMT
associated with the matrixT and the input wordNMMMMM : : : . Let PN 0;M 0 be the
state in which the emission of the output word is already in its periodic part.

Then 8R 2 PN 0;M 0 we have
S� 1R 2 PN 0;M 0

and therefore also8Q 2 P Id ;S

QR 2 PN 0;M 0:

We now explain, why is this conjecture so useful. If it holds then we know that, if
we go through the pattern tranducer, we get in a cycle after emitting the period of the
output word for the �rst time. Moreover, we can try to �nd if we are already emitting
the period of the output word, in every state of the pattern tranducer. It works like this.
We take the classPS� 1

i � 1 :::S � 1
1 T N;M and �nd a classPQ such that for all P 2 P Q and for all

R 2 PS� 1
i � 1 :::S � 1

1 T N;M we havePR 2 PS� 1
i � 1 :::S � 1

1 T N;M . Then we try to �nd, if a Brun matrix
V 2 P Q exists (Brun matrix is a matrix that corresponds to some expansion in the Brun
algorithm). If there is such V it is the matrix of the period (or some multiple of the
period) of the output word.

Even more interesting is the idea to use this conjecture to �nd that we are not yet
emitting the period of the output word. If we would be able to determine that, then it is
possible that we would be able to �nd a vector which elements constitute a basis of some
cubic number �eld and which has an aperiodic expansion in the Brun algorithm.
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Abstract. The large-N expansion technique is tested via an anomalous, soft-core potential
which admits the tunneling through its central barrier. The precision of the approximation
is found sensitive to the asymptotic component of the interaction. Once chosen in the most
common harmonic-oscillator form, and once complemented by the short range part represented
by the general power-law anharmonicity� j xj � , we found that the latter power-law spike may
be well approximated by an elementary logarithmic function, in the limit of the smallest � ! 0
at least. In such a model, the large-N method is found applicable and o�ering still an e�cient
and user-friendly method of the solution of the Schrödinger equation.

Keywords: Con�ning interactions, soft central repulsion, large-N expansion method, logarithmic
anharmonicity.

Abstrakt. Technika rozvoje v mocninnách1=N je testována pomocí anomálního potenciálu,
který umoº¬uje tunelování skrz centrální bariéru. P°esnost aproximace je citlivá vzhledem k
asymptotickému £lenu interakce. Vybereme-li nejb¥ºn¥j²í formu odpovídající haronickému os-
cilátoru a doplníme-li ji krátkodosahovou mocninnou anharmonickou £ástí s malým exponentem
� j xj � , zjistíme, ºe i tento £len m·ºe být dob°e aproximován pomocí logaritmické funkce, p°ine-
jmen²ím v limit¥ � ! 0. V takovémto modelu je metoda rozvoje v mocninnách1=N dob°e
aplikovatelná a nabízí efektivní a uºivatelsky p°ív¥tivou metodu °e²ení Schrödingerovy rovnice.

Klí£ová slova: V¥znící interakce, slabé centrální odpuzování, metoda rozvoje v mocninnách1=N,
logaritmická anharmonicita.

Full paper: M. Znojil, I. Semorádová. Log-anharmonic oscillator and its large-N solu-
tion. Modern Physics Letters A33 (2018), 1850223.
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Abstract. In this article we focus on state transfer algorithm based on discrete-time quantum
walks. We introduce new version of this algorithm which we compare to the original version.
We present 2 conditions to achieved perfect state transfer with new algorithm. These conditions
are for search algorithm on which the state transfer algorithm is based on. We show that on
example of M-partite graph the new algorithm performs better than the original one.

Keywords: quantum walk, search algorithm, state transfer

Abstrakt. V tomto £lánku se zam¥°íme na algoritmus pro p°enos stavu zaloºený na kvantových
procházkách v diskrétním £ase. P°edstavíme novou verzi tohoto algoritmu, kterou porovnáme
s jeho originální verzí. P°edstavíme 2 podmínky vyhledávací algoritmu, na kterém se p°enos
stavu zaloºen, p°i jejichº spln¥ní nový algoritmus dosáhne úplného p°enosu stavu. Ukáºeme, ºe
na M-partitního grafu nový algoritmus funguje lépe neº originál.

Klí£ová slova: kvantová procházka, vyhledávací algoritmus, p°enos stavu

1 Introduction

Quantum walks are important part of quantum computer science. Search algorithm and
state transfer algorithm that can be implemented using framework of quantum walk.
Using model of discrete time quantum walks with coins we propose new state transfer
algorithm based closely on the search algorithm than the original state transfer algorithm.
We also present example of graph where new algorithm performs better than the original.

In the �rst section we describe the general scheme of the search algorithm, the original
state transfer algorithm and the new state transfer algorithm. Then we discuss the
di�erences of the two transfer algorithm. In the last section we present example of
complete M-partite graph, where new algorithm outperforms the original algorithm.

2 General scheme

In this section we present �rst the general scheme of the search algorithm and original
state transfer algorithm based on the discrete-time quantum walks and. These algorithms

� This work was supported from Student Grant Competition of Czech Technical University in Prague
under Grant SGS19/186/OHK4/3T/14, from GAƒR under Grant No. 17-00804S and project CAAS.
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are based on work in [1], [2] and [3]. Then we introduce new scheme of the state transfer
algorithm. Advantages and disadvantages of new state transfer algorithm are discussed
in the following section.

Before we describe the algorithms, we have to �rst describe the model of discrete
time quantum walks with coins. Having a graphG = ( V; E) the corresponding Hilbert
space of the walkH G is spanned by basisfj v; wij8 v; w 2 V : f v; wg 2 Eg where the �rst
index v describe the position of the walker and the second index describew describes
the direction of the walker. Movement of the walker is achieved by application of shift
operator Ŝ which is de�ned in following way

Ŝjv; wi = jw; vi : (1)

Using only shift operator the evolution of one step of the walk is trivial and two steps
are equal to identity. Hence, the coin operator̂C is additionally applied at every step.
The coin operator acts locally at coin subspace at each vertexv that is spanned by states
fj v; wij8 w 2 V : f v; wg 2 Eg. Then the evolution operator Û of one step of the walk
consist of application of the coin operator followed by application of the shift operator,
i.e. Û = ŜĈ

The main idea of search and state transfer algorithm is applying one local coin operator
to marked vertices and di�erent local coin operator to other vertices of the graph. The
local coin operator that we use on non-marked vertices is known as Grover operator [4]

Ĝv = � Î + 2 j v ih v j (2)

where j v i is equal superposition of all direction of the coin space at vertexv. At the
marked vertices often used coins are simple phase shift by� or the Grover operator
followed by phase shift by� . The coin operator of the search algorithm with one marked
vertex m, which we want to �nd, reads

Ĉm =
X

v2 V
v6= m

ĜvP̂v + Ĉm P̂m (3)

where Ĉm is the coin operator at the marked vertex andP̂v is projector on the coin
subspace at the vertexv. Using coins operator (3) we get the evolution operator the
search algorithm Ûm . We can �nally introduce the steps of the search algorithms as
follows:

1. Initialize the system in the superposition of all basis states

jinit i =
1

p
2jE j

X

v2 V

X

w
f v;wg2E

jv; wi : (4)

2. Apply the evolution operator Ûm T-times.

3. Measure the system.
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The success probability and number of stepsT depends on the structure and the size of
the graph G.

In the case of state transfer algorithm we have2 vertices instead one, sender and
receiver. The original state transfer algorithms uses coin operator that applies the same
local coin at both vertices at the same time. It has the following form

Ĉs;r =
X

v2 V
v6= s;r

ĜvP̂v + ĈsP̂s + Ĉr P̂r : (5)

Having the state transfer coin operator the steps of original state transfer algorithm are
following:

1. Initialize the system in the superposition of all directions at the sender vertex

jinit i =
1

p
d(s)

X

w
f s;wg2E

js; wi : (6)

2. Apply the evolution operator Ûs;r T0-times.

3. Measure the system.

The �delity of the state transfer and the number of stepsT0 depends again on the size
and structure of the graph.

We propose the slightly di�erent approach to the search algorithm. Instead of using
coin operator of state transfer (5) we use the coin operator in the search algorithm and
swish the marked vertex from sender to receiver after half number of steps. Hence, the
algorithm goes as follows

1. Initialize the system in the target state of the search algorithm if we searched for
sender vertexjsi .

2. Apply the evolution operator Ûs T-times.

3. Apply the evolution operator Ûr T-times.

4. Measure the system.

We see that the number of steps of this algorithm is2T, i.e. twice the number of steps
of search algorithm with one marked vertex. As we show in the following section, lower
boundary of the �delity can be found using only results from the search algorithm with
one marked vertex, which is not true for the original state transfer algorithm.

3 State transfer algorithms and lower boundary of �-
delity

In this section we discuss the di�erences of two state transfer algorithms from previous
section and we show how to derive the lower bound of �delity of the state transfer if
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the search algorithm ful�ls two conditions. Let us start with disadvantage of new state
transfer algorithm that is change of the evolution operator during the run of the algorithm
whereas original state transfer algorithm uses one evolution operator during the whole
run. This might complicate physical implementation of the algorithm. Also we have to
calculate the target state of search algorithm for searched of the sender vertex and then
initialise the system in this state while in the original algorithm the initial state is �xed
to equal superposition of all direction at sender vertex. Advantage of new algorithm is
that the �delity of the transfer can be lower bounded using results from search algorithm.
In the case, where the probability of the search algorithm goes to1, �delity of the state
transfer goes to1 as well, hence perfect state transfer is achieved. Graphs, where the
search algorithm perform with probability close to one, are strong candidates where
the perfect state transfer is achieved using original algorithm, but no general relation
between success probability and �delity has been found. In [5] and [6] we present examples
where the perfect state transfer is achieved using original transfer algorithm and search
algorithm succeed with probability close to1 on those graphs. However, in last section
we present example of graph where search algorithm works with probability close to1
and original state transfer algorithm does not achieved perfect state transfer. At this
case new algorithm outperforms the original one.

