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Abstract. Understanding how information propagates through neural networks is crucial for
optimizing their performance and bottlenecks. In this paper, we investigate the use of Mutual
Information (MI) to quantify information flow through different architectures of feedforward
neural networks. First, we demonstrate the robustness of the Mutual Information Neural Esti-
mator in handling high-dimensional noisy data and fluctuated input labels. Subsequently, our
experiments analyze how network depth and width influence information retention and com-
pression. These findings contribute to understanding interactions between network architecture
and information flow. Such a tool enables one to extract insights for designing more efficient
models.

Keywords: Information Flow, Mutual Information Estimation, Neural Networks

Abstrakt. Porozumění, jak se informace šíří neuronovými sítěmi, je zásadní pro optimalizaci
jejich výkonu a detekci problematických míst v jejich designu. V tomto článku zkoumáme
využití vzájemné informace k měření toku informace skrze různé architektury neuronových sítí.
Nejprve demonstrujeme robustnost odhadu vzájemné informace při práci s vysoce dimenzionál-
ními a šumem zatíženými daty i perturbované výstupy klasifikačního problému. Následně naše
experimenty analyzují vliv hloubky a šířky sítě na retenci a kompresi vzájemné informace. Tyto
poznatky přispívají k porozumění interakcí mezi architekturou sítě a tokem informace. Takový
nástroj umožňuje získat nové poznatky pro navrhování efektivnějších modelů.

Klíčová slova: informační tok, neoronová síť, odhad vzájemné informace

1 Introduction

In complex systems, e.g., biological, social, or computational, understanding how infor-
mation propagates through their different stages is vital for optimizing performance and
gaining insights into underlying mechanisms. Estimating information flow helps uncover
hidden dependencies, detect inefficiencies, and identify bottlenecks that interfere with
transmitting relevant information. Mutual Information (MI) provides a robust measure
for quantifying these dependencies, offering a holistic way to assess the shared informa-
tion between different stages. By tracking the flow of information, one can also reveal
redundancies, losses, and transformations as the system evolves. In addition, measuring
the flow of information within Machine Learning models is closely connected to model

∗This work was supported by the Grant Agency of the Czech Technical University in Prague, grant
No. SGS20/183/OHK4/3T/14.
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2 V. Belov

explainability, or "Explainable AI." The ability to make the modeling process intelligible
is an essential area of research that tackles the ethical and privacy aspects of Artificial
Intelligence.

This paper explores the information flow between neural model layers and their ex-
pected outputs, leveraging Mutual Information as a critical metric. It aids in interpreting
how information is transformed as it progresses through layers, providing insights into
the model decision-making process. This understanding can assist in explaining why such
predictions are made. Additionally, by analyzing the flow of information, one can iden-
tify layers where information may be lost or degraded, indicating potential bottlenecks.
Moreover, understanding the flow of information helps make models more robust to ad-
versarial attacks or noisy inputs. MI is desirable as a metric because it remains unchanged
under smooth, invertible transformations and has meaningful units such as bits or nats.
However, these advantages come with a drawback: MI is often analytically intractable
due to dimensionality or the direct unavailability of underlying probability distributions,
and estimating it from samples presents significant challenges [7]. We discuss some of the
existing approaches in the following Section 2.

Our work is straightforwardly subdivided into sections. We discuss the related work
in Section 2 to contextualize our research. In Section 3, we propose our methods of mea-
suring Mutual Information and its flow within the Neural-Network-based setup. Section 4
outlines our assumptions and the experimental setup we designed for testing them, fol-
lowed by Section 5, where the results are discussed. The work is concluded by Section 6,
where we review the results and propose the next steps.

2 Related Work

In this section, we discuss the literature available on information flow in neural network
models. The authors of [5] estimate the information flow in feedforward neural models
from the standpoint of Mutual Information between inputs and hidden layer outputs.
Moreover, the paper verifies the connection of MI reduction throughout training is driven
by progressive geometric clustering of the representations of samples from the same class.
In [5], the MI value is estimated using the classical approach of binning, which is limiting
when one is concerned with high-dimensional representations, e.g., in Computer Vision
or Natural Language Processing domains. A work that aims to explain the information
propagation through deep feedforward neural networks is also presented in [9]. A lower
bound for MI between model inputs and hidden layers is derived from layer weights
and biases through the mean-field analysis. In addition, the authors demonstrate that
parameter initializations known to be optimal for training are superior from the MI
perspective. In [10], information flow is studied from the deep Restricted Boltzmann
Machines (RBM) perspective. The authors link the inputs with regularization utilizing
Mutual Information, deriving the upper bound. For instance, they show that values
corresponding to regularization, such as weight matrix norms and input variances, can
be directly related to the MI of an RBM layer. The authors of both articles [9, 10] do
not compute the MI values directly nor study the propagation of information concerning
the output labels, which is one of the key differences in our work.
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Explainability Modeling

AI model explainability is a topic that concerns all parties in a classical project where
Machine Learning is involved: 1) the researcher needs to understand if the model is
biased, if its predictions are stable, and if the correct predictions are correct because of
valid reasons; 2) the stakeholder needs to be able to understand what is the reasoning
behind the decisions suggested by the model. These questions can be answered using
techniques that belong to the "Explainable AI" domain. In the scope of this paper, we
list only a few resources that we perceive as adjacent to the topic of this study, as our
work also partially involves explaining the models and their architectures.

One of the most prominent and commonly used techniques for explaining the reason-
ing behind Machine Learning models is SHapley Additive exPlanations (SHAP) [6], a
method based on cooperative game theory principles. It assigns each feature an impor-
tance value for a particular prediction by considering all possible feature combinations and
their marginal contributions to the model’s output. The LIME [8] approach is another
significant mention, which is focused on the interpretability of individual predictions of
any black-box machine learning model by approximating it with a simpler, interpretable
model. It works by perturbing the input data locally around the explained prediction,
generating synthetic samples, and observing the corresponding model outputs. Then,
LIME fits a simple model, such as a regression model, to this perturbed data to approx-
imate the local behavior of the observed model. The regression coefficients then serve
as the parameters which show how each feature contributes to the overall prediction.
The critical connection of our approach to the explainability of a neural network model
is its ability to be expanded to analyze Mutual-Information-based contributions on a
single-feature basis.

Estimation of Mutual Information

Authors of [3] comprehensively review existing Mutual Information Estimators from dif-
ferent perspectives, such as data sparsity and dimensionality, long-tail nature of real-
world distributions, or robustness to diffeomorphisms. One of the reviewed methods is
the Mutual Information Neural Estimation [1]. It utilizes the dual representations of the
Kullback-Leibler divergence to formulate the problem of its computation as an optimiza-
tion task performed by a neural network. The performance of MINE is measured by [3],
and the method ranks as one of the better-performing approaches. We selected MINE
as our source method for this work due to its simplicity and agnosticism to distribution
dimensionality in computational complexity.

3 Information Flow Modeling Methodology

Background

In this work, the Information Flow is measured through Mutual Information (MI) [2]:

I(X;Y ) =

∫
f(x, y) log

f(x, y)

f(x)f(y)
dxdy = DKL

(
f(x, y)||f(x)f(y)

)
, (1)
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where f(x, y) is the joint density of two random variables X and Y , and DKL is the
Kullback-Leibler divergence (KL-divergence) between two densities.

It is necessary to note that in the computational setup, one does not work with contin-
uous random variables but with their quantized representations. For such representations,
MI between X and Y is the limit of the MI between X∆ and Y ∆ [2]:1

I(X∆;Y ∆) ≈ I(X;Y ). (2)

We selected the Mutual Information Neural Estimation [1] technique to estimate MI
between multidimensional variables. Its foundation is based on the dual representations
of the KL-divergence, primarily the Donkser-Varadahn representation [4]:

DKL

(
P ||Q

)
= sup

T :Ω→R
EP [T ]− logEQ

[
eT

]
, (3)

where the supremum is taken over such functions T for which the expectations are finite,
and Ω ⊂ Rd is some compact domain, defining distributions P and Q.

The Mutual Information Neural Estimator (MINE) is then defined as

În(X;Y ) = sup
θ∈Θ

E
P

(n)
XY

[Tθ]− logE
P

(n)
X ×P

(n)
Y

[
eTθ

]
. (4)

In (4), an optimization framework over the family of functions Tθ : X × Y → R
is outlined. These functions are parametrized over Θ employing neural networks. The
estimation is based on the empirical distribution P (n), associated with n i.i.d. samples,
corresponding to distribution P .

From (3), it follows that the proposed framework creates a lower bound for the ground-
truth Mutual Information between X and Y : I(X;Y ) ≥ În(X;Y ).

Methodology

Let S = {Si}1≤i≤k denote the stages of the deep neural network, where k is the total
number of stages. To quantify the stage, only such network layers that can fulfill the
following conditions are considered: (i) the output of the layer corresponds to some
probability distribution; (ii) the probability distribution can be associated either with
the modeling inputs X or with the modeling outputs Y : S1, . . . , Sk are associated with
intermediate computations and transformations of X or Y .

For each stage Si, feature vectors are taken as input for flow estimation, denoted
as Fi ∈ Rn×mi where mi is the dimensionality of the layer. The flow is then defined
through a directed graph G(S,E), with the domain of nodes Si and edges E given by the
layer connection design of the underlying neural network. The process is summarized as
Algorithm 1 where we evaluate the flow associated with the model outputs Y . Note that
the same approach can be formulated with the model inputs X.

1Here, ∆ stands for the quantization size, e.g., for an n-bit quantization, it can be defined as ∆ = 2−n.



Information Flow in Neural Networks 5

Algorithm 1 Information Flow Estimation

Require: X ∈ Rn×d - model inputs; Y ∈ Rn×m - model outputs, M - a neural network
model.

Ensure: M is trained/fine-tuned to the relevant task.
Initialize G with M -based stage nodes Si, 1 ≤ i ≤ k
Connect nodes Si based on the architecture of M
Extract feature vector values Fi for each sample and associate them with stages Si

Compute În(X;Y )
for each i from 1 to k do

Compute În(Fi;Y ) and associate it with node Si

end for
for each e ∈ E do

For e = (Sl, Sp), associate with e the MI difference În(Fp;Y )− În(Fl;Y )
end for

4 Experimental Setup

This section describes our experimental setup formulated to utilize the methodology from
Section 3. For the experiments, we selected a modified version of the Swiss roll dataset:
instead of one, we pursue the Mutual Information measurements for the dataset of two
Swiss rolls, where one is an affine transformation of the other (see Fig. 1a). Having two
manifold representations in one data set enables us to define labels for individual points.
Labels signify whether the corresponding points belong to the former or the latter Swiss
roll. With this setup, one can evaluate Mutual Information between the distribution of
labels and the layers of the neural model.

(a) Two Swiss rolls. (b) Two noisy Swiss rolls.

Figure 1: Depiction of two Swiss rolls. One is an affine transformation of the other. In
the noisy version, the Gaussian noise is given by the standard deviation equal to 10.
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MI Estimation Stability Studies

The first set of experiments is aimed at MINE and its stability for the MI estimation
in a multidimensional setup. We conduct two sets of experiments: 1) the Swiss rolls
are embedded into a higher-dimensional space utilizing the artificial addition of new
dimensions and including white noise to new dimensions N (0, σ2), with varying values of
the scale σ; 2) by applying a range of ratio values, portions of the labels that link dataset
points to individual Swiss rolls are randomly perturbed.

Measuring the Flow in the Classification Task

The second set of experiments is focused on analyzing the information flow for a toy clas-
sification problem implemented as a simple feedforward neural network with ReLU acti-
vation, batch normalization, dropout, and varying numbers of hidden layers and hidden
layer sizes. In the training setup, the Swiss rolls are linearly separable (refer to Fig. 1a).
For testing and estimating the information flow, we use a noisy version of Swiss rolls with
such a noise scale that leads to intersections between the roll classes (see Fig. 1b). The
noisiness of the test dataset is intentional: stress-testing the spatial decision threshold
and measuring how local Swiss roll neighborhoods are carried as information through the
network architecture.

5 Experimental Results

For the first experiment, we compute the Mutual Information across different dimen-
sions, varying the noise levels to assess MINE’s robustness. The results are displayed in
Fig. 2-3. Across all experimental conditions, the MI estimator consistently captures the
underlying dependency between the variables describing the Swiss roll and the labels. As
the dimensionality increases (see Fig. 2), the estimated MI remains stable, with minor
deviations within acceptable error margins. Additionally, when noise is incrementally
introduced, the estimator demonstrates resilience, maintaining stable MI values up to a
signal-to-noise ratio σ2

data/σ
2 of approximately 0.1-to-0.01, after which the MI degrades

for higher dimensionalities. However, one of the observations we also made during the
training process is that the convergence to the actual MI value starts after a particular
epoch. Our training setup stops learning after no significant loss value improvement is
detected. We suspect that the lagged start of the learning process is caused by the fact
that the neural network first learns which dimensions contain relevant information. The
details of this assumption are a subject of future study. The results from Fig. 3 for fluc-
tuated labels show a similar pattern with a key difference: without added dimensional
noise, MINE appropriately estimates mutual information across all tested dimensions up
to 1024. The degradation is observed with increasing fluctuation among labels, reaching
0 for all the labels assigned randomly (ratio equal to 1). This decrease in MI values is
expected, as the higher the ratio is, the more independent the Swiss rolls and their labels
are. The gradual nature of observed MI deterioration confirms MINE’s ability to handle
multi-dimensional data for MI estimation.

In the second experiment, aimed at tracking the information flow in a classification
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problem with multiple feedforward neural networks, our findings reveal patterns across
different architectures (see the results in Fig. 4). Shallow networks (one hidden layer)
with fewer representation dimensions (1 and 2) than the actual dimension of the Swiss
roll (3) tend to retain less information in the layer following the input. However, the
difference is slight, and the cause of the small absolute difference can be explained by the
fact that the intrinsic dimensionality of the Swiss roll is 2. Deeper architectures exhibit
not only information compression, e.g., architecture 3− 64− 32− 16− 8− 4, but also in
the intermediate layers, e.g., architectures 3− 4− 8− 16− 8− 4 and 3− 4− 8− 1− 8− 4.
Compression indicates more efficient feature extraction, as the deeper networks reduced
redundancy in the data representation. In contrast, networks with wider layers show less
information bottlenecking, suggesting that increased width allows for a smoother flow of
information with less immediate compression. These results indicate that the structure
of a network plays a crucial role in modulating the flow of information, providing insights
into the optimal design of neural architectures for specific tasks.
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Figure 2: Heatmap depicting the results of the MINE-based MI estimation between two
Swiss rolls from Fig. 1a and their labels. The x-axis showcases values of the dimensionality
of the space where the Swiss rolls are embedded. The y-axis shows the values of σ that
define the amount of Gaussian noise added to the extra dimensions.
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Figure 3: Heatmap depicting the results of the MINE-based MI estimation between two
Swiss rolls from Fig. 1a and their labels. The x-axis presents varying dimensions for the
Swiss rolls (without added dimensional Gaussian noise). The y-axis displays the varying
ratio of points whose labels are assigned randomly.

6 Conclusion

In this study, we explore the application of Mutual Information estimation to understand-
ing the flow of information through different neural network architectures (Section 3).
Our experimental results (Sections 4-5) demonstrate the robustness of the selected MI
estimator, MINE, under various conditions: additional dimensions with noise and label
fluctuations. Our findings suggest that the proposed estimator can effectively capture
information dependencies in complex, high-dimensional, and noisy datasets, making it a
valuable tool for analyzing real-world data. Additionally, in Sections 4-5, we investigate
how information flows through feedforward neural networks of diverse depth and width
within a toy Swiss roll classification problem. Our analysis reveals patterns of information
retention and compression across architectures. The results show the interaction between
depth and width in modulating information flow, suggesting that architectural choices
profoundly impact a network’s ability to learn and generalize.

Nowadays, in Machine Learning research, neural networks play a critical role; we
believe that tools such as information flow estimation can become vital in designing more
efficient and robust models. Further research can extend these findings by exploring more
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Figure 4: Heatmap showing MI Estimation values for different FFNN classification model
architectures. The architecture description is available in the y-axis labels (the amounts
of nodes within each hidden layer separated with dashes; the architecture description is
followed by the F1 score evaluated on the test set from Fig. 1b - all networks display
similar classification performance). The y-axis represents hidden layers, indexed from 0,
with 0-th column of the visual showing values of În(X, Y ), to k = 5.

complex architectures and real-world datasets to refine our understanding of information
flow in neural networks.
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Abstract. Blind image deconvolution (BID) is a severely ill-posed optimization problem re-
quiring additional information, typically in the form of regularization. Deep image prior (DIP)
promises to model a naturally looking image due to a well-chosen structure of a neural network.
The use of DIP in BID results in a significant performance improvement in terms of average
PSNR. In this contribution, we offer qualitative analysis of selected DIP-based methods w.r.t.
two types of undesired solutions: blurred image (no-blur) and a visually corrupted image (so-
lution with artifacts). We perform a sensitivity study showing which aspects of the DIP-based
algorithms help to avoid which undesired mode. We confirm that the no-blur can be avoided
using either sharp image prior or tuning of the hyperparameters of the optimizer. The artifact
solution is a harder problem since variations that suppress the artifacts often suppress good
solutions as well. Switching to the structural similarity index measure from L2-norm in loss was
found to be the most successful approach to mitigate the artifacts.

Keywords: Blind Image Deconvolution, Deep Image Prior, No-Blur, Variational Bayes

Abstrakt. Slepá dekonvoluce obrazu je špatně podmíněná úloha vyžadující regularizaci pro na-
lezení správného řešení. Metoda deep image prior (DIP) modeluje přirozeně vypadající obrazy
pomocí vhodně zvolené struktury neuronové sítě. Hodnotíme-li výsledek dekonvoluce pomocí
průměrného PSNR, použití DIP přináší výrazné zlepšení. V tomto příspěvku ukážeme kvalita-
tivní srovnání zvolených metod založených na DIP vzhledem ke dvěma typům nežádoucích řešení:
rozmazaný obrázek (tzv. no-blur řešení) a vizuálně poškozený obrázek (artefaktové řešení). V
citlivostní studii ukážeme, jak jednotlivé aspekty algoritmů založených na DIP pomáhají snížit
výskyt těchto nežádoucích řešení. Apriorní rozdělení preferující ostrý obraz a vhodné nastavení
hyperparametrů optimalizace pomáhají s potlačením no-blur řešení. Odstranění artefaktových
řešení je náročnější úkol, protože metody schopné ho potlačit často současně potlačují i velmi
ostrá dobrá řešení. Použití structural similarity index measure namísto L2-normy ve ztrátové
funkci se ukazuje jako nejúspěšnější přístup k potlačení artefaktů.

Klíčová slova: Slepá dekonvoluce obrazu, Deep image prior, No-blur, Variační Bayes

Full paper: A. Brožová, V. Šmídl. Avoiding Undesirable Solutions of Deep Blind Image
Deconvolution. In ‘Proceedings of the 19th International Joint Conference on Computer
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Abstract. Last decade has seen the emergence of numerous methods for learning on graphs,
particularly Graph Neural Networks (GNNs). These methods, however, are often not directly
applicable to more complex structures like bipartite graphs (equivalent to hypergraphs), which
represent interactions among two entity types (e.g. a user liking a movie). This paper proposes
Convolutional Signal Propagation (CSP), a non-parametric simple and scalable method that
natively operates on bipartite graphs (hypergraphs) and can be implemented with just a few lines
of code. After defining CSP, we demonstrate its relationship with well-established methods like
label propagation, Naive Bayes, and Hypergraph Convolutional Networks. We evaluate CSP
against several reference methods on real-world datasets from multiple domains, focusing on
retrieval and classification tasks. Our results show that CSP offers competitive performance
while maintaining low computational complexity, making it an ideal first choice as a baseline
for hypergraph node classification and retrieval. Moreover, despite operating on hypergraphs,
CSP achieves good results in tasks typically not associated with hypergraphs, such as natural
language processing.

Keywords: Hypergraph representation learning, Hypergraph convolution, Label Propagation,
Model complexity, Naive Bayes

Abstrakt. V posledńım desetilet́ı se objevilo mnoho metod pro učeńı na grafech, zejména
grafové neuronové śıtě (GNN). Tyto metody však často nejsou př́ımo použitelné pro složitěǰśı
struktury, jako jsou bipartitńı grafy (ekvivalentńı hypergraf̊um), které reprezentuj́ı interakce
mezi dvěma typy entit (např. uživatel, kterému se ĺıb́ı film). Tento článek představuje metodu
Convolutional Signal Propagation (CSP), neparametrickou, jednoduchou a škálovatelnou me-
todu, která nativně pracuje s bipartitńımi grafy (hypergrafy) a kterou lze implementovat pomoćı
několika řádk̊u kódu. Po definici CSP představujeme jej́ı vztah k zavedeným metodám, jako je
label propagace, Naivńı Bayes̊uv klasifikátor a hypergrafové konvolučńı śıtě. Vyhodnocujeme
CSP v porovnáńı s několika referenčńımi metodami na reálných datech z r̊uzných domén se

∗This work has been supported by the grant SGS23/187/OHK4/3T/14 of Czech Technical University
in Prague.
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zaměřeńım na úlohy retrieval a klasifikace. Naše výsledky ukazuj́ı, že CSP nab́ıźı konkurence-
schopný výkon při zachováńı ńızké výpočetńı složitosti, což z ńı čińı ideálńı prvńı volbu jako
základ pro klasifikaci a retrieval uzl̊u hypergrafu. Nav́ıc, navzdory tomu, že CSP pracuje na hy-
pergrafech, dosahuje dobrých výsledk̊u v úlohách, které obvykle nejsou spojovány s hypergrafy,
jako je např́ıklad zpracováńı přirozeného jazyka.

Kĺıčová slova: Repretentačńı učeńı na hypergrafech, Konvoluce na hypergrafech, Label propa-
gace, Složitost modelu, Naivńı Bayes̊uv klasifikátor

Full paper: P. Procházka, M. Dědič, and L. Bajer. Convolutional Signal Propagation:
A Simple Scalable Algorithm for Hypergraphs. In ’21st International Workshop on Mining
and Learning with Graphs @ECMLPKDD 2024’, Vilnius, Lithuania, (September 2024).
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Abstract. This paper analyses deterministic self-similar sets and focuses on a physically mo-
tivated description of diffusion on graphs. The primary objective is to revisit the theoretical
properties of oscillations in return probabilities on a logarithmic time scale, predicated on the as-
sumption of exponential growth of eigenvalue degeneracies. Complementarily, we perform exact
calculations of return probabilities using a Markov chain approach, presenting a novel Con-
strained Convolution Schema based on a grid representation of fractal sets. Our results are
demonstrated for selected Sierpinski gaskets and carpets, which possess well-known referential
values of walk and spectral dimensions. The findings indicate that while the model based on
the eigenvalue properties provides a basic description of the dynamics of the return probability,
significant differences emerge when compared to the exact return probabilities calculated by
random walk analysis.

Keywords: diffusion, fractals, grid models, oscillations, spectral dimension, walk dimension

Abstrakt. Tento článek analyzuje deterministické soběpodobné množiny a zaměřuje se na fyzi-
kálně motivovaný popis difuze na grafech. Hlavním cílem je shrnout teoretické vlastnosti oscilací
pravděpodobnosti návratu na logaritmickém časovém měřítku, které jsou založeny na předpo-
kladu exponenciálního růstu degenerací vlastních čísel. Doplňkově provádíme přesné výpočty
pravděpodobností návratu pomocí přístupu Markovova řetězce a předkládáme nové schéma
omezené konvoluce založené na mřížkové reprezentaci fraktálních množin. Výsledky jsou demon-
strovány pro vybrané Sierpińského trojúhelníky a rohožky, které mají dobře známé referenční
hodnot procházkové a spektrální dimenze. Zjištění ukazují, že přestože model založený na vlast-
nostech vlastních čísel poskytuje základní popis dynamiky pravděpodobnosti návratu, při po-
rovnání s přesnými pravděpodobnostmi návratu vypočtenými analýzou náhodné procházky se
objevují významné rozdíly.

Klíčová slova: difúze, fraktály, mřížkové modely, oscilace, procházková dimenze, spektrální di-
menze

Full paper: F. Gašpar, J. Kukal. Constrained Convolution Schema of Graph Walk
for Analysis of Return Probability Oscillations. Submitted to Physica A: Statistical
Mechanics and its Applications.
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Abstract. Operators perturbed by singular potentials play a crucial role in mathematical
physics as physically relevant and analytically solvable models. It is well known that point
interactions, e.g., the operator perturbed by the Dirac delta function, do not have a well-defined
mathematical realization for the Dirac operator in dimensions higher than one. Instead, the
operator must be perturbed by a singular potential supported on a hypersurface to recover a
non-trivial self-adjoint operator. For this purpose, researchers typically choose the single-layer
distribution supported on such a hypersurface as the perturbation of the operator. This model
is known as the δ-shell interaction.

The mathematically rigorous realization of such an operator is one that acts as the Dirac
operator away from the hypersurface on functions satisfying a certain transmission condition
along the hypersurface. This operator can also be viewed as the extension of the Dirac operator
restricted to functions vanishing along the hypersurface. Our aim is to study the self-adjoint
extensions of this symmetric operator, which could theoretically be treated using von Neumann’s
theory, but in practice, this is impossible because the deficiency indices of the operator are
infinite.

Fortunately, with the recent development of the boundary triple technique—ultimately de-
rived from von Neumann’s theory—we have been able to study such operators and even attain
the Birman-Schwinger type condition for the discrete spectrum and the Krein resolvent formula.
Although this model has been extensively studied by many mathematicians, we highlight a cru-
cial difference between viewing the singular perturbation as multiplication by the single-layer
distribution and as projection onto the single-layer distribution, a distinction that has largely
escaped attention. This simple observation allowed us to explore a completely new family of
self-adjoint Dirac operators, which we call non-local relativistic δ-shell interactions due to the
non-local nature of the transmission condition.

Since we wish to relate this model to a physical system, it is important to find a Dirac
operator with a scaled regular potential that converges in some topology to the non-local δ-
shell interaction. For this reason, we construct a regular potential in the form of a projection
onto a scaled function, such that the potential converges, in the sense of distributions, to the
projection onto the single-layer distribution. We prove that this approximate operator indeed
converges in the norm resolvent topology to the operator of the non-local relativistic δ-shell
interaction.

Keywords: δ-interactions, boundary triples, Dirac operator, local shell interactions, non-local
shell interactions, regular approximations

Abstrakt. Lineárńı diferenciálńı operátory s poruchou charakterizovanou singulárńım po-
tenciálem ve formě lokalizované zobecněné funkce hraj́ı d̊uležitou roli ve fyzice jako analyticky
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řešitelné modely. V naš́ı práci se zabýváme Diracovým lineárńım diferenciálńım operátorem.
Je známo, že v dimenzi dva a v́ıce nelze pro tento operátor zavést model bodových interakćı
charakterizovaných poruchou delta funkćı. Mı́sto toho uvažujeme Dirac̊uv operátor s váženou
jednoduchou vrstvou s nosičem na nadploše. Tento model je v literatuře znám jako δ-skořápková
interakce. Tento formálńı operátor lze rigorózně zavést jako operátor p̊usob́ıćı jako Dirac̊uv
operátor mimo nadplochu s jistou přechodovou podmı́nkou na nadploše. Z jiného úhlu pohledu
lze tento operátor chápat jako rozš́ı̌reńı volného Diracova operátoru, který je nejprve ome-
zen na funkce identicky rovné nule na nadploše. Naš́ım hlavńım ćılem je zkoumat samosdružená
rozš́ı̌reńı tohoto symetrického operátoru. Přestože von Neumannova teorie tento model obsáhne,
prakticky nejsme schopni pomoćı této metody samosdružená rozš́ı̌reńı popsat, jelikož náš sy-
metrický operátor má indexy defektu rovné nekonečnu. Naštěst́ı, d́ıky nedávnému vývoji te-
orie hraničńıch trojic, která př́ımo vycháźı z von Neumannovy teorie, jsme nyńı schopni tyto
operátory zkoumat a źıskat abstraktńı Birman-Schwingerovu podmı́nku pro body diskrétńıho
spektra a Kreinovu resolventńı formuli.

Přestože byl tento model v posledńıch letech zkoumán mnohými experty v oboru, d̊uležitý
rozd́ıl ve vńımáńı poruchy jako násobeńı jednoduchou vrstvou nebo jako projekce na jednodu-
chou vrstvu unikl pozornosti komunity. Toto jednoduché pozorováńı nám umožnilo zkoumat
zcela nové a originálńı samosdružené realizace Diracova operátoru, které jsme nazvali nelokálńı
relativistické δ-skořápkové interakce kv̊uli nelokálńımu charakteru přechodových podmı́nek po-
pisuj́ıćıch tento model.

Dále bychom rádi našli Dirac̊uv operátor s regulárńım škálovaným potenciálem, který by
sloužil jako aproximace našeho modelu a jako vod́ıtko mezi naš́ım matematickým modelem a
fyzikálně relevantńım modelem. Pro tento účel jsme v práci zkonstruovali potenciál ve formě
projekce na škálovanou funkci, tak aby tento potenciál konvergoval k projekci na jednoduchou
vrstvu ve smyslu zobecněných funkćı. Pro tuto aproximaci jsme následně ukázali, že uniformně
konverguje v resolventě k operátoru nelokálńı relativistické δ-skořápkové interakce.

Kĺıčová slova: δ interakce, Dirac̊uv operátor, hraničńı trojce, lokálńı delta interakce, nelokálńı
delta interakce, regulárńı aproximace, samosdruženost

Full paper: L. Heriban and M. Tušek. Non-local relativistic δ-shell interactions. Letters
in Mathematical Physics 114(3), 2024, 79 (18 pages).
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Abstract. The introduction of attention mechanism in [3] significantly advanced the domain
of natural language processing (NLP) and transformer-like models quickly became the state-
of-the-art approach to language modeling. The key properties of attention networks, such as
the lack of inductive bias, rich internal representations, and high level of parallelization, enabled
to train these models on large amounts data. When this approach is combined with the self-
supervised masked modeling, the network can be pre-trained on rich and diverse data resulting
in a generalist model that can be later fine-tuned for more specific downstream tasks.