Now we introduce two condition for the search algorithm from which we derive the
lower bound for �delity of new transfer algorithm. First condition is related to probability
of success of search algorithm. We suppose that there existT such that this hold true

�
Ûm

� T
jinit i = � m jmi + � m jym i (7)

for j� m j close to one andj� m j � 1, wherejym i is unit vector and jmi is target state, i.e.
if the system is in this state success probability is exactly1. Second condition describe
periodicity of the walks and it reads

�
Ûm

� 2T
jinit i = � m jinit i + � m jzm i (8)

for j� m j close to one andj� m j � 1, where jzm i is unit vector. These two condition are
quite natural for any search algorithms with success probability close to one.

Using both condition we write the �nal state of new state transfer algorithm in fol-
lowing manner

�
Ûr

� T �
Ûs

� T
jsi =

1
� s

�
Ûr

� T �
Ûs

� T
� �

Ûs

� T
jinit i � � sjysi

�
=

=
1
� s

�
Ûr

� T
� �

Ûs

� 2T
jinit i � � s

�
Ûs

� T
jysi

�
=

=
1
� s

�
Ûr

� T
�

� sjinit i + � sjzsi � � s

�
Ûs

� T
jysi

�
=

=
� r

� s
� sjr i +

� s

� s
� r jyr i +

� s

� s

�
Ûr

� T
jzsi �

� s

� s

�
Ûr

� T �
Ûs

� T
jysi

(9)

where we �rst use (7) for marked vertexjsi , then we use (8) and �nally we again use

(7) for state jr i . Now to approximate

�
�
�
�

�
r

�
�
�
�

�
Ûr

� T �
Ûs

� T
�
�
�
� s

� �
�
�
� , which is square root of
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�delity, we use following estimations

jhr jyr ij � jjj r ijj jjj yr ijj = 1
�
�
�
�

�
r

�
�
�
�

�
Ûr

� T
�
�
�
� zs

� �
�
�
� � jjj r ijj

�
�
�
�

�
�
�
�

�
Ûr

� T
jzsi

�
�
�
�

�
�
�
� = jjj r ijj jjj zsijj = 1

�
�
�
�

�
r

�
�
�
�

�
Ûr

� T �
Ûs

� T
�
�
�
� ys

� �
�
�
� � jjj r ijj

�
�
�
�

�
�
�
�

�
Ûr

� T �
Ûs

� T
jysi

�
�
�
�

�
�
�
� = 1

(10)

which are simple results Cauchy�Schwarz inequality and unitary of evolution operator.
Using (9) and (10) we get lower bound for square root of the �delity which reads

�
�
�
�

�
r

�
�
�
�

�
Ûr

� T �
Ûs

� T
�
�
�
� s

� �
�
�
� �

j� r j
j� sj

j� sj �
j� sj
j� sj

j� r j jhr jyr ij �

�
j� sj
j� sj

�
�
�
�

�
r

�
�
�
�

�
Ûr

� T
�
�
�
� zs

� �
�
�
� �

j� sj
j� sj

�
�
�
�

�
r

�
�
�
�

�
Ûr

� T �
Ûs

� T
�
�
�
� ys

� �
�
�
� �

�
j� r j
j� sj

j� sj �
j� sj
j� sj

j� r j �
j� sj
j� sj

�
j� sj
j� sj

: (11)

It is easy to see from (11) that ifj� sj, j� r j and j� sj are close to one and ifj� sj � 1,
j� r j � 1 and j� sj � 1 then the �delity of the transfer is close to one.

4 M-partite graph

In this section we show an example of graph where new state transfer algorithm outper-
forms the original one. This example is complete M-partite graph with one self loop at
each vertex. M-partite graph is graph with sets of verticesV divided into M subsets
where there are no edges between vertices in one subset. In complete M-partite graph
each vertex is connected to all vertices in other subsets. We also limited ourself to the
case where all subsets have the same sizeN , thus whole graph hasMN vertices. In [7] is
shown that search algorithm works on complete M-partite graph but not with probability
close to1. To improve the success probability we use the same trick that was used by
Wong in [8] by adding self loop in each vertex. As we show later this achieved success
probability close to one and also search algorithm ful�ls conditions (7) and (8). Hence
we get perfect state transfer using new algorithm. In contrast the �delity of the original
transfer algorithm does not reach even one half, see the Figure 1.

Now we prove that the search algorithm succeed with probability close to one. Let us
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Figure 1: There is evolution of the �delity F of the state transfer during 1000 steps
complete M-partite graph with 100parts each with1000vertices. Fidelity does not grow
over 0:35.

introduce subspace which is spanned by following states

j� 1i =
1

p
(M � 1)N

MX

� =2

NX

k=1

j1; m; �; k i

j� 2i = j1; m; 1; mi

j� 3i =
1

p
(M � 1)N (N � 1)

NX

j 6= m

MX

� =2

NX

k=1

j1; j; �; k i

j� 4i =
1

p
(N � 1)

NX

j 6= m

j1; j; 1; j i

j� 5i = Ŝj� 1i =
1

p
(M � 1)N

MX

� =2

NX

k=1

j�; k; 1; mi

j� 6i = Ŝj� 3i =
1

p
(M � 1)N (N � 1)

NX

j 6= m

MX

� =2

NX

k=1

j�; k; 1; j i

j� 7i =
1

N
p

(M � 1)(M � 2)

MX

�;� =2
� 6= �

NX

j;k =1

j�; j; �; k i

j� 8i =
1

p
(M � 1)N

MX

� =2

NX

k=1

j�; k; �; k i

: (12)
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where �rst 2 indexes inj�; k; �; j i describe position and second pair of indexes describe
direction, Greek letter label the part and Latin letters label position in that part. Marked
vertex is in �rst part at vertex label by m. This subspace is invariant under evolution
operator of the search algorithm and the initial state and target state lies in this subspace,
thus we reduce the calculation to this subspace without loss of any information from the
search algorithm. We introduce e�ective evolution operator which is evolution operator
of the search in the basis of invariant subspace and it reads

Uef f =

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

0 0 0 0 � N ( M � 1)+1
N ( M � 1)+1

2
p

N � 1
N ( M � 1)+1

2
p

( M � 2) N
N ( M � 1)+1

2
N ( M � 1)+1

� 2
p

( M � 1) N
N ( M � 1)+1

N ( M � 1) � 1
N ( M � 1)+1 0 0 0 0 0 0

0 0 0 0 2
p

N � 1
N ( M � 1)+1 � N ( M � 3)+3

N ( M � 1)+1
2

p
( M � 2) N ( N � 1)
N ( M � 1)+1

2
p

N � 1
N ( M � 1)+1

0 0 2
p

( M � 1) N
N ( M � 1)+1

� N ( M � 1)+1
N ( M � 1)+1 0 0 0 0

� N ( M � 1)+1
N ( M � 1)+1 � 2

p
( M � 1) N

N ( M � 1)+1 0 0 0 0 0 0

0 0 N ( M � 1) � 1
N ( M � 1)+1

2
p

( M � 1) N
N ( M � 1)+1 0 0 0 0

0 0 0 0 2
p

( M � 2) N
N ( M � 1)+1

2
p

( M � 2) N ( N � 1)
N ( M � 1)+1

N ( M � 4) � 1
N ( M � 1)+1

2
p

( M � 2) N
N ( M � 1)+1

0 0 0 0 2
N ( M � 1)+1

2
p

N � 1
N ( M � 1)+1

2
p

( M � 2) N
N ( M � 1)+1

� N ( M � 1)+1
N ( M � 1)+1

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

(13)

Spectrum of Uef f is composed of two pairs of conjugate eigenvalues, non degenerated
eigenvalue1 and three times degenerated eigenvalue� 1. Eigenvectors are to complicated
and long to contain in this article.

Numerical simulation show that the target state of the search algorithm is the state
j� 2i , i.e. the loop at the marked vertex. Using the calculation of the spectrum of (13) we
get

jh� 2jUT jinit ij 2 =
(cos (! 1T) � 1)2

4
� O

�
1

M

�
� O

�
1
N

�
(14)

where! is eigenphase of one pair of conjugate eigenvalues which reads

! 1 = arccos
�

N (M � 2)+1+
p

M 2N 2 � 6MN +4 N +5
2N (M � 1)+2

�
: (15)

This result ful�ls the �rst condition (7) for T closet integer to the number �
! 1

.Also from
(14) we get that the initial state of new transfer algorithm is state corresponding to the
loop at sender vertex. The second condition is ful�l from following expression

jhinit jUT jinit ij 2 =
(cos (! 1T) + 1) 2

4
� O

�
1

M

�
� O

�
1
N

�
: (16)

We show that the search algorithm ful�ls two conditions and hence new search algorithm
achieves perfect state transfer on complete M-partite graph with one self loop at each
vertex.

5 Conclusion

We introduce the new state transfer algorithm and we compared it to the original state
transfer algorithm. We show its advantages and disadvantages. We prove that if the
search algorithms ful�ls two conditions (7) and (8) then the new state transfer algorithm
achieves perfect state transfer. We use these conditions to show that on complete M-
partite graph new algorithm perform better then the original one.



164 S. Skoupý

References

[1] N. Shenvi, J. Kempe, K. B. Whaley.A quantum random walk search algorithm, Phys.
Rev. A 67, 052307 (2003)

[2] A. Ambainis, J. Kempe, A. Rivoch. Coins make quantum walks faster, Proceedings
of the 16th Annual ACM-SIAM Symposium on Discrete Algorithms (2005), p. 1099

[3] B. Hein, G. Tanner.Wave communication across regular lattice, Phys. Rev. Lett. 103,
260501 (2009)

[4] Lov K. Grover. Quantum Mechanic helps in searching for a needle in a haystack,
Phys. Rev Lett. 78, 325 (1997)

[5] M. ’tefa¬ák, S. Skoupý.Perfect state transfer by means of discrete-time quantum walk
search algorithms on highly symmetric graphs, Phys. Rev. A 94, 022301 (2016)

[6] M. ’tefa¬ák, S. Skoupý.Perfect state transfer by means of discrete-time quantum walk
on complete bipartite graphs, Quantum Inf. Process. 16, 72 (2017)

[7] D. Reitzner, M. Hillery, E. Feldman, V. BuºekQuantum searches on highly symmetric
graphs, Phys. Rev. A 79, 012323 (2009)

[8] T. G. Wong. Grover Search with Lackadaisical Quantum Walks, J.Phys. A 48, 435304
(2015)



Numerical Modelling of the Adsorption and
Desorption of the Water Vapor in the Zeolite
13X Using a Two-Temperature Model and
Mixed-Hybrid Finite Element Method
Numerical Solver �

Tomá² Smejkal

3rd year of PGS, email:smejkto5@fjfi.cvut.cz
Department of Mathematics
Faculty of Nuclear Sciences and Physical Engineering, CTU in Prague

advisor: Ji°í Miky²ka, Department of Mathematics
Faculty of Nuclear Sciences and Physical Engineering, CTU in Prague

Abstract. The transition from fossil fuels to cleaner and renewable energy sources is currently
one of the highest world priority. Solar energy is one of the most suitable choices for replacing
fossil fuels. However, to use solar energy to its maximum potential, proper heat energy storage
has to be designed. In recent years, various approaches for the heat energy storage has been
proposed and studied. These approaches can be divided into three categories based on how
the heat is stored: latent, sensible, or thermo-chemical. In this work, we are interested in the
thermo-chemical heat energy storage using the zeolite, which is a crystalline aluminosilicate with
a speci�c structure and a large internal surface area.

In this contribution, we present a new two-temperature mathematical model for a thermo-
chemical energy storage based on the adsorption and desorption of the water vapor in zeolite
13X. The adsorption process is modelled using the Linear Driving Force (LDF) model and the
Langmuir-Freundlich isotherms. A numerical solver based on the mixed-hybrid �nite element
method and operator splitting technique is proposed. Furthermore, we present a computational
study of the charging and discharging processes of the thermo-chemical energy storage empha-
sising the behaviour of the two temperatures: �uid temperature and zeolite temperature.

Keywords: zeolite 13X; adsorption; desorption; LDF model; thermo-chemical energy storage;
MHFEM; Langmuir-Freundlich isotherms; operator splitting

Abstrakt. P°echod z fosilních paliv na £ist²í a obnovitelné zdroje energie je v sou£asné dob¥ jed-
nou z nejvy²²ích sv¥tových priorit. Slune£ní energie se jeví jako jedna z nejvhodn¥j²ích moºností.
Aby v²ak bylo moºné vyuºít slune£ní energii na maximální potenciál, musí být k dispozici vy-
hovující za°ízení pro akumulaci této energie. V posledních letech byly navrºeny a studovány
r·zné p°ístupy k akumulaci tepelné energie. Tyto p°ístupy lze rozd¥lit do t°í kategorií podle
toho, jak je teplo ukládáno: latentní, citlivé nebo termo-chemické. V této práci se zajímáme o

� The work was supported by the project Thermal energy storage materials: thermophysical charac-
teristics for the design of thermal batteries, project no. 17-08218S of the Czech Science Foundation,
2017-2019 and the project Application of advanced supercomputing methods in mathematical modeling
of natural processes, grant no. SGS17/194/OHK4/3T/14 of the Grant Agency of the Czech Technical
University in Prague, 2017-2019.
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termo-chemickou akumulaci tepelné energie pomocí zeolitu, coº je krystalický hlinito-k°emi£itan
se speci�ckou strukturou a velkou vnit°ní povrchovou plochou.

V tomto p°ísp¥vku prezentujeme nový dvou-teplotní matematický model pro ukládání te-
pelné energie zaloºený na absorpci a desorpci vodních par na zrnech zeolitu 13X. Proces absopce
je modelován pomocí LDF (Linear Driving Force) modelu a Langmuirových-Freundlichových
isoterm. Numerický °e²i£ je zaloºen na smí²ené hybridní metod¥ kone£ných objem· a technice
rozd¥lení operátoru (operator splitting technique). Výpo£etní studie pro nabíjecí a vybíjecí
proces je prezentována. Provedeme diskuzi nad chováním dvou-teplotního modelu.

Klí£ová slova: zeolit 13X; adsorpce; desorpce; LDF model; termo-chemické ukládání energie;
MHFEM; Langmuirovy-Freundlichovy isotermy; rozd¥lení operátoru

Full paper: Smejkal T., Miky²ka J., Fu£ík R., Numerical modelling of the adsorption
and desorption of the water vapor in the zeolite 13X using a two-temperature model and
mixed-hybrid �nite element method numerical solver, submitted to International Journal
of Heat & Mass Transfer (2019).
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Abstract. Based on experimental evidence and using mathematical modeling, inter-phase mass
transfer processes of CO2 exsolving from and dissolving into water in heterogeneous porous media
are investigated under two fundamentally di�erent �ow conditions: in a quasi one dimensional
vertical column and in a two-dimensional tank with a lateral background water �ow, both
at laboratory scale. In both cases, the CO2 dissolved in water under a given overpressure is
injected for a certain period at the bottom of the tank, exsolves, and migrates upwards. A layer
of �ne sand is present in the tanks designed to mimic geological scenarios of accumulation and
trapping of exsolved CO2 in shallow aquifers. Then, clean water is injected and the accumulated
CO2 is dissolved back into the �owing water. The study aims to point out the di�erences in
the mass transfer processes between the quasi-1D and 2D cases using a mathematical model
of two-phase compositional �ow in heterogeneous porous media calibrated to the experimental
datasets, and expose strategies that should be explored in the future research. Additionally,
temperature variations observed during the 2D experiments allow for analysis of isothermal
versus non-isothermal e�ects on the processes of multiphase CO2 evolution. The mathematical
model is discretized and solved using the mixed hybrid �nite element method in 2D that allows
for the simulation both advection- and di�usion-dominated processes accurately.

Keywords: compositional �ow, two�phase �ow, non�equilibrium mass transfer, kinetic mass
transfer, gas exsolution, gas dissolution

Abstrakt. Na základ¥ experimentálních dat a matematického modelu jsou procesy vývinu a
rozpou²t¥ní CO2 ve vod¥ v heterogenním porézním prost°edí zkoumány ve dvou r·zných p°í-
padech: ve kvazi-jednorozm¥rném vertikálním sloupci a ve dvourozm¥rném p°ípad¥ s proud¥ním
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vody celou oblastí. Oba p°ípady jsou uvaºovány v laboratorním m¥°ítku. V obou p°ípadech
je voda p°i daném p°etlaku nasycena CO2 a po danou dobu vtlá£ena do spodní £ásti uvaºo-
vané oblasti. V oblasti se CO2 vyvíjí jako samostatná plynná fáze a stoupá vzh·ru. V oblasti
je p°ítomna vrstva jemného písku, která napodobuje situace v m¥lkých rezervoárech. V okolí
této vrstvy dochází k akumulaci a zachytávání CO2. Následn¥ je do oblasti vtlá£ena £istá
voda, do které se postupn¥ rozpou²tí CO2 nahromad¥ný v plynné fázi. Studie je zam¥°ená na
zkoumání rozdíl· v p°estupu hmoty mezi kvazi-1D a 2D p°ípadem za pouºití matematického
modelu dvoufázového kompozi£ního proud¥ní v heterogenním porézním prost°edí kalibrovaném
na experimentální data. V této studii jsou také navrºeny strategie pro dal²í výzkum t¥chto
proces·. V pr·b¥hu 2D experimentu navíc do²lo ke zm¥nám teploty. Tyto �uktuace umoºnily
zkoumat vliv zm¥n teploty na rozpou²t¥ní a vývin CO2. Matematická formulace problému je
diskretizována a °e²ena za pouºití smí²ené hybridní metody kone£ných prvk· ve 2D. Tato metoda
umoº¬uje p°esné °e²ení jak advek£n¥- tak difuzn¥- dominantních úloh.

Klí£ová slova: kompozi£ní proud¥ní, dvoufázové proud¥ní, nerovnováºný p°estup hmoty, kinet-
ický p°estup hmoty, vývin plynu, rozpou²t¥ní plynu

Full paper: J. Solovský, R. Fu£ík, M. R. Plampin, T. H. Illangasekare, J. Miky²ka.
Dimensional E�ects of Inter-phase Mass Transfer on Attenuation of Structurally Trapped
Gaseous Carbon Dioxide in Shallow Aquifers. Submitted to Journal of Computational
Physics (2019).
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Abstract. Knowledge of either single employees emotional state or collective mood is a key
managerial task. In this paper we describe methods able to evaluate both individual and team
mood state. Firstly we introduce metric that enables evaluating similarity between individu-
als or teams based on their mood state. Subsequent application of dimensionality reduction
methods enabled visualisation of similarities in 2-D space. Finally, clustering algorithm were
used to divide users into well distinguishable clusters and create arti�cial historical data for new
individuals.