Fast detector simulation using deep learning models is an active area of interest in parti-
cle physics. Classical approach to detector simulations relies on Monte Carlo-based algorithms
providing very accurate simulations that come with high computational costs. Deep learning
models have the potential to speed up the simulations by a few orders of magnitude [1]. It was
shown that generative deep learning models, such as generative adversarial networks or varia-
tional autoencoders, can be trained to produce high-fidelity samples. However, the generated
sets often lack proper diversity even if the training data represent only one specific experiment
setup [2].

Inspired by the success of masked modeling and attention networks in NLP tasks, we ex-
plored the possibility of using similar approaches to calorimeter images. We designed and trained
an attention network on an auxiliary task - completion of calorimeter images - to test the masked
modeling approach. In development of the models, we focused on correctly reproducing average
high-level features, as well as preserving variability of reconstructed images and quality of in-
dividual samples. Specifically, the correct choice of input data pre-processing and the choice of
loss function played a key role in the model performance.

Additionally, we demonstrated that the model is able to recognize the initial particle en-
ergy from the incomplete image and adapt the output accordingly without being provided with
the value of initial energy explicitly.

Keywords: attention networks, calorimeter simulations, image completion, masked language
modeling.

Abstrakt. Představení attention mechanismu [3] výrazně ovlivnilo oblast zpracování přiroze-
ného jazyka a modely typu transformer se velmi rychle staly state-of-the-art přístupem k mo-
delování textu. Attention sítě mají schopnost se naučit bohatou vnitřní reprezentaci dat, která
neklade žádné silné předpoklady na jejich strukturu. Výpočty prováděné při trénování sítě jsou
navíc dobře paralelizovatelné, což umožňuje efektivní trénování attention sítě v rozumném čase
i při velkém množství dat. Pokud je tato struktura zkombinována se samosupervizovaným masko-
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vaným modelováním, dostáváme možnost předtrénovat model na větších a rozmanitějších datech,
a následně lze naučené reprezentace využít při dotrénovávání na specifické úlohy za použití již
jen malého množství dodatečných pozorování.

Využití hlubokého strojového učení pro simulace detektorů je velmi aktivní oblastí výzkumu
v částicové fyzice. Klasické přístupy k simulacím detektorů jsou založeny na Monte Carlo al-
goritmech, které jsou velmi přesné, ale také výpočetně náročné. Modely hlubokého učení mají
potenciál zrychlit produkci simulovaných dat až o několik řádů [1]. Předchozí experimenty již
prokázaly, že generativní modely hlubokého učení se dokáží naučit věrně reprodukovat data z de-
tektoru. Na druhou stranu, generovaná data obvykle nemají dostatečnou variabilitu, a to ani
v případě, že trénovací množina obsahuje obrázky pouze pro jedno konkrétní nastavení experi-
mentu [2].

Vzhledem k úspěchu attention sítí a maskovaného modelování jsme se rozhodli ověřit, zda je
tento přístup vhodný k použítí na simulace dat z kalorimetru. Navrženou attention síť jsme tré-
novali na pomocné úloze - doplnění maskovaných obrázků z kalorimetru. Při vývoji modelu bylo
cílem věrně reprodukovat nejen průměrné základní příznaky, ale také variabilitu dat a kvalitu
jednotlivých rekonstruovaných obrázků. Správné nastavení předzpracování dat a vhodná volba
ztrátové funckce modelu se během experimentů ukázaly jako klíčové prvky modelu.

Dále se podařilo ukázat, že natrénovaný model dokáže z maskovaných vstupních dat správně
určit počáteční energii částice a následně obrázky doplnit vhodnými hodnotami, aniž by mu byla
informace o počáteční energii explicitně poskytnuta.

Klíčová slova: attention sítě, simulace kalorimetrů, doplňování obrazových dat, maskované
jazykové modelování.

Full paper: K. Jaruskova and S. Vallecorsa. Masked Image Modeling for Image Com-
pletion on Simulated Calorimeter Data. To be published in the Proceedings of the 42nd
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Abstract. Successful large-scale compositional reservoir simulations require robust and efficient
phase-split calculations. In recent years there has been progress on three-phase split calculations.
However, there may be convergence issues when the number of equilibrium phases increases to
four. Part of the problem stems the poor initial guesses. In phase-split computations, the results
from stability provide good initial guesses. Successive substitution (SS) is a key step in phase-
split calculations. The method, if efficient, can provide good initial guesses for the final step,
in the Newton method which convergences rapidly. In this contribution we present a robust
algorithm with high efficiency and robustness in phase-split calculations in two, three, and four
phases. We find that the key step is the SS. The convergence may even be very slow away from
the critical point and phase boundaries. A modified SS is used which may reduce the number of
iterations many times. In the course of this investigation, we observe some regions often inside
the phase envelopes (far from the phase boundary or critical points) with a very high number of
SS iterations. The adoption of the improved SS iterations leads to significant speed-ups of the
multiphase-split computations. In some mixtures, average reduction is more than 70%.

Keywords: Four-phase split calculations, Rachford-Rice problem, Peng-Robinson EOS, Newton
method, phase equilibrium calculation

Abstrakt. Pro úspěšné kompoziční nádržové výpočty na velké škále je potřeba mít robustní a
efektivní algoritmus pro výpočet fázové rovnováhy. V posledních letech byl zaznamenán posun
ve výpočtu třífázové rovnováhy. Nicméně, se objevují konvergenční problémy, pokud se problém
rozšíří na stavy ve čtyřech fázích. Část problému je v nepřesnosti počátečních odhadů řešení. Při
výpočtu rovnováhy dávají výsledky použité z fázové stability dobrý počáteční odhad. ”Successive
substition” (SS) je klíčový krok ve výpočtu fázového rozkladu. Tato metoda, pokud je efektivní,
může poskytnout dobrý počáteční odhad pro poslední krok, kterým je Newtonova metoda s
rychlou konvergencí. V tomto příspěvku prezentujeme velmi efektivní robustní algoritmus na
výpočet fázového rozkladu ve dvou, třech a čtyřech fázích. Zjistili jsme, že klíčový krok je SS.
Konvergence může být pomalá i daleko od kritických bodů a fázových obálek. Užitím upravené
SS můžeme mnohokrát zmenšit nutný počet iterací. Při rozboru různých směsí si všímáme
zvýšeného počtu iterací uvnitř fázových obálek (daleko od kritických bodů a fázových obálek).
Užitím vylepšené SS jsme dosáhli znatelného zrychlení výpočtu fázového rozkladu. V některých
směsích je úspora víc než 70%.

∗This work has been supported by the the Czech Science Foundation project no. 21-09093S and by
grant no. SGS23/188/OHK4/3T/14 of the Grant Agency of the Czech Technical University in Prague.
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Abstract. Unlike ideal gas, the van der Waals gas admits phase transition. Constructing a
dynamical theory of the van der Waals gas therefore represents a coveted leap towards a kinetic
description of phase interface phenomena. With this in mind, the Boltzmann equation will first
be presented within the GENERIC (general equation for non-equilibrium reversible irreversible
coupling) framework. Upon this fundament, a dynamical theory of the van der Waals gas will be
built. Fundamental physical properties will be demonstrated and a corresponding hydrodynamic
theory derived.
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Abstrakt. Na rozdiel od ideálneho plynu, van der Waalsov plyn umožňuje fázové prechody. Vy-
budovanie dynamickej teórie van der Waalsovho plynu preto predstavuje významný medzikrok
na ceste ku kinetickému popisu fázového rozhrania. Na tomto pozadí najprv predstavíme Boltz-
mannovu rovnicu v rámci koncepcie GENERIC (general equation for non-equilibrium reversible
irreversible coupling). Na tomto základe vybudujeme dynamickú teóriu van der Waalsovho plynu
a poukážeme na kľúčové fyzikálne aspekty tejto teórie spolu s príslušnou hydrodynamickou te-
óriou.

Kľúčové slová: van der Waalsov plyn, kinetická teória, fázové prechody, GENERIC
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Abstract. Modern constitutive models for cyclic metal plasticity demand more efficient cali-
bration methods. Traditional approaches like random search and Nelder-Mead optimization are
computationally expensive and sensitive to initial conditions due to the problem’s non-convexity.
This paper introduces a neural network framework with a loss function that combines parameter
and stress response errors, offering an improved starting point for Nelder-Mead optimization.
We compare our method to Tensor Train Optimization on both synthetic and experimental data,
and analyze the results using the Cramér-Rao Lower Bound.
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Abstrakt. Moderní konstitutivní modely cyklické plasticity kovů vyžadují účinnější kalibrační
metody. Tradiční přístupy, jako je náhodné hledání a Nelder-Meadova optimalizace, jsou výpo-
četně náročné a citlivé na počáteční podmínky kvůli nekonvexitě problému. V této práci navrhu-
jeme neuronové sítě s novou ztrátovou funkcí, která kombinuje chybu odhadovaných parametrů
a stresové odezvy. Tato metoda poskytuje výchozí bod pro Nelder-Meadovu optimalizaci. Dále
porovnáváme naši metodu s optimalizací tenzorovými vláčky na syntetických a experimentálních
datech a analyzujeme výsledky pomocí Rao-Cramérovy dolní meze.

Klíčová slova: hluboké učení, neuronové sítě, odhad parametrů, tenzorové vláčky

1 Introduction

Cyclic plastic loading is critical in material science due to failures in bridges and railways.
Metals under such loading can exhibit the Bauschinger effect and other phenomena. This
paper focuses on a constitutive model accounting for these features.

Before being used, such a material model must first be calibrated with data from a real
uniaxial cyclic loading experiment. Regardless of the form of its control, the experiment
represents a link between time t, tensile stress S(ϵt, q) and total axial deformation ϵt(t),

∗This work was supported by MEYS CR under grant No. LTA USA 18199 and by the Czech Science
Foundation through the project No. 22-11101S.
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which is a sum of the elastic and plastic deformation ϵe(t) and ϵ(t), respectively. The
set of evolving parameters q reflects the loading history via evolution rules that are
functions of the associated plastic strain. Since the elastic deformation can be easily
subtracted, it is more convenient for the following analysis to work with the plastic
deformation only, provided that stress points within the active elastic region are skipped.
The relevant elastic property of the material, defined by the Young’s modulus E, is
determined analytically at the beginning of the analysis.

Many constitutive models have been developed to deal with various identified phe-
nomena. A leading example of a single yield surface model with nonlinear kinematic
hardening rule is the one introduced by Armstrong et al. [1] Chaboche and Rousselier
then introduced a superposition of several hardening rules and obtained the Multicom-
ponent Armstrong-Frederick [2]. The MAFTr model introduced by Feigenbaum et al. is
then an extension that adds linear hardening to one of the backstress components and
further modifies the behavior of the model under multiaxial loading [4]. In this paper we
use the analytical solution of the uniaxial problem using the MAFTr model (Mθ) from
Marek et al. [7] This model predicts axial stress given plastic strain ϵ(t), and is controlled
by internal parameter θ ∈ R12

+ , as described in Kovanda and Tichavský [5].
The goal of this paper is to propose robust methods for estimating the optimal pa-

rameter θ∗ in the MAFTr model to accurately capture the material behavior in a given
experiment. Specifically, we seek to solve the following optimization problem

θ∗ := argmin
θ∈R12

+

L2

(∣∣Sm −Mθ(ϵ)
∣∣), (1)

where ϵ corresponds to the measured experimental data, Sm represents the observed stress
response, and L2 denotes the L2 norm in the space of stress responses. Estimating θ∗

poses significant challenges because L2(|Sm−Mθ(ϵ)|) is not a convex function. Existing
methods often rely on a random search to initialize the simplex method [8], a non-gradient
optimization technique that iteratively improves the solution. However, this approach
is time-consuming and tends to converge to suboptimal solutions, far from the global
minimum.

In this paper, we develop several neural network estimators, denoted as θ̂NN. These
estimators can provide a sufficiently accurate estimate to serve as a starting point for
other optimization techniques, such as the simplex method, which refine θ toward a local
minimum. This approach significantly reduces computational complexity compared to a
random search that yields similar stress estimates.

The best performing neural networks are then compared to the recently introduced
tensor train optimization method (TTOpt) by Sozykin et al. [9], a non-gradient technique
designed to approximate multivariate functions. Finally, the results are analyzed using
the Cramér-Rao Lower Bound.

2 Dataset Preparation
In the real experiment, the stress response was recorded at a sampling rate of 10Hz for
4 hours. The MAFTr model does not depend on the speed of the experiment, so it is
advantageous to first downsample the data. In this work, each segment is downsampled
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to N = 17 steps using a geometric sequence while keeping the reversal points intact. Our
numerical experiments show that taking K = 40 first segments is sufficient for the tested
models. This setup gives a total of Q = 1 +NK = 681 points. The complete procedure
is described in detail in Kovanda and Tichavský [5].

After preparing the sequence of plastic deformations and their associated stress re-
sponses, it is possible to estimate the parameter θ. For both neural networks and TTOpt,
it is necessary to first select an a priori distribution for θ. In the case of neural networks,
this allows the creation of a training set of parameters and corresponding stress responses.
TTOpt, on the other hand, requires a region defined by the Cartesian product of inter-
vals [θi,min, θi,max] for each parameter θi in which the optimal θ is to be found, and an
appropriately chosen sampling for each of these intervals.

To cover the entire hand-picked interval, a uniform distribution is chosen separately
for each parameter θi, see Table 1. All these ranges have been chosen to cover the
most commonly used materials and can be easily adjusted if needed. There are two
additional constraints. The parameters ai are generated so that their sum would be
in the range [100, 400]. Second, since the pairs (ci, ai), i ∈ {1, 2, 3} are commutative,
they are generated with the condition c1 ≥ c2 ≥ c3 to make the training objective
unique. Unsorted parameters would make it harder for neural networks to predict correct
values because their order would be inconsistent. For example, an optimal solution with
permuted (ci, ai) pairs could be considered incorrect.

k0 κ1 κ−1
2 log(c1) log(c2) log(c3,4) a1,2,3,4 a

min 15 100 30 log(1000) log(10) log(10) 0 0
max 250 10000 150 log(50000) log(5000) log(2000) 200 500

Table 1: Range of the a priori uniform distribution for each (transformed) parameter,
given the conditions

∑
ai ∈ [100, 400] and c1 ≥ c2 ≥ c3. The symbol log stands for the

natural logarithm.

In practice, the first condition is realized by first generating ã ∼ U [100, 400] and
a′1, . . . , a

′
4 ∼ U [0, 1]. Then the desired parameters a1, . . . , a4 are calculated as

ai :=
a′i∑4
j=1 a

′
j

ã, ∀i ∈ {1, . . . , 4}. (2)

This process is repeated until the ai satisfy the condition ai ∈ [0, 200]. The second
condition is solved by simply sorting the first three ci parameters.

Since training neural networks requires large amounts of data and running real exper-
iments is expensive, we first need to create a synthetic dataset using the MAFTr model
Mθ. In this paper, two datasets are created. The first dataset takes a fixed plastic defor-
mation sequence defined in a real experiment. This dataset is therefore meant to train
neural networks capable of predicting model parameters from one experiment.

Let P12 represent the previously described a priori distribution for θ. The first dataset
D1 consists of pairs (Si,θi) and is created as

D1 :=
{(

Mθi

(
ϵ(exp)

)
, θi

)
, i ∈ {1, . . . , I}

}
, (3)



28 M. Kovanda

where θ1, . . . ,θI
iid∼ P12 and I = 106 is the chosen length of the dataset.

In the second dataset various plastic deformation sequences are generated to produce
neural networks capable of prediction any deformation sequence. For this reason the
sequence is created by generating the odd (elongating) deformations using a handpicked
a priori uniform distribution U [0.003, 0.005], while the even (compressing) deformations
are taken from U [−0.005,−0.003]. The inner points are generated using the geometric
sequence described in Kovanda and Tichavský [5].

Let Uϵ represent the combined distribution of all data samples as

ϵ :=
(
0, ϵ

(1)
1 , . . . , ϵ

(N)
1 , . . . , ϵ

(1)
K , . . . , ϵ

(N)
K

)
, (4)

∀ϵ ∼ Uϵ, where ϵ
(N)
k := ϵ

(rev)
k stands for the k-th reversal point, N = 17 is the number

of deformation points in each segment, and K = 40 stands for the number of segments.
Then the second dataset D2 consists of the triplets (Si, ϵi,θi) and is created as

D2 :=
{(

Mθi

(
ϵi
)
, ϵi, θi

)
, i ∈ {1, . . . , I}

}
, (5)

where θ1, . . . ,θI
iid∼ P12, ϵ1, . . . , ϵI

iid∼ Uϵ and I = 106 is the chosen length of the dataset.
Similar to the training datasets D1 and D2, corresponding validation datasets DV

1 , DV
2

with 20000 tuples and test datasets DT
1 , DT

2 with 1024 tuples are created for evaluation.

3 Neural Network Architectures
In this paper variations of Feed-Forward Networks (FFNs) and Gated Recurrent Unit
(GRU) are trained. Each architecture takes as an input a matrix of shape 1 × 681 for
the dataset D1 and 2 × 681 for D2 because the second dataset also contains plastic
deformation. To bring the variance closer to 1, each architecture first transforms the
signal using the batch normalization, which converts the input data separately for both
stress and plastic deformation, if applied. Each θi parameter has a different order of
magnitude. For this reason, each θ is normalized element-wise based on means and
variances determined by the distribution P12. In practice, these means and variances are
computed based on 106 realizations of the P12 distribution.

Let θ(N) represent the parameter θ normalized element-wise using the mean and
variance estimates. The output of each model is a vector of length 12 representing the
parameter θ(N). The performance of the developed architectures is measured mainly by
the LS metric, which measures the average quadratic difference between the reference
stress S and the predicted stress, i.e.

LS :=
1

Q

Q∑
i=1

(
Si − Ŝi

)2
, Ŝ := Mθ̂(ϵ), (6)

where Q = 681 is the number of plastic deformation samples. This metric indicates how
far the predicted stress is from the reference stress.

In all following experiments, the hyperparameters of the architecture are first found
by a manual directed search based on their performance on the validation datasets DV

1 or
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DV
2 . Networks are trained on the training set in two epochs using the AdamW optimizer

created by [6], with a weight decay of 10−2. Our experiments showed that the best
performing networks were trained with a learning rate in the range of [0.0005, 0.002].
The batch size is always set to 128. Finally, each network is evaluated on a test dataset
DT

1 or DT
2 . All neural network implementations were done using the Pytorch framework

on the NVIDIA GeForce RTX 4090 graphics card.

3.1 Combined Loss Function

Using only Lθ does not require much additional implementation. However, even though
it proved sufficient to make relatively close estimates, our research shows that this loss
function is suboptimal. Since the ultimate goal is to minimize the distance between
the reference stress S and the predicted stress Ŝ := Mθ̂(ϵ), the training can be further
improved by using a linear combination between the parameter loss and the stress loss,
i.e.

Lβ
θ,S := βLθ + α(1− β)LS, (7)

β ∈ [0, 1], α ∈ R+. The parameter α = 30 is chosen for convenience to minimize the
difference between Lθ and LS at the beginning of training. However, using LS requires
additional implementation, since in LS the gradient must flow through the analytic model
Mθ̂. This was achieved by using the Pytorch autograd method implemented by PyTorch,
which automatically calculates gradients for the computational graph defined by Mθ̂.
It also slows down the training significantly, although in this case the networks can be
trained in fewer steps. In our case 2 epochs seem to be sufficient compared to 10 epochs
when using only Lθ.

Numerical experiments show that training the networks with Lβ
θ,S improves the per-

formance of the models, as they are now trained to make closer stress estimates while
trying to predict similar θ, see Figure 1. The optimal β seems to be β ∈ [0.4, 0.8] for
randomly generated FFN and GRU. This observation seems to be consistent across our
experiments. In this paper, β = 0.5 was chosen for all architectures.
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Figure 1: LS and LSr metrics for randomly configured FFN and GRU trained with Lβ
θ,S

for different β ratios, see equation (7).

3.2 Neural Networks Architectures

One of the simplest architectures is a neural network based solely on feed-forward layers.
Each hidden layer is followed by a ReLU activation function. Since θ(N) can be negative,
no activation function is used after the last layer. The advantage of using this architecture
is its low computational complexity. However, it requires a fixed input size. In this
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paper, this is not a problem since the input always has a fixed length of Q = 681. In
practice, however, the measured stress would have to be clipped to this length. The set
of hyperparameters consists of a number of layers with a decreasing number of neurons
in each successive layer.

Recurrent neural networks (RNNs) are widely used for time series analysis because
of their ability to handle variable-length inputs and produce consistent outputs, making
them suitable for experiments of varying durations. However, simple recurrent units
struggle with longer inputs because they must retain information from the entire signal.
In this paper, we instead use bidirectional Gated Recurrent Units (GRUs) [3], which
mitigate vanishing gradients in long sequences through hidden state memory, thereby
improving information retention. GRU hyperparameters, such as the number of layers and
hidden state size, determine the capacity and complexity of the model. Our experiments
showed that adding fully connected layers did not improve performance. Therefore, all
considered networks did not include feed-forward layers.

4 Method Comparison

The numerical results made on Dataset DT
1 indicate that it can be difficult to find a well

performing FFN network, as even a small change in the network structure has a large effect
on the overall network performance. In addition, performance improves dramatically after
a Nelder-Mead simplex refinement is used. It is also worth noting that the best performing
network does not necessarily perform well after refinement, indicating that the prediction
may be closer to a worse local minimum.

On the other hand, GRU architecture seems to be both stable and very powerful. The
refined predictions are better compared to all previously tested methods. For large hidden
size value, this architecture seems to overfit the training data and therefore performs
poorly on the test data.
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Figure 2: Top: Plastic deformation in the measured experiment. Middle: Predicted
stress using the refined estimated parameters θ of both GRU and TTOpt. Bottom:
Stress prediction error. The vertical line indicates the end of the signal on which the θ
parameter was estimated and refined.
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The advantage of TTOpt method is that it does not require a training dataset. Our
experiments show that the best performing TTOpt has a rank of 3 and the used grid
has 1024 points along each dimension. To compare the performance of neural networks
on the D2 dataset, the 3 best performing networks from each architecture tested were
modified to take 2 input channels and then trained on the D2 dataset. The results of
the best of each architecture are shown in Table 2. As expected, the results are generally
worse than for the D1 dataset.

architecture dataset LS LSr

GRU DT
1 111.64 0.137

FFN DT
1 106.90 2.314

TTOpt DT
1 63.30 0.961

GRU DT
2 242.43 0.595

FFN DT
2 336.91 6.378

TTOpt DT
2 63.30 0.961

Table 2: Metrics of selected GRU and FFN networks compared to TTOpt on test datasets
DT

1 and DT
2 .

The predictions of GRU and TTOpt are shown in Figure 2. The refined GRU predic-
tion is slightly better than the refined TTOpt prediction, but both approaches produce
high quality results. As expected, the model’s performance tends to be worse during
randomized loading due to the limitations of its underlying constitutive theory.
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Figure 3: Histogram of refined predictions of both GRU and TTOpt on dataset DT
2 .

A histogram of predictions of both GRU and TTOpt on test dataset DT are depicted
in Fig. 3. These graphs show that the medians of predictions on the synthetic dataset are
lower than the mean values, i.e. most of the data are predicted better than the average.

Both methods also perform well against random search with Nelder-Mead simplex
optimization. Figure 4 show a histogram of LSr values based on 400000 randomly gen-
erated θ from the a priori distribution described in Section 2 and a histogram of 4000
TTopt predictions after their refinement using Nelder-Mead simplex optimization. For
comparison, a single GRU refined prediction is depicted by a dashed line. This figure
shows that the use of both GRU and TTOpt provides a high quality starting point for the
Nelder-Mead optimization, as they outperform the vast majority of randomly generated
estimates after refinement.

Each approach has a different time complexity. As shown in Table 3, training the GRU
network takes about 4000 s, while the other approaches do not require any training. On
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Figure 4: Histograms of randomly generated θ using the a priori distribution described
in Section 2 and the TTOpt predictions after their refinement using the Nelder-Mead
simplex optimization on the real experiment. For comparison, the refined prediction of
GRU is depicted by a dashed line.

the other hand, the evaluation of the trained GRU takes only about 40 ms, which makes
it very useful for scenarios where time is limited. For a more accurate prediction, the use
of TTOpt seems to be a better choice, because although each evaluation takes about 10
seconds, the obtained estimates are of better quality than a simple random search. In all
cases, the Nelder-Mead refinement takes about 0.2 s, which corresponds to about 2000
steps. After this the improvement in prediction seems to be negligible.

approach ttrain (s) tprediction (s) trefinement (s)
GRU 4000 0.04 0.2
TTOpt - 10 0.2
random Nelder-Mead - - 0.2

Table 3: Comparison of time complexity for different approaches.

5 Sensitivity Analysis

In addition to refining the prediction, it is also helpful to estimate its standard deviation.
One way to do this is to use the Cramér-Rao Lower Bound (CRLB) on the current pa-
rameter estimate, since the model is locally differentiable. The CRLB gives a theoretical
lower bound on the variance of unbiased estimators, indicating the best possible accuracy.
However, since neural networks can produce biased estimates, this bound is only a rough
approximation of the variance.

For simplicity, let us assume that the measurement noise is Gaussian distributed with
variance σ2,

S ∼ N
(
M(θ), σ2IL

)
, (8)

where M(θ) stands for the closed-form solution of the MAFTr material model seen as a
function of θ, and IL represents the identity matrix. In this paper Q = 681 is used in all
experiments. Then it can be shown that the Fisher information matrix is given by

[
J(θ)

]
ij
=

1

σ2

[∂M(θ)

∂θi

]T[∂M(θ)

∂θj

]
. (9)
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Here the derivatives are calculated using the Pytorch autograd function. Assume that
J(θ) is a regular matrix. Then every unbiased estimator θ̂(S) satisfies a condition

cov(θ̂)− J−1(θ) ≥ 0 (10)

and therefore also
var(θ̂i) ≥ CRLBi = [J−1(θ)]ii. (11)

These variances depend on θ. For this reason the refined θ̂ provided by GRU is used as
an approximation of the optimal θ∗.

To further analyze the error, the STD can also be estimated using the estimation
method itself. The desired estimated STD (ESTD) of the i−th parameter can be calcu-
lated as

ESTD2
i =

1

N

N∑
n=1

[
MET

(
M(θ̂

)
+ ϵn

)
i
− θ̂i

]2
, (12)

where ϵn ∼ N (0, IQ), ∀n ∈ {1, ..., N} is a randomly generated standard Gaussian noise
and MET stands for the estimation method (e.g. GRU or TTOpt). In our experiment,
Q = 681 and N = 1000. The model prediction along with the ESTD, CRLB with σ2 = 1
and the ratio of ESTD and the parameter value for GRU is shown in Table 4. For some
parameters, the empirical STD of the error is observed to be greater than the CRLB.
This may indicate that the GRU was trapped in a suboptimal local minimum. On the
other hand, the ESTD of κ2 was smaller than the corresponding CRLB, probably because
the estimator is not unbiased.

θ̂i ESTDi

√
CRLBi ESTDi/θ̂i

k0 195.3 2.534 0.7936 0.01297
κ1 23207 190.5 16.78 0.008210
κ2 0.02872 0.000891 0.01682 0.03103
c1 31844 360.4 16.08 0.01132
c2 2539 142.1 3.221 0.05596
c3 424.1 62.86 5.868 0.1482
c4 410.3 108.9 7.932 0.2655
a1 67.57 6.086 0.5326 0.09006
a2 138.9 5.721 0.6352 0.04117
a3 16.27 8.293 0.8546 0.5094
a4 84.07 3.890 3.560 0.04627
a 100.4 23.57 0.7223 0.2348

Table 4: Refined parameters of real experiment predicted using GRU trained on dataset
D2 with their estimated STD (ESTD), Cramér-Rao lower bound (CRLB) and the ratio
of ESTD and the parameter value.

6 Conclusion
We addressed the challenging task of parameter estimation for a cyclic plastic stress
model by training a neural network on synthetic stress-parameter pairs (D1 dataset) and
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stress-parameter-deformation tuples (D2 dataset). By incorporating a loss function that
combines MSE losses for both parameter estimation and stress response prediction, we
significantly improved the accuracy of the network despite a slower training process. Our
results show that GRU networks perform well on both the D1 and the more advanced
D2 dataset, which generalizes over different plastic deformation sequences.

Furthermore, we compared this approach with the tensor train optimization method
called TTOpt. While TTOpt provided high quality results, it required significantly more
time to evaluate. However, due to its non-deterministic nature, repeated runs of TTOpt
can yield optimal results without the need for training. In conclusion, both the GRU-
based neural network and TTOpt outperformed random estimates refined by the Nelder-
Mead method, with GRU providing faster predictions and TTOpt excelling in accuracy
through repeated evaluations.
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Abstract. In this paper, a mathematical flow model is proposed and evaluated for the quan-
titative assessment of flow in stent-treated vessels where standard imaging methods such as
magnetic resonance imaging are not effective. The research focuses on the aortic bifurcation and
investigates the applicability of the proposed model in patients without stents and in patients
with one or two stents in the bifurcation. For the purpose of evaluation, flow simulations were
performed using data obtained by 4D Flow magnetic resonance imaging and segmentation of
the aortic bifurcation [1, 4].

A mathematical model of blood flow was in our study was based on the assumption the
incompressibility of blood in large vessels and the assumption that blood behaves in these ge-
ometries as a Newtonian fluid [2]. Based on these assumptions the dynamics of blood were
described using incompressible Navier-Stokes equations, the solutions of which were numerically
approximated by a lattice Boltzmann method [3].

The results showed that in patients without stents, the simulation helped to remove minor
inaccuracies in the measured data, while in patients with stents, the simulation provided more
consistent data than the measurements alone and allowed to assess the flow inside the stents
where the MRI signal completely fails.

Thus, mathematical modelling of blood flow in vessels shows considerable potential, espe-
cially in areas where the MR signal is absent or very poor, such as inside stents or behind
stenoses. Our study demonstrates the feasibility of coupling non-invasive flow measurement
using 4D Flow MRI with a mathematical model and suggests the potential for extending this
methodology using artificial intelligence algorithms for clinical use in the future.

Keywords: 4D Flow, lattice Boltzmann method, aortic bifurcation

Abstrakt. V tomto článku je navržen a zhodnocen matematický model proudění pro kvan-
titativní hodnocení průtoku cév ošetřených stenty, kde standardní zobrazovací metody jako je
magnetická rezonance, nejsou účinné. Výzkum se zaměřuje na bifurkaci aorty a zkoumá použi-
telnost navrženého modelu u pacientů bez stentů i u pacientů s jedním nebo dvěma stenty v
bifurkaci. Za účelem vyhodnocení byly provedeny simulace proudění na základě dat získaných
pomocí 4D Flow magnetické rezonance a segmentace bifurkace aorty [1, 4].

Matematický model průtoku krve byl v naší studii založen na předpokladu nestlačitelnosti
krve ve velkých cévách a předpokladu, že se krev chová v těchto geometriích jako newtonovská

∗This work has been supported by the grant No. NV19-08-00071
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kapalina [2]. Na základě těchto předpokladů byla dynamika krve popsána pomocí nestlačitelných
Navierových-Stokesových rovnic, jejichž řešení bylo numericky aproximováno pomocí mřížkové
Boltzmannovy metody [3].

Výsledky ukázaly, že u pacientů bez stentů simulace pomohla odstranit menší nepřesnosti
v měřených datech, zatímco u pacientů se stenty poskytla simulace konzistentnější data než
samotné měření a umožnila zhodnotit i průtok uvnitř stentů, kde signál magnetické rezonance
zcela selhává.

Matematické modelování průtoku krve v cévách tak ukazuje značný potenciál zejména v
oblastech, kde signál MR chybí nebo je velmi špatný, například uvnitř stentů či za stenózami.
Naše studie demonstruje možnost propojení neinvazivního měření průtoku pomocí 4D Flow MRI
s matematickým modelem a naznačuje potenciál rozšíření této metodiky pomocí algoritmů umělé
inteligence pro klinické použití v budoucnosti.

Klíčová slova: 4D Flow, mřížková Boltzmannova metoda, bifurkace aorty

Full paper: R. Galabov, J. Kovář, P. Eichler, K. Škardová, R. Chabiniok, T. Oberhuber,
R. Fučík, P. Pauš, A. Wodecki, J. Novotný, J. Tintěra. Využití mřížkové Boltzmannovy
metody k modelování průtoku v bifurkaci aorty: porovnání s 4D Flow MRI. Ces Radiol
2023; 77(3): 150–155. http://www.cesradiol.cz/dwnld/CesRad_2303_150_155.pdf

References
[1] A. C. Bunck, A. Jüttner, J. R. Kröger, M. C. Burg, H. Kugel, T. Niederstadt, K. Tie-

mann, B. Schnackenburg, G. R. Crelier, W. Heindel, et al. 4d phase contrast flow
imaging for in-stent flow visualization and assessment of stent patency in peripheral
vascular stents–a phantom study. European journal of radiology 81 (2012), e929–e937.

[2] P. Eichler, R. Galabov, R. Fučík, K. Škardová, T. Oberhuber, P. Pauš, J. Tintěra,
and R. Chabiniok. Non-newtonian turbulent flow through aortic phantom: Experimen-
tal and computational study using magnetic resonance imaging and lattice boltzmann
method. Computers & Mathematics with Applications 136 (2023), 80–94.

[3] T. Krüger, H. Kusumaatmaja, A. Kuzmin, O. Shardt, G. Silva, and E. M. Viggen.
The lattice Boltzmann method. Springer International Publishing 10 (2017), 4–15.

[4] J. Lotz, C. Meier, A. Leppert, and M. Galanski. Cardiovascular flow measurement
with phase-contrast mr imaging: basic facts and implementation. Radiographics 22
(2002), 651–671.



Dirac Operators on the Half-Line: Stability of
Spectrum and Non-relativistic Limit∗

David Kramár
kramada1@fjfi.cvut.cz

study programme: Mathematical Engineering
Department of Mathematics
Faculty of Nuclear Sciences and Physical Engineering, CTU in Prague

advisor: David Krejčiřík, Department of Mathematics
Faculty of Nuclear Sciences and Physical Engineering, CTU in Prague

Abstrakt. Stabilitou spektra operátoru se rozumí existence uniformní podmínky pro vnější
poruchu, která – je-li splněna – zaručuje zachování spektra porušeného operátoru. Pokud taková
podmínka existuje, říkáme, že původní operátor je tzv. subkritický. V opačném případě říkáme, že
operátor je kritický. Existence takových podmínek pro Schrödingerovy je dobře prostudována a
známa. Jak je tomu v případě Dirakových operátorů však byla dlouho otevřená otázka. V článku
[1] autoři dokázali subkritikalitu Dirakova operátoru v dimenzích tři a více.

V našem článku jsme odvodili postačující podmínku stability spektra pro parametrickou
třídu Dirakových operátorů na polopřímce podrobených zobecněné infinite-mass hraniční pod-
mínce (také známou jako MIT hraniční podmínka) a dokázali její optimalitu pro jisté speciální
případy. Dále jsme dokázali kompatibilitu nalezené postačující podmínky s řešením stejného
problému pro Robinovský Laplacián na polopřímce [2] v nerelativistické limitě.

Klíčová slova: Dirakův operátor, hraniční podmínka, stabilita spektra, nerelativistická limita

Abstract. By a stability of a spectrum of an operator is understood an existence of a uniform
condition which – when satisfied – assures preservation of the spectrum of the considered op-
erator. If there is such a condition, we say the original operator is subcritical. In the oposite
scenario, we say it is critical. Existence of such conditions for Schrödinger operators is well
studied and known. The way things are in the case of Dirac operators, however, has been long
an open question. In the paper [1] authors have proven subcriticality of the Dirac operator in
dimensions three and more.

In our paper we derive the sufficient condition for a stability of the spectrum for a parametric
class of Dirac operators on the half-line subjected to a generalized infinite-mass boundary con-
dition (also known as MIT boundary condition) and prove its optimality in the certain special
cases. Further, we prove compatibility of the sufficient condition with the solution of the same
problem for Robin Laplacian on the half-line [2] in the non-relativistic limit.

Keywords: Dirac operator, boundary condition, stability of the spectrum, non-relativistic limit
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Abstract. In this paper we discuss the motivation for introducing Weyl conformal gravity
(WCG) as an alternative theory to Einstein gravity. We will compare the two theories and focus
on the new properties and challenges that WCG introduces. Furthermore, we demonstrate its
use and behavior on selected problems, and present and discuss some new results and directions
for further research.

Keywords: Weyl conformal gravity, black holes, dynamical spacetimes

Abstrakt. V tomto příspěvku rozebereme motivaci zavedení Weylovy konformní gravitace
(WKG) jakožto teorie alternativní k Einsteinově. Porovnáme tyto dvě teorie a zaměříme se na
nové vlastnosti a výzvy, která WKG přináší. Dále na vybraných problémech demonstrujeme její
využití a chování, představíme a rozebereme některé nové výsledky a směry dalšího výzkumu.

Klíčová slova: Weylova konformní gravitace, černé díry, dynamické prostoročasy

1 Úvod

Einsteinova obecná teorie relativity (dále OR) se ukázala jako velice dobrý model gravi-
tace na škálách sluneční soustavy (a nižších) v klasické fyzice. Existují však skutečnosti
motivující její modifikace. Jedná se především o problémy temné hmoty a energie, kosmo-
logické konstanty a spojení s kvantovou teorií. Modifikovaných teorií existuje nyní velké
množství. V tomto příspěvku se zaměříme konkrétně na Weylovu konformní gravitaci
(dále WKG).

K představení WKG došlo velmi záhy po OR, v roce 1918 [22]. Původní motivací
bylo sjednocení gravitace a elektromagnetismu. Jelikož je akce pro elektromagnetického
pole je konformně invariantní, byla snaha nalézt gravitační akci, která tuto vlastnost
sdílí. Uvažujeme-li čtyřrozměrné metrické teorie gravitace, je akce určena jednoznačně
(viz Sekce 2).

Přes své stáří však nebyla WKG více zkoumána do cca do přelomu 80. a 90. let, kdy
se o její renesanci zasadil dodnes hojně publikující P. D. Mannheim, a to jak demonstrací
její úspěšné aplikovatelnosti na některé problémy moderní fyziky ([11] a řada dalších), tak

∗Tato práce byla podpořena grantem no. SGS22/178/OKH4/3T/14
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hledáním řešení v ní ([9] a řada dalších), která se mohou od OR podstatně lišit. V této
snaze dnes pokračuje mnoho dalších autorů (viz dále).

Postupně WKG překonala některé problémy (duchová pole, unitarita. . .) a nyní (ale-
spoň pokud je nám známo) není v rozporu z žádným experimentálním faktem. Jak jsme
zmínili, zdá se WKG (často neotřele) řešit řadu problémů. Její užívání však přináší jisté
výzvy (interpretace kalibrací, rovnice čtvrtého řádu. . .) I na ně se podíváme v následující
sekci.

2 Porovnání Einsteinovy a Weylovy gravitace

V článku [10], kterého se v této sekci částečně přidržíme, rekapituluje P. D. Mannheim
mimo jiné vlastnosti, přenesené z OR, které by jakákoli fungující gravitační teorie měla
splňovat. Především je to princip ekvivalence, který je zaručen tím, že na teorii uva-
líme princip souřadnicové invariance a gravitační pole ztotožníme s metrickým tenzorem
(následná konstrukce Christoffelových symbolů, geodetik, Riemennova tenzoru apod. by
opět měla zůstat). Dále je třeba zajistit, aby teorie na úrovni Sluneční soustavy před-
povídala Schwarzschildovské řešení (alespoň do perturbačního řádu, který jsou schopna
změřit současná pozorování).

Co naopak zachovat nutné není jsou polní rovnice, chování na vyšších škálách (to
ani není záhodno) a tedy i samotná konstrukce akce a její další symetrie. Konformní
symetrie je přirozenou symetrií (nejen) standardního modelu (krom Higgsova sektoru) a
existuje řada argumentů, proč by jí gravitační sektor měl sdílet. (Právě Higgsův sektor
pak generuje tenzor energie a hybnosti a způsobí spontánní narušení symetrie).

Čtyřrozměrná metrická teorie gravitace s lokálně konformně invariantní akcí (tj. inva-
riantní vůči transformaci gµν(x) → e2α(x)gµν(x)) je dána jednoznačně (až na Gauss-Bonett
členy tvořící v rovnicích se neprojevující plošné integrály) jako

IW = −Gw

Z
d4x

√
−gCλµνκCλµνκ = −2Gw

Z
d4x

√
−g(RµκRµκ − (Rα

α)2/3) (1)

kde Gw je bezrozměrná konstanta a Cλµνκ je Weylův tenzor. Variací podle metriky získáme
polní rovnice, které, vyjádřeny v podobném tvaru jako Einsteinovy, tj. Gµν(+Λgµν) = Tµν

mají podobu
Bµν = Tµν/(4Gw), (2)

kde Bµν je tzv. Bachův tenzor (někdy označovaný jako Wµν), mající při vyjádření pomocí
Ricciho tenzoru a skaláru (variace druhé verze (1)) značně komplikovanou strukturu

Bµν = −1

6
gµνR;λ
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2
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gµνRλρRλρ − 1

6
gµνR2. (3)

Jelikož je akce invariantní jak vůči konformní transformaci, tak transformacím souřadnic,
je Bµν automaticky kovariantně konstantní a bezestopý, tj. ∇νBµν = 0, gµνBµν = 0. Při
konformních transformacích se transformuje jako Bµν → e−2α(x)Bµν a pro konformně
ploché prostoročasy vymizí [4]. Hojně užívaná je forma rovnic využívající Weylův tenzor:

Bµν = (2∇ρ∇σ − Rρσ)Cρµσν , (4)
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případně ještě forma zapsaná pomocí tzv. Shouten tenzoru [4]. Poznamenejme, že rovnice
(3) a (4) jsou vyjádřeny ve standardní konvenci Riemannova tenzoru Rα

βµν = ∂µΓα
βν −

∂νΓα
βµ + Γα

κµΓκ
βν − Γα

κνΓκ
βµ a signatury metriky (−, +, +, +). V literatuře se však objevují i

jiné konvence, především Winbergova u P. D. Mannheima, která mění některá znaménka.
Z uvedených rovnic plyne řada skutečností. Polní rovnice jsou zjevně čtvrtého řádu,

na rozdíl od Einsteinových standardního druhého řádu. To komplikuje jejich řešení (ještě
více než v OR). Mimo technické výzvy v řešení je to ale také značný koncepční problém
tzv. Ostrogradského nestabilit, které rovnice vyšších řádů přinášejí.

Jelikož je konstanta Gw bezrozměrná (na rozdíl od konstanty v OR akci − 1
16πG

R
d4xR),

je teorie v principu renormalizovatelná. Je kupodivu unitární (a bez duchových polí). To
z ní činí také potenciální kandidáta na kvantování. Tyto pokusy probíhají, ačkoli se ne-
jedná o kvantovou gravitaci v pravém slova smyslu, nýbrž gravitaci kvantovanou interakcí
s kvantově mechanickým zdrojem (více v [10] a dalších článcích autora).

Na rozdíl od OR, která má (krom souřadnicových invariancí) symetrie dané Poin-
carého grupou s 10 generátory (translace, rotace, boosty), zachovávající délku intervalu,
má WKG akce (1) symetrie dané grupou konformní, zachovávající úhly (tedy i kauzální
strukturu). Tedy přibývá dalších 5 generátorů (speciální konformní transformace a škálo-
vání). Konformní grupa je také grupou symetrií světelného kužele. Zároveň i v OR existují
tzv. konformní Killingovy vektory (viz dále), generátory konformních symetrií a k nim
přidružené veličiny, které jsou integrály pohybu světlupodobných geodetik.

V neposlední řadě z rovnic (2) a vlastností Bachova tenzoru plyne, že tenzor energie
a hybnosti Tµν musí být též bezestopý (a sdílet s Bµν další vlastnosti). To je, spolu s Os-
trogradského nestabilitami patrně největším problémem WKG. Nezdá se sice neřešitelný,
klade však značně netriviální požadavky na gravitační zdroje.

Dále je zde otázka samotné interpretace kalibrační volnosti. Ta představuje značnou,
dosud nevyřešenou interpretační výzvu (co a jak kalibraci určí atd.), zároveň však (teo-
reticky) odstraňuje některé problémy OR (v principu lze totiž odkalibrovat i singularity
a tím učinit prostoročasy úplné).

Nyní se podívejme na vztah OR a WKG řešení. Díky vlastnostem Bachova tenzoru
jsou všechna vakuová OR řešení nutně řešeními i ve WKG; opak zjevně neplatí. Otevřenou
otázkou zůstává, zda jsou všechna WKG řešení alespoň konformní nějakému OR [4].

V článku [9] jsou nalezeny analogie klasických řešení a od té doby se jich objevilo
velké množství. My si analogii demonstrujeme na Schwarzschildovi, tedy nejobecnějším
sféricky symetrickém statickém řešení tj. ds2 = −B(r)dt2 + A(r)dr2 + r2(dθ2 + sin2 θdφ),
což lze kalibrační transformací převést na

ds2 = −B(r)dt2 +
dr2

B(r)
+ r2(dθ2 + sin2 θdφ), (5)

a ve WKG vyřešit (známé jako Mannheim-Kazanasovo řešení, dále M-K), jako

B(r) = 1 − 3βγ − β(2 − 3βγ)

r
+ γr − κr2, (6)

kde β, γ, κ jsou konstanty. Oproti standardnímu ((anti)-de Sitter) Schwazschildovi B(r) =
1 − 2m/r − Λr2 obsahuje konstantu γ navíc. Přibývají nám vlastně dva řády r (vůči
Λ = 0) dané vyšším řádem polních rovnic. To je vcelku typické a při hledání analogií OR
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řešení obsahující polynom se tak vyplatí zkusit mu přidat dva řády). Zároveň vidíme, že
i bez zavedení kosmologické konstanty (tu ani do (1) přidat nejde, neboť by člen nebyl
konformně invariantní) dostáváme efekt konstantě odpovídající a to bez problémů, které
její vložení běžně znamená.

Konstanta γ je tedy nová a způsobuje nové efekty. Při fitování na náš solární systém
by měla být malá, projeví se ale ve vyšších škálách a efektivně tak vyřeší další problémy
týkající se gravitace. Úctyhodná práce při zkoumání rotačních křivek galaxií [11] ukázala,
že WKG na ně velmi dobře sedí a dokáže je vysvětlit přímo, bez přidávání exotické, nikdy
nedetekované temné hmoty apod. (Patrně si WKG obecně poradí i s temnou energií [10]
a dalšími problémy.)

Toto však není jediná změna. Vezměme např. analogii Reissner-Nordstromova řešení
z téhož článku [9]. Tj. zavádíme Coulombické pole Ftr = Q2/r4 dající vzniknout tenzoru
energie a hybnosti

Tµν = FµaF a
ν − 1

4
F abFabgµν (7)

(v akci odpovídá členu −F µνFµν/4, který je konformně invariantní). Ten v Einsteinově
teorii do řešení (funkce B(r)) přidává člen Q2/r2. Zde je tomu jinak - změna se projeví
ve členu úměrnému 1/r. I na tomto jednoduchém případě tak vidíme, že WKG nejen
přidává členy/řády, ale může také podstatně měnit charakter řešení.

3 Vybrané problémy

V této sekci uvedeme některé možnosti rozvinutí výzkumu, na které autorka narazila
během doposud pouze několikaměsíční doby působení v rámci tématu WKG a chystá se
je studovat v disertační práci. V některých případech (zejména sekce 3.1) se jedná defacto
už o zpracovaná témata s připravovanou publikací, v jiných (např. sekce 3.3) jde spíše
o nápady do budoucna s teoretickým úvodem.

3.1 Eddington-Finkelsteinovy souřadnice

Eddington-Finkelsteinovy (dále E-F) souřadnice se využívají v OR hlavně k lepší ana-
lýze Schwarzschilova (i jiných) řešení. Ukazuje se, že při studiu WKG se s nimi relativně
dobře pracuje a zároveň nalezená řešení poskytují bohatou fenomenologii. Její kompletní
analýza, klasifikace a především možné interpretace jsou rozsáhlým tématem, které si vy-
žádá mnoho času a práce. Zde popíšeme některé naše dosavadní výsledky bez technických
detailů (ty budou uvedeny v chystané publikaci).

Hledat budeme metriky s retardovaným časem u ve tvaru

−2dudr + H(r, u)du2 + r2 dx2 + dy2�
1 + K(x2+y2)

4

�2 . (8)

Všechny uvedené výsledky platí s malými obměnami (většinou ve znaménkách) i pro met-
riky 2dvdr + H(r, v)dv2 + r2 dx2+dy2�

1+
K(x2+y2)

4

�2 s advancovaným časem v . Sektor x, y v metrice

(8) zahrnuje dohromady všechny 2D prostory s konstantní křivostí, tj. sféry, roviny a
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hyperboloidy, kde K = ϵ/a2, ϵ = 1, 0, −1, a a je konstanta. Tyto prostoročasy tak au-
tomaticky mají sférickou, planární, resp. hyperbolickou symetrii a tedy i 3 (2 nezávislé)
Killingovy vektory a integrály pohybu.

Hledáme vakuová řešení, tj. Bµν = 0. Bachův tenzor, přes svou komplikovanost, má
jednoduchou složku rr určující

H(r, u) = U1(u) +
U2(u)

r
+ U3(u)r + U4(u)r2, (9)

jehož dosazení podstatně zjednoduší ostatní nenulové složky, chovající se po vhodné
úpravě jako polynomy v r. Řešení se rozpadají na dvě třídy, na jakési

”
dynamické pozadí“:

U1(u) = ±K, U2(u) = 0, U3(u) a U4(u) libovolné (10)

a
”
dynamickou černou díru“ (konkrétní interpretace je zatím značně nejistá, opíráme ji

o níže uvedené vlastnosti a analogie s Einsteinovskými řešeními):

U1(u) a U2(u) libovolné,

U3(u) =
−K2 + U2

1 (u) + 6U ′
2(u)

3U2(u)
, U4(u) =

−K2U1(u)
9

+
U3

1 (u)

27
+

2U ′
1(u)U2(u)

3
+ C

U2
2 (u)

, (11)

kde C je konstanta.
Tato řešení mají též elektricky nabitou verzi, tj. polní rovnice přecházejí na (2), kde

(7). Při předpokladu dynamického Coulombického pole Fvr = q2(v)/r4 dostáváme způso-
bem analogickým vakuovému postupu

”
řešení s pozadím“

V1(v) = C, V2(v) = 0, V3(v) a V4(v) libovolné, q2(v) = 4Gw(K2 − C2)/3 (12)

a opět
”
černou díru“

q(v) = Q, V1(v) a V2(v) libovolné,

V3(v) =

3Q2

4Gw
− K2 + V 2

1 (v) − 6V ′
2(v)

3V2(v)
, (13)

V4(v) =

V1(v)K2

9
+

V 3
1 (v)

27
− 2V2(v)V ′

1(v)

3
+ Q2(v)V1(v)

12Gw
+ C

V 2
2 (v)

,

přičemž jsme uvedli verzi s advancovaným časem. Pro Q = 0 se jedná o advancované
vakuové řešení. Nepřidáváme žádný Tµν zdroj mimo (7), proto vychází q(v) konstantní.

Analyzovali jsme některé vlastnosti nalezených řešení. Pokud zvolíme veškeré Ui(u)
v (11) konstantní, dostáváme M-K řešení (6) resp. tzv. topologické černé díry, jejichž
WKG analogie jsou známy [7]. Vzhledem ke svému dynamickému charakteru půjde ale
patrně v obecném případě spíše o konformní analogie tzv. Vaidya řešení [16]

ds2 = −2dudr −
�

1 − 2m(u)

r

�
du2 + r2(dθ2 + sin2 θdϕ2), Tµν = − m,u

4πr2
kµkν , (14)

kde kµ = −u,µ - dynamické černé díry. Tedy vlastně vyzařujícího (nebo pohlcujícího, podle
volby časové souřadnice u či v ) Schwarzschilda, používaného k modelům gravitačního
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kolapsu či naopak vypařující se černé díry (napojením na Minkowského prostoročas či
Schwarzschilda). Toto řešení má zdroj (OR rovnice neumožňují dynamické řešení (8)
žádného druhu), kdežto naše je vakuové. Tento fakt, přes komplikovanost své interpretace
je zajímavý. Samo pozadí se zde, zdá se, chová jako zdroj, resp. dochází k

”
přelévání“

mezi ním a hmotností díry.
Řešení spadají do Petrovovy třídy D (případně O), neboť jediný nenulový Weylův

skalár je Ψ2 = −[(K + U1(u))r + 3U2(u)]/(6r3). V r = 0 je singularita, neboť např.
Kretschmannův invariant zde diverguje. U dynamických prostoročasů je komplikovanější
problematika horizontu událostí [14], lze však pomocí geodetické expanze spočítat appa-
rent horizonty, nacházející se v H(r, u) = 0. Také jsme našli OR prostoročas, který je
konformní (11), tj. g̃µν = Ω2(r, u)gµν a to Ω(r, u) = ±(F1(u)r + F2(u))−1, kde Fi(u) jsou
určeny konstantami (včetně kosmologické) a funkcemi U1(u), U2(u). Jeho interpretace a
vlastnosti (stejně jako to, zda jde o již známé řešení) zatím nejsou jasné.

Další vlastností analogickou (14) je konformní symetrie (uvadíme v advancované verzi,
neboť je častější) Kµ = (v, r, 0, 0)T ve speciálním případě, kdy hmotnost m(v) je lineární
funkce m(v) = αv . Za analogických podmínek V1(v) = β je konstantní a V2(v) = αv line-
ární, k tomu dojde i u nás. V OR se tato symetrie používá (konformně spjatý prostoročas
je stacionární a má jí jako běžnou symetrii) ke studiu vlastností tohoto speciálního pří-
padu. I my se ho chystáme detailněji analyzovat. Na něm by pak potenciálně šlo studovat
termodynamiku a změny souřadnic, či dokonce konformní diagram, geodetický pohyb,
Hamilton-Jacobihiho rovnici atd. [14].

Uvedené prostoročasy však nejsou jedinými, které se v dynamických E-F souřadnicích
ve WKG dají najít. Konstanty v metrice (8) lze povýšit na funkce u a najít, alespoň
s pomocí matematické softwaru, obecné řešení v komplikované integrální formě. Je možné,
že tento proces půjde zjednodušit ať už vhodnými kalibračními transformacemi, klasifikací
tříd řešení, nebo zcela jinou metodou, např. zapojením Penrose-Newmanova formalismu
[6].

Další slibnou třídou jsou červí díry (z hlediska E-F souřadnic a dynamických řešení, i
ve WKG obecně - existuje literatura, např. [8], ne však kompletní klasifikace či analýza
některých vlastností). Metrika červí díry má obecně tvar ds2 = −A(r)dt2 + B(r)dr2 +
L2(r)(dθ2 + sin2 θdφ), bez singularit a s L(r) ̸= 0 všude. I tady je možný převod do E-F
souřadnic a povýšení konstant na funkce. Nalezli jsme už několik příkladů, které budou
dále studovány. Širší klasifikace vzhledem ke složitosti práce s funkcemi r je výzvou.

3.2 Rotující prostoročasy

Stacionárně rotující prostoročasy - např. Kerr a jeho rozličná zobecnění jsou tématy,
k nimiž dodnes přibývají nové poznatky i na úrovni OR. Důvodů je jistě více. Čekaly
dlouho na své

”
odvození“, jsou značně komplikované a mají základ v reálném světě (kde

většina zdrojů rotuje).
Konformní analogii Kerra a Kerr-Newmana nalezneme v [9]. Na rozdíl od analogie

Schwarzschilda, resp. Reissner-Nordstroma [18] nebyla zatím dokázána jeho unikátnost.
To bude patrně náročný úkol, který si vyžádá nové metody, či alespoň podstatnou modi-
fikaci stávající Cartrovy [19].

Mannheim začíná obecnou axisymetrickou metrikou ds2 = A(x, y)dx2+2E(x, y)dxdy+
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C(x, y)dy2 +D(x, y)dφ2 +2F (x, y)dφdt−B(x, y)dt2 a rovnou pak po vzoru Cartera v OR
navrhuje tvar

ds2 = (bf − ce)

�
dx2

a
+

dy2

d

�
+

d(bdφ − cdt)2 − a(edφ − fdt)2

bf − ce
, (15)

kde funkce a, b, c závisí pouze na x a funkce d, e, f pouze na y. Ten může vést k separabilitě
rovnic, za podmínky že (bf − ce) sama je separabilní, což se dosahuje konstantností c a
f . V OR už jdou takto omezené rovnice vyřešit jako a = j2 − 2mx + x2, d = 1 − y2, b =
j2 + x2, e = j(1 − y2), c = j, f = 1. Mannheim zachovává funkce b, e, c z OR a
hledá WKG rovnice pro a(x), d(y). Ty jsou značně komplikované a tak autor rovnou
předpokládá ansatz 4. řádu. Z něho obdrží

a(x) = j2 +ux+px2 +vx3 −kx4, d(y) = 1+ry−py2 +sy3 −j2ky4, kde uv−rs = 0, (16)

kde u, p, v, k, r, s jsou konstanty.
V jistém smyslu jsme učinili první malý krok k důkazu jednoznačnosti - pomocí roz-

vojů a(x) =
P∞

n=0 An(x − x0)n =
P∞

n=0 anxn, d(y) =
P∞

n=0 Dn(x − x0)n =
P∞

n=0 dnxn lze
totiž ukázat, že (16) řeší rovnice pro a(x), d(y) (tj. rovnice B1

1 = B2
2 = 0) jednoznačně.

Užitá metoda je podobná [15].
Řešení (16) nás zajímá z více důvodů. Existuje řada článků, které ho (resp. speciální

případy) analyzují, např. [21, 2]. Kvůli jeho komplikovanosti je však stále velká část
vlastností neprozkoumaná (asymptotiky, energie, vlastnosti kauzální struktury. . .) Řešení
sdílí integrabilitu OR Kerra, neboť už podmínky na separabilitu (15) zaručují existenci
tzv. principal tenzoru [3], pojící se s celým tématem skrytých symetrií (které můžeme
zkusit hledat i u obecnějších prostoročasů).

Symetrie jsou zajímavou oblastí (viz např.
”
povýšení“ konformní symetrie na běžnou a

její v sekci 3.1), ve WKG pokud je nám známo zatím systematicky nestudovanou. Bylo by
snad možné využít podgrup konformní grupy k nalezení a klasifikaci vysoce symetrických
prostoročasů (podobný postup jako při hledání (super)integrabilních systémů [20]).

Konečně je zde téma rotujících analogií již známých řešení. K jejich hledání lze mimo
jiné využít tzv. Janis-Newmann formalismus, resp. jeho v jistých ohledech vylepšenou
verzi [1]. Šlo by tak jistě

”
orotovat“ různá řešení z předchozí sekce ale i řadu jiných

známých řešení. Případně zkusit, co tento formalismus udělá s polem (např. skalárním,
viz - 3.3).

3.3 No hair teorémy, skalární pole

Tzv. no hair teorémy zjednodušeně řečeno tvrdí, že černé díry nemají
”
vlasy“ tedy pa-

rametry jiné než hmotnost, moment hybnosti a elektrický (a magnetický) náboj a ani
snaha přidat k nim pole nevyústí v netriviální řešení. Přestože no hair domněnka např.
pro Yang-Mills pole již padla, odolává (alespoň částečně) pole skalární [5].