Keywords: t-SNE, Dimensionality reduction, Distribution similarity measures, Moods, anomaly
detection

Abstrakt. Znalost jednak sou£asného i dlouhodobého stavu, jak zam¥stnanc·, tak celého týmu
je jednou z klí£ových rolí kaºdého manaºera. V tomto p°ísp¥vku prezentujeme metody vedoucí k
automatizovanému vyhodnocování stavu jednotlivc· i kolektivu. Prvn¥ je p°edstavena metrika,
jeº slouºí k evaluaci podobnosti mezi jednotlivci. Tyto podobnosti jsou následn¥ projektovány do
2-D prostoru pomocí metod redukce dimenzionality, pro snaºí vizualizaci vztáh· mezi jednotlivci.
Následn¥ jsou uºivatelé shlukováni do dob°e rozli²itelných shluk· a historická data stávajících
uºivatel jsou pouºita k navzorkování vstupních dat pro nové uºivatele z toho samého shluku.

Klí£ová slova: t-SNE, redukce dimenzionality, podobnostní metriky nad distribucemi, nálady,
detekce anomalií

1 Introduction

Knowledge of either single employees emotional state or collective mood is a key man-
agerial task. It has been shown in earlier papers that emotions in�uence creativity [3],
[4], decision making [1], [2] and most importantly job performance [5], [6]. Collective
emotions have an impact on in-group communication [8], performance and team dynam-
ics [7]. Usually mood state assessment is left to the manager of whom is expected to
process the emotions of each individual directly. This method is not sustainable for large
teams. Observing mood state of individuals in smaller teams would not be an issue in
most cases, however when we take into consideration collective mood state, which is a
result of a fusion of mood states of di�erent individuals, it gets a bit tricky. To evaluate
how the team is doing as a single entity requires to keep track of the mood state of each
individual. Furthermore, one needs to keep in mind standard mood state of each team
member and evaluate his mood �uctuations against this standard value. Standard mood
state is intuitively understood as a long-term mood behaviour of an individual.
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Beside actual mood state of the team members, manager is responsible also for their
overall well-being, in other words how did the employee feel in the last week, last month,
last year, etc. Solution for a long-term well-being assessment are supposed to be em-
ployees' self-reports of their overall a�ective state. These are usually taken once a year,
to give the manager overall information about employees satisfaction and a�ective state.
Unfortunately, annual employee surveys are not considered e�ective as they measure only
long-term employees state and do not provide constant feed of the employees a�ective
data. Therefore, both a new method based on constant feed of the employees and novel
approach to employee state assessment needs to be designed.

2 Data-sets and Processing

Data-sets were gathered by the mobile and web software called EMU (Employee Mood
Up), which works on a basis of employee-manager type of interactions. Prime role of
the software is not individuals mood collection. Software was designed to allow e�ortless
communication across company with focus on direct manager- employee interaction. Each
employee can communicate his worries, problems or any kind of thoughts in a form of
a message which is accompanied by mood state and category specifying the problem.
Interactions are not restricted to messages, users are allowed to share moods or mood
with category only at any time. Provided data records have been suited into a set

M k = f (mjk ; � jk ; cjk ) 2 M � T � Cjj = 1; : : : ; Nkg;

whereNk is number of interactions for userk.

M = f mjk 2 f 1; 2; 3; 4; 5gjj = 1; : : : ; Nk ^ k = 1; : : : ; Ng

is a set of moods chronologically ordered by creation date for each individual. Set

T =
�

� jk 2 R+
0 jj = 1; : : : ; Nk ^ k = 1; : : : ; N

	

contains chronologically-ordered interaction creation dates. And

C = f cjk jj = 1; : : : ; Nk ^ k = 1; : : : ; Ng

is a set of categories, specifying the mood, chronologically ordered by creation date.
Creation dates are categorical variables even though time is usually seen as continuous
entity. This assumption, however applies only in cases when we are considering the whole
set. If we are doing for example week by week evaluations, than in terms of weeks, time
is continuous variable but creation dates of each interaction within each week are seen as
categorical variables with certain ordering.

Moods are discrete variables on a scale one to �ve. Where mood equal 1 corresponds
to the worst possible state and mood with value 5 represents the best possible mood
state. Participants are allowed to �ll mood or message any time they wish. Beside these
spontaneous interactions, participants are regularly (once a day during the weekdays)
asked to �ll their mood. We do not di�erentiate between spontaneous and induced
interactions. Both are seen as current state assessments. Questionable may be the scale
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for di�erent individuals. Mood 4 for one user may not correspond to mood 4 for the
other one. This would not be an issue for individual evaluations, however requirement for
uni�ed scale would be reasonable in group aggregations or user comparison. On the other
hand, we assume that each individual is able to asses his current mood state on a given
scale, which is common for all participants and what matters to the manager is subjective
notion. If the user �lls the mood 1, he personally believes, he reached his bottom and it
is of no value that other individual would grade his current mood state di�erently, just
because from his perspective, he does not perceive the situation that induced the mood
as that critical. Therefore, we see interactions as subjective perceptions of ones mood
state on a given scale.

For each individual we de�ne what we call standard mood state, which is a normalised
distribution of mood states for a given period of time. This quantity will be one of the
key characteristics of each individual. We suspect this quantity to be time invariant. By
time invariant we mean that over a long period of time the distribution will change only
slightly. To reach this requirement, wide time range needs to be taken into consideration.
Based on the current observations at least 2-4 months of frequent participation.

To derive such a quantity mathematically, we de�ne distribution of transitions between
mood states as 2 dimensional matrixT = ( t ij )5

i;j =1 , wheret ij is probability of occurrence
of transition between statesi and j . Then mood distribution is de�ned as sum of the
column elements of transition matrixT.

3 Measuring mood state

In this section we introduce a measure for comparing mood states of two individuals.
Now we start by comparing two users, by comparing their mood distributions. Com-
monly used measures for two distributions comparison are divergences [9], [10]. Unfortu-
nately divergences do no take into consideration domain of the distribution. Hence, users
with distributions p = [1; 0; 0; 0; 0]; q = [0; 0; 0; 0; 1] would in most cases have distance
0 (Jensen-Shannon [11],� 2 [12], Hellinger divergence [13]) or in�nity (Kullback-Leibler
divergence [14], [15]), even though the individuals are as dissimilar as possible. Another
drawback of this measures is that they do not satisfy metrics axioms.

Very convenient seems to be so called Wasserstein 1st distance also known as Earth
mover's distance �rst de�ned in [16]. It has been also proven in [17] that Earth mover's
distance is Mallows distance. Computing the Mallows distance is based on a solution to
the transportation problem [18] and intuitively represents the shortest distance between
two distributions which we will address as clusters in two-dimensional case. Letp =
f (x1; p1); (x2; p2); : : : ; (xm ; pm )g and q = f (y1; q1); (y2; q2); : : : ; (yn ; qn )g be two discrete
probability distributions (clusters). Let D = ( di;j )m;n

i;j =1 be the ground distance matrix.
Elements di;j are called ground distances between pointsx i and yj . Typical ground
distance is Euclidean distance or absolute distance. A �ow betweenX = [ x1; : : : ; xm ] and
Y = [ y1; : : : ; yn ] is any matrix F = ( f i;j )m;n

i;j =1 . Intuitively, f i;j represents the amount of
weight at x i which is matched to weight atyj . The �ow F is a feasible �ow betweenX
and Y if and only if
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f i;j � 0 i 2 [1; m]; j 2 [1; n] (1)
nX

j =1

f i;j � pi i 2 [1; m] (2)

mX

i =1

f i;j � qj j 2 [1; n] (3)

mX

i =1

nX

j =1

f i;j = min

 
mX

i =1

pi ;
nX

j =1

qj

!

: (4)

Constraint (1) requires the amount of mass transferred from locationx i to yj to be
non-negative, which intuitively means that mass is moved from distributionp to q and
not vice versa. Constraint (2) that the weight in Y matched to x i does not exceedpi .
In other words, amount of mass supplied toY will not exceed amount of mass inx i .
Similarly (3) limits amount of mass transferred toY to weights qj . Finally, constraint
(4) forces the total amount of mass transferred to be equal to the weight of the lighter
distribution (distribution containing less mass). The Earth mover's distanceEMD (p; q)
between distributionsp and q is the minimum amount of work to matchp to q, normalized
by the weight of the lighter distribution:

EMD (p; q) =
minf i;j

P m
i =1

P n
j =1 f i;j di;j

P m
i =1

P n
j =1 f i;j

: (5)

We mostly compare probability distributions (e.g. equal weight distributions), there-
fore constraint (4) is reduced to

mX

i =1

nX

j =1

f i;j = 1 (6)

and the Earth Mover's distance is de�ned as

EMD (p; q) = min
f i;j

mX

i =1

nX

j =1

f i;j di;j : (7)

Beside two dimensional case, we will focus mostly on comparing discrete one-dimensional
distributions with the same total weights

P n
i =1 pi =

P n
i =1 qi = 1. Then the earth mover's

distance is given by relation

EMD (p; q) =
jX

i =1

�
�
�
�
�

nX

j =1

pj � qj

�
�
�
�
�
; (8)

as stated in [19]. This solution is also known as Match distance introduced �rst in
[20], [21]. Main advantage is that the solution is now deterministic instead of solving
optimization problem.
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Advantage of this measure is that it works with the domain of the given distribution
and furthermore it satis�es metrics axioms. It has also some convenient properties. For
two distributions p = [1; 0; 0; 0; 0]; q = [0; 0; 0; 0; 1] is EMD (p; q) = 4 , which is in this
setting maximal possible distance. In other words individual being in the best possible
state represented by distributionq (�lling only the best moods) is the furthest away from
the individual �lling the worst mood represented by distribution p. EMD is 0 if and
only if mood distributions of 2 individuals are equal. Another nice property is that EMD
represents average of the distribution with domain[4; 3; 2; 1; 0] if one of the compared
distributions is equal [0; 0; 0; 0; 1]. We are however working with the distribution with
domain [1; 2; 3; 4; 5]. Under the transformation

EMD t (p; [0; 0; 0; 0; 1]) = � EMD (p;[0; 0; 0; 0; 1]) + 5;

EMD t (p; [0; 0; 0; 0; 1]) has a meaning of an average of the distributionp with domain
[1; 2; 3; 4; 5], if the second distribution is given by vector[0; 0; 0; 0; 1]. This property will
turn out to be very convenient, once we will try to categorize users.EMD metric seems
like a most suitable way to measure distance between 2 individuals with respect to mood
distribution. Generally any characteristics introduced in terms of probability distribution
where domain is of importance can be measured byEMD metric.