I tam situaci zkomplikuje přidání kosmologické konstanty a neminimální coupling.
Zdá se tak, že skalární vlasy v OR existují, byť za specifických podmínek a s mnoha
omezeními. Pokud víme, byla také většina nalezených řešení přibližná a obsahovala pouze
tzv. sekundární vlasy (tedy pole nemělo samostatný parametr navíc). Otázkou je, zda a



46 T. Lehečková

jak fungují no hair teorémy ve WKG (i jiných modifikovaných teoriích). V ní bychom
přirozeně předpokládali konformní coupling

IM = −
Z

d4x
√

−g

�
1

2
∇µϕ∇µϕ +

1

12
ϕ2R

�
, (17)

případně ještě s (kvartickým) potenciálem.
Ve WKG se skalární pole zkoumalo, s akcí obecnější než (17), byť v poněkud jiném

kontextu [13]. Pro speciální sféricky symetrický statický případ tam bylo nalezeno (a
velmi zběžně analyzováno) řešení

B(r) = w − Kr2 +
u

r
+ vr, ϕ =

1

b + ar
, (18)

kde w, K, u, v, a, b jsou konstanty svázané 4 podmínkami, brané však pouze jako exte-
riorní, neinetrpretované jako černá díra.

Podle nás se jedná o WKG analogi tzv. MTZ řešení [5] B(r) = −Λr2/3 + (1 −
m/r)2, ϕ(r) =

√
3m/(

√
4π(r − m)) tedy v podstatě jediné (sféricky symetrické, statické

s kvartickým potenciálem) možné
”
vlasaté“ černé díry v de Sitterovském vesmíru. Bylo

by zajímavé ho více prozkoumat a případě studovat jeho (ne)unikátnost a s tím spjaté no
hair teorémy (na ty budou patrně třeba nové metody). Rovněž bychom mohli zkoumat
situaci se skalárním polem u E-F dynamických či rotujících prostoročasů (viz 3.1, 3.2).
Otázky

”
ztráty parametrů“ při vytvoření černé díry souvisí též s informačním paradoxem

a problematikou tzv.
”
soft hair“. I zde by WKG mohla odkrýt nové fenomény.

3.4 Kundt souřadnice

Kundtova třída prostoročasů je charakterizována přítomností světlupodobné kongruence
geodetik, která je současně

”
shear-free, twist-free a expansion-free“. To implikuje alge-

braickou speciálnost těchto (alespoň vakuových) řešení. Třída je velmi široká, zahrnuje
v sobě především exaktní gravitační vlny. Tvar Kundtovy metriky [16] je

ds2 = −2du(dr + Hdu + Wdξ + W̄dξ̄) + 2P −2dξdξ̄ (19)

kde P (ξ, ξ̄, u), H(ξ, ξ̄, u , r) jsou reálné a W (ξ, ξ̄, u, r) komplexní funkce.
Nás zajímají Kudtovy prostoročasy hned z několika důvodů. Prvním jsou (exaktní)

gravitační vlny. Pokud víme, studium gravitačních vln ve WKG bylo zatím vždy pertu-
rbační, např. [23]. Je tedy otázkou, co mohou nabídnout exaktní řešení a to ve smyslu
jak přímého hledání řešení, tak porovnání obecných vlastností, které mohou/nemohou
gravitační vlny ve WKG mít, na rozdíl od OR. (Tím se, snad, rýsuje i další možnost
experimentálního zkoumání WKG). Příkladem budiž planární vlny, prostoročasy tvaru

ds2 = −2dudr − 2H(ξ, ξ̄, u)du2 + 2dξdξ̄, (20)

na které OR polní rovnice kladou podmínku H,ξξ̄ = 0, kdežto rovnice Bµν = 0 požadují
H,ξξξ̄ξ̄ = 0. Obecná řešení (lze snadno najít v obou případech) tak budou jiná, čímž patrně
získáváme novou fenomenologii. Příkladů je více, zatím se nám podařilo některá další
komplikovanější Kundt řešení najít, situaci budeme v budoucnu zkoumat systematičtěji.
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Další důvod, související s předchozím, je právě klasifikace Kundtových řešení a jejich
porovnávání mezi jednotlivými gravitačními teoriemi. Kundtovy prostoročasy (nezávisle
na teorii) jsou totiž klasifikovány [12] a toho lze využít při studiu konkrétní teorie.

Konečně jako prostoročasy konformní Kundtovým se dají zapsat např. černoděrová
řešení [17], což je výhodné např. při jejich studiu a hledání pomocí rozvojů. I tato oblast
je jistě hodna zkoumání (souvisí i s předchozí sekcí, hledání vlasatých černých děr [15]).
Poznamenejme, že i naše řešení (11), (13) lze do Kundt souřadnic snadno převést.

4 Závěr

V Sekci 2 jsme nejprve uvedli tvar akce a pohybových rovnic WKG a jejich motivaci. Dále
jsme porovnali její vlastnosti s OR, uvedli problémy a výhody teorie. V sekci 3 jsme pro-
brali několik výzkumných témat (s řadou podtémat), kterým se hodláme v rámci WKG
dále věnovat. Jednalo se především o nové dynamické prostoročasy v E-F souřadnicích
(černé a červí díry a další). Dále nápady ohledně rotujících prostoročasů ve WKG (uni-
kátnost, vlastnosti, rotující analogie známých řešení), no hair teorémů (jejich existence a
forma ve WKG, obecně chování černých děr se skalárním polem) a Kundtových prosto-
ročasů (klasifikace, exaktní gravitační vlny - obecné chování i hledání řešení, konformně
Kundt forma černých děr). K tématům jsme uvedli stručný teoretický úvod a příklady
literatury (je možné, že při detailnější rešerši se ukáže, že už něco zpracováno bylo).

Čas ukáže, která z témat budou schůdná a jakým směrem se studium vyvine. Obecně
se WKG zdá komplikovanější, avšak fenomenologicky bohatší a z hlediska odpovědi na
problémy moderní fyziky efektivnější teorií gravitace. Zdaleka však není bez potíží a
k jejímu potenciálnímu nahrazení dominantní gravitační teorie povede ještě dlouhá cesta.
Výzkum ve WKG aktivně probíhá.
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Abstract. Courant algebroids are vector bundles endowed with a non-degenerate symmetric
pairing, an anchor map, and a bracket. The tangent bundle of a smooth manifold is naturally
equipped with the anchor map idT M and the bracket [ , ]Lie. However, both of these canonical
objects are incompatible with the Courant algebroid axioms. In this text we explicitly construct
a non-trivial Courant algebroid structure on the tangent bundle of a certain class of manifolds
(cotangent bundles of manifolds admitting flat torsion-free connection).

Keywords: Courant algebroids, generalized geometry, affine connections, Patterson-Walker met-
ric

Abstrakt. Courantovy algebroidy jsou vektorové bandly vybavené nedegenerovaným symet-
rickým párováním, anchorem a závorkou. Na tečném bandlu hladké variety je přirozený anchor
idT M a závorka [ , ]Lie. Nicméně, oba tyto kanonické objekty nejsou kompatibilní s axiomy
Courantova algebroidu. V tomto textu prezentujeme explicitní konstrukci netriviální struktury
Courantova lagebroidu na tečném bandlu pro jistou třídu hladkých variet (kotečné bandly k va-
rietám s plochou beztorzní konexí).

Klíčová slova: Courantovy algebroidy, zobecněná geometrie, afinní konexe, Patterson-Walkerova
metrika

1 Introduction

Modern physical theories are nowadays usually formulated using the language of smooth
manifolds, differential geometry. In fact, the object that is crucial in describing physics
and formulating coordinate-invariant equations is not a smooth manifold itself, but
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its tangent bundle. The tangent bundle (and its tensorial powers) makes it possi-
ble to speak, for example, of symplectic geometry and (pseudo-)Riemannian geometry.
Symplectic geometry gives an elegant way how to formulate classical mechanics, while
(pseudo-)Riemannian geometry, in particular Lorentzian geometry, is the natural lan-
guage of general relativity. Besides describing physics using the tangent bundle, one
may also do it using so-called Courant algebroids [10]. Although it is not straightforward
(pseudo-)Riemannian geometry may be introduced in the framework of a general Courant
algebroid [8].

In Section 2, we give a brief introduction to the theory of Courant algebroids. Af-
ter giving the definition of a Courant algebroid, we discuss the basic properties of these
structures and present many examples of Courant algebroids.

In Section 3, we discuss the difficuly of introducing a non-trivial Courant algebroid
structure on the tangent bundle. Finally, we give explicit construction of a non-trivial
Courant algebroid structure on the tangent bundle for a certain class of base manifolds.

Possible future direction is to discuss the interaction between the ordinary (pseudo-)
Riemannian geometry and the Courant algebroid (pseudo-)Riemannian geometry on the
tangent bundle.

2 Courant algebroids: basic properties and examples
The notion of a Courant algebroid arose as a common generalization of generalized ge-
ometry [7, 6] and quadratic Lie algebras. The modern definition was first given in [10].

Definition 1. A Courant algebroid over M is a vector bundle equipped with

• a non-degenerate symmetric 2-form ⟨ , ⟩ ∈ Γ(⊙2E∗), (the pairing)

• a vector bundle morphism ρ : E → TM , (the anchor)

• an R-bilinear map [ , ] : ×2 Γ(E) → Γ(E), (the bracket)

such that the following is satisfied for all a, b, c ∈ Γ(E):

(Ca1) [a, a] = ρ∗d⟨a, a⟩,

(Ca2) ρ(a)⟨b, c⟩ = ⟨[a, b], c⟩ + ⟨b, [a, c]⟩,

(Ca3) [a, [b, c]] = [[a, b], c] + [b, [a, c]],

where ρ∗ : T ∗M → E is the natural vector bundle morphism given by ρ∗ := 1
2
⟨ , ⟩−1 ◦ ρt.

Example 2. The fundamental example of a Courant algebroid comes from generalized
geometry. The underlying vector bundle is TM ⊕ T ∗M , the pairing is the canonical
symmetric pairing

⟨X + α, Y + β⟩+ :=
1

2
(α(Y ) + β(X))
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for all X +α, Y +β ∈ Γ(TM ⊕T ∗M). The anchor is the projection to the tangent bundle
prT M and the bracket is the so called Dorfman bracket [4]:

[X + α, Y + β]D := [X, Y ]Lie + LXβ − ιY dα.

Besides generalized geometry, also quadratic Lie algebras fits into the definition of a
Courant algebroid.

Definition 3. A quadratic Lie algebra is a Lie algebra (g, [ , ]) equipped with a
non-degenerate symmetric 2-tensor ⟨ , ⟩ ∈ ⊙2g∗ such that for all v, w, u ∈ g there holds

⟨[v, w], u⟩ + ⟨w, [v, u]⟩ = 0. (ad-invariance)

Example 4. Every semi-simple Lie algebra with the Cartan-Killing form is a quadratic
Lie algebra.

There is a very simple characterization of quadratic Lie algebras inside the space of
all Courant algebroids. It is given by the one-to-one correspondence:�

Courant algebroids
over the point M = {∗}

�
∼←→

�
quadratic

Lie algebras

�
.

In case of Courant algebroids over the point, the anchor map is necessarily trivial, since
the tangent bundle of the point is the null vector space. Another case when the anchor is
necessarily trivial is when the bracket of a Courant algebroid is trivial. It follows directly
from (Ca2). In this case, a Courant algebroid is fully characterized by the underlying
vector bundle and a symmetric non-degenerate pairing. This gives rise to the one-to-one
correspondence�

Courant algebroids
with the trivial bracket [ , ] = 0

�
∼←→

�
quadratic

vector bundles (E, ⟨ , ⟩)

�
.

A special case is when the underlying vector bundle is null, then (0, 0, 0, 0) is a Courant
algebroid, we call it the trivial Courant algebroid over M . Another special case is the
tangent bundle of a (pseudo-)Riemannian manifold. A natural question is the following:

What are all Courant algebroids with trivial anchor ρ = 0?

Definition 5. A bundle of quadratic Lie algebras is a quadratic vector bundle
(E, ⟨ , ⟩) equipped with a tensor field [ , ] ∈ Γ(∧2E∗ ⊗ E) such that (Em, [ , ]m, ⟨ , ⟩m)
is a quadratic Lie algebra for all m ∈ M .

Example 6. A simple example of a bundle of quadratic Lie algebras is associated to
every quadratic Lie algebra. One simply takes the trivial vector bundle and define the
bracket and the pairing pointwise by the given Lie algebra bracket and pairing.
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It follows from (Ca1) that a Courant algebroid has trivial anchor if and only if the
bracket is skew-symmetric. Moreover, properties (Ca4) and (Ca5) together with ρ = 0
imply that the bracket is tensorial. Therefore, we have the one-to-one correspondence�

Courant algebroids
with trivial anchor ρ = 0

�
∼←→

�
bundles of quadratic

Lie algebras

�
.

In the light of this correspondence, one may understand the anchor of a Courant alge-
broid as the object measuring how far is the Courant algebroid from being a bundle of
quadratic Lie algebras.

Courant algebroids fit into the more general setup of metric algebroids, [14].

Definition 7. A 4-tuple (E, ⟨ , ⟩, ρ, [ , ]) consisiting of a vector bundle E → M , a
symmetric non-degenerate pairing ⟨ , ⟩ ∈ Γ(⊙2E∗), an anchor ρ : E → TM , and a
bracket [ , ] : ×2 Γ(E) → Γ(E), is called a metric algebroid if the axioms (Ca1) and
(Ca2) are satisfied.

The framework of metric algebroids is enough to determine how the bracket behaves
with respect to the C∞(M)-module structure of Γ(E).

Proposition 8. Let (E, ⟨ , ⟩, ρ, [ , ]) be a metric algebroid. The following is true for
every a, b ∈ Γ(E) and f ∈ C∞(M):

(Ca4) [a, fb] = f [a, b] + (ρ(a)f) b,

(Ca5) [fa, b] = f [a, b] − (ρ(b)f) a + 2⟨a, b⟩ ρ∗df .

We have an immediate consequence.

Corollary 9. Let (E, ⟨ , ⟩, ρ, [ , ]) be a Courant algebroid. Then (E, ρ, [ , ]) is a Leibniz
algebroid. In particular, for all a, b ∈ Γ(E) there holds

(Ca6) ρ([a, b]) = [ρ(a), ρ(b)]Lie.

In many applications, one does not need the full power of a Courant algebroid and it
is possible to work in the setup of pre-Courant algebroids [15].

Definition 10. A metric algebroid (E, ⟨ , ⟩, ρ, [ , ]) is called a pre-Courant algebroid
if (Ca6) holds.

In the framework of pre-Courant algebroids, some components of the bracket are
already fixed by the axioms.

Proposition 11. Let (E, ⟨ , ⟩, ρ, [ , ]) be a pre-Courant algebroid. For all a ∈ Γ(E) and
α ∈ Γ(T ∗M) there holds

(Ca9) [a, ρ∗α] = ρ∗Lρ(a)α,

(Ca10) [ρ∗α, a] = −ρ∗ιρ(a)dα.



The Tangent Bundle Is Sometimes a Courant Algebroid 53

It may happen when working with Courant algebroids that even a weaker structure
than that of a pre-Courant algebroid shows up.

Definition 12. A metric algebroid (E, ⟨ , ⟩, ρ, [ , ]) is called a weak Courant alge-
broid if the following property is satisfied:

(Ca7) there is a tensor field R ∈ Γ(∧2T ∗M ⊗ TM) such that for all a, b ∈ Γ(E), we
have

ρ([a, b]) − [ρ(a), ρ(b)]Lie = R(ρ(a), ρ(b)).

The notion of a Courant algebroid can be made even weaker while still being a metric
algebroid, [2].

Definition 13. A metric algebroid (E, ⟨ , ⟩, ρ, [ , ]) is called an ante-Courant alge-
broid if

(Ca8) ρ ◦ ρ∗ = 0.

Proposition 14. There is the following sequence of strict inclusions:
Courant

algebroids
(Ca3)

 ⊂


pre-Courant
algebroids

(Ca6)

 ⊂


weak Courant

algebroids
(Ca7)

 ⊂


ante-Courant

algebroids
(Ca8)

 .

Namely, any Courant algebroid possesses all properties (Ca1) – (Ca10).

One can thus view the properties (Ca6), (Ca7), and (Ca8), as a gradual weakening of
the Jacobi identity (Ca3). Figure 1 depicts the structure of Courant algebroid properties,
in particular, it shows schematically how to derive the dependent properties from the
three original axioms.

Definition 15. An anchored quadratic bundle (E, ⟨ , ⟩, ρ) is called exact if the sequence

0 T ∗M E TM 0
ρ∗ ρ

.

is exact.

Since pr∗
T M : T ∗M → TM ⊕T ∗M is the inclusion T ∗M ,→ TM ⊕T ∗M , the fundamen-

tal Courant algebroid (TM ⊕ T ∗M, ⟨ , ⟩+, prT M , [ , ]D) is clearly exact. What is more, if
we replace the Dorfman bracket with the so-called H-twisted Dorfman bracket:

[X + α, Y + β]HD := [X + α, Y + β]D + ιXιY H

for some 3-form H ∈ Γ(∧3T ∗M), it remains a Courant algebroid if and only if H is
closed. Since the exactness of a Courant algebroid does not depend on its bracket at all,
it remains also exact.

There is the famous classification of exact Courant algebroids due to P. Ševera [13].
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(Ca1)

(Ca2)

(Ca3)

(Ca4)

(Ca5)

(Ca6)(Ca7)

(Ca8)

(Ca9)

(Ca10)

pre-Caweak Ca

ante-Ca

Courant algebroid
axioms

properties involving only
the bracket

properties involving only
the anchor and bracket

properties involving only
the pairing and anchor

properties involving
the pairing, anchor, and bracket

Figure 1: Diagram of Courant algebroid properties.

Theorem 16. There is the one-to-one correspondence
elements of the third

deRham cohomology class
[H] ∈ H3

dR(M)

 ∼←→


equivalnece classes
on the set of exact

Courant algebroids over M

 .

The equivalence relation on the set of exact Courant algebroids over M is given by “being
isomorphic in the category of metric algebroids”.

For completeness let us recall what the notion of isomorphism in the category of metric
algebroids over the same manifold means. Given two mertic algebroids (E, ⟨ , ⟩, ρ, [ , ])
and (E ′, ⟨ , ⟩′, ρ′, [ , ]′) over M , a vector bundle isomoprhism ϕ : E → E ′ is called a
metric algebroid isomorphism if

⟨ϕ a, ϕ b⟩′ = ⟨a, b⟩, ρ′ ◦ ϕ = ρ, [ϕ a, ϕ b ]′ = ϕ [a, b]

for all a, b ∈ Γ(E).

We will now move from exact Courant algebroids to a more general setting.

Definition 17. An anchored vector bundle (E, ρ) is called regular if the rank of ρ as a
vector bundle morphism is locally constant. In particular, it is called transitive if ρ is
surjective.

Let us now give an easy example of a transitive Courant algebroid that is not exact.
It is a fundamental object for so-called Bn-generalized geometry introduced in [1]. The
theory was later studied and developed by R. Rubio in his doctoral thesis [12].
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Example 18 (Bn-generalized geometry). The vector bundle E := TM ⊕ T ∗M ⊕ 1M ,
where 1M := M × R is the trivial bundle, together with the anchor being the projection
prT M , while the pairing ⟨ , ⟩Bn

+ and the bracket [ , ]Bn
D are given by

⟨X + α + f, Y + β + g⟩Bn
+ :=

1

2
(α(Y ) + β(X)) + fg,

[X + α + f, Y + β + g]Bn
D := [X, Y ]Lie + (£Xβ − ιY dα + 2f dg) + (Xg − Y f)

for all X +α+f , Y +β +g ∈ Γ(E), is a Courant algebroid. It is not exact as prT M(f) = 0
but f /∈ im pr∗

T M = T ∗M , however, it is obviously transitive. This example fits into a
more general class of transitive Courant algebroids called heterotic [5].

Let us finish this section with an interesting example of a Courant algebroid coming
from Poisson geometry that is not necessarily regular.

Example 19 (Poisson Courant algebroid). Consider a Poisson structure π ∈ Γ(∧2TM).
The generalized tangent bundle TM ⊕T ∗M with the canonical symmetric pairing ⟨ , ⟩+,
the anchor map π ◦ prT M∗ : TM ⊕ T ∗M → TM , and the bracket [ , ]π defined for all
X + α, Y + β ∈ Γ(TM ⊕ T ∗M) by the relation

[X + α, Y + β]π · X = [[(X + α)· , dπ]g, (Y + β)· ]g X ,

where dπ := [π, ]Sch is the Poisson codifferential and

(X + α) · X := X ∧ X + ιαX (1)

for all X ∈ Γ(∧•TM). The 4-tuple (TM ⊕ T ∗M, ⟨ , ⟩+, π ◦ prT ∗M , [ , ]π) is a Courant
algebroid, which is regular if and only if the underlying Poisson structure is regular. Note
that the action (1) defines a Clifford algebra representation of (TM ⊕ T ∗M, ⟨ , ⟩+) on
Γ(∧•TM).

Figure 2 shows how all above mentioned classes of Courant algebroids are organized.

3 Courant algebroid structures on the tangent bundle
As the tangent bundle always comes equipped with the canonical anchor ρ = idT M and
the canonical bracket [ , ]Lie, one may wonder whether (TM, g, idT M , [ , ]Lie) is a Courant
algebroid. Note that in this case the pairing is a (pseudo-)Riemannian metric on M .
Given that ρ = idT M , we have ρ∗ = 1

2
g−1 : T ∗M → TM . However, the property (Ca8)

then says that

0 = ρ ◦ ρ∗ =
1

2
g−1,

which is clearly possible if only if TM = 0 or, in other words, dim M = 0. On the other
hand, given that the bracket is the Lie bracket of vector fields, it follows from (Ca1) that
ρ = 0. Moreover, the properties of the Lie bracket of vector fields together with (Ca4)
imply that

f [X, Y ]Lie + (Xf)Y = f [X, Y ]Lie
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Figure 2: Map of Courant algebroids.

for all X, Y ∈ Γ(TM) and f ∈ C∞(M). It follows that Xf = 0, but this is again possible
if and only if dim M = 0.

In order to have a Courant algebroid structure on the tangent bundle of a smooth
manifold of dimension greater than 0, we have to change both the anchor and the bracket.
An easy but non-interesting solution to this problem is to take the trivial anchor and the
trivial bracket. To obtain a non-trivial Courant algebroid structure, we use a little trick.
Consider an arbitrary torsion-free affine connection ∇ on M . The induced dual connection
is a vector bundle connection on the cotangent bundle π : T ∗M → M , hence ∇ gives us
the vector bundle decomposition of T (T ∗M) into the horizontal subbundle H∇ ∼= π∗TM
and the vertical subbundle V ∼= π∗T ∗M . Altogether, we have

T (T ∗M) = H∇ ⊕ V ∼= π∗(TM ⊕ T ∗M).

In particular, there is the map π∗
∇ : Γ(TM ⊕ T ∗M) → Γ(T (T ∗M)) given by the formula

(π∗
∇a)(α) = ϕ∇ a(π(α))

for all a ∈ Γ(TM ⊕ T ∗M) and α ∈ T ∗M , where ϕ∇ is the vector bundle isomorphism
between H∇ ⊕ V and π∗(TM ⊕ T ∗M) induced by ∇. Namely, π∗

∇|Γ(T M) is the horizontal
lift and π∗

∇|Γ(T ∗M) is the vertical lift. In natural coordinates (T ∗U, {xj} ∪ {pi}), we can
write

π∗
∇∂xj = ∂xj + pkΓk

ij∂pi
, π∗

∇dxj = ∂pj
.

Using the map π∗
∇ we induce the pairing g∇, the anchor ρ and the bracket [ , ] on T (T ∗M)

from the fundamental Courant algebroid structure on TM ⊕ T ∗M as follows:

g∇(π∗
∇a, π∗

∇b) := ⟨a, b⟩+, ρ(π∗
∇a) := prT (a), [π∗

∇a, π∗
∇b] := [a, b]D
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for all a, b ∈ Γ(TM ⊕ T ∗M). Since imπ∗
∇ locally generates the whole space of vector

fields Γ(T (T ∗M)), the pairing g∇ and the anchor ρ are uniquely extended by C∞(T ∗M)-
linearity and the bracket [ , ] is uniquely extended by prescribing the properties (Ca4)
and (Ca5).

The pairing g∇ we recover is a split-signature metric on T ∗M , which was first dis-
covered in [11] and is known under the name Patterson-Walker metric or Riemannian
extension. By a straightforward calculation one shows that the anchor ρ is just the pro-
jection to the horizontal subbundle prH∇

and the bracket [ , ] can be expressed in the
following way:

[h + v, h′ + v′] = prH∇
[h, h′]Lie + prV g−1

∇ (Lh g∇(v′) − ιh′dg∇(v))

for all h + v, h′ + v′ ∈ Γ(H∇ ⊕ V ). It may be checked that the axioms (Ca1) and (Ca2)
are satisfied by the 4-tuple (T (T ∗M), g∇, prH∇

, [ , ]), however, the Jacobi identity (Ca3)
does not necessarily hold. What is more, not even (Ca6) is true in general, since

prH∇
([X, Y ]) − [prH∇

X, prH∇
Y ]Lie = prH∇

[prH∇
X, prH∇

Y ]Lie − [prH∇
X, prH∇

Y ]Lie

= −prV [prH∇
X, prH∇

Y ]Lie

for all X, Y ∈ Γ(T (T ∗M)). Denoting R(X, Y ) := −prV ([prH∇
X, prH∇

Y ]), we get the
tensor field R ∈ Γ(∧2T ∗(T ∗M) ⊗ T (T ∗M)), the induced structure on T (T ∗M) is thus
not a Courant algebroid but a weak Courant algebroid, see Definition 12. In natural
coordinates (T ∗U, {xj} ∪ {pi}), we have

R|T ∗U = −pl R∇(dxl, ∂xk , ∂xi , ∂xj ) dxi ⊗ dxj ⊗ ∂pk
,

where R∇ is the Riemann curvature tensor of ∇. The induced weak Courant algebroid
structure on T (T ∗M) becomes not only pre-Courant but even Courant structure if and
only if ∇ is a flat connection. In conclusion, we have just constructed a non-trivial
Courant algebroid structure on the tangent bundle T (T ∗M), which is not exact nor
transitive, but it is still regular. We summarize the main result in the following theorem.

Theorem 20. If there is a flat torsion-free affine connection on a smooth manifold M ,
there is a non-trivial regular Courant algebroid structure on T (T ∗M) → T ∗M .

Remark 21. There is a more conceptual way to see this construction. In fact, it is a
particular example of inducing a Courant algebroid structure on the pullback bundle via
Courant algebroid action with the coisotropic stabilizers on a smooth manifold, see [9].
In our case, a flat torsion-free affine connection ∇ determines the action (π, prH∇

◦ π∗)
of the fundamental Courant algebroid (TM ⊕ T ∗M, ⟨ , ⟩+, prT M , [ , ]D) on the smooth
manifold T ∗M . The stabilizer in the point α ∈ T ∗M of this action is the vertical subspace
Vα, which is not only coisotropic but even maximally isotropic or, in other words, linear
Dirac [3].
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Abstract. This paper presents a computational investigation into the dynamics of space curves,
utilizing parametric method and flowing finite volume techniques. The parametric approach is
employed to solve the equations governing the curves,

∂tX = αT + βN + γB + F,

X(0) = X0,

where T is the unit tangent vector, N the normal vector, and B is the binormal vector in the
Frenet frame. The scalar velocities α, β, γ are smooth functions of the position vector X ∈ R3,
the curvature κ, and of the torsion τ . The term F is a known external force vector acting on Γt

in arbitrary direction (see [1]). The evolution equation is then solved using the method of lines.
To mitigate instability issues inherent in the computation process, both natural redistribution
and uniform redistribution techniques are implemented.

Furthermore, the study introduces a special force term to examine its effect on curve dy-
namics. By integrating this term into the computational framework, we explore its impact on
the behaviour and shape evolution of space curves.

Through these computational methodologies and techniques, this research contributes to
a deeper understanding of space curve dynamics, offering insights into their behaviour under
various conditions and the influence of external forces (see [?]).

Keywords: Space curves; curvature flow; parametric method; Frenet frame

Abstrakt. Tento článek představuje výpočetní výsledky dynamiky prostorových křivek s vyu-
žitím parametrické metody a metody konečných objemů. K řešení rovnic, jimiž se křivky řídí,
se používá parametrický přístup,

∂tX = αT + βN + γB + F,

X(0) = X0,

kde T je tečný vektor, N normálový vektor a B je binormálový vektor ve Frenetově rámci.
Skalární rychlosti α, β, γ jsou hladké funkce polohového vektoru X ∈ R3, křivosti κ a torze
τ . Člen F je známý vektor vnější síly působící na Γt v libovolném směru (viz [1]). Evoluční

∗The research was partly supported by the project “Modeling, prediction, and control of processes in
nature, industry, and medicine powered by high performance computing” No. SGS23/188/OHK4/3T/14
of the Student Grant Agency of the Czech Technical University in Prague.
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rovnice se jsou numericky řešeny metodou přímek v kombinaci s metodou konečných objemů.
Pro zmírnění problémů s nestabilitou jsou diskretizační uzly přemísťovány v tangenciálním směru
pomocí přirozené, resp. rovnoměrné redistribuce.

Dále je ve výpočtech uvažován speciální silový člen, který zásadně ovlivňuje vývoj tvartu
prostorové křivky.

Uvedené výpočetní výsledky přispívají k hlubšímu pochopení dynamiky prostorových křivek
a nabízí pohled na jejich chování za různých podmínek a při různých vnějších vlivech (viz [?]).

Klíčová slova: Prostorové křivky; dynamika podle křivosti; parametrická metoda; Frenetův
rámec

Full paper: M. Narayanan and M. Beneš. Evolution of space curves by parametric
method with natural and uniform redistribution. In ‘ALGORITMY 2024, 22th Con-
ference on Scientific Computing, High Tatra Mountains, Slovakia, March 15-20, 2024,
Proceedings of contributed papers and posters’, Comenius University, Bratislava (2024),
109–118.
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Abstract. Texture-based analysis of two- and three-dimensional images is a field of immense
importance, especially in the analysis of biomedical imaging data. In this study, we introduce a
fast method, based on the Fourier transform (FT), of producing local translationally-rotation-
ally-mirroring (TRM) image texture invariants through the frequency domain convolution of
orthonormal Zernike polynomials with two- or three-dimensional images.