4 Dissimilarity visualisations

Dissimilarity matrix also known as distance matrix is a square symmetric matrix contain-
ing pairwise distances between the elements of a set. Depending on the application, the
distance used to de�ne matrix may or may not be a metric. In case of mood distributions
the measure used isEMD , which is metric.

After the distance matrix is constructed for a chosen group of individuals, visualisation
of distances takes part. In particular our goal is to �nd an embedding in two dimensions
that preserves the distances as closely as possible. If we had 15 individuals we would
need visualisation in space of dimension 14 to preserve the distances exactly. Therefore,
dimensionality reduction method needs to be applied to the data. One of the commonly
used methods is MDS (Multidimensional scaling) [22], which is used to translate informa-
tion about the pairwise distances among a set ofn individuals into a con�guration of n
points mapped into an abstract Cartesian space. MDS is divided into 2 main types based
on the used dissimilarity metric. We used precomputed version where input is directly
dissimilarity matrix and no further measures are used to calculate distances between in-
dividuals. This method can be divided further into metric MDS and non-metric MDS.
Second regularly used method is t-SNE [23]. Di�erence between these three methods
is that metric MDS preserves absolute distances, non-metric version preserves ranking
and t-SNE preserves local structure (controlled by parameter of perplexity, the higher
the value the more uniformly distributed the points are, the lower the value, the more
clustered the points are). Moreover, t-SNE has tendency to reveal data that lie in mul-
tiple, distinct clusters and reduces the tendency to crowd points together at the center.
To evaluate the accuracy of the three methods, Pearson's correlation coe�cient is used.
Metric MDS yielded value 0.99, indicating linear relationship between real distances and
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embedded ones. Non-metric MDS obtained value 0.36 and t-SNE obtained highest value
of correlation for perplexity equal 7. Unfortunately no visible cluster were formed for this
parameter settings. Further analysis showed that best separability of clusters and still
high value of correlation is obtained for perplexity 2. Comparison of metric MDS and
t-SNE with perplexity 2 is displayed in �gure 1.

Figure 1: Visualisation of metric multidimensional scaling (�gure on the left side) and
t-SNE for value of perplexity equl 2 (�gure on the right). Bar represents average mood.

If we were interested in detailed visualisation of similarities between users, our best
choice would be metric MDS, which according to Pearson's correlation coe�cient pre-
servers distance most accurately. On the other hand, if clustering users into groups based
on pairwise dissimilarity was our task, best method to use would be t-SNE which returns
well distinguishable clusters.

5 Clustering

Once users form well separable clusters, we can apply suitable clustering algorithm. Gen-
erally, we have no information about the number of clusters. Furthermore, there is no
training set, therefore unsupervised clustering methods need to be used. First, our inten-
tion was to cluster the very similar participants into smaller groups. However this can
be done only for smaller sets containing maximum of 30 users, which corresponds either
to large teams or smaller companies. For larger sets, participants tend to concentrate in
the middle of the diagram, forming one compact cluster. Secondly we intended to �nd
outliers in both smaller and larger sets containing up to 30 and over 30 participants,
respectively. In small sets, individuals labeled as outliers would di�er from the rest of
the colleagues on team or company level. In large sets (combining data from di�erent
companies) outliers would be individuals, who di�er from the rest of the population in
mood.

Firstly we will focus on clustering the users into smaller groups based on their simi-
larity. For this purpose, the clustering is applied to diagram generated by t-SNE, which
returns well separable clusters. Very intuitive method to use would be k-means cluster-
ing [24], [25], algorithm dividing observations intok clusters, so each observation would
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fall into cluster with the nearest mean. Downfall of this method is unknown number of
clusters. Elbow method, for �nding the proper number of clusters, would solve this issue.
For large number of datasets, manual calculation of number of clusters, would be unsus-
tainable. Hence, we decided to use method that does not require initial knowledge of the
number of clusters. One such method is DBSCAN [26] (density based spatial clustering
of applications with noise). DBSCAN is clustering algorithm grouping together observa-
tions lying close to each other (nearby neighbours) and marking as outliers points, their
nearest neighbour is too distant. This method does not require knowledge of number of
clusters, however it has one initial parameterr , specifying the radius of a neighborhood
with respect to some point. Points are classi�ed as outliers, if they are not situated in a
reachable distance from any other point of the set. After application of t-SNE, data form
clear clusters and there seem to be no obvious outliers if the dataset is of suitable size.
Figure 2 illustrates application of DBSCAN on data preprocessed by t-SNE. Clustering
algorithm detected 6 clusters, containing from 3 to 5 observations, each. As no speci�c
characteristics about the participants were given, we cannot assign particular clusters
any property. What the diagram says is, that users close to each other or those who �nd
themselves in the common cluster are similar in terms of distribution of mood states.

Figure 2: Application of DBSCAN method for employee clustering in combination with
t-SNE method (�gure on the left). Bar represents average mood.

6 Anomaly detection and cold start

De�nition of the standard mood state of an individual/team allows us to de�ne anomalies
as states that di�er signi�cantly from common emotional behavior. Time series with the
daily timestamp resemble random behavior, data points are too scattered. Therefore,
we attempted to study anomalies with a weekly timestamp. Moods were aggregated for
each individual using running average with window corresponding to 20 weeks to obtain
smoother curve. In some applications of anomaly detection, average is calculated from
all the historical values. Human behavior, however, is not static and tends to change over
the months. Therefore we decided to take running average with window corresponding to
20 weeks instead of the whole history. Then running standard deviation was calculated
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in the same manner. Anomaly detection was inspired by Nelson rules. Three rules,
indicating anomaly, were de�ned:

1. One point (weekly average mood of an individual/team) is more than 1 standard
deviations from the running average (outlier)

2. Two (or more) points (weekly average mood of an idividual/team) in a row are
continually increasing (or decreasing) (trend)

3. Three (or more) points (weekly average mood of an idividual/team) in a row are
on the same side of the running average (shift).

If any point or set of points satis�es on the rules, then it is labeled as anomaly.
This method works �ne as long as you have historical data. In most cases 3 months of
observation are required. After this period of time, the standard deviation seems to level
out. However, in reality you can not a�ord to observe an individual for 3 months and
just then give some results. Added value must be immediate. Therefore, to avoid cold
start, we ask each individual, at the beginning of the measurement, how he/she usually
feels. We than compare this individual with our historical users, using the methods
described above. Firstly we calculate similarity to other individuals using EMD metrics,
then t-SNE is used for projection to 2-D space and �nally DBSCAN is applied. In this
way, user is assigned to one of the clusters. Individuals that share the same cluster are
then taken and Gaussian KDE is generated from the empirical sample. 20 points are
than sampled from this distribution and these are used as historical data for the new
individual. See �gure 3 for comparison of the anomaly detection with and without cold
start. From the �gure 3, it is obvious that including arti�cial historical data (black lines)
enables the anomaly detection from the week 1. While the red lines, representing original
data su�ering from the cold start, show stable trend after �rst 9-12 weeks, the black lines
provide stable trend from the beginning. Therefore, we do not have to wait 3 months
to be able to determine standard behavior and start detecting anomalies. One may ask,
why not sample the historical data from the initial distribution, the individual provides
us. The reason is, that at the beginning the user needs to get used to the mood scale
and when we ask him to provide his best guess how he usually feels on scale 1 to 5, it is
hard to guess right. By taking similar users and sampling from their mutual distribution
we bring randomness to the whole process. So even if the user is not able to guess his
initial distribution correctly, we are able to cover broader range of historical observations
by considering behavior of individuals similar to him.

7 Conclusion

In general, we introduced methods for employees comparison, which can be applied either
to individuals or teams. Firstly basic characteristic called mood distribution, obtained
from continuous long term mood measurement, are de�ned. Subsequently measure for
mood is introduced as well as metrics for distribution comparison. Main accomplishment
of this research are dissimilarity maps, as visualisation techniques for individual and team
comparison with respect to di�erent characteristics as well as method for dealing with
cold start for anomaly detection.
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Figure 3: Figure displaying anomaly detection su�ering from the cold start (red lines) and
anomaly detection using arti�cial historical data (black lines). Blue connected dots cor-
respond to weekly individual averages. Dotted lines and dotted-dashed lines correspond
to the one and two standard deviations from the running average, respectively.

We introduce two types of maps. First one, a result of metric multi-dimensional
scaling, enables to compare dissimilarity of users, while preserving absolute distances
between them. However, this method does not produce clearly distinguishable clusters.
Therefore, we introduce second method based on dimensionality reduction, known as t-
SNE. Results of this method are highly dependable on the perplexity, as one of the initial
parameters. Low values of perplexity produce well distinguishable clusters. However,
values too low does not preserve absolute distances. By suitable choice of perplexity, one
can achieve good di�erentiability and su�cient precision of absolute distances.