Keywords: Fourier Transform, Local Texture Invariants, Zernike Polynomials

Abstrakt. Texturní analýza dvourozměrných a trojrozměrných obrazů je nesmírně důleži-
tou oblastí, zejména v analýze snímků v biomedicíně. V tomto příspěvku představujeme rychlou
metodu, založenou na Fourierově transformaci (FT), která umožňuje vytvářet lokální translační-
rotační-zrcadlové (TRM) invarianty obrazových textur prostřednictvím konvoluce ortonormál-
ních Zernikeho polynomů s dvourozměrnými nebo trojrozměrnými obrazy ve frekvenční doméně.

Klíčová slova: Fourierova transformace, lokální texturní invarianty, Zernikeho polynomy

1 Introduction
Texture-based analysis of two- and three-dimensional images is a field of immense im-
portance, which keeps increasing every year, especially because of the need for fast and
reliable analysis of biomedical imaging data. The various approaches to texture-based
analysis include statistical analysis, which aims to quantify certain perceived local qual-
ities of the image, transform-based approaches, which convert the image into new and
more easily investigated forms.

Transform-based approaches convert the image into a new form, such as the frequency-
domain representation, whose coordinate system can be interpreted as relevant to the
features of the image texture [2, 9]. An example of such approach is the Gabor analy-
sis, which performs space-frequency decomposition. A Gabor filter is a Gaussian kernel
function modulated by a sinusoidal plane wave [9], which can be seen as a tunable band-
pass filter. The general principle is to decompose the original image into several filtered
images using a Gabor filter with varyingly set parameters. Each of these images then
possesses information limited to a certain part of the spectrum. Finally, we are able to
extract textural features from the Gabor filtered images. These features, however, have
the disadvantage of being non-orthogonal, which may lead to calculation of redundant
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(not scale invariant) features when considering more than one filter scale [9]. Calcula-
tion of Gabor features is thus hindered by high memory requirements and computational
demands [17] when compared to other methods.

Similar to the Gabor analysis, the Wavelet transform also considers the textural con-
tent in both frequency and spatial domains. It approximates the image by tuned local
wavelets based on the mother wavelet [9]. During each stage of the analysis, the transform
decomposes the original input into several sub-images containing different information
about the texture. Each of these sub-images is then treated as a separate image and
analysed in the next iteration, which leads to feature extraction that is not scale invari-
ant. As the wavelet transform uses a dataset-independent mother function wavelet, which
may be considered a type of fixed dictionary, it is less flexible than other transform-based
methods. While wavelet has the better ability to represent textures at different scales
when compared to the Gabor-based approaches, it is not translationally nor rotationally
invariant [9].

The Fourier transform-based approaches are useful when we want to compute rota-
tionally invariant image features. It is important to note that Fourier transform cannot
meaningfully describe the local variations in image texture. This is, however, not a grave
hindrance for our usage of a FT-based approach, as our final intended aim is the image
classification based on feature extraction. We will use an approach somewhat similar to
the one used by Maani et al. in [12], who utilized a neighbouring function with circular
radius leading to rotationally invariant texture features, or Xiao et al. in [18], who used
the orthogonal Bessel-Fourier moments. In this study, we introduce a fast method of pro-
ducing TRM invariant local image features through the frequency domain convolution of
orthonormal Zernike polynomials with two- or three-dimensional images.

We conclude this study with a brief summary of the theoretical framework we devel-
oped, its uses and implications in the field of image analysis, and a discussion of suggested
future improvements and extensions, as well as possible follow-up projects.

2 Local Texture Invariants

2.1 2D Fourier Image of Circular Signal

Having a 2D image as function u : R2 → R and sampling circle of radius ρ > 0 around
origin, we define angular sampling as 2π periodic function

h(ϕ) =
X
m∈Z

amhm(ϕ) (1)

using an orthonormal base of functions

hm(ϕ) =
exp(j mϕ)√

2π
. (2)

The coefficients am can be calculated by integration as

am =

Z π

−π

h(ϕ)hm(ϕ)dϕ. (3)
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We will study the 2D function fm(r, ϕ) = g(r)hm(ϕ) in polar coordinates with g(r) =
δ(r − ρ)/ρ, which represents the sampling over the circle of radius ρ. The meaning of the
function fm arises from the integration over R2 asZ ∞

0

Z π

−π

fm(r, ϕ)h(ϕ)rdrdϕ =

Z ∞

0

δ(r − ρ)

ρ
dr

Z π

−π

h(ϕ)hm(ϕ)dϕ

= am. (4)

Local investigation of the image u(x, y) can be performed using convolution am(x, y) =
(fm ∗ u)(x, y) [6]. After the application of 2D Fourier transform, we obtain Ãm(ω1, ω2) =
F̃m(ω1, ω2)Ũ(ω1, ω2) [6]. Using a polar substitution in the frequency domain ω1 = Ω cos θ,
ω2 = Ω sin θ, we obtain the Fourier image

F̃m(Ω, θ) = F2{fm(r, ϕ)}

=

Z ∞

0

Z π

−π

fm(r, ϕ) exp(− j Ωr cos(ϕ − θ))rdrdϕ

=

Z ∞

0

Z π

−π

rg(r)
exp(j mϕ − j Ωr cos(ϕ − θ))√

2π
drdϕ

= 2π

Z ∞

0

rg(r)Wm(Ωr)dr, (5)

where

Wm(ξ) =
1

2π

Z π

−π

exp(j mϕ − j ξr cos(ϕ − θ))√
2π

dϕ

= (2π)−3/2

Z π

−π

exp
�

j mϕ − j ξ sin
�π

2
+ θ − ϕ

��
dϕ

= (2π)−3/2

Z 3π/2+θ

−π/2+θ

exp
�

j m(
π

2
+ θ − ψ) − j ξ sin ψ

�
dψ

=
exp(j mθ)√

2π
jm

1

2π

Z 3π/2+θ

−π/2+θ

exp(j(−m)ψ − j ξ sin ψ)dψ. (6)

The integrand has period of 2π in ψ and it is, therefore, possible to express it via Bessel
functions of the first kind as [16]

Wm(ξ) = hm(θ) jm
1

2π

Z π

−π

exp(j(−m)ψ − j ξ sin ψ)dψ

= jm(−1)mJ|m|(ξ)hm(θ)

= (− j)mJ|m|(ξ)hm(θ) (7)

Finally, we obtain

F̃m(Ω, θ) =

Z ∞

0

rδ(r − ρ)

ρ
(− j)mJ|m|(Ωr)hm(θ)dr

= 2π(− j)mJ|m|(ρΩ)hm(θ). (8)
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The calculation of translationally-rotationally-mirroring (TRM) invariants is based on
the calculations of the absolute values |am(x, y)| where the factor (− j)m may be omitted.
Having explicit formula for Wm(ξ), the 2D image can be sampled by a general radially
symmetric function

f(r, ϕ) =
∞X

n=0

nX
m=−n

an,mfn,m(r, ϕ), (9)

where fn,m(r, ϕ) = gn,m(r)hm(ϕ) is generated by two systems of orthonormal functions
gn,m and hm. Therefore, Z ∞

0

rw(r)gn,m(r)gn′,m(r)dr = δn,n′ (10)

with non-negative weight function w(r) scaled by ρ > 0 and real functions gn,m. In this
case, we directly calculate

an,m =

Z ∞

0

Z π

−π

rw(r)gn,m(r)hm(ϕ)f(r, ϕ)drdϕ. (11)

We can now easily express the Fourier image for the convolution as

F̃n,m(Ω, θ) = F2{fn,m(r, ϕ)}

=

Z ∞

0

Z π

−π

fn,m(r, ϕ) exp(− j Ωr cos(ϕ − θ))rdrdϕ

=

Z ∞

0

Z π

−π

gn,m(r)hm(ϕ) exp(− j Ωr cos(ϕ − θ))rdrdϕ

= 2π

Z ∞

0

gn,m(r)Wm(Ωr)rdr

= 2π(− j)mhm(θ)

Z ∞

0

gn,m(r)J|m|(Ωr)rdr, (12)

where the dependence on ρ > 0 is hidden in the scaling of gn,m(r). Moreover, the Hankel
transform [15] of gn,m(r) is

H|m|{gn,m(r)} =

Z ∞

0

gn,m(r)J|m|(Ωr)rdr. (13)

2.2 Application of 2D Zernike Polynomials

Using weight function w(r) = I(r ≤ 1), we can construct a system of orthonormal poly-
nomials

gn,m(r) =
√

2n + 2 Rn,m(r), (14)

which satisfies Z 1

0

gn,m(r)gn′,m(r)rdr = δn,n′ . (15)

This system is well known, as Rn,m(r) is the radial part of the 2D Zernike polynomial [19]

Zn,m(r, ϕ) = Rn,m(r) exp(j mϕ). (16)
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As seen from the explicit formula [19]

Rn,m(r) =

n−m
2X

k=0

(−1)k

�
n − k

k

��
n − 2k

n−m
2

− k

�
rn−2k, (17)

this polynomial of order n is defined only for even n−m and consists of integer coefficients.
Using Noll formula [14] for r ≤ 1 as

Rn,m(r) = (−1)
n−m

2

Z ∞

0

Jn+1(k)Jm(kr)dk (18)

we obtain
Rn,m(r) = (−1)

n−m
2 H −1

�
Jn+1(Ω)

Ω

�
(19)

and therefore also
H {gn,m(r)} =

√
2n + 2 (−1)

n−m
2

Jn+1(Ω)

Ω
(20)

Finally,

F̃n,m(Ω, θ) = F2{
√

2n + 2 Rn,m(r)hm(ϕ)}

= 2π(− j)nhm(θ)
√

2n + 2 (−1)
n−m

2
Jn+1(Ω)

Ω
(21)

for n − m even. Again, the factor (− j)n(−1)
n−m

2 can be omitted.

2.3 3D Fourier Image of Spherical Signal

Having a 3D image as a function u : R3 → R and a sampling sphere of radius ρ > 0 around
origin, we define angular sampling via spherical harmonics (Laplace’s series) as [1]

h(θ, ϕ) =
∞X

l=0

lX
m=−l

al,mYm
l (θ, ϕ). (22)

The orthonormality of Ym
l in the sense [1]Z π

0

Z π

−π

Ym
l (θ, ϕ)Ym′

l′ (θ, ϕ) sin θdθdϕ = δl,l′δm,m′ (23)

is guaranteed for |m| ≤ l and [1, 7]

Ym
l (θ, ϕ) =

s
2l + 1

4π

(l − m)!

(l + m)!
Pm

l (cos θ) exp(j mϕ) (24)

where Pm
l is an associated Legendre polynomial [1, 7].

The coefficients al,m can be evaluated by the orthogonality integral [1, 8]

al,m =

Z π

0

Z π

−π

h(θ, ϕ)Ym
l (θ, ϕ) sin θdθdϕ. (25)
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We will study the 3D function fl,m(r, θ, ϕ) = g(r)Ym
l (θ, ϕ) in spherical polar coordinates

with g(r) = δ(r − ρ)/ρ2, which represents the sampling over a sphere with radius ρ.
Analogously to the 2D case, we integrate in 3D to obtainZ ∞

0

Z π

0

Z π

−π

fl,m(r, θ, ϕ)h(θ, ϕ)r2 sin θdrdθdϕ =Z ∞

0

δ(r − ρ)r2

ρ2
dr

Z π

0

Z π

−π

h(θ, ϕ)Ym
l (θ, ϕ) sin θdθdϕ = al,m. (26)

The local investigation of the 3D image u(x, y, z) can be performed using convolution
al,m,n = (fl,m ∗ u)(x, y, z). After the application of the 3D Fourier transform we obtain
[3, 6]

Ãl,m(ω1, ω2, ω3) = F̃l,m(ω1, ω2, ω3)Ũ(ω1, ω2, ω3). (27)
After the spherical polar substitution in the spatial and frequency domains

x = r sin θ cos ϕ,

y = r sin θ sin ϕ,

z = r cos θ,

ω1 = Ω sin ξ cos η,

ω2 = Ω sin ξ sin η,

ω3 = Ω cos ξ,

we can use the plane wave expansion formula [1, 13]

exp(− j kr) =
∞X

l=0

(2l + 1)(− j)ljl(kr)Pl(kr), (28)

where r = (x, y, z), k = (ω1, ω2, ω3), r = ∥r∥, k = ∥k∥ = Ω, r̂ = r/r, k̂ = k/k, Pl is a
Legendre polynomial and jl a spherical Bessel function [1].
Using the spherical harmonic theorem [1]

Pl(k̂, r̂) =
4π

2l + 1

lX
m=−l

Ym
l (k̂)Ym

l (r̂) =
4π

2l + 1

lX
m=−l

Ym
l (ξ, η)Ym

l (θ, ϕ), (29)

we obtain another form of the plane wave expansion [13]

exp(− j kr) = 4π

∞X
l=0

(− j)ljl(Ωr)
lX

m=−l

Ym
l (ξ, η)Ym

l (θ, ϕ). (30)

Finally, we can evaluate the 3D Fourier transform of fL,m(r, θ, ϕ) as

F̃L,m(Ω, ξ, η) = F3{fL,m(r, θ, ϕ)}

=

Z ∞

0

Z π

0

Z π

−π

g(r)Ym
L (θ, ϕ)4π

∞X
l=0

(− j)ljl(Ωr)
lX

m=−l

Ym
l (ξ, η)Ym

l (θ, ϕ)r2 sin θdrdθdϕ

= 4π

Z ∞

0

r2g(r)

"
∞X

l=0

lX
m=−l

Z π

0

Z π

−π

Ym
L (θ, ϕ)Ym

l (θ, ϕ)Ym
l (ξ, η)(− j)lj(Ωr) sin θdθdϕ

#
dr

= 4π

Z ∞

0

r2g(r)YM
L (ξ, η)(− j)LjL(Ωr)dr

= 4π(− j)LYM
L (ξ, η)

Z ∞

0

r2g(r)jL(Ωr)dr. (31)
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In the case of spherical sampling, we then have

F̃l,m(Ω, ξ, η) = 4π(− j)lYm
l (ξ, η)

Z ∞

0

r2δ(r − ρ)

ρ2
jl(Ωr)dr

= 4π(− j)lYm
l (ξ, η)jl(ρΩ). (32)

2.4 Application of 3D Zernike Polynomials

Using weight function w(r) = I(r ≤ 1), we can construct a system of orthonormal func-
tions

Zm
n,l(r, θ, ϕ) = Rn,l(r)Ym

l (θ, ϕ), (33)

which are called 3D Zernike polynomials [4]. The polynomials satisfy [4]Z 0

1

Z π

0

Z π

−π

Zm
n,l(r, θ, ϕ)Zm′

n′,l′(r, θ, ϕ)r2 sin θdrdθdϕ = δn,n′δl,l′δm,m′ . (34)

An adequate expansion is then [7, 10]

h(r, θ, ϕ) =
∞X

n=0

nX
l=0

lX
m=−l

an,l,mZm
n,l(r, θ, ϕ) (35)

with coefficients [5, 10, 11]

an,l,m =

Z 1

0

Z π

0

Z π

−π

h(r, θ, ϕ)Zm
n,l(r, θ, ϕ)r2 sin θdrdθdϕ. (36)

In this case, g(r) = Rn,l(r) is the normalized radial part of 3D Zernike polynomial, which
is a polynomial of order n.
The 3D Fourier image of Zm

n,l(r, θ, ϕ) is

Z̃m
n,l(Ω, ξ, η) = 4π(− j)lYm

l (ξ, η)

Z 1

0

Rn,l(r)jl(Ωr)r2dr (37)

and the integral can be expanded using a finite sum of hypergeometric functions, or rather
explicitly as [7]

F (Zm
l,n(r)) =

(−1)n

il2πl+ 1
2

Y m
l (k̂)

J2n+l+ 3
2
(k)

k
. (38)

2.5 Construction of Local TRM Invariants

Because of generally complex character of the expansion coefficients seen above, we con-
struct the real local TRM invariants from the absolute squared values of expansion co-
efficients. We construct the 2D circular TRM invariants Im(ρ) based on the coefficients
am from (1) as

Im(ρ) = |am|2 + |a−m|2. (39)
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We construct the 2D Zernike TRM invariants from the coefficients an,m from (9) and (11)
as

In(ρ) =
nX

m=−n

|an,m|2. (40)

Analogously, we construct the 3D spherical TRM invariants Il(ρ) from the coefficients
al,m from (22) and (25) as

Il(ρ) =
lX

m=−l

|al,m|2 (41)

and the 3D Zernike TRM invariants In,l(ρ) from the coefficients an,l,m from (35) and (36)
as

In,l(ρ) =
lX

m=−l

|an,l,m|2. (42)

3 Conclusions

In this study, we introduced and developed a fast manner of constructing translation-
ally-rotationally-mirroring (TRM) local image invariants mainly through the convolution
of 2D and 3D Zernike polynomials and image data in the frequency domain. Due to
our use of the Fourier transform (FT), the calculations of such TRM invariants can be
evaluated quickly and efficiently even for large 3D images, which makes this approach
suitable for further development and use in complicated image analysis subfields, such
as the analysis of biomedical imaging data. The defined invariants and the above seen
theoretical results can be further developed into TRM invariant global image texture
characteristics, which can be used in various image analysis related tasks, such as the
segmentation and classification problems.

The theoretical results seen above could benefit tremendously from a computation-
ally efficient parallel implementation, which would further quicken the process of image
analysis. We are of the opinion that such implementation and a use of correct prepro-
cessing, data-whitening (DWH) or sparsification, and classification tools (such as the
support vector machines (SVMs) and artificial neural networks (ANNs)) would ensure
high classification accuracy even when facing difficult classification problems in the sub-
field of biomedical image analysis, such as the classification of patients suffering from the
Alzheimer’s disease. This is because in the future our framework will be able to provide
TRM global image texture characteristics, which, when properly processed, may serve as
high-quality inputs for various advanced classifiers necessary for demanding classification
problems.
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Abstract. This article introduces the Dirac operator on general graphs. It heavily employs
the boundary triple formalism. At first, the operator is studied only on a line segment and a
half line. Introduction of a general graph without loops follows together with invention of the
notation. All self-adjoint realisations are characterised by self-adjoint linear relations of local
transmission conditions at the vertices. The formalism also allows to simply state the Krein
resolvent formula and Birman-Schwinger principle.

Keywords: Dirac operator, relativistic quantum graphs, singular interaction

Abstrakt. Příspěvek zavádí Diracův operátor na obecném grafu. Velmi se využívá formalismu
boundary triples. Nejprve se operátor studuje pouze na úsečce a polopřímce. Poté jsou tyto
sestaveny do obecného grafu beze smyček, je zavedeno potřebné značení. Všechny samosdružené
realizace operátoru jsou popsány samosdruženými relacemi lokálních přechodných podmínek ve
vrcholech grafu. Na závěr je zformulována Kreinova resolventní formule a Birman-Schwingerův
princip.

Klíčová slova: Diracův operátor, relativistické kvantové grafy, singulární interakce

1 Introduction

The aim is to lay out a systematic approach to study of Dirac operators on graphs. The
graph is viewed as collection of one-dimensional line segments and half-lines that are tied
together at vertices where transmission conditions are imposed.

Everything will be done in terms of the theory of boundary triples, the main used
sources are [1] and [6]. It is a convenient way how to describe self-adjoint extensions and
restrictions of operators and it also offers a direct way how to generalise results to the
non-self-adjoint case. A quick introduction of the formalism is provided in the section 2.

The Dirac operators has been studied on one-dimensional configuration spaces for
some time, see [7] and [8], this article mainly builds on [5], [9], [3].

2 Boundary triple

Let us quickly familiarise with the notion of boundary triples. The more detailed expla-
nation of the theory can be found in [6] and [1].

71
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Let H be the main Hilbert space and G be the auxiliary boundary space. Scalar
products are assumed linear in the second argument. Assume A closed linear operator in
a Hilbert space H with the domain Dom A. The Hilbert space G , and two linear maps
Γ1, Γ2 : Dom A → G satisfying:

∀f, g ∈ Dom A : ⟨f |Ag⟩ − ⟨Af |g⟩ =


Γ1f

��Γ2g
�

−


Γ2f

��Γ1g
�

(1)
(Γ1, Γ2) : Dom A → G ⊕ G is surjective (2)

Ker (Γ1, Γ2) is dense in H (3)

are called the boundary triple of the operator A on H .
The linear relation in G is called any linear subspace of the direct sum G ⊕ G .

Call two bounded operators B1, B2 on G the parametrisation of the linear relation
ΛB1,B2 = {(x1, x2) ∈ G ⊕ G | B1x1 = B2x2}. The relation ΛB1,B2 is self-adjoint if and

only if B1B∗
2 = B2B∗

1 and Ker

�
B1 −B2

B2 B1

�
is trivial [6, Proposition 1.5].

Define an operator AΛ as the restriction of A where Λ is closed linear relation in G and
Dom AΛ = {f ∈ Dom A | (Γ1f, Γ2f) ∈ Λ}. There is one-to-one correspondence between
all self-adjoint linear relations Λ in G and all self-adjoint restrictions AΛ of A.

As a reference define A′ as the restriction of A corresponding to the relation {0} ⊕ G .
This relation is self-adjoint, hence A′ is self-adjoint. Define the defect subspace z ∈ C :
Nz = Ker (A − z). Call the Krein γ-field the inverse of the first boundary map Γ1 as a
function of z restricted to the defect space Nz.

z ∈ ρ(A′) : γ(z) =
�
Γ1 ↾ Nz

�−1
: G → H (4)

Ran (γ(z)) = Nz

and call the Krein Q-function the composition of the second boundary map Γ2 with the
Krein γ-field.

z ∈ ρ(A′) : Q(z) = Γ2 ◦ γ(z) : G → G (5)

Finally, the Krein resolvent formula and the Birman-Schwinger principle are expressed
in the theory of boundary triples [6, Theorem 1.23].

• ∀z ∈ ρ(A′) : Ker (AΛB1,B2 − z) = γ(z)Ker (B2Q(z) − B1),

• ∀z ∈ ρ(A′) ∩ ρ(AΛB1,B2 ) the operator (B2Q(z) − B1) is injective and

(A′ − z)−1 − (AΛB1,B2 − z)−1 = γ(z)(B2Q(z) − B1)−1B2γ∗(z) (6)

• If B1, B2 satisfy 0 ∈ ρ

��
B1 −B2

B2 B1

��
, then

σ(AΛB1,B2 ) \ σ(A′) = {z ∈ ρ(A′) | 0 ∈ σ(B2Q(z) − B1)} . (7)
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3 Dirac operator on a line segment
Consider a line segment as a configuration space, denote −∞ < a < b < +∞, then
the configuration space would be the interval (a, b). The associated Hilbert space is
H = L2((a, b) ; C2). Every φ ∈ H can be understood as direct sum of two functions, i.e.

element of L2((a, b) ; C)⊕L2((a, b) ; C), usually denoted by a column φ =

�
φ1

φ2

�
. From the

operator point of view, it is more appropriate to think of the space as L2((a, b) ; C) ⊗ C2.
Let m ≥ 0, introduce the following differential expression.

−i∂ ⊗ σ1 + m ⊗ σ3 (8)

Call the minimal Dirac operator Dmin the operator with the action (8) and the domain
Dom Dmin = H1

0 ((a, b) ; C2), i.e. zero-trace functions in the first Sobolev space. Its adjoint
is the maximal Dirac operator Dmax = (Dmin)∗ with the same action but on the domain
Dom Dmax = H1((a, b) ; C2).

Employ the boundary triple formalism by putting the boundary space equal to G = C2

and the boundary maps Γ1, Γ2 : H1((a, b) ; C2) → C2

Γ1φ =

�
φ1(a)
φ1(b)

�
, Γ2φ =

�
iφ2(a)

−iφ2(b)

�
(9)

Integration per partes shows the first condition (1). For the surjectivity consider expo-
nential functions, i.e. the later introduced (17). The density of the kernel follows from
smooth functions with compact support C∞

0 being both part of the kernel and dense in
the Hilbert space.

The first objective is to find the defect subspaces Nz = Ker (Dmax −z) for any complex
z ∈ C. It means to find solutions in φ ∈ Dom Dmax of the following equation.

(−i∂ ⊗ σ1 + m ⊗ σ3 − z ⊗ I) φ = 0 (10)

The solution is an exponential, ω1, ω2 being any complex integration constants.

∀x ∈ (a, b) : φ(x) = exp [(izσ1 − mσ2) x]

�
ω1

ω2

�
(11)

Define k(z) :=
√

z2 − m2 and choose the branch with arg
√

· ∈ [0, π). For z ̸= m define
also α(z) = k(z)

z−m
. Depending on the k(z), the exponential takes one of the following forms:

• If k(z) ̸= 0 :

φ(x) =

�
cos (k(z)x) iα(z) sin (k(z)x)

iα−1(z) sin (k(z)x) cos (k(z)x)

� �
ω1

ω2

�
(12)

• or if k(z) = 0 ⇔ z = ±m

φ(x) =

�
1 i(±m + m)x

i(±m − m)x 1

� �
ω1

ω2

�
(13)
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The solution is always square integrable with its first derivative, hence it is an element
of Dom Dmax. Two integration constants give us ∀z ∈ C : dim Nz = 2.

In what follows, the reference operator D0 := Dmax ↾ Ker Γ1 is needed. From the
general theory of boundary triples, the reference operator is known to be self-adjoint.
Its point spectrum consists of z for which Nz ∩ Ker Γ1 is not trivial. That leads to the
following equations for z.

• If k(z) ̸= 0, z is an eigenvalue if and only if

iα(z) sin (k(z)(b − a)) = 0 (14)

which solution is the set (
±

s
m2 +

l2π2

(b − a)2

����� l ∈ N

)
. (15)

• The number z = +m is not in the point spectrum unless m = 0.

• The last case z = −m (which is only different from the previous one if m ̸= 0) is
always in the point spectrum and dim Ker (D0 + m) = 1.

In summary, the point spectrum of the reference operator is

σp(D0) = {−m} ∪

(
±

s
m2 +

l2π2

(b − a)2

����� l ∈ N

)
. (16)

The essential spectrum is empty since the operator has a compact resolvent. The
resolvent set is the complement of the point spectrum. ρ(D0) = C \ σp(D0).

For z ∈ ρ(D0), define the following functions ∀x ∈ (a, b):

• k(z) ̸= 0 :

ηz,1(x) =
1

sin (k(z)(b − a))

�
sin (k(z)(b − x))

i
α(z)

cos (k(z)(b − x))

�
(17)

ηz,2(x) =
1

sin (k(z)(b − a))

�
sin (k(z)(x − a))

−i
α(z)

cos (k(z)(x − a))

�
(18)

• z = m :

ηm,1(x) =
1

b − a

�
b − x

i
2m

�
(19)

ηm,2(x) =
1

b − a

�
x − a

−i
2m

�
(20)

For z ∈ ρ(D0) they form a basis of the defect space Nz = span{ηz,1, ηz,2}.
For the Krein resolvent formula and the Birman-Schwinger principle it is additionally

necessary the Krein γ-field (4) and the Krein Q-function (5). Specifically, for the reference
operator on the line segment they read:

∀z ∈ ρ(D0), ∀
�

χ1

χ2

�
∈ C2 γ(z)

�
ω1

ω2

�
= ω1ηz,1 + ω2ηz,2 (21)
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• z ∈ ρ(D0) \ {+m}

Q(z) =
−1

α(z) sin (k(z)(b − a))

�
cos (k(z)(b − a)) −1

−1 cos (k(z)(b − a))

�
(22)

• z = +m ̸= 0

Q(m) =
−1

2m(b − a)

�
1 −1

−1 1

�
(23)

For stating the Krein resolvent formula, it remains to compute the adjoint of the Krein
γ-field. By definition it satisfies ∀φ ∈ H , ∀ω ∈ G : ⟨γ(z)ω|φ⟩H = ⟨ω|γ∗(z)φ⟩G . From
(21) immediately follows that

∀z ∈ ρ(D0) : γ∗(z)φ =

�
⟨ηz,1|φ⟩
⟨ηz,2|φ⟩

�
(24)

The completely last piece of information is the resolvent of the reference operator.
For brevity write k instead of k(z) and α instead of α(z). The solution χ of the equation

(D0 − z)

�
χ1

χ2

�
=

�
φ1

φ2

�
is

�
χ1(x)
χ2(x)

�
=

1

sin (k(b − a))

Z b

a

�
α sin(k(x−a))sin(k(b−y)) −i sin(k(x−a))cos(k(b−y))

−i cos(k(x−a))sin(k(b−y)) −1
α

cos(k(x−a))cos(k(b−y))

� �
φ1(y)
φ2(y)

�
dy (25)

−
Z x

a

�
α sin (k(x − y)) −i cos (k(x − y))
−i cos (k(x − y)) 1

α sin (k(x − y))

� �
φ1(y)
φ2(y)

�
dy.

4 Dirac operator on half-line
Consider a half-line as a configuration space, specifically a non-empty interval I = (a, b) ⊂
R with either a = −∞ or b = +∞. The former case will be labelled with ρ = +1 and
the latter with ρ = −1. Later, the ρ will indicate whether the half-line (edge) is entering
or leaving a vertex. Denote the finite value from the two a, b by ∂.

The procedure is analogous to the one in the section 3. In this section the main
differences will be pointed out.

The Hilbert space is the standard H = L2(I; C2), the introduction of Dirac operators
is the same. The boundary space, however, differs. Put G = C1. Boundary maps are
then Γ1, Γ2 : H1(I; C2) → C1.

Γ1φ = φ1(∂) Γ2φ = −iρφ2(∂) (26)

It is a boundary triple for the analogous reason as in the section 3. The only difference is
that while integrating per partes, one side of the boundary values automatically vanishes.

In order to find the defect subspaces, exactly the same differential equation (10) has
to be solved. As opposed to the line segment case, the square integrability plays now
an important role. Consider k(z) ̸= 0 and interval unbounded from the right, i.e. with
ρ = −1, the solution has the form of (11) and in the exponential form reads

∀x ∈ I : φ(x) =

�
eik(z)x 1

2
(I + A) + e−ik(z)x 1

2
(I − A)

� �
ω1

ω2

�
(27)
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where A = z
k(z)

σ1 + im
k(z)

σ2. The term with e−ik(z)x is not integrable for ℑk(z) > 0 in the

neighbourhood +∞, therefore the C2 vector
�

ω1

ω2

�
has to be an eigenvector of matrix A

for the eigenvalue 1. Then φ will be square integrable and lies in the 1-dimensional defect
space spanned by a function ηz. This function is defined also for the other scenario and
takes the following form.