Further analysis has been carried out and by clustering algorithm users has been
separated into groups. Two algorithms were tried out, however only one seems as a
suitable choice. K-means clustering requires knowledge of the number of cluster, which
we do not have. DBSCAN does not su�er from this short-comming and gives promising
results.

Finally, clustering users enables us to deal with the cold start in case of anomaly
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detection. New user is compared to historical users and initial data for the new user are
sampled from the historical data to him similar individuals. This method enables us to
detect anomalies in behavior from the very beginning.

Mood state viewed as a crucial personal characteristics does not give as an overall in-
formation about an individual. Therefore, it is desirable to introduce other characteristics
(ones stability or predictability) and then study their combination. Named characteristics
certainly does not cover the whole spectrum of ones personality, hence we need to de�ne
new quantities characterising each individual. Combination of di�erent quantities could
indicate same of the standardised personality characteristics as extroversion, neuroticism,
oppeness to experience and so on.

But even without connection to standard personality traits these visualisations contain
strong information about team members, their similarity and overall state from di�erent
points of view.
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Abstract. In this work we propose an approach toT1 relaxation time estimation, that incor-
porates the Bloch equations. The Bloch equations, �rst published in [2], describe the evolution
of magnetization vector ~M = ( M x ; M y ; M z) in time, depending onT1 and T2 relaxation times.
The equations can be used to simulate the signal generated in magnetic resonance. In the pro-
posed approach we try to solve the inverse problem and estimateT1 relaxation time from the
knowledge of signal generated by vector~M in eleven given times.

Keywords: Bloch equations,T1 relaxation time, optimisation, neural networks

Abstrakt. Tato práce navrhuje metodu pro odhadT1 relaxa£ního £asu s vyºitím Blochových
rovnic. Blochovy rovnice byli poprvé p°edstaveny v £lánku [2] a popisují vývoj vektoru magneti-
zace ~M = ( M x ; M y ; M z), v závislosti na T1 a T2 relaxa£ních £asech. Tyto rovnice mohou slouºit
ke simulování signálu generovaného v magnetické rezonanci. Navrhovaný postup je zaloºen na
°e²ení inverzního problému, kdy je hodnotaT1 £asu odhadována na základ¥ signálu generovaného
vektorem magnetizace ~M v jedenácti £asech.

Klí£ová slova: Blochovy rovnice, T1 relaxa£ní £as, optimalizace, neuronové sít¥

1 Introduction

Magnetic resonance imaging (MRI) is a frequently used modality in medical imaging.
There are several advantages of MRI, compared to other major imaging modalities such
as X-ray, computerized tomography (CT), positron emission tomography (PET) and
ultrasound [6]. Firstly, due to the absence of ionizing radiation, MRI is a non-invasive
imaging method. Secondly, the MRI is not limited by problems such as �nite penetration
depth or internal re�ection. It also provides good soft-tissue contrast, that can be adjusted
by modifying the pattern of excitation pulses. On the other hand, there are also some
disadvantages of MRI, the main one being the low acquisition speed.

Myocardial T1 relaxation time is a representative marker for a number of pathological
conditions [7]. It is currently used in quanti�cation of myocardial �brosis.

� This work was supported by the Grant Agency of the Czech Technical University in Prague, grant
No. SGS17/194/OHK4/3T/14 and by grant MZ NV19-08-00071.
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Many imaging techniques were developed forT1 mapping. One of the most frequently
used is Modi�ed Look-Locker Imaging (MOLLI) [6] sequence, which allows forT1 mapping
of the myocardium with relatively high spatial resolution within a single breath-hold.
The general principle of myocardialT1 mapping is acquiring several images in di�erent
times after excitation pulse and performing pixel-wise �t of the image intensity with the
theoretically derived equation forT1 relaxation:

f (t) = A � Be
� t

T �
1 ; (1)

where A, B are �tting parameters. The "apparent" T �
1 value obtained by the �t is

obviously dependent on the chosen type of sequence. In the case of MOLLI sequence,
there is systematic undervaluation, which is corrected by the following formula:

T1 �
�

B
A

� 1
�

T �
1 : (2)

This correction is simple and widely used, although it is known not to be theoretically
justi�ed [3], because it was originally derived for di�erent type of sequence.

There are also more precise methods, such as Inversion Recovery (IR) method [3],
which is often considered to be the "gold standard". However acquisition using IR method
is too slow to be used on patients.

The goal of this work is to propose an estimation method that would eliminate this
systematic error and provide values closer to the realT1 relaxation time.

In next section, the physical meaning ofT1 and T2 relaxation times is described and
key principles of MRI are pointed out. In the following section Bloch equations are
introduced and solution for the case of static magnetic �eld is derived. Then, MOLLI
sequence and the way it was implemented is described in detail. In the last two sections
the new estimation method is proposed and preliminary results are provided.

2 T1 and T2 relaxation

In MRI, the studied object is placed into a magnetic �eld with magnetization~B0. This
induces a macroscopic magnetization~M 0 in the object, which is denoted as equilibrium
magnetization. Vector ~M 0 has the same direction as the magnetic �eld~B0, which is called
the longitudinal direction. The longitudinal direction is generally denoted by the z-axis.
This notation is used also in this work.

For given magnetisation ~M , only the projection to x-y plane can be measured in
magnetic resonance. This plane is denoted as transverse. To create measurable~M ,
radio-frequency (RF) pulse which de�ects the magnetizationM 0 from the longitudinal
direction, can be applied. When the RF pulse is switched o�, the magnetization vector
returns to its equilibrium position. The process of z-component returning to its maximal
value is calledT1 or longitudinal relaxation. The time needed for z-component to recover
63% of it maximal value is denoted asT1 relaxation time. The simultaneous decay of
the transverse component is calledT2 relaxation time. The time needed for transverse
component to decay to37% of its maximal size is denoted asT2 relaxation time. All
named stages can be seen in Figure 1.
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Figure 1: First line: the diagrams of ~M in equilibrium position, de�ected by the RF pulse
and precessing back to equilibrium position. Second line: the transverse and longitudinal
relaxation. Reprinted from [4].

3 Bloch equations

For time dependent magnetization~M (t) = ( M x (t); M y(t); M z(t)) , the Bloch equations [2]
are formulated:

dM x (t)
dt

= 
 (M (t) � B (t))x �
M x (t)

T2
; (3)

dM y(t)
dt

= 
 (M (t) � B (t))y �
M y(t)

T2
; (4)

dM x (t)
dt

= 
 (M (t) � B (t))z �
M z(t) � M 0

T1
; (5)

where
 is constant characteristic of a given chemical element,~B(t) is the magnetization
of the external �eld and M 0 is the z-component of equilibrium magnetization~M 0 =
(0; 0; M0).

Let us consider the case of static magnetic �eld:B (t) = (0 ; 0; B0); 8t. Under such
condition, the solution can be found in several steps. First, the equations are simpli�ed:

dM x (t)
dt

= 
M y(t)B0 �
M x (t)

T2
; (6)

dM y(t)
dt

= � 
M x (t)B0 �
M y(t)

T2
; (7)

dM z(t)
dt

= �
M z(t) � M 0

T1
: (8)
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The factor 
B 0 is called Larmor frequency and is denoted by! 0.
Using notation M xy = M x + iM y, equations (6) and (7) can be combined into equation:

dM xy(t)
dt

= ! 0M y(t) �
M x (t)

T2
+ i

�
� ! 0M x �

M y(t)
T2

�
= M xy

�
� i! 0 �

1
T2

�
: (9)

Ordinary di�erential equation (9) has solution:

M xy (t) = M xy (0)e
�

� i! 0 � 1
T2

�
t = e� t

T2 (M x (0) + iM y(0))(cos(! 0t) � isin(! 0t)) : (10)

from which M x and M y can be expressed:

M x (t) = e� t
T2 (M x (0)cos(! 0t) + M y(0)sin(! 0t)) ; (11)

M y(t) = e� t
T2 (M y(0)cos(! 0t) � M x (0)sin(! 0t)) : (12)

SinceM 0 is constant, following equation can be derived from (8):

d(M z(t) � M 0)
dt

= �
1
T1

(M z(t) � M 0): (13)

The solution of equation (13) is in following form:

M z(t) � M 0 = ( M z(0) � M 0)e� t
T1 ; (14)

M z(t) = M 0

�
1 � e� t

T1

�
+ M z(0)e� t

T1 : (15)

By combining equations (11), (12) and (15) the following set of equations is obtained:

M x (t) = e� t
T2 (M x (0)cos(! 0t) + M y(0)sin(! 0t)) ; (16)

M y(t) = e� t
T2 (M y(0)cos(! 0t) � M x (0)sin(! 0t)) ; (17)

M z(t) = M z(0)e� t
T1 + M 0

�
1 � e� t

T1

�
: (18)

The set of equations can be also formulated in a matrix form:

~M (t) = A(t)relax Rz(t) ~M (0) + ~C(t); (19)

where

Arelax =

0

B
@

e� t
T2 0 0

0 e� t
T2 0

0 0 e� t
T1

1

C
A ; Rz =

0

@
cos(! 0t) sin(! 0t) 0

� sin(! 0t) cos(! 0t) 0
0 0 1

1

A ;

~C =

0

B
@

0
0

M 0

�
1 � e� t

T1

�

1

C
A :

Following useful equation can also be derived:

~M (t + � t) = A(� t)relax Rz(� t) ~M (t) + ~C(� t); (20)

Matrix Arelax represents theT1 relaxation of z-component andT2 relaxation of trans-
verse components, respectively. MatrixRz represents the procession around z-axis during
the relaxation. Additive term ~C further modi�es the relaxation of longitudinal compo-
nent.