ℑk(z) > 0, ∀x ∈ I : ηz(x) = e−iρk(z)(x−∂)

�
1

−ρ
α(z)

�
(28)

The change for ρ = +1 is at the sign of the exponential and the eigenvector now belongs
to the eigenvalue −1 of the matrix A.

For ℑk(z) = 0 the defect spaces are trivial Nz = {0}. If k(z) ̸= 0, both exponential
terms are not integrable, and for k(z) = 0 the form of the solution is not even exponential
but polynomial in x.

As before, the reference operator D0 = Dmax ↾ Ker Γ1 is introduced. Its point spec-
trum is empty since for ℑk(z) = 0 the defect space is trivial and for ℑk(z) ̸= 0 the
condition on an eigenvector ω̃ηz to be in the domain is Γ1(ω̃ηz) = 0 but (ω̃ηz) = ω̃.
Therefore there is no non-trivial solution.

The spectrum consists only from the continuous part σ(D0) = σc(D
0) = (−∞, −m] ∪

[+m, +∞). This can be discovered by constructing a Weyl sequence similarly as in [2].
The residual spectrum is empty because the reference operator is self-adjoint.

The convenient characterisation of the resolvent set is z ∈ ρ(D0) ⇔ ℑk(z) > 0. For
such z is defined Krein γ-field and Krein Q-function again.

∀z ∈ ρ(D0), ∀ω̃ ∈ C1 : γ(z)ω̃ = ω̃ηz (29)

The Krein Q-function does not depend on the orientation. The linear map on C1 reduces
just to a number.

∀z ∈ ρ(D0) : Q(z) =
i

α(z)
(30)

The adjoint to Krein γ-function takes simple form as before.

∀z ∈ ρ(D0), ∀φ ∈ H : γ∗(z)φ = ⟨ηz|φ⟩ (31)

The following is the resolvent for I = (0, +∞), (D0 − z)χ = φ, shorten again k(z) to
k and α(z) to α.

χ(x) =

Z +∞

0

−ieik(x+y)

2

�
−iσ2 +

m

k
I +

z

k
σ3

�
φ(y) dy (32)

+

Z +∞

0

ieik|x−y|

2

�z

k
I +

m

k
σ3 + sgn(x − y)σ1

�
φ(y) dy

5 Graph
This section starts with the notion of a graph. The graph will be understood as a
collection of bounded and unbounded edges tied together at their endpoints.
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The graph G consists of a finite set of vertices V , a finite set of internal edges I
and a finite set of external edges E . Together they are called simply edges and denoted
by J = E ∪ I. The structure of the graph is imposed by a graph boundary map ∂ :
J → (V ∪ {∞}) × (V ∪ {∞}) which associates to every edge its endpoints. The element
∞ is reserved for the external edges to denote their infinite side, it is not considered a
vertex in the sense that transmission condition would be defined there. Also, the maps
∂−, ∂+ : J → V ∪ {∞} are used for the initial, respectively terminal vertex. Multiple
edges with the same endpoints, even in the same order, are allowed, however loops are
prohibited.

Incidence matrix G can be thought as a map from V × J that captures the structure
of the graph

Gv,j =


1 v = ∂+j,

−1 v = ∂−j,

0 otherwise.
(33)

In order to write it as a usual matrix into the table, total orders on the sets V and J are
required.

Define an orientation of the external edges ρ : E → {−1, +1}. The external edge
e ∈ E has an orientation −1 if its terminal vertex is ∞ and +1 if ∞ stands for the initial
vertex. For every e ∈ E then ∂ρ(e)e ∈ V holds.

An edge j is parametrised by an interval Ij = (aj, bj), internal edges by finite ones and
external by infinite ones as in section 3 and 4. Similarly, the Hilbert spaces are associated
to the intervals, for j ∈ J they are denoted by Hj = L2(Ij; C2). The Hilbert space for
the whole graph is given by their direct sum H =

L
j∈J Hj, sometimes abbreviated by

L2(G; C2).
The Dirac operator, at least the minimal and the maximal, is given as a direct sum of

corresponding operators on the intervals Dmax =
L

j∈J Dmax
j together with the domain

H1(G; C2) =
L

j∈J H1(Ij; C2).
Having the φj in the Sobolev space on the edge j ∈ J , its limit (trace) on the

boundary of the interval is well defined. In the case of v ∈ ∂j ∩ V introduce the notation

φj(v) :=

(
φj(aj) v = ∂−j,

φj(bj) v = ∂+j.
(34)

The boundary maps and spaces are constructed again using direct sums of already
known components. In summary, Γ1, Γ2 : H1(G; C2) → G where for k ∈ {1, 2} : Γk =L

j∈J Γk
j and G =

L
j∈J Gj. With the new graph notation, it is possible to write the

components as the following.

φi =

�
φ1

i

φ2
i

�
∈ H1(Ii; C2) φe =

�
φ1

e

φ2
e

�
∈ H1(Ie; C2)

Γ1
i φi =

�
φ1

i (∂−i)
φ1

i (∂+i)

�
Γ1

eφe =
�
φ1

e(∂ρ(e)e)
�

(35)

Γ2
i φi =

�
iφ2

i (∂−i)
−iφ2

i (∂+i)

�
Γ2

eφe =
�
−iρ(e)φ2

e(∂ρ(e)e)
�
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Adopt the usual notation for the adjacent edges of a given vertex v ∈ V , Iv =
{i ∈ I | v ∈ ∂i} , Ev = {e ∈ E | v ∈ ∂e} , Jv = Iv∪Ev. The degree of the vertex is the size of
the set deg v = |Jv|. Define a vertex space for a vertex v as Fv = Cdeg v. The vertex space
for the whole graph is set to be the direct sum over the vertices F =

L
v∈V Fv ≃ C2|I|+|E|.

Employing the handshake lemma F ≃ G . The idea is that both spaces collects all the
vertex values of a function on the graph. The boundary space does it edge by edge and
the vertex space does it vertex by vertex. Naturally, there is an isomorphism between
these two spaces which respects the fact that the vertex values come from an underlying
function on the graph.

In order to write the explicit matrix, that corresponds to the isomorphism between
G and F , it is necessary to agree on two numberings of the vertex values, νG for the
boundary space, νF for the vertex space. By numbering it is meant here any injective
map ν : {1, . . . , N} → J × V with the image {(j, v) | v ∈ ∂j} where N = 2|I| + |E|. The
wanted linear isomorphism W : G → F is a unitary matrix W ∈ CN,N with elements:

∀n, m ∈ {1, . . . , N} : Wn,m =

(
1 νF (n) = νG (m),

0 otherwise.
(36)

In fact, it is a permutation matrix for the permutation (νF )−1 ◦ νG .
The convention, adopted by this article, is that the total orders on the set of edges

and the set of vertices, used by the incidence matrix, are reused for the numberings. The
“edge-vertex” numbering νG preserves the order of edges, for e ∈ E there is then unique
element (e, ∂ρ(e)e), for i ∈ I the preimage of the couple with the initial vertex precedes
the couple with the terminal vertex ν−1

G ((i, ∂−i))+1 = ν−1
G ((i, ∂+i)). On the other hand,

the “vertex-edge” numbering νF visits the vertices in the order of V and at each vertex v
it follows the order of edges restricted to Jv. The same result is achieved by constructing
the colexicographic order on {(j, v) | v ∈ ∂j}.

Since the isomorphism W shares the total order with the incidence matrix G, there
is an algorithm how to construct W from G. Start with the incidence matrix G. Each
column contains exactly one or two non-zero elements. Columns with exactly one non-
zero element correspond to an unbounded edge. Replace every non-zero elements in them
with 1, leave the zeros {−1 → 1, 1 → 1, 0 → 0}. Columns with two non-zero element
replace with two columns, if there was −1, place 1 to the left column, if there was 1,
place 1 to the right column. Rest will be zeros, {−1 → (1 0), 1 → (0 1), 0 → (0 0)}.
Now, each row replace by a number of rows equal to the number of non-zero elements in
that row. The first replacing row will constitute of all zeros except for the first position
of non-zero element from the left where 1 will be. The second replacing row will carry
over the second non-zero position from the left and so on. For example, W arises from
the given G.

G =

 0 1 0 0
−1 0 −1 −1
0 −1 0 1

 W =


0 0 1 0 0 0
1 0 0 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 1 0 0 0 0
0 0 0 0 0 1


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The construction of the boundary triple heavily relies on the direct sum of already
known components associated to the edges of the graph, specifically the boundary maps
Γk =

L
j∈J Γk

j . However, transmission conditions are described at each vertex separately
– so called local transmission conditions. Assume transmission condition at vertex v
characterised by linear relation Λv. This relation is in the vertex space Fv. Parametrise
this relation by matrices Av, Bv. The transmission conditions on the whole graph will
be then described by linear relation Λ =

L
v∈F Λv in F which parametrisation is A =L

v∈V Av and B =
L

v∈V Bv.
By the theory of the boundary triples and by our definition of vertex space, every

self-adjoint realisation of the Dirac operator is characterised by exactly one self-adjoint
relation in F , parametrised by linear operators A, B in F .

Dom DΛA,B =
�

Φ ∈ H1(G; C2)
�� AWΓ1Φ = BWΓ2Φ

	
(37)

AB∗ = BA∗ (38)

Ker

�
A −B
B A

�
=

��
0
0

��
(39)

By dropping the self-adjoint conditions on the relation ΛA,B, respectively the conditions
(38), (39) on A, B, the theory allows us to study also generally non-self-adjoint realisation
of the Dirac operator. The trivial examples are the minimal operator Dmin associated to
the relation {0}⊕{0}, the maximal operator Dmax associated to G ⊕G and the reference
operator D0 which is self-adjoint as well as its associated relation {0} ⊕ G . These three
operators are also expressible as direct sums of the corresponding operators on the edges.

The spectrum of the reference operator is the union σ(D0) =
S

j∈J σ(D0
j ). For z ∈

ρ(D0) the Krein γ-field as well as the Krein Q-function is also the direct sum γ(z) =L
j∈J γj(z), Q(z) =

L
j∈J Qj(z) and the resolvent is (D0 − z)−1 =

L
j∈J (D0

j − z)−1.
Finally, the Birman-Schwinger principle and the Krein formula read.

Corollary 1 (Krein formula and Birman-Schwinger principle for Dirac operator on
graph). Let D0 be the reference operator, A, B be the linear operators on the vertex
space F , W : G → F the isomorphism. Then, for DΛA,B the restriction of Dmax with
domain (37), the following hold:

1. ∀z ∈ ρ(D0) : Ker (DΛA,B − z) = γ(z)Ker (W −1BWQ(z) − W −1AW ),

2. ∀z ∈ ρ(D0) ∩ ρ(DΛA,B ) the operator BWQ(z) − AW is injective and

(D0 − z)−1 − (DΛA,B − z)−1 = γ(z)(BWQ(z) − AW )−1BWγ∗(z) (40)

3.
σ(DΛA,B ) \ σ(D0) =

�
z ∈ ρ(D0)

�� 0 ∈ σ(W −1BWQ(z) − W −1AW )
	

(41)

6 Conclusion
The article shows that systematic approach using boundary triples was applied to Dirac
operator on a general graph. The only threat is the presence of loops. However, every
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loop can be eliminated by inserting a new vertex on that loop. Boundary triples allows
us to study general transmission conditions, in future the attention can seamlessly shift
to the non-self-adjoint conditions.

An immediate direction of further developments is to examine symmetries of the
system. Investigations of time reversal and charge conjugation has been started, directly
motivated by [4].
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Abstract. Working with Z-graded manifolds, one usually defines the category of graded vector
bundles using graded sheaves of sections. After a short introduction to graded manifolds, we
recall this approach. We then introduce a category of graded vector bundles as graded manifolds
with additional structure. The remainder of this text is dedicated to showing that these two
categories are equivalent.
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Abstrakt. Kategorie gradovaných vektorových bandlů se v teorii Z-gradovaných variet většinou
zavádí skrze gradované snopy řezů. Po stručném úvodu do teorie gradovaných variet tento přístup
připomeneme. Následně představíme kategorii gradovaných vektorových bandlů definovaných
jako gradované variety s přidanou strukturou. Zbytek textu je věnován důkazu ekvivalence těchto
dvou kategorií.

Klíčová slova: Gradované vektorová bandly, gradované variety, snopy řezů

1 Introduction
In this text, the term graded will exclusively mean Z-graded. We use the definition of
graded manifolds put forward in [3], where graded manifolds are constructed “bottom-up”
and the grading is already contained in their fundamental building blocks, which helps
avoid certain pathologies present in other definitions (e.g. [2], [1]). Namely, the sheaf of
graded functions is now guaranteed to be a sheaf of graded commutative algebras.

1.1 Refresher on Graded Manifolds

This paper uses the definition of graded manifolds given in the extensive paper [3]. Let
us briefly recall the relevant definitions — for a more thorough introduction, the reader
is referred to the original article.

A real graded vector space is defined as a sequence V = (Vi)i∈Z of real vector spaces.
In this text we will not consider vector spaces over fields other than R. By an element
of a graded vector space, v ∈ V , we mean that there exists a unique integer ℓ ∈ Z such
that v ∈ Vℓ. This ℓ is called the degree of v and we write ℓ =: |v|. Addition of vectors

∗The author is grateful for the support of the grant GAČR 24-10031K and also for the support of the
Grant Agency of the Czech Technical University in Prague, grant No. SGS22/178/OHK4/3T/14.
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and multiplication by a scalar is defined as in the component vector spaces; in particular,
one can only sum vectors of the same degree and we do not consider inhomogeneous
elements. A graded vector space V is finite dimensional, if

P
i∈Z dim Vi < +∞. Every

ordinary vector space V can be viewed as a graded vector space, where V0 = V and
Vi = {0} for all i ̸= 0. Considering two graded vector spaces V, W , a graded linear
map φ : V → W between them is defined as a collection φ = (φi)i∈Z, where for every
i ∈ Z and for some fixed ℓ ∈ Z, φi : Vi → Wi+k is a linear map. The integer ℓ is called the
degree of φ and again denoted as ℓ =: |φ|. Graded vector spaces, together with graded
linear maps of degree zero, form a category gVec.

Example 1.1. Let (nj)j∈Z be a sequence of non-negative integers. Then R(nj) will denote
the graded vector space where (R(nj))i = Rni .

A graded algebra A is a graded vector space with the additional bilinear operation
of multiplication of two vectors (a, b) 7→ ab. One can multiply vectors of any degrees, and
the degree of the product needs to satisfy |ab| = |a|+ |b|. An associative graded algebra is
one where the multiplication is associative, a unital graded algebra is one which contains
a unit - and element 1 ∈ A such that 1 a = a = a 1 for every a ∈ A. Such unit clearly
needs to have degree zero, and if it exists, it is unique. A graded commutative algebra
is a graded algebra A, where the multiplication satisfies graded commutativity

ab = (−1)|a||b| ba, (1)

for any a, b ∈ A. Consider two graded unital algebras A, B and a graded linear map of
degree zero φ : A → B. We say that φ is a graded algebra morphism if φ(1) = 1
and φ(ab) = φ(a)φ(b), for all a, b ∈ A. In this text we work with graded commutative,
associative and unital algebras; denote their category as gcAs. Note that by excluding
multiplication by scalar from the definition of a graded algebra, one obtains a graded
ring.

Consider a topological space X. By a presheaf of graded vector spaces on X we
mean a functor S : Op(X)op → gVec. In particular, for every open set U ⊆ X there is a
graded vector space S (U) ∈ gVec, and for every inclusion of open sets V ⊆ U there is a
graded linear map of degree zero S U

V : S (U) → S (V ) called a restriction. As S is a
functor, there holds S U

U = idS (U) and S V
W ◦ S U

V = S U
W for all open W ⊆ V ⊆ U ⊆ X.

For v ∈ S (U) we usually write S U
V (v) =: v|V . We say that S is a sheaf, if for every open

subset U ⊆ X, any open cover {Uα}α∈I of U and any collection {vα}α∈I , vα ∈ S (Uα),
such that vα|Uαβ

= vβ|Uαβ
for every α, β ∈ I, there exists a unique v ∈ S (U), such that

v|Uα
= vα, for every α ∈ I. Here and throughout Uαβ := Uα ∩ Uβ. Similarly we consider

sheaves valued in categories other than gVec, such as gcAs.

Example 1.2. Let R(nj) a finite-dimensional graded vector space, and let {ξ
(k)
i }mk

i=1 be
a basis for (R(nj))k for every k ∈ Z. In particular, |ξ(k)

i | = k. Let us concatenate all
non-zero degree bases into {ξi}m̃

i=1 := ∪k ̸=0{ξ
(k)
j }mk

j=1. One can now consider their duals
— graded linear maps ξi : R(mj) → R of degree |ξi| = −|ξi|, defined by ξi(ξk) = δi

k,
where δi

k = 1 for i = k, and δi
k = 0 of degree |ξk| − |ξi| for i ̸= k. In particular, for

any j ∈ Z \ {0} there are exactly n−j elements ξi of degree j. These will play the role of
graded coordinates on R(mj). Let us now denote mj := n−j for any j ∈ Z.
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Next, we construct a sheaf C∞
(mj) on Rm0 valued in gcAs like so: for any U ∈ Op(Rm0),

let C∞
(mj)(U) be graded algebra whose elements of degree k are formal power series

f :=
X

p∈Nm̃
k

fp(ξ1)p1 · · · (ξm̃)pm̃ ≡
X

p∈Nm̃
k

fpξp, (2)

where m̃ =
P

k ̸=0 mk, fp are smooth functions on U and the multiindices p range over
the set

Nm̃
k := {p ∈ Nm̃ :

m̃X
i=1

pi|ξi| = k ∧ pi ∈ {0, 1} for |ξi| odd }, (3)

which ensures that each summand of the series has the same degree k. The multiplication
on C∞

(mj)(U) is introduced by X
r∈Nm̃

|f |

fr ξr


 X

q∈Nm̃
|g|

gq ξq

 :=

 X
p∈Nm̃

|f |+|g|

(fg)p ξp

 , (4)

where for any p ∈ Nm̃
|f |+|g| there is

(fg)p =
X

r∈Nm̃
|f |

r≤p

ϵr,p fr gp−r. (5)

Here we write r ≤ p iff rµ ≤ pµ for every µ ∈ {1, . . . , m̃}, and ϵr,p ∈ {−1, 1} is the sign
obtained by rearranging ξrξp−r into ξp according to graded commutativity. Restrictions
on C∞

(mj) are given simply by restricting the smooth coefficients. The pair (Rm0 , C∞
(mj)) =:

gR(nj) is called a graded manifold of graded dimension (mj) ≡ (n−j), corresponding to
the graded vector space R(nj).

Definition 1.3. A graded manifold is a pair M = (M, C∞
M), where M is a second-

countable Hausdorff topological space and C∞
M is a sheaf on M valued in gcAs, for which

there exists a sequence of non-negative integers (mj)j∈Z satisfying m :=
P

j∈Z mj < +∞,
and an open cover {Uα}α∈I , such that for every α ∈ I,

1. There exists a homeomorphism ϕ
α

: Uα → Ûα for some open subset Ûα ⊆ Rm0 .

2. There exists a natural isomorphism ϕ∗
α : C∞

(mj)

���
Ûα

→ (ϕ
α
)∗

�
C∞

M|Uα

�
.

We denote ϕα := (ϕ
α
, ϕ∗

α) and say that {(Uα, ϕα)}α∈I is an atlas for a graded manifold
M. Each pair (Uα, ϕα) is a local chart for M and we call (mj) the dimension of M.
It can be shown that {(Uα, ϕ

α
)}α∈I is automatically a smooth atlas for M , making M an

m0-dimensional smooth manifold called the underlying smooth manifold of M. The
sheaf C∞

M is called the structure sheaf or the sheaf of graded functions. Locally, one
has ϕ∗

α : C∞
(mj)(Ûα) ≃ C∞

M(Uα), where all elements have the form (2). In particular, we
often abuse notation and write ϕ∗

α(ξµ) =: ξµ, ϕ∗
α(xi) =: xi and call these the coordinates
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for M on Uα introduced by the map ϕα. Sometimes it is advantageous to denote all the
coordinates — both the degree zero coordinates xi and the non-zero degree coordinates
ξµ — together as {xA}m

A=1.
A morphism, or a graded smooth map, φ : M → N between two graded manifolds

is a pair φ = (φ, φ∗) where φ : M → N is a smooth map and ϕ∗ : C∞
N → ϕ∗C∞

M is a sheaf
morphism such that for every m ∈ M , the induced map of stalks [f ]ϕ(m) 7→ [ϕ∗(f)]m is a
local graded ring morphism, i.e. that it preserves the maximal ideal. The last condition is
automatically satisfied when ϕ∗ is an isomorphism; in particular, local charts of a graded
manifold are graded smooth maps. The category of graded manifolds is denoted as gMan.
The isomorphisms in gMan are also called graded diffeomorphisms.

1.2 Sheaf Definition of Graded Vector Bundles

If M is a graded manifold, then by a sheaf of C∞
M-modules we mean any sheaf S on

M valued in gVec, such that

1. S (U) is a C∞
M(U)-module. In other words, there is a graded bilinear map of degree

zero (f, s) 7→ f · s such that (fg) · a = f · (g · s) and 1 · s = s, for all f, g ∈ C∞
M(U)

and s ∈ S (U).

2. The restriction on the sheaf S are compatible with those on C∞
M. In other words,

(f · s)|V = f |V · s|V for all f ∈ C∞
M(U) and s ∈ S (U).

Note that we can always write s·f := (−1)|f ||s|f ·s so that we need not distinguish between
left and right modules. Let P be another sheaf of C∞

M-modules and U ∈ Op(M). By a
graded C∞

M(U)-linear map ψ : S (U) → P(U) we mean a graded linear map satisfying
ψ(f · s) = (−1)|ψ||f |f · ψ(s), for any s ∈ S (U) and f ∈ C∞

M(U). A sheaf morphism
η : S → P is called a morphism of sheaves of C∞

M-modules if ηU is C∞
M(U)-linear

for every U ∈ Op(M).
A collection of “global” elements s1, . . . , sr ∈ S (M) is called a frame for S if for

any s ∈ S (M) there exist unique f 1, . . . , f r ∈ C∞
M(M), such that

s =
rX

i=1

f i · si. (6)

The existence of partition of unity for graded manifolds [3] ensures that if s1, . . . , sr is a
frame for S , then s1|U , . . . , sr|U is a frame for any open U ⊆ M . A C∞

M-module S for
which there exists a frame is called freely and finitely generated. Note that if s1, . . . , sr is
a frame for S , then the sequence (rj)j∈Z defined as rj := #{i ∈ Z : |si| = j} is the same
for any frame, and is called the rank of S . S is called locally freely and finitely
generated, if there exist an open cover {Uα}α∈I of M such that S |Uα

is a freely and
finitely generated sheaf of C∞

M|Uα
-modules for every α ∈ I. Each frame for S |Uα

is then
called a local frame for S on Uα. If all S |Uα

have the same graded rank (rj), we say
that S is of constant rank.

To define morphisms of these graded vector bundles, one must consider the dual
sheaves. Turns out that duals of sheaves C∞

M-modules are particularly simple: if S is a
sheaf of C∞

M-modules, then S ∗(U) comprises graded C∞
M(U)-linear maps from S (U) to
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C∞
M(U). It is important to note, that if S is locally freely and finitely generated sheaf

of C∞
M-modules, then so is S ∗. In fact, if s1, . . . , sr is a frame for S (U), then one can

define a dual frame s1, . . . , sr for S ∗(U) by si(sj) := δi
j and extending through C∞

M(U)-
linearity. We see that |si| = −|si|, so if (rj)j∈Z is the rank of S , then (r−j)j∈Z is the rank
of S ∗.

Definition 1.4. Let M be a graded manifold. A locally freely and finitely generated
sheaf of C∞

M-modules of constant rank is called a graded vector bundle over M. Let
S , P be graded vector bundles over graded manifolds M and N , respectively. Then a
morphism S → P is defined as a pair (φ, Λ) where φ : M → N is a graded smooth
map, and Λ : P∗ → φ∗(S ∗) is a morphism of sheaves of C∞

N -modules. The C∞
N (U)-

module structure on [φ∗(S ∗)](U) ≡ S ∗(φ−1(U)) is introduced by h · α := φ∗(h) α, for
any α ∈ S ∗(φ−1(U)) and h ∈ C∞

N (U). We denote the category of these sheaf-defined
graded vector bundles as sVBun.

2 Geometric Approach

2.1 Definitions

Consider some finite-dimensional graded vector space R(rj). One may interpret the addi-
tion of vectors and multiplication by scalar as a graded bilinear map Σ : (v, w) 7→ v + w
and a graded linear map Hλ : v 7→ λv, respectively. Let us take the graded manifold
gR(rj) from Example 1.2, with graded coordinates {xi, ξµ} =: ka, and try to view Σ, Hλ

as graded smooth maps. The underlying smooth maps Σ and Hλ are the addition on Rr0

and multiplication by λ on Rr0 , respectively, and the pullbacks are given by

Σ∗(ka) = ka
(1) + ka

(2), H∗
λ(ka) = λ ka, (7)

where {ka
(1), kb

(2)}r
a,b=1 are the coordinates on the product graded manifold gR(rj) × gR(rj),

arising as ka
(1,2) := p∗

1,2ka, where p1 and p2 are the canonical product projections. See [3]
for details on products of graded manifolds. Consider two product manifolds M × gR(rj)

and N ×gR(sj), where M, N are some graded manifolds and let φ : M → N be a graded
smooth map. A graded smooth map ϕ : M × gR(rj) → N × R(sj) is said to be fiberwise
linear over φ, if the diagrams

M × gR(rj) N × gR(sj)

M N

ϕ

p1 p1

φ

(8) ,
M × gR(rj) N × gR(sj)

M × gR(rj) N × gR(sj)

ϕ

1×Hλ 1×Hλ

ϕ

(9)

commute for any λ ∈ R.

Definition 2.1. Let E , M be graded manifolds, π : E → M a graded smooth map and
{HE

λ }λ∈R a collection of graded smooth maps HE
λ : E → E . We say that the collection

(E , M, π, {HE
λ }λ∈R) is a graded vector bundle (GVB) over M, if there exists an open

cover {Uα}α∈I of M together with a collection of graded diffeomorphisms ψα : M|Uα
×

gR(rj) → E|π−1(Uα), for some fixed gR(rj), such that the diagrams
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M|Uα
× gR(rj) E|π−1(Uα)

M|Uα

ψα

p1
π (10) ,

M|Uα
× gR(rj) E|π−1(Uα)

M|Uα
× gR(rj) E|π−1(Uα)

ψα

1×Hλ HE
λ

ψα

(11)

commute. Each HE
λ is called a homothety map on E , gR(rj) is called a typical fiber

of E and any collection {Uγ, ψγ}γ∈J satisfying the above conditions is called a local
trivialization for E .

Remark 2.2. 1. From the definition it follows that π ◦ HE
λ = π.

2. Assume E , M are graded manifolds, π : E → M is a graded smooth map and
there is an open cover {Uα}α∈I of M together with graded diffeomorphisms ψα such
that the diagram (10) commutes for every α ∈ I. One can consider the transition
morphisms ψβα : M|Uαβ

× gR(rj) → M|Uαβ
× gR(rj) , ψβα := ψ−1

β ◦ ψα, suitably
restricted. If these transition morphisms are fiberwise linear over 1M, then one may
construct a unique homothety HE

λ : E → E for every λ ∈ R, locally by the diagram
(11). Indeed, fiberwise linearity ensures agreement on overlaps. This is a common
way of constructing graded vector bundles.

3. Depending on context, we shall denote GVBs as (E , M, π, HE
λ ), π : E → M or

simply as E .

We can now extend the definition of fiberwise linear maps to general graded vector
bundles.

Definition 2.3. Let (E , M, π, HE
λ ) and (F , N , ρ, HF

λ ) be two GVBs, ϕ : E → F and
φ : M → N two graded smooth maps. We say that ϕ is fiberwise linear over φ if
ρ ◦ ϕ = φ ◦ π and ϕ ◦ HE

λ = HF
λ ◦ ϕ for every λ ∈ R. A pair (φ, ϕ), where ϕ is fiberwise

linear over φ, is a graded vector bundle morphism (φ, ϕ) : E → F . We denote the
hereby obtained category of geometrically-defined GVBs as gVBun.

2.2 Relation to Sheaf Approach

Lemma 2.4. Let E ∈ gVBun. Then the pullback by the homothety map (HE
λ )∗ can be

restricted to a morphism of sheaves of C∞
M-modules (HE

λ )∗ : π∗C∞
E → π∗C∞

E .

Proof. For any U ∈ Op(M) there is (HE
λ)−1(π−1(U)) = π−1(U). Hence HE

λ can be
restricted to a sheaf morphism π∗C∞

E → π∗C∞
E . The structure of a C∞

M-module on π∗C∞
E

is given by f · a := π∗(f) a. One has

(HE
λ )∗(f · a) = (HE

λ )∗(π∗(f) a) = (HE
λ )∗(π∗(f)) (HE

λ )∗(a) = π∗(f) (HE
λ )∗(a) = f · (HE

λ )∗(a),
(12)

i.e. HE
λ is a morphism of sheaves of C∞

M-modules.

Definition 2.5. Let π : E → M be a graded vector bundle, U ∈ Op(M). Then a graded
smooth function f ∈ C∞

E (π−1(U)) is called linear in fibers if (HE
λ )∗(f) = λ f for every

λ ∈ R. The graded vector space of all such functions f is denoted as C lin
E (U).
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Proposition 2.6. The assignment U 7→ C lin
E (U) defines a locally freely and finitely gen-

erated sheaf of C∞
M-modules.