T1 Estimation Method Based on Bloch Equations Simulation 185

4 MOLLI sequence implementation

Before the sequence starts, the magnetization vector is aligned with the outer magnetic
�eld, which is considered to be static. Therefore~M (0) = (0 ; 0; M0). The MOLLI sequence
consists of 11 images that are acquired in three sets of 3, 3 and 5 images or 5, 3 and 3
images. Each sub sequence is started with inversion pulse, which rotates~M by 180
degrees around x-axis. The angle by which~M ir rotated around x-axis is called �ip
angle. Rotation by �ip angle � can be written in matrix form:

~M (t) = Rx
~M (0); whereRx =

0

@
0 0 1
0 cos� sin�
0 � sin� cos�

1

A ; (21)

In the subset, each image is acquired in one heartbeat and each subset is followed by
3-heartbeats pause. In 5-3-3 MOLLI sequence, the images in �rst subset are acquired in
times d1; d1 + RR; : : : ; d1 + 4RR, whered1 is the delay after the inversion pulse andRR
denotes the length of cardiac cycle. Second subset is acquired in timesd2; d2 + RR; d2 +
2RR after the second inversion pulse and the third one in timesd3; d3 + RR; d3 + 2RR
after third inversion pulse. The delay times satisfy conditiond1 < d 2 < d 3 < RR . This
way 11 di�erent times after inverse pulse are sampled. For the �nal MOLLI sequence,
the images are re-ordered by the time from closest inversion pulse. The scheme of 3-3-5
MOLLI sequence and �nal re-ordering of images can be seen in Figure 2.

Figure 2: The scheme of 3-3-5 MOLLI sequence. In this case the delay times ared1 =
100ms, d2 = 200ms andd3 = 350ms. The images are acquired in three sub sequences and
then re-ordered by their time after inversion pulse. Reprinted from [5].

The RR of all cardiac cycles is not the same in reality, and therefore knowing single
RR and d1; d2; d3 is not su�cient to reconstruct MOLLI sequence. In medical practice all
11 inversion times (TI) as well as the corresponding cardiac cycle durations are measured
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and recorded. However, the durations of three-heart-beats pauses are not measured. In
this work we use RR obtained by averaging measured cardiac cycles.

The process of image acquisition consists of two steps. First one is a preparation
sequence of �ve RF pulses with �ip angles�

6 ; � �
3 ; �

2 ; � 2�
3 ; 5�

6 . In the second step, image
is aquired during balanced steady-state free precession (bSSFP). In this work bSSFP
consists of 40 RF pulses with �ip angle� � and � alternatively. The signal equal top

(M 2
x + M 2

x ) is acquired after the �fth pulse.
In MRI, each pixel of the image is acquired from a volume of the imaged object. The

dimensions of this volume depend on the image resolution. In most cases, the z-dimension
of imaged volume is larger than the other two dimensions. Therefore, the �ip angle� can
not be considered constant through z-dimension of imaged volume. In order to simulate
the real MOLLI sequence more accurately, the imaged volume was divided to ten layers
with di�erent �ip angles.

For given theoretical �ip angle � and layers l i 2 f� 4; � 3; � 2; � 1; 0; 1; 2; 3; 4; 5g the
�ip angle in each layer is given by

~� i = �e � l i
2� 2 ; for i = 1; ::; 10: (22)

The �nal signal is generated as average of signals from these ten layers.
All steps of 5-3-3 MOLLI sequence in a simpli�ed form can be seen in Algorithm 1.

Function Bloch_MOLLI(M 0, T1, T2, � , RR, ! 0, f lng11
n=1 , � 2, f T I ng11

n=1 ) ,:
f ~� ng11

n=1  generate_�ip_angle( f ~lng11
n=1 ; � 2) // computed from eq.(22)

t  0,
~M  (0; 0; M0)

type = [5,3,3] // 5-3-3 MOLLI seq. simulated
for subset = 1:3 do

~M  inversion pulse(~M ) // computed from eq.(21)
for image = 1: type[subset]do

� t  time to next preparation sequence (f T I ng11
n=1 )

~M (t + � t)  A(� t)relax Rz(� t) ~M (t) + ~C(� t)
~M  preparation sequence (~M; f �

6 ; � �
3 ; �

2 ; � 2�
3 ; 5�

6 g)
for i = 1:10 do

~M  bSSFP sequence(~M; ~� i )
layers[]  

p
(M 2

x + M 2
x )

end
signal[]  average(layers[]) // averaging signal from 10 layers

end
� t  3RR // 3-heart-beat pause
~M (t + � t)  A(� t)relax Rz(� t) ~M (t) + ~C(� t)

end
signal[]  re-order(signals[]) // re-order by inversion time
return signal[]

End Function

Algorithm 1: Algorithm for simulation of 5-3-3 MOLLI sequence.
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5 Proposed method

The proposed method forT1 relaxation time estimation is obtained by neural network
trained of simulated data.

MOLLI sequence simulator described in previous section, is used for arti�cial data
generation. As can be seen in Algorithm 1, the simulator has following arguments:M 0

(equilibrium magnetization), T1 (relaxation time), T2 (relaxation time), � (�ip angle),
RR (length of cardiac cycle),! 0 (precession frequency),� 2 (�ip angle variance), f lng11

n=1
(imaged layers) andf T I ng11

n=1 (set of inversion times). In order to generate training data
set, all parameters were randomly generated in ranges occurring in real MOLLI sequences.
Speci�cally, values ofT1 in range 300 - 1800,T2 in range 50 - 400,M 0 in range 0.1 - 0.95,
RR in range 700-1200. The inversion times we generated based on RR values and delay
times d1 = 100; d2 = 180; d3 = 260, because these values were used in all our real data
sets. For the same reason the �ip angle was set to 35 degrees in all simulations.

Neural network with six dense layers and ReLu activation function [1] was used to
provide results presented in this work. The neural network was trained on batches of 150
sets of values generated by the MOLLI simulator.

6 Experimental results

At this point only preliminary results were obtained by the proposed method. TheT1

relaxation times estimated by the proposed method are compared with values generated
by magnetic resonance based on the direct �tting algorithm described in �rst section of
this work. Two norms were used to measure the di�erence between MR generated data
(~xi ) and estimated data (~yi ). Normalised di�erence: (

P n
i =1 ((x i � x i )=yi )2)1=2 and absolute

di�erence (
P n

i =1 ((x i � x i ))2)1=2. The mean and absolute value (per pixel) is also provided
in the following results.

The comparison of MR generatedT1 relaxation times andT1 times obtained by the
�rst step of proposed method can be seen in Figure 3. In myocardium area, the es-
timation is similar to values generated by MR. Di�erent values were estimated in the
background, where the proposed method provided signi�cantly higher values. In Fig-
ure 3d, the estimated values are plotted as a function of values generated in magnetic
resonance.

7 Conclusion

The goal of this work was to propose a method that would provideT1 relaxation time
estimation without the systematic error that is currently present in values generated by
magnetic resonance. In the proposed method, the estimation is provided by neural net-
work trained on arti�cial data. For arti�cial data generation, MOLLI sequence simulator
incorporation Bloch equations was implemented. The results of proposed method were
compared with theT1 values generated by magnetic resonance. In the myocardium, sim-
ilar T1 relaxation times were obtained. In general, higher values were generated by the
proposed method. This observation is in agreement with the fact that MR generated
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(a) Map of T1 times produced by MR. (b) Map of estimated T1 times.

(c) Di�erence between MR and estimated
T1 times.

(d) The relation between MR-generated
and estimatedT1 relaxation times.

Figure 3: Comparison ofT1 map generated by MR and map generated by the proposed
method. The normalised di�erence between generated and estimated values =5:2 � 109,
mean absolute di�erence =322:81 , median absolute di�erence =141:82.

values are known to be systematically undervalued. Testing the proposed method on
more real data sets is needed in the future work. Adding a second step to the method
might also be bene�cial to improve the �nal estimation.
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Abstract. Tokamak is an experimental device for research of thermonuclear fusion. High tem-
perature and energy plasma is con�ned in the tokamak chamber by strong magnetic forces. One
of the leading issues of tokamak fusion is the instability of the plasma column, where an uncon-
trolled disruption may possibly endanger the plasma facing components. There are many types
of instabilities with Alfvén eigenmodes being the one of our interest. Alfvén eigenmodes can be
detected from spectrograms of certain magnetic probes. In our work we train a two stage model
on both labeled and unlabeled patches of spectrograms. The �rst stage is a generative neural
network based on the convolutional Variational Autoencoder that produces a low dimensional
latent representation of the input data. Multiple ways of shaping the latent space via choices
of prior distributions and di�erent loss functions are explored in order to improve the perfor-
mance of the second stage model, which is a classi�er trained with labeled data. On a number
of experiments, we show that our approach is a viable option for automated detection of rare
instabilities in tokamak plasma.

Keywords: anomaly detection, generative models, neural networks, tokamak fusion

Abstrakt. Tokamak je experimentální za°ízení pro výzkum termojaderné fúze. Vysokoteplotní
plazma je p°i experimentu udrºováno v komo°e tokamaku silnými magnetickými silami. Jednou
z n¥jv¥t²ích p°ekáºek p°i experimentálním provozu je vysoká nestabilita plazmatu. P°i nekon-
trolované ztrát¥ udrºení m·ºe dojít i k po²kození vnit°ku komory. Existuje mnoho p°í£in a typ·
nestabilit, z nichº nejzajímav¥j²í je tzv. Alfvénovský mód. Ten lze pozorovat na spektrogramu
speci�ckých magnetických sond. V této práci p°edstavujeme dvoustup¬ový model trénovaný
na olabelovaných i neolabelovaných spektrogramech. První stupe¬ je generativní neuronová sí´
na principu konvolu£ního varia£ního autoencoderu, která vstupní data promítá do latentního
prostoru sníºené dimenze. V práci je popsáno n¥kolik r·zných zp·sob· jak p°izp·sobit tvar
výsledného latentního prostoru pomocí pouºití r·zných aprioren a ztrátových funkcí tak, aby
byla usnadn¥na úloha sekundární klasi�kátoru, trénovaného s olabelovanými daty. Na n¥kolika
experimentech je demonstrována schopnost celého algoritmu úsp¥²n¥ detekovat vzácné jevy v
experimentálních datech.

Klí£ová slova: detekce anomálií, generativní modely, neuronové sít¥, termojaderná fúze

Full paper: V. ’kvára, T. Pevný, V. ’mídl, J. Seidl, A. Havránek. Detection of Alfvén
eigenmodes on COMPASS with neural networks.Submitted to Fusion Science and Tech-
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Abstract. The design of existing techniques for active learning does not take into account
the incremental nature of the task. Ensemble �lters on the other hand do, by utilizing Bayes'
rule, but they are more concerned with close approximation of the posterior distribution and
do not o�er good estimation of variance which is needed for state space exploration. Based
on Kalman �lter, we propose Deep ensemble �lter (DEnFi). Key idea of DEnFi is to evolve an
ensemble of neural networks by iterating two steps: in�ation and localization. On examples from
Bayesian optimization and Active classi�cation we show the superiority of DEnFi in regards to
�nding the true minimum and to provide good classi�cation with correct uncertainty estimation,
respectively.

Keywords: Active learning, Ensemble �lter, Deep neural networks

Abstrakt. V sou£asnosti vyuºívané techniky aktivního u£ení nijak nevyuºívají inkrementální
podstatu jeho problému. Ansámbl �ltry toho jsou schopny díky Bayesov¥ v¥t¥, bývají ale za-
m¥°eny spí²e na co nejlep²í aproximaci mód· aposteriorní distribuce a nehodí se k odhad·m
variance, které jsou pot°eba k dobrému prohledávání daného prostoru. Na základech Kalmanova
�ltru navrhujeme Deep ensemble �lter (DEnFi). Klí£ová my²lenka na²eho p°ístupu je zaloºena
na vývoji ansámblu tvo°eného neuronovými sít¥mi iterováním dvou krok·: in�ace a lokalizace.
Na p°íkladu Bayesovské optimalizace a Aktivní klasi�kace ukáºeme výsledky, jakých je DEnFi
schopno dosáhnout v porovnání s jinými metodami.

Klí£ová slova: Aktivní u£ení, Ansámbl �ltrace, Hluboké neuronové sít¥

Full paper: L. Ulrych, V. ’mídl. Deep ensemble �lter for active learning.Submitted to
'Bayesian Deep Learning Workshop 2019'.
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Abstract. To predict the pedestrian movement during evacuations or any other kind of crowd
situations, the pedestrian models are used. Individual data analysis from egress experiments
stands beside the modeling, but it is necessary as well. These two elements, models and data
analysis, form the principal goals of the research in this �eld. The global aim of our research is
to connect these two elements - to use conclusions obtained from the microscopic data analysis
[7, 8] about following in the crowd or [2] about individual strategies to make the models more
accurate. Enhanced rules at all decision-making levels make the model more realistic from a
microscopic perspective, thus its predictive power increases.

From the motivation mentioned above, we build continuous (in the both time and space)
stochastic model to maintain the real human behaviour pattern using the microscopic point of
view [4] due to the possibility to implement the individual phenomena in the future. To capture
the decision-making process properly [1], we let the pedestrians make their own decisions in
accordance with conditions in their neighbourhood. It means that the rules are applied to every
single pedestrian separately in a speci�c (deterministic, random or more sophisticated) order.
This kind of rules results in the microscopic solution of pedestrian collisions even in the dense
crowd (when arches can occur [3]) also in a microscopic way, i.e. without moving any other
pedestrian than the a�ected ones right in the solving situation.

Besides the package of movement rules, we present our calibration scheme for �nding values
of model parameters that produce real behaviour - we perform a calibration episode which proves
the possibility to calibrate the model in real macroscopic values [5, 6]. The complete calibration
process using data from E4 [2] is in progress and will be discussed in the future work.

Keywords: Pedestrian dynamics, Decision-based model, Calibration

Abstrakt. Pro predikci pohybu chodc· nejen p°i evakuacích se pouºívají chodecké modely.
Stejn¥ tak d·leºitá jako samotné modelování je datová analýza jednotlivc· z evakua£ních ex-
periment·. Tyto dva elementy, modelování pohybu a analýza dat z experiment·, formují hlavní
cíle výzkumu v této oblasti. Globální cíl na²eho výzkumu je propojení t¥chto dvou element·, a
to pouºití záv¥r· získaných z mikroskopické analýzy dat [7, 8] o fenoménu následování v davu
£i [2] o individuálních strategií k zp°esn¥ní model·. Vylep²ená pravidla v rámci v²ech úrovní

� This work has been supported by the Grant SGS18/188/OHK4/3T/14 provided by the Ministry of
Education, Youth, and Sports of the Czech Republic (M’MT ƒR).
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rozhodovacího procesu chodce u£iní model realisti£t¥j²í z mikroskopické perspektivy, coº zvý²í
jeho predik£ní sílu.

Dle vý²e popsané motivace budujeme stochastický model spojitý jak v £ase, tak v pros-
toru kv·li zachování vzorce reálného lidského chování na mikroskopické úrovni [4] a moºnosti
implementovat do n¥j v budoucnu r·zné individuální fenomény. Abychom detailn¥ zachytili
rozhodovací proces [1], necháváme rozhodovat chodce v souladu s jejich okolními podmínkami.
To znamená, ºe pravidla aplikujeme zvlá²´ na kaºdého jednotlivého chodce ve speci�ckém (de-
terministickém, náhodném £i jiném) po°adí. Tato pravidla vedou na °e²ení kolizí chodc· na
mikroskopické úrovni dokonce i v hustém davu (za p°ítomnosti m·stku [3]), tj. bez hýbání
jiného chodce neº toho, kterého se týká práv¥ °e²ená situace.

Vedle této sady pravidel p°edstavujeme uºívané kalibra£ní schéma pro nalezení hodnot
parametr· modelu, které produkuje jeho reálné chování - popisujeme kalibra£ní epizodu, která
prokazuje moºnost kalibrovat model na reálné makroskopické hodnoty [5, 6]. Kompletní kali-
bra£ní proces vyuºívající data z E4 [2] momentáln¥ probíhá a bude obsahem budoucí práce.

Klí£ová slova: Pohyb chodc·, Pravidlový model, Kalibrace

Full paper:

� Vacková, Jana and Buká£ek, Marek. Ruling Principles for Decision-Based Pedes-
trian Model. Stochastic and Physical Monitoring Systems, 2019.

� Vacková, Jana and Buká£ek, Marek. The Microscopic Analysis of Velocity-Density
Paradigm. International Conference on Applied Mathematics, 2019.

� Vacková, Jana and Buká£ek, Marek. Follower-Leader Concept in Microscopic Anal-
ysis of Pedestrian Movement in a Crowd. Pedestrian and Evacuation Dynamics
2018, Springer, 2019.
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Abstract. We deal with numerical solution of a three-dimensional phase �eld model of solidi-
�cation in single component anisotropic material. In this contribution, we extend the model by
a crystal orientation transformation. This transformation allows us to simulate the growth of
dozens of crystals with di�erent orientations inside of a domain. The transformation is governed
by an orientation �eld that dynamically changes based on the phase �eld within the domain.
Finsler geometry is used to simulate anisotropic crystal growth with good results. A robust
algorithm is developed to simulate the growth of multiple grains with an arbitrary number of
random crystallographic orientations and a fully resolved 3D dendritic geometry. This algorithm
uses MPI and openMP to provide parallelisation across threads and nodes with decent scaling
performance and a two dimensional division of the three dimensional domain. In the �rst part,
the model and the parallel implementation of the algorithms are explained. The second part is
devoted to demonstrating the e�ect of mesh-related numerical anisotropy and the simulations of
complex polycrystalline solidi�cation on very �ne meshes. All of the simulations are performed
using the �nite volume method on a regular cuboid mesh.

Keywords: phase �eld, �nite volume method, anisotropic crystal growth

Abstrakt. Tøídimensionální rovnice fázového pole lze u¾ít k modelování tuhnutí jednoslo¾ko-
vého anisotropního materiálu. V tomto pøíspìvku roz¹iøujeme ná¹ model o transformaci krys-
talové orientace. Tato transformace nám umo¾òuje simulaci rùstu desítek krystalù o rùzných
orientacích v jedné oblasti. Tato transformace je øízena orientaèním polem, které se dynamicky
mìní v závislosti na fázovém poli. Ansiotropie je vyjádøena s pomocí Finslerovy geometrie s
dobrými výsledky. Algoritmus vyu¾ívá MPI a OpenMP k paralizaci napøíè vlákny a uzly a vy-
kazuje dobrou ¹kálovatelnost pøi dvourozmìrném dìlení tøírozmìrného prostoru. V první èásti
je vysvìtlen model paralení implementace. Druhá èást èlánku je vìnována vlivu numerické ani-
sotropie, která je závislá na síti, a dále simulaci komplexního polykrystalického tuhnutí na
jemné síti. V¹echny simulace jsou provádìny s u¾itím metody koneèných objemù na pravoúhlé
pravidelné síti.

Klíèová slova: rovnice fázového pole, metoda koneèných objemù, anisotropický rùst krystalù
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Plná verze: P. Strachota, A. Wodecki.High Resolution 3D Phase Field Simulations of
Single Crystal and Polycrystalline Solidi�cation. Acta Physica Polonica A134 (2018),
653{657, doi:10.12693/APhysPolA.134.653.
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