Proof. Note that C lin
E is in fact the intersection of kernel subsheaves of π∗C∞

E ,

C lin
E =

\
λ∈R

ker((HE
λ )∗ − λ). (13)

By Lemma 2.4, (HE
λ )∗ − λ is a morphism of sheaves of C∞

M-modules from π∗C∞
E to itself,

hence C lin
E is a sheaf of C∞

M-modules. One needs to verify that it is locally freely and
finitely generated with constant rank. Let {Uα}α∈I be some coordinate open cover of M
for which there exists a trivialization {Uα, ψα}α∈I for E . If {xA} are the coordinates on
M|Uα

and {ka} some dual basis of R(rj), then on E|π−1(Uα) we have coordinates {xA, ka}
of the same name induced by the graded diffeomorphism

ψα : M|Uα
× gR(rj) → E|π−1(Uα) (14)

Let us show that for any V ⊆ Uα the functions linear in fibers C lin
E (V ) are exactly those

of the form
f = fa · ka ≡ π∗(fa) ka, (15)

for some fa ∈ C∞
M(V ). First, any f ∈ (π∗C∞

E )(V ) of the form (15) satisfies Hλ,∗
E (f) = λf

since (HE
λ )∗ ◦ π∗ = π∗. Second, every f ∈ (π∗C∞

E )(V ) is of the general form

f =
X
p,q

fp,q(x, k)ξp κq, (16)

where we split the coordinates {xA, ka} into those of degree zero {xi, ks} and those of
non-zero degree {ξµ, κι}. The requirement (HE

λ )∗f = λ f then translates toX
p,q

λw(q) fp,q(x, λ k) ξp κq = λ
X
p,q

fp,q(x, k) ξp κq, (17)

which leads to f necessarily taking the form (15). Thus we find that C lin
E is locally freely

and finitely generated, and with constant rank (r−j)j∈Z.

Definition 2.7. For any E ∈ gVBun we define its sheaf of sections ΓE as the dual to
the sheaf of functions linear in fibers, ΓE := (C lin

E )∗.

Proposition 2.8. The assignment Γ : E 7→ ΓE extends to a fully faithful and essentially
surjective functor Γ : gVBun → sVBun. Consequently, the categories gVBun and sVBun
are equivalent.

Proof. (Functor). Let π : E → M and ρ : F → N be two GVBs, and let (φ, ϕ) : E → F
be their morphism. Let us describe the morphism Γ(φ, ϕ) : ΓE → ΓF in the category
sVBun. Recall that Γ(φ, ϕ) = (φ̃, Λ) where φ̃ : M → F is a graded smooth map and
Λ : Γ∗

F → φ̃∗(Γ∗
E) is a morphism of sheaves of C∞

N -modules. The obvious choice for the
underlying graded smooth map is φ̃ = φ. Notice that Γ∗

F = C lin
F and φ∗(Γ∗

E) = φ∗ C lin
E by

the canonical identification of the double dual. Let us argue that ϕ∗ : C∞
F → ϕ∗C∞

E can
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be restricted to ϕ∗ : C lin
F → φ∗C lin

E . For any U ∈ Op(N), observe that, due to fiberwise
linearity of ϕ,

ϕ−1(ρ−1(U)) = (ρ ◦ ϕ)−1(U) = π−1(φ−1(U)). (18)

Hence ϕ∗
ρ−1(U) maps from C∞

F (ρ−1(U)) to C∞
E (π−1(φ−1(U))). Let f ∈ C lin

F (U) be some
function linear in fibers. We see that

HE,∗
λ (ϕ∗(f)) = ϕ∗(HF ,∗

λ (f)) = ϕ∗(λf) = λ ϕ∗(f), (19)

hence ϕ∗(f) is also linear in fibers. Thus ϕ∗
ρ−1(U) can be restricted to a graded linear map

from C lin
F (U) to φ∗C lin

E (U). For any h ∈ C∞
F (U) and any f ∈ C lin

F (U) we have

ϕ∗(h · f) = π∗(φ∗(h)) ϕ∗(f) = h · ϕ∗(f), (20)

where we use the definition of C∞
N -module structure for C lin

F and φ∗C lin
E , respectively. We

are therefore able to set
Γ(φ, ϕ) := (φ, ϕ∗), (21)

with ϕ∗ restricted to functions linear in fibers.
(Fully faithful). Once again consider two GVBs π : E → M and ρ : F → N in

gVBun, and some arrow (φ, Λ) : ΓE → ΓF in sVBun. We aim to show the existence of
a unique arrow (φ, ϕ) : E → F in gVBun such that Γ(φ, ϕ) = (φ, Λ). In other words,
we ask whether for any C∞

N -linear morphism Λ : C lin
F → φ∗C lin

E there exists a unique
fiberwise linear graded smooth map ϕ : E → F such that the pullback ϕ∗ agrees with Λ
when restricted to C lin

F . Let {Uα, ψα} be a local trivialization for ρ : F → N and denote
Vα := ρ−1(Uα) and Wα := π−1

�
φ−1(Uα)

�
. Note that {Vα}α∈I and {Wα}α∈I are open

covers for F and E, respectively. Let gR(sj) be the typical fiber of F , and let {ka} be the
graded coordinates therein. For every α ∈ I we can define a graded smooth map

ϕ̂α : E|Wα
→ N |Uα

× gR(sj) (22)

As an arrow to a product, it is determined by its composition with the two projections.
We set

p1 ◦ ϕ̂α := (φ ◦ π)|Wα
, (23)

and define p2 ◦ ϕ̂α : E|Wα
→ gR(sj) by

(p2 ◦ ϕ̂α)∗(ka) := Λ((ψ−1
α )∗(p∗

2ka)). (24)

Indeed, from the proof of Proposition 2.6 we know that the fiber coordinates ka are
functions linear in fibers (in fact, their local generators) and hence we may consider

Λ((ψ−1
α )∗(p∗

2ka)) ∈ C lin
E (φ−1(Uα)) ⊆ C∞

E (Wα). (25)

By [3, Theorem 3.29], this is enough information to define p2 ◦ ϕ̂α, and hence ϕ̂α itself.
We set ϕα := ψ−1

α ◦ ϕ̂α to obtain ϕα : E|Wα
→ F|Vα

. We need to see whether the
graded smooth maps ϕα, ϕβ agree on overlaps, i.e. when restricted to graded smooth
maps E|Wαβ

→ F|Vαβ
. From the definition (23) we see that

p1 ◦ ψβ ◦ ϕβ = φ ◦ π = p1 ◦ ψα ◦ ϕα = p1 ◦ ψαβ ◦ ψβ ◦ ϕα = p1 ◦ ψβ ◦ ϕα, (26)
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when restricted to Wαβ. Similarly

(p2 ◦ ψβ ◦ ϕβ)∗ka = Λ
�
(ψ−1

β )∗(p∗
2ka)

�
= Λ

�
(ψ−1

α )∗(ψ∗
βα(p∗

2ka))
�

= Λ
�
(ψ−1

α )∗(Ψβα)a
b p∗

2kb)
�

= (Ψβα)a
bΛ((ψ−1

α )∗(p∗
2kb)) = (Ψβα)a

b(p2 ◦ ψα ◦ ϕα)∗kb

= ϕ∗
αψ∗

α(Ψβα)a
b p∗

2kb = ϕ∗
αψ∗

βp∗
2ka = (p2 ◦ ψβ ◦ ϕα)∗ ka, (27)

hence p2 ◦ ψβ ◦ ϕβ = p2 ◦ ψβ ◦ ϕα and so ϕβ = ϕα, considering all restricted to E|Wαβ
.

By [3, Proposition 2.6], there exists a unique ϕ : E → F such that ϕ|Wα
= ϕα for every

α ∈ I. By construction, ϕ is fiberwise linear over φ, and the pullback ϕ∗ agrees with Λ
on functions linear in fibers. Clearly, any ϕ with these properties must have the form
above, therefore Γ is fully faithful.

(Essentially surjective). This part of the proof both relies and expands upon Section
5.5 in [3]. Let M ∈ gMan and S ∈ sVBun be a locally freely and finitely generated
sheaf of C∞

M-modules of a constant rank. We need to find a GVB π : E → M such that
S ≃ ΓE .

Consider some at most countable coordinate open cover {Uα}α∈I for M for which
there also exists a collection of C∞

M|Uα
-linear sheaf isomorphisms

Λα : C∞
M|Uα

⊗ R(rj) → S |Uα
, (28)

where (rj) is the graded rank of S . Let us denote as

Λ∨
α : C∞

M|Uα
⊗

�
R(rj)

�∗ → S |∗Uα
, (29)

the isomorphism defined by (Λ∨
α(ka)) (Λα(kb)) := δa

b, for some basis {ka} of R(rj) and its
corresponding dual basis {ka}. The transition morphisms Λ∨

βα := (Λ∨
β )−1 ◦ Λ∨

α are given
by

Λ∨
βα(ka) = (T ∨

βα)a
bk

b, (30)

for some graded smooth functions (T ∨
βα)a

b ∈ C∞
M(Uαβ). For every α, β ∈ I, we may use

this to define a graded smooth map

ψβα : M|Uαβ
× gR(rj) → M|Uαβ

× gR(rj), (31)

by
p1 ◦ ψβα = p1, and (p2 ◦ ψβα)∗ ka = (T ∨

αβ)a
b p∗

2 kb. (32)

Recall that here {ka} play the role of graded coordinates on gR(rj). From [3, Proposition
5.32.] we learn of the existence of a graded manifold E together with a graded smooth
map π : E → M and a collection of graded diffeomorphisms

ψα : M|Uα
× gR(rj) → E|π−1(Uα) , (33)

such that π ◦ ψα = p1 and ψβα = ψ−1
β ◦ ψα. Clearly the transition diffeomorphisms ψβα

are fiber-wise linear over the identity, and so, by Remark 2.2, π : E → M has a unique
structure of a GVB. It remains to be seen that ΓE ≃ S as sheaves of C∞

M-modules. In
fact, it is easier to show that Γ∗

E ≃ S ∗. Since Γ∗
E = C lin

E , there is an isomorphism

Ξα : C∞
M(Uα) ⊗

�
R(rj)

�∗ → C lin
E (Uα) (34)
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for every α ∈ I, given by Ξα(faka) := fa · (ψ−1
α )∗ ka ≡ π∗(fa) (ψ−1

α )∗ ka. Therefore we may
define the isomorphism

ρα : S (Uα)∗ → C lin
E (Uα), (35)

by ρα := Ξα ◦ (Λ∨
α)−1. One needs only check that ρα agree on overlaps, and then use [3,

Proposition 2.6.]. But agree they do, since

(Λ∨
α)

−1 �
Λ∨

β (ka)
�

= Λ∨
αβ(ka) = (T ∨

αβ)a
b kb, (36)

and

Ξ−1
α (Ξβ (ka)) = Ξ−1

α

�
(ψ−1

β )∗ (ka)
�

= Ξ−1
α

�
(ψ−1

α )∗ �
ψ∗

βα (ka)
��

= Ξ−1
α

�
(ψ−1

α )∗ �
(T ∨

αβ)a
b kb

��
= (T ∨

αβ)a
b Ξ−1

α

�
(ψ−1

α )∗(kb)
�

= (T ∨
αβ)a

b kb, (37)

hence (Λ∨
α)−1 ◦Λ∨

β = Ξ−1
α ◦Ξβ, or in other words, Ξα ◦(Λ∨

α)−1 = Ξβ ◦(Λ∨
β )−1, when properly

restricted. As a result, ρα glue together a sheaf morphism ρ : S ∗ → C lin
E . This morphism

is locally, hence also globally, a C∞
M-linear isomorphism, as was to be shown.

3 Conclusion
We have shown the equivalence of two possible definitions of graded vector bundles: as
sheaves of modules and as graded manifolds. The main result is Proposition 2.8, where
we state and prove the equivalence of the two respective categories.

In the future it may be fruitful to examine if certain GVB constructions (e.g. the
pullback bundle) are more natural in the geometric setting than in the sheaf setting. It
would also be of interest to see whether the sections of a GVB as defined here bear any
relation to graded smooth maps from the base of the GVB to the total space, which
compose with the projection to form the identity map — the way they do in non-graded
setting.

Another venue for future research is the graded analogue of the Serre-Swan theorem.
Having this theorem in hand would provide us with a third equivalent description of
graded vector bundles, this time from an algebraic point of view.
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Abstract. In the following text, we will introduce a method of investigatation spectra of certain
Jacobi matrices, namely those which are associated with Heun equations. Knowledge of the
explicit form of the Heun function is needed. The method will be used to find the spectrum of
a concrete example.

Keywords: Heun equation, Heun function, Jacobi matrix, spectrum of the Jacobi matrix

Abstrakt. V předkládaném textu představíme metodu, kterou lze zkoumat spektra jistých
Jacobiho matic, jmenovitě těch, které jsou přidružené k Heunovým rovnicím. Tato metoda
využívá explicitní znalosti řešení Heunovy rovnice a bude využit k řešení konkrétního příkladu.

Klíčová slova: Heunova funkce, Heunova rovnice, Jacobiho matice, spektrum Jacobiho matice

1 Úvod

Jacobiho matice je polonekonečná tridiagonální matice ve tvaru

J =


β0 α0 0 0 0 . . .
α0 β1 α1 0 0 . . .
0 α1 β2 α2 0 . . .
0 0 α2 β3 α3 . . .
...

...
...

...
...

. . .

 . (1)

Můžeme ji vnímat jako operátor na prostoru polonekonečných komplexních vektorů, bu-
deme značit C∞. Označme P(x) := (1, P1(x), . . . , Pn(x), . . . )T . Potom následující formální
rovnice na vlastní čísla

J P(x) = xP(x)

definuje posloupnost ortonormálních polynomů {Pn(x)}. Tato rovnice může být přepsána
po složkách

P0(x) = 1,

α0P1(x) + (β0 − x)P0(x) = 0, (2)

αnPn+1(x) + (βn − x)Pn(x) + αn−1Pn−1(x) = 0, for n ≥ 1.

∗Tato práce je podpořena grantem GAČR EXPRO grant No. 20-17749X.
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K matici (1) můžeme přistupovat jako k operátoru na ℓ2 definovanému následovně

Dom(J̇) = span{en}∞
n=0, J̇f = J f, for f ∈ Dom(J̇).

Zjevně se jedná o symetrický operátor, má proto alespoň jedno samosdružené rozšíření

Dom(J) =
�

f ∈ ℓ2; J f ∈ ℓ2
	

, Jf = J f, for f ∈ Dom(J).

Operátor J je maximální ve smyslu inkluze. Je-li navíc momentový problém pro orto-
normální polynomy {Pn(x)}∞

n=0 determinovaný (vizte [1]), je operátor J jediným samo-
sdruženým rozšířením operátoru J̇ . V tomto textu budeme pracovat pouze s Jacobiho
maticemi, které odpovídají determinovanému momentovému problému. Budeme mluvit
o hamburgerovsky determinovaném operátoru J .

Často je výhodné pracovat s monickými polynomy, které definujeme vztahem

pn(x) =

 
n−1Y
k=0

αk

!
Pn(x), (3)

pro αn > 0.
Nyní uvažujme, že máme asymptotické chování ortonormálních polynomů Pn(x) při-

družených k operátoru J ve tvaru

Pn(x) = anu(x) + o(bn), n → ∞. (4)

Znalost asymptotického chování je klíčová pro „našiÿ metodu vyšetřování spektra. Tuto
metodu shrneme v následující – hlavní – větě.

Věta 1. Uvažujme posloupnost ortonormálních polynomů {Pn(x)}∞
n=0 přidružených ke

zdola omezenému hamburgerovsky determinovanému Jacobiho operátoru J s diskrétním
spektrem. Uvažujme, že tyto polynomy mají asymptotické chování ve tvaru (4). Nechť
posloupnost {anPn(x)} konverguje lokálně stejnoměrně k funkci u pro každé x z nějaké
otevřené souvislé množiny G. Nechť dále an /∈ ℓ2. Potom platí následující ekvivalence

λ ∈ spec(J) ⇔ u(λ) = 0.

Opeorátory, jejichž spektrum budeme vyšetřovat, jsou spojeny s Heunovou diferenci-
ální rovnicí podle [5]. Jedná se o diferenciální rovnici druhého řádu ve tvaru

y′′(z) +

�
(2γ − 1)

cn(z)dn(z)

sn(z)
− (2δ − 1)

sn(z)dn(z)

cn(z)
− (2ϵ − 1)k2 sn(z)cn(z)

dn(z)

�
y′(z) (5)

+4(s + αβk2sn2(z))y(z) = 0,

kde

α + β + 1 = γ + δ + ϵ.

Položíme

αn :=
p

λnνn+1, βn := λn + νn + γn,
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kde

λn = k2(n + α)(n + β),

νn = n(n + γ − 1),

γn = (1 − k2)δn.

Definujeme následující funkci F

F (sn2(z)) :=
∞X

n=0

(−1)n

r
λ0λ1 . . . λn−1

ν1ν2 . . . νn

Pn(s + αβk2)sn2n(z).

Pro Heunovu funkci potom platí

F (sn2(z)) = Hn(k2, s; α, β, γ, δ; sn2(z)).

Pro monické polynomy platí

Hn(k2, s; α, β, γ, δ; sn2(z)) =
∞X

n=0

(−1)n

ν1ν2 . . . νn

pn(s + αβk2)sn2n(z).

Označíme-li

γ =
1

2
− m1, δ =

1

2
− m2, ϵ =

1

2
− m3, M := m1 + m2 + m3

a

α = −1

2
(m0 + M), β =

1

2
(m0 − M + 1), N := m0 + M,

přejde Heunova rovnice (5) do tvaru

y′′(z) + 2

�
−m1

cn(z)dn(z)

sn(z)
+ m2

sn(z)dn(z)

cn(z)
+ m3k2 sn(z)cn(z)

dn(z)

�
y′(z) (6)

+(4s + N(N − 2m0 − 1)k2sn2(z))y(z) = 0.

V případě, že (m0, m1, m2, m3) ∈ N4
0, mluvíme o řešeních rovnice (6) jako o řešeních N-té

úrovně. Řešení 1. úrovně jsou opět popsána v [5] a budou pro nás výchozím bodem.

1. Pro m0 = 1, platí pro řešení rovnice (6)

y1(z) = ezZ(ω) H(z − ω)

Θ(z)
, dn2(ω) = 4s − k2, (7)

2. Pro m1 = 1, platí pro řešení rovnice (6) i

y2(z) = ezZ(ω) Θ(z − ω)

Θ(z)
, dn2(ω) = 4s + 1, (8)
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3. Pro m2 = 1, platí pro řešení rovnice (6)

y3(z) = ezZ(ω) Θ1(z − ω)

Θ(z)
, dn2(ω) = 4s + 1 − k2, (9)

4. Pro m3 = 1, platí pro řešení rovnice (6)

y4(z) = ezZ(ω) H1(z − ω)

Θ(z)
, dn2(ω) = 4s, (10)

kde Z(ω) = Θ′(ω)
Θ(ω)

.

Uvažujme následující transformace na R7, které působí na vektor (k2, s; α, β, γ, δ, ϵ)
reprezentující jistou Heunovu rovnici.

T1(k2, s; α, β, γ, δ, ϵ) = (s + γ(δ − 1); α − δ + 1, β − δ + 1, γ, 2 − δ, ϵ)

řešení u(z) nově vzniklé Heunovy rovnice je

y(z) = cn2(1−δ)(z)u(z),

kde y(z) je řešením rovnice (k2, s; α, β, γ, δ, ϵ).

T2(k2, s; α, β, γ, δ, ϵ) = (s + k2γ(ϵ − 1); −α + γ + δ, −β + γ + δ, γ, δ, 2 − ϵ),

řešení u(z) nově vzniklé Heunovy rovnice je

y(z) = dn2(1−ϵ)(z)u(z),

kde y(z) je řešením rovnice (k2, s; α, β, γ, δ, ϵ).

T3(k2, s; α, β, γ, δ, ϵ) = (s + (γ − 1)(δ + k2ϵ); β − γ + 1, α − γ + 1, 2 − γ, δ, ϵ),

řešení u(z) nově vzniklé Heunovy rovnice je

y(z) = sn2(1−γ(z)u(z),

kde y(z) je řešením rovnice (k2, s; α, β, γ, δ, ϵ).
V minulém roce se nám již povedlo dokázat, že těmito transformacemi lze získat

nanejvýš 32 nových řešení dalších Heunových rovnic vycházejících z řešení úrovně 1.
Mezi rodinami ON polynomů vygenerovaných těmito řešeními navíc existuje vzájemná
provázanost, ze které vyplyne, že je nutné analyzovat pouze 12 z těchto řešení (a tím
pádem 12 Jacobiho operátorů).

Postup předvedeme na Jacobiho operátoru, který odpovídá řešení Heunovy rovnice�
s + 1

4
; 0, 1

2
, −1

2
, 3

2
, 1

2

�
. Platí

T1

�
s; 0, −1

2
, −1

2
,
1

2
,
1

2

�
=

�
s +

1

4
; 0,

1

2
, −1

2
,
3

2
,
1

2

�
.
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Vektor Heunových koeficientů nalevo odpovídá Heunově rovnici s řešením y2(z). Platí
proto

y(z) =
y2(z)

cn(z)
,

kde y(z) je řešením Heunovy rovnice s vektorem koeficientů
�
s + 1

4
; 0, 1

2
, −1

2
, 3

2
, 1

2

�
. Jaco-

biho matice odpovídající tomuto řešení má koeficienty

αn =
k

2

p
n(n + 1)(2n − 1)(2n + 1), βn = k2n(n − 1) + n2.

2 Důkaz hlavní věty

Před samotným důkazem ještě vyslovíme větu, o kterou se důkaz opírá, a definujeme
několik pojmů. Jedná se o Hurwitzovu větu.

Věta 2. Buď {un} posloupnost holomorfních funkcí na otevřené souvislé množině G ⊂ C,
která konverguje lokálně uniformě na G k holomorfní funkci u, která není identicky rovna
nule na G. Má-li u nulu řádu m v bodě z0, potom pro každé dostatečně malé ρ > 0 existuje
N ∈ N takové, že pro každé n ≥ N , funkce un má právě m nul v disku |z − z0| < ρ včetně
násobnosti. Navíc tyto nuly konvergují z0 s n jdoucím do nekonečna.

Uvažujme hamburgerovsky determinovaný Jacobiho operátor J . To znamená, že exis-
tuje jediná distribuční funkce ψ, tzv. přirozená reprezentace (vizte [2]), pomocí které lze
každý moment µn vyjádřit jako

µn =

Z
R

xndψ(x).

Spektrum přirozené reprezentace ψ definujeme jako

σ(ψ) := {x ∈ R; (∀δ > 0) (ψ(x + δ) − ψ(x − δ) > 0)} .

Dále představíme operátor Q na Hilbertově prostoru H = L2(R, dψ) definovaný jako

Dom(Q) := {f ∈ H; x · f(x) ∈ H} ,

(Qf)(x) := x · f(x).

Platí

spec(Q) = σ(ψ).

Nyní můžeme přistoupit k samotnému důkazu.

Důkaz. Nejdříve uvažujme λ ∈ spec(J). Potom, podle [1], je P(x) ∈ ℓ2. Nutně proto musí
platit u(λ) = 0. Naopak, uvažujme λ ∈ R takové, že u(λ) = 0. Podle Hurwitzovy věty
existuje posloupnost {zn} taková, že Pn(zn) = 0 a zn → λ s n → ∞. Označme kořeny
polynomu Pn(x)

xn,1 < xn,2 < · · · < xn,n.
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Podle [2] je

ξi := lim
n→∞

xn,i ∈ σ(ψ).

Z předchozího víme, že σ(ψ) = spec(Q). Navíc je podle [1] operátor Q unitárně ekviva-
lentní operátoru J . Proto je

ξi ∈ σ(ψ) = spec(Q) = spec(J).

Navíc pro každé přirozené číslo n číslo zn splňuje

zn ∈ {xn,1, xn,2, . . . , xn,n}

a zn → λ pro n → ∞. Proto existuje i ∈ N takové, že λ = ξi. Odtud nakonec plyne, že
λ ∈ spec(J).

Použití této věty nakonec předvedeme na zmíněném příkladu.

3 Řešený příklad

Poznamenejme, že pro Jacobiho operátor Jp, jehož Jacobiho matice má koeficienty

αn =
k

2

p
n(n + 1)(2n − 1)(2n + 1), βn = k2n(n − 1) + n2. (11)

se nepodaří ověřit splnění předpokladů 1, je totiž α0 = β0 = 0. My k nalezení asymptotic-
kého chování ON polynomů Pn(x) využijeme znalost monických polynomů asymptotiky
pn(x). Nebude zde ale možné použít vztah (3). Platí ovšem, že

pn(x) = xqn(x), (12)

kde {qn(x)}∞
n=0 je posloupnost monických polynomů odpovídajících Jacobiho operátoru,

jehož Jacobiho matice má koeficienty

αn =
k

2

p
(n + 1)(n + 2)(2n + 1)(2n + 3), βn = k2(n2 + n + 3) + n(n + 2). (13)

Tento Jacobiho operátor označme Jq. S ohledem na vztah (12) a vět 4.4 a 4.5 v kapitole
2 v [2], usuzujeme

spec(Jp) = {0} ∪ spec(Jq).

Na monické polynomy qn(x) a ortonormální polynomy Qn(x) už vztah (3) aplikovat lze.
Jacobiho matice Jq je přidružená k Heunově rovnici s

(α, β, γ, δ, ϵ) =

�
2,

3

2
,
1

2
,
5

2
,
3

2

�
.
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Platí navíc

T1T2

�
s; 0, −1

2
, −1

2
,
1

2
,
1

2

�
=

�
s − 3

4
− k2

4
; 2,

3

2
,
1

2
,
5

2
,
3

2

�
.

Jinými slovy, můžeme z řešení 1. úrovně získat také řešení ỹ rovnice
�

s − 3
4

− k2

4
; 2, 3

2
, 1

2
, 5

2
, 3

2

�
.

Platí

ỹ(z) =
y3(z)

cn(z)dn3(z)
.

Pro Heunovu funkci Heunovy rovnice
�
s + 1

4
; 0, 1

2
, −1

2
, 3

2
, 1

2

�
platí

Hn

�
s +

1

4
; 0,

1

2
, −1

2
,
3

2
; sn2(z)

�
=

y(z) + y(−z)

2y(0)
, with y(z) =

y2(z)

cn(z)
,

po rutinních úpravách dostaneme vyjádření

Hn

�
s +

1

4
; 0,

1

2
, −1

2
,
3

2
; sn2(z)

�
=

X (z, ω)

cn(z)
,

kde

X (z, ω) =
Θ(0)

2Θ(ω)Θ(z)

�
ezZ(ω)Θ(z − ω) + e−zZ(ω)Θ(z + ω)

�
.

Navíc je

Hn

�
s +

1

4
; 0,

1

2
, −1

2
,
3

2
; sn2(z)

�
=

∞X
n=0

(−1)n · 4n · (2n + 1)

(2n)!
qn(s + 1/4)sn2n(z).

Označme x = s + 1
4
. Potom 4x = 4s + 1 = dn2(ω). K získání asymptotického chování

polynomů pn(x) použijeme Darbouxovu metodu (vizte [4]). Za tímto účelem položme

f(t) =
X (sn−1(

√
t), ω)√

1 − t
, g(t) =

dn(ω) cosh(KZ(ω))√
1 − t

Jelikož je

lim
t→1
|t|<1

f(t) − g(t) = lim
z→K

X (z, ω)

cn(z)
− dn(ω) cosh(KZ(ω))

cn(z)
=

=
Θ(0)

Θ1(0)Θ(ω)
(Z(ω)Θ1(ω) sinh(KZ(ω) − Θ′

1(ω) cosh(KZ(ω)) ∈ C,

jsou předpoklady pro aplikaci Darbouxovy metody splněny a z té dostáváme

4n(2n − 1)

(2n)!
pn(x) = − 1√

πn
dn(ω) cosh(KZ(ω)) + o(1), n → ∞.
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Pro polynomy qn(x) odtut máme

qn(x) = − (2n + 2)!

8n · 4n
√

πn
nd(ω) cosh(KZ(ω)) + o

�
(2n + 2)!

2n · 4n

�
, n → ∞.

Definujme dvě polonekonečné matice

B6 =


u0 v0 0 0 . . .
0 u1 v1 0 . . .
0 0 u2 v2 . . .
...

...
...

...
. . .

 , BT
6 =


u0 0 0 . . .
v0 u1 0 . . .
0 v1 u2 . . .
0 0 v2 . . .
...

...
...

. . .

 ,

kde un = k
p

n(n − 1), vn = 1
2

p
(2n − 1)(2n + 1). Potom prol libovolný vektor f ∈

Dom(J6) dostaneme

⟨f, J6f⟩ = ⟨BT
6 f, BT

6 f⟩ ≥ 0.

Jedná se tedy o zdola omezený operátor. Navíc je

lim inf
n→∞

β2
n

α2
n + α2

n−1

=
(k2 + 1)2

2k2
> 2

pro každé k ∈ R, speciálně tedy k ∈ (0, 1). Podle [3] má tedy operátor Jp (i Jq) diskrétní
spektrum. O spektru tedy lze říct

spec(Jp) = specp(Jp) ⊂ [0, ∞).

Zbývá ověřit předpoklad o lokální stejnoměrné konvergenci. Zavedeme značení

h1(z; ω) = ezZ(ω)Θ(z − ω) + e−zZ(ω)Θ(z + ω),

h2(z; ω) = ezZ(ω)Θ′(z − ω) − e−zZ(ω)Θ′(z + ω),

h3(z; ω) = ezZ(ω)Θ′′(z − ω) + e−zZ(ω)Θ′′(z + ω).

Všechny výše zavedené funkce jsou spojité v proměnné z. Platí

h1(K, ω) = Θ1(ω) cosh(KZ(ω), h2(K, ω) = Θ′
1(ω) sinh(KZ(ω)),

h3(K, ω) = Θ′′
1(ω) cosh(KZ(ω)).

Nyní spočteme

lim
ξ→0

f ′ �
eiξ

�
− g′ �

eiξ
�

= lim
z→K

1

2

 
X (z, ω) − X (K, ω) + cn(z)

dn(z)sn(z)
∂
∂z

X (z; ω)

cn2(z)

!
= u(ω),

kde

u(ω) = − 1

4Θ(ω)
√

1 − k2
×

×
�

Θ′′
1(0)

Θ2(0)
h1(K; ω) +

1

Θ1(0)

�
Z2(ω)h1(K; ω) + 2Z(ω)h2(K; ω) + h3(K; ω)

��
.



Spektra některých Jacobiho matic 99

Potom máme

f ′ �
eiξ

�
− g′ �

eiξ
�

∼ u(ω)ξ−1/2, ξ → 0. (14)

Jedná se tedy o integrabilní singularitu. Podobně pro ξ → 2π. Označme an(x(ω)) =
4n(2n−1)

(2n)!
pn(x) a bn(ω) = 1√

πn
dn(ω) cosh(KZ(ω)) Z Cauchyovy formule potom dostáváme

an(x(ω)) − bn(ω) =
1

2πi

Z
|t|<1

(f(t) − g(t))t−n−1dt,

=
1

2π

Z 2π

0

�
f

�
eiξ

�
− g

�
eiξ

��
e−inξdξ

Podle (14) můžeme použít metodu per partes, odkud

an(x(ω)) − bn(ω) =
1

2πin

Z 2π

0

�
f ′ �

eiξ
�

− g′ �
eiξ

��
e−i(n−1)ξdξ.

Položme G = R + i(−ε, K ′) pro dostatečně malé ε > 0. Pro ω ∈ F , kde F je libovolná
kompaktní podmnožina G. Odhadneme

|an(x(ω)) − bn(ω)| ≤ 1

2πn

Z 2π

0

��f ′ �
eiξ

�
− g′ �

eiξ
��� dξ ≤ C

2πn
→ 0, n → ∞. (15)

Funkce u(ω) nemá na množině G žádné singularity, proto můžeme |u(ω)| odhadnout jejím
maximem na kompaktní podmnožině F množiny G. Důsledkem těchto úvah je rovnost

spec(Jp) =

�
x =

1

4
dn2(ω); dn(ω) cosh(KZ(ω)) = 0

�
.

Z vlastností theta funkcí a Jacobiho eliptických funkcí lze spektrum ještě víc omezit. Toto
omezení shrneme v následujícím tvrzení.

Věta 3. Spektrum operátoru Jq obsahuje nekonečně mnoho kladných čísel x ∈ [k′2, ∞)
daných implicitně rovnicemi

x =
1

4
dc2(v, k′),

H ′
1(v, k′)

H1(v, k′)
+

πv

K ′ = (2n + 1)
π

2K
, for n ∈ N0, (16)

a eventuálně konečně mnoha kladných čísel x ∈ (0, k′2] daných implicitně rovnicemi

x =
k′2

4
cd2(v, k′), cosh(KZ(iv + K)) = 0. (17)

Připomeňme, že pro spektrum operátoru Jp platí

spec(Jp) = {0} ∪ spec(Jq),

čímž je příklad dokončen.
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Abstract. Every simple Lie algebra is characterized by the corresponding irreducible root sys-
tem which determines its associated Weyl group. The Weyl group admits invariant lattices,
which in some cases have non-trivial admissible shifts. Furthermore, there exist up to four fami-
lies of orbit functions which are symmetric with respect to the action of the Weyl group. Specific
sets of orbit functions form orthogonal bases of the Hilbert spaces of discrete complex functions
defined on the intersections of (shifted) lattices with the restricted fundamental domains of the
corresponding generalized affine Weyl groups. Utilizing symmetries and lattice decompositions,
calculation of Fourier coefficients of discrete functions is simplified.

Keywords: Lie algebra, root system, Weyl group, invariant lattice, orbit function, central split-
ting

Abstrakt. Každá prostá Lieova algebra je charakterizována ireducibilním kořenovým systé-
mem, který určuje příslušnou Weylovu grupu. Weylova grupa připouští existenci invariantních
mříží, které v některých případech mají přípustná posunutí. Dále existují až čtyři rodiny orbito-
vých funkcí, které jsou symetrické vzhledem k akci Weylovy grupy. Specifické množiny orbitových
funkcí tvoří ortogonální báze Hilbertových prostorů diskrétních komplexních funkcí definovaných
na průnicích (posunutých) mříží s redukovanými fundamentálními oblastmi odpovídajících zo-
becněných afinních Weylových grup. Použitím symetrií a rozkladů mříží je zjednodušen výpočet
Fourierových koeficientů diskrétních funkcí.

Klíčová slova: Lieova algebra, kořenový systém, Weylova grupa, invariantní mříž, orbitová
funkce, centrální rozklad

1 Introduction

This article describes the so-called central splitting mechanism for discrete orbit function
transforms. The first two sections are dedicated to preliminaries required for the study of

∗This work was supported by the Grant Agency of the Czech Technical University in Prague, grant
No. SGS22/178/OHK4/3T/14.
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orthogonal families of orbit functions on shifted Weyl group invariant lattices, including
generalized affine Weyl groups, already studied in [1, 2, 3] and [4]. The third section
deals with decompositions of said lattices which are consequently used to define the
splitting point and label sets. These lattice decompositions are used to express the
original generalized affine Weyl group as a semidirect product of a smaller affine Weyl
group and a certain finite group. Inspired by [5], the final section describes the central
splitting of a function transform defined on a fundamental domain using this factorization.
A necessary condition for the existence of the splitting transforms is that the fundamental
domain in question is invariant with respect to the action of the finite group mentioned
above. Possible applications and future research topics are discussed in the conclusion.

2 Weyl groups and invariant geometric lattices

Any simple Lie algebra L of rank n is characterized by n simple roots ∆ = {α1, . . . , αn}
forming α−basis of the Euclidean space Rn with the standard scalar product denoted
by ⟨·, ·⟩. The corresponding dual simple Lie algebra L∨ is specified by dual simple roots
α∨

1 , . . . , α∨
n that are determined as rescaled simple roots by

α∨
i =

2αi

⟨αi, αi⟩
. (1)

The simple roots of the Lie algebras An, Dn, E6, E7 and E8 are of equal length. In the
case of the algebras Bn, Cn, F4 and G2, there are two different root lengths, therefore ∆
is disjointly decomposed into the set of short simple roots ∆s and the set of long simple
roots ∆l,

∆ = ∆s ∪ ∆l, ∆s ∩ ∆l = ∅. (2)

In these cases, it is customary to use the normalization condition

⟨α, α⟩ = 2, ∀α ∈ ∆l (3)

and to consider the simple roots to be long otherwise.
A reflection ri, associated to each simple root αi, i = 1, . . . , n, is given by

ri(x) = x − ⟨x, α∨
i ⟩αi, x ∈ Rn. (4)

The Weyl group W of L is generated by reflections r1, . . . , rn. For simple Lie algebras
with one root length, there exists two sign homomorphisms on Weyl group σ : W → {±1}
denoted by 1 and σe and defined on the generators r1, . . . , rn as

1(ri) = 1, σe(ri) = det(ri) = −1, αi ∈ ∆. (5)

In the case of simple Lie algebras with two root lengths, there are two additional sign
homomorphisms σs and σl, given by

σs(ri) =

�
−1, αi ∈ ∆s,
1, αi ∈ ∆l,

σl(ri) =

�
1, αi ∈ ∆s,
−1, αi ∈ ∆l.

(6)
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A geometric lattice L in Rn is defined as the Z–linear span of a basis of Rn. L is said
to be W–invariant if

WL ⊂ L. (7)

Since W is a group, it must in fact hold that WL = L. The dual lattice L⊥ of the
geometric lattice L is defined as

L⊥ = {a ∈ Rn | ⟨a, l⟩ ∈ Z, ∀l ∈ L} . (8)

Two important consequences of the duality relation (8) are that (L⊥)⊥ = L and that L
is W–invariant if and only if L⊥ is W–invariant.

Every simple Lie algebra admits two W–invariant lattices, the root lattice Q and the
dual root lattice Q∨, given by

Q = Z − span(α1, . . . αn), Q∨ = Z − span(α∨
1 , . . . α∨

n). (9)

Their (W–invariant) duals are weight lattice P = (Q∨)⊥ and the dual weight lattice
P ∨ = Q⊥. The fundamental weights are the vectors ωi ∈ Rn satisfying


ωi, α∨
j

�
= δij (10)

and the fundamental dual weights are the vectors ω∨
i ∈ Rn such that

⟨ω∨
i , αj⟩ = δij. (11)

The definitions (10) and (11) are used to show that

P = Z − span(ω1, . . . , ωn), P ∨ = Z − span(ω∨
1 , . . . , ω∨

n ). (12)

In [6], it is proven that every geometric lattice S satisfying Q ⊂ S ⊂ P is W–invariant.
It is possible to view geometric lattices as commutative groups. In particular, for

lattices K = Z − span(k1, . . . , kn) ⊂ L = Z − span(l1, . . . , ln) related by

li =
nX

j=1

Mijkj, (13)

it holds that
|L/K| = | det M |. (14)

The relationships between weights, roots, dual weights and dual roots are given by

αi =
nX

i=1

Cijωj, α∨
i =

nX
i=1

Cjiω
∨
j , (15)

where C is the Cartan matrix of the underlying Lie algebra. The order formula (14) is
used to explicitly compute the orders |P/Q| = |P ∨/Q∨| = | det C| (see [6, 7] for details).

More general W–invariant discrete subsets of Rn are constructed in [8, 9] using W–
invariant geometric lattices. Denoting Lϱ ≡ ϱ + L for any ϱ ∈ Rn, the shift ϱ is called
admissible if it satisfies the requirement

W (ϱ + L) ⊂ ϱ + L, i.e., WLϱ ⊂ Lϱ, (16)
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An(n ≥ 1) Bn(n ≥ 3) Cn(n ≥ 2) Dn(n ≥ 4) E6 E7 E8 F4 G2

|P/Q| n + 1 2 2 4 3 2 1 1 1

Table 1: Orders of the commutative groups P/Q for Lie algebras of a given type.

or, equivalently, if it holds that

ϱ − wϱ ∈ L, ∀w ∈ W. (17)

Two admissible shifts ϱ, χ of a given lattice L are called equivalent if they satisfy the
equality

ϱ + L = χ + L. (18)

Any shift equivalent to 0 is called trivial. It follows from the condition (17) that any
l ∈ L is an admissible shift of L, thus an admissible shift of L is trivial if and only if it
belongs to L.

For any s ∈ Rn, define T (s) as the mapping given by T (s)x = x + s for every x ∈ Rn.
The generalized affine Weyl group W aff

L is the group generated by the reflections ri and
the shifts T (li) where L = Z − span(l1, . . . , ln) is a W–invariant lattice. It can be shown
that

W aff
L = L ⋊ W. (19)

The fundamental domain FL of W aff
L is a subset of Rn which contains exactly one point

from each orbit of the natural action of W aff
L on Rn, given by

z · x = wx + l, z = T (l)w ∈ W aff
L . (20)

The restricted fundamental domain F σ
L (κ) is the set

F σ
L (κ) =

n
x ∈ FL | σ(w)e2πi⟨κ, l⟩ = 1, ∀ T (l)w ∈ StabW aff

L
(x)

o
(21)

where κ ∈ Rn is an admissible shift of L⊥ and StabW aff
L

(x) denotes the stabilizer of x ∈ FL

in W aff
L .

3 Discrete orthogonality of orbit functions

Given a simple Lie algebra L, the associated Weyl group and a sign homomorphism
σ ∈ {1, σe, σs, σl}, the orbit function of type σ is defined as the mapping φσ : Rn×Rn → C
given by

φσ
b (x) =

X
w∈W

σ(w)e2πi⟨wb, x⟩ (22)

for b, x ∈ Rn. The vector b is called the label and x is called the argument of φσ.
Throughout the rest of this article, we shall consider two W–invariant lattices A, B

such that B⊥ ⊂ A with the vector ϱ ∈ Rn being an admissible shift of A and χ ∈ Rn

an admissible shift of B. For any natural number M ∈ N, the label set Λσ
M(Aϱ, Bχ) is

defined as the fragment of Aϱ contained in the magnified fundamental domain MF σ
B⊥ and
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the point set F σ
M(Aϱ, Bχ) is defined as the fragment of the rescaled shifted lattice 1

M
Bχ

comprised in F σ
A⊥ ,

Λσ
M(Aϱ, Bχ) = Aϱ ∩ MF σ

B⊥(χ), F σ
M(Aϱ, Bχ) = 1

M
Bχ ∩ F σ

A⊥(ϱ). (23)

A scalar product of complex-valued functions f, g on F σ
M(Aϱ, Bχ) is defined by

⟨f, g⟩σ,M
Aϱ,Bχ

=
X

s∈F σ
M (Aϱ,Bχ)

εA⊥(s)f(s)g(s), (24)

where the discrete function εA⊥ : F σ
M(Aϱ, Bχ) → N is given by

εA⊥(s) =
|W |���StabW aff

A⊥
(s)

��� . (25)

The Hilbert space of such functions equipped with the scalar product (24) is denoted
Hσ

M(Aϱ, Bχ).
It turns out that the Weyl orbit functions φσ

λ labelled by λ ∈ Λσ
M(Aϱ, Bχ) form an

orthogonal basis of Hσ
M(Aϱ, Bχ). In particular, the discrete orthogonality relations are

⟨φσ
λ, φσ

ν ⟩σ,M
A,B = Mn |W |

��B/A⊥�� ���StabW aff
B⊥

�
λ
M

���� δλν , λ, ν ∈ Λσ
M(Aϱ, Bχ). (26)

Any complex-valued function f sampled on F σ
M(Aϱ, Bχ) is interpolated by linear combi-

nations I(Aϱ, Bχ)σ
M [f ] of Weyl orbit functions,

I(Aϱ, Bχ)σ
M [f ](x) =

X
λ∈Λσ

M (Aϱ,Bχ)

cλ(Aϱ, Bχ)σ
M [f ]φσ

λ(x), (27)

satisfying
I(Aϱ, Bχ)σ

M [f ](s) = f(s), s ∈ F σ
M(Aϱ, Bχ). (28)

The frequency spectrum coefficients cλ(Aϱ, Bχ)σ
M [f ] are calculated from the discrete or-

thogonality relation (26) as

cλ(Aϱ, Bχ)σ
M [f ] =

�
Mn |W |

��B/A⊥�� ���StabW aff
B⊥

�
λ
M

�����−1 X
s∈F σ

M (Aϱ,Bχ)

εA⊥(s)f(s)φσ
λ(s).

(29)

4 The splitting point and label sets
Let C be a W–invariant geometric lattice such that B⊥ ⊂ C ⊂ A. The properties of
dual lattices imply that A⊥ ⊂ C⊥ ⊂ B and |C⊥/A⊥| = |A/C|. Denote m = |A/C| and
let ϱ0, . . . , ϱm−1 be the representatives of the distinct equivalence classes in A/C. The
decomposition of A into disjoint equivalence classes is given by

A =
m−1[
k=0

(ϱk + C) =
m−1[
k=0

Cϱk
. (30)
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Analogously, denominate the representatives of the distinct equivalence classes in C⊥/A⊥

by χ0, . . . , χm−1. The disjoint decomposition of C⊥ is

C⊥ =
m−1[
k=0

(χk + A⊥) =
m−1[
k=0

A⊥
χk

. (31)

The lattice decompositions (30) and (31) are chosen so that ϱ0 ∈ C and χ0 ∈ A⊥, therefore
ϱ0 and χ0 represent the identity elements of A/C and C⊥/A⊥ respectively. Finally, the
additional condition that every a ∈ A is an admissible shift of C is required,

a − wa ∈ C, ∀w ∈ W, ∀a ∈ A. (32)

Since every a ∈ A is an admissible shift of C, the condition (17) guarantees that for
any c⊥ ∈ C⊥, w ∈ W and a ∈ A,

Z ∋


c⊥, a − wa

�
=



a, c⊥ − w−1c⊥�

, (33)

hence any c⊥ ∈ C⊥ is and admissible shift of A⊥. For any pair of W–invariant lattices
A, C such that C ⊂ A and every a ∈ A is an admissible shift of C, there exists a
commutative subgroup Γ ⊂ W aff

A such that

W aff
A = W aff

C ⋊ Γ. (34)

Moreover, there exist w0, . . . , wm−1 ∈ W such that the elements of Γ = {g0, . . . , gm−1}
satisfy

gk = T (ϱk)wk, k = 0, . . . , m − 1, (35)

where ϱk are the representatives of the equivalence classes of A/C given by the lattice
decomposition (30).

Employing the decomposition (30), the sets Λσ
M(A, B) are disjointly decomposed into

m splitting sets Λσ,k
M (A, B) defined as finite fragments of Cϱk

= ϱk + C contained in the
magnified restricted fundamental domains MF σ

B⊥ ,

Λσ,k
M (A, B) = Λσ

M(Cϱk
, B) = Cϱk

∩ MF σ
B⊥ . (36)

The corresponding splitting point sets F σ,k
M (A, B) are defined as points from F σ

M(A, B)
comprised in the restricted fundamental domain F σ

C⊥(ϱk),

F σ,k
M (A, B) = F σ

M(Cϱk
, B) = 1

M
B ∩ F σ

C⊥(ϱk). (37)

A scalar product of any two complex-valued functions on F σ,k
M (A, B) is defined as

⟨f, g⟩σ,M,k
A,B = ⟨f, g⟩σ,M

Cϱk
,B =

X
s∈F σ,k

M (A,B)

εC⊥(s)f(s)g(s) (38)

and the Hilbert space of these functions equipped with the scalar product (38) is denoted
by Hσ,k

M (A, B).
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The fundamental orthogonality relations of orbit functions on splitting point sets are
obtained by specializing the orthogonality relations (26) using the notation (38). For this
reason, the Weyl orbit functions φσ

λ labelled by λ ∈ Λσ,k
M (A, B) form an orthogonal basis

of Hσ,k
M (A, B). More precisely, the discrete orthogonality relations are

⟨φσ
λ, φσ

λ′⟩σ,M,k
A,B = Mn |W |

��B/C⊥�� ���StabW aff
B⊥

�
λ
M

���� δλλ′ . (39)

Any complex-valued function f sampled on F σ,k
M (A, B) is interpolated by linear combi-

nations I(A, B)σ,k
M [f ] of Weyl orbit functions,

I(A, B)σ,k
M [f ](x) =

X
λ∈Λσ,k

M (A,B)

cλ(A, B)σ,k
M φσ

λ(x), (40)

satisfying
I(A, B)σ,k

M [f ](s) = f(s), s ∈ F σ,k
M (A, B). (41)

The splitting frequency spectrum coefficients cλ(A, B)σ,k
M [f ] are determined by orthogo-

nality relations (39) as

cλ(A, B)σ,k
M [f ] =

�
Mn |W |

��B/C⊥�� ���StabW aff
B⊥

�
λ
M

�����−1 X
s∈F σ,k

M (A,B)

εC⊥(s)f(s)φσ
λ(s). (42)

5 Central splitting of discrete transforms
The semidirect product decomposition (34) for the pair of W–invariant lattices A⊥ ⊂

C⊥ implies that there exists a subgroup eΓ = { eg0, . . . , egm−1} ⊂ W aff
C⊥ such that

egj = T (χj) ewj, ewj ∈ W, j = 0, . . . , m − 1. (43)

Consider a fundamental domain FA⊥ satisfying the invariance requirementeΓFA⊥ ⊂ FA⊥ . (44)

The splitting components of a complex function f : FA⊥ → C are defined as

fσ
k (x) =

1

m

m−1X
j=0

σ( ewk)e−2πi⟨ϱk, χj⟩f(egj · x), x ∈ FA⊥ . (45)

Evaluating the discrete orthogonality relationX
s∈A/C

e2πi⟨λ−ν, s⟩ = mδλν , λ, ν ∈ C⊥/A⊥ (46)

for λ = 0 and ν = χj shows that the sum of the splitting components of f coincides with
the original function f ,

m−1X
k=0

fσ
k (x) =

m−1X
j=0

1

m

m−1X
j=0

σ( ewk)e−2πi⟨ϱk, χj⟩f(egj · x) = f(x). (47)
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Substituting the expression (27) into the definition (45), while taking into account the
equality (28), the disjoint decomposition (30), the orthogonality relation (46) and the
symmetry relation

φσ
λ(egj · x) = σ( ewj)e

2πi⟨λ, χj⟩φσ
λ(x), x ∈ FA⊥ , (48)

yields the equality of the original and splitting Fourier coefficients of f for every label
λ ∈ Λσ

M(A, B),
cλ(A, B)σ

M [f ] = cλ(A, B)σ,k
M [f ]. (49)

To conclude this section, let us give an example of central splitting of the weight lattice
associated with the Lie algebra A2 where all simple roots are of equal length, therefore
only the homomorphisms 1 and σe are defined. The decomposition (30) of the weight
lattice P of the Lie algebra A2 is

P = Q ∪ (ω1 + Q) ∪ (ω2 + Q). (50)

For M = 3, the splitting label sets corresponding to the homomorphism 1 are expressed
in the ω–basis as

Λ1,0
3 (P, P ) = Q ∩ 3F 1

Q(0) = {(0, 0), (1
3
, 1

3
), (1, 0), (0, 1)},

Λ1,1
3 (P, P ) = (ω1 + Q) ∩ 3F 1

Q(0) = {(1
3
, 0), (0, 2

3
), (2

3
, 1

3
)},

Λ1,2
3 (P, P ) = (ω2 + Q) ∩ 3F 1

Q(0) = {(0, 1
3
), (2

3
, 0), (1

3
, 2

3
)}.

(51)

It holds that

Λ1

3(P, P ) = P ∩ 3F 1

Q(0) = Λ1,0
3 (P, P ) ∪ Λ1,1

3 (P, P ) ∪ Λ1,2
3 (P, P ) (52)

where the decomposition is disjoint. The splitting point sets in ω–basis are

F 1,0
3 (P, P ) = P ∩ F 1

3 ( 0 ) = {(0, 0), (1
3
, 0), (0, 1

3
), (1

3
, 1

3
)},

F 1,1
3 (P, P ) = P ∩ F 1

3 (ω1) = {(0, 0), (1
3
, 0), (0, 1

3
)},

F 1,2
3 (P, P ) = P ∩ F 1

3 (ω2) = F 1,1
3 (P, P ).

(53)

For comparison, the full set of sampling points F 1

3 (P, P ) has 10 elements,

F 1

3 (P, P ) =
�

(0, 0), (1
3
, 0), (0, 1

3
), (2

3
, 0), (1

3
, 1

3
), (0, 2

3
), (1, 0), (2

3
, 1

3
), (1

3
, 2

3
), (0, 1)

	
. (54)

Both the case σ = 1 and the other possible case σ = σe are fully examined in [10].

6 Conclusion
The main result (49) connects the Fourier coefficients of a complex function defined on
the fundamental region of W aff

A⊥ with the coefficients of its splitting components in their
respective splitting spaces. This process offers advantages in computational speed, since
it divides a large set of labels into smaller independent subsets, making it possible to
parallelize the calculation.

The special case of central splitting for the Lie Algebra A1 is known as the fast split-
radix transform. It has been studied extensively, even allowing recursive splitting of
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already split label sets [11]. For the Lie algebra A2, the central splitting mechanism was
described explicitly in the article [10]. Currently, no general recursive central splitting
process is known. If such machinery were developed, it could become a stepping stone
to a general fast recursive multi-dimensional discrete transform. The question whether
such process exists in the general case remains unsolved.

The splitting mechanism described in this article relies on the general theory of discrete
orthogonality of orbit functions, which is yet unpublished, but which is developed in
an analogous manner as the special cases examined in the articles [3, 12, 13] and [14].
Future areas of interest may include the study of orthogonality properties of the so-called
E–functions [15], which were not examined in this text, and the development of the
corresponding central splitting mechanism.
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Abstract. Alzheimer’s disease (AD) is a neurodegenerative disorder that leads to progres-
sive memory loss and impairments in cognitive function. This study applies machine learning
techniques to EEG signals to distinguish between healthy individuals and those with AD. Fre-
quency spectrum features were extracted, and dimensionality reduction was performed to reduce
the complexity of the data. Various classification methods were employed, and hyperparameters
were optimized to improve classification accuracy. The main goal of this research is to contribute
to developing automated diagnostic systems for Alzheimer’s disease using EEG data.

Keywords: Alzheimer’s disease, EEG, frequency features, classification, automated diagnostics.

Abstrakt. Alzheimerova choroba (AD) je neurodegenerativní onemocnění, které vede k po-
stupné ztrátě paměti a zhoršení kognitivních funkcí. Tento článek využívá techniky strojového
učení k analýze EEG signálů za účelem rozpoznání zdravých jedinců a jedinců s AD. Byly zís-
kány frekvenční spektrální příznaky a provedena redukce dimenze, aby se snížila složitost dat.
Bylo použito několik klasifikačních metod a optimalizace hyperparametrů pro zlepšení přesnosti
klasifikace. Hlavním cílem tohoto výzkumu je přispět k vývoji automatizovaných diagnostických
systémů pro Alzheimerovu chorobu pomocí EEG dat.

Klíčová slova: Alzheimerova choroba, EEG, frekvenční charakteristiky, klasifikáce, automatická
diagnostika.

1 Introduction

1.1 Neurological Diseases and Alzheimer’s Disease

The human nervous system is one of the most complex and vital systems responsible
for regulating movement, cognition, and other critical functions. Neurological diseases,
which disrupt the normal functioning of the brain and spinal cord, can result in various
motor and cognitive impairments. Alzheimer’s disease (AD) is one of the most prevalent
neurodegenerative disorders, causing memory loss, cognitive decline, and impairment
in motor skills due to structural and biochemical abnormalities in the brain. These
abnormalities lead to disruptions in neural communications, often manifesting as changes

∗This work was supported by the Grant Agency of the Czech Technical University in Prague, grant
No. SGS23/190/OHK4/3T/14.
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in electroencephalogram (EEG) patterns [7, 3]. EEG signals, which represent electrical
activity in the brain, can offer insights into the neural degeneration caused by Alzheimer’s
disease, providing a non-invasive approach to diagnosis.

Recent studies have shown that the complexity of EEG signals, as measured by en-
tropy, can differentiate between healthy individuals and patients suffering from AD. Per-
mutation entropy (PE), a robust tool for assessing the complexity of time series data like
EEG, has been demonstrated to detect cognitive impairments associated with neurode-
generation effectively [10].

1.2 Experiment description

Traditional methods of diagnosing neurological diseases like Alzheimer’s often involve
cognitive and behavioral assessments, which can be subjective and time-consuming. With
the advent of advanced machine learning techniques [18], automatic classification of EEG
signals has emerged as a promising method for diagnosing AD by analyzing the brain’s
electrical activity.

This paper focuses on the classification of EEG signals using features derived from
the frequency spectrum. Following the methodology proposed by Kukal et al. [10], this
experiment aims to differentiate between healthy individuals and Alzheimer’s patients
based on the complexity of their EEG signals across multiple brain channels. The signal
is preprocessed and after spectrum features are extracted, the results are analyzed to
classify patients with Alzheimer’s disease (AD) from healthy controls (HC).

Unlike previous studies that focused on classifying signals from motion sensors ap-
plied on patients with different musculoskeletal disorders [12], this work shifts the focus
to Alzheimer’s classification based on brain activity analysis. The dataset used in this
experiment includes EEG recordings from patients during rest. The primary goal of
this research is to utilize the processed EEG signals to develop a reliable classification
system, capable of identifying Alzheimer’s patients based on their brain’s electrical ac-
tivity. Applying machine learning methods to these extracted features aims to achieve
high accuracy in distinguishing between HC and individuals with AD.

2 Signal description and feature extraction

2.1 Signal and low-pas filter

The study leverages EEG data equally distributed between two classes of 56 patients (an
expansion from the original 20 patients). EEG 10–20 system of electrode placement [16]
was used to obtain a 19-channel digital EEG. The sampling frequency was 200 Hz with
22 bit AD converter.

Let us assume that the number of samples in a given record is denoted as N ∈ N,
with the k-th element of the sample represented as xk ∈ R. The sample is thus defined as
{xk}N−1

k=0 . The frequency content of the signal is processed using a low-pass filter, which
passes frequencies lower than a specified cutoff frequency while attenuating higher fre-
quencies. This is achieved by computing the Hilbert envelope [20] of the smoothed signal
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and dividing the smoothed signal by this envelope. The final step involves normalizing
the data by subtracting the mean across samples.

After, the signals are divided into segments, a necessary step for extracting power
spectrum features in subsequent processing. The signal is segmented using a windowing
system, where w ∈ N represents the window length. The k-th element of the j-th segment
is defined as {xk+jw}w−1

k=0 . The total number of segments is M = ⌊N / w⌋ ∈ N, with any
remaining data being discarded.

2.2 Segment Preprocessing and Feature Representation

Each segment of the signal is represented as a fixed-length vector, (ξ0, . . . , ξw−1), where w
is the segment length. The objective is to compute the power spectrum of the segment.
The power spectrum, (P0, . . . , Pw−1), is defined as Pk = |Ψk|2, where Ψk represents the
k-th component of the Fourier transform obtained using the Discrete Fourier Transform
(DFT) [9]:

Ψk =
w−1X
n=0

ξn · exp

�
−2πjkn

w

�
To improve computational efficiency, the segment length is chosen as w = 2m where

m ∈ N, enabling the use of the Fast Fourier Transform (FFT) [9]. After calculating the
Fourier transform, the j-th segment is represented as d⃗j = (P1, . . . , P(w/2)−1), since only
(w / 2) − 1 components are retained due to the symmetry of the Fourier transform. This
study’s segment length equals the sampling rate w = 200.

Once all segments are processed, the power spectrum of the entire signal sample is
obtained by averaging the power spectra of individual segments. This results in:

h⃗ =
1

M

MX
j=1

d⃗j,

where h⃗ is a component-wise arithmetic mean of the segment power spectra. The
final feature vector for each pattern is composed of the power spectra of the chosen
combination from any of the 19 available channels.

3 Classification methods

3.1 Dimensionality reduction

As was mentioned in the previous section, the final feature vector of a patient has a
length of L = ((w / 2) − 1) · c, where c is the number of chosen signal channels. Principal
Component Analysis (PCA) [14] was utilized to reduce the dimensionality of the problem.
For the experiment, different values of maximum components were tested. Tested values
were within the range [1, 15] ∩ N. Figure 1 shows the explained variance ratio of each
component. Since the explained variance of a principal component tells us how much of
the total variability in the dataset is captured by that component, it clearly can be seen,
that a higher value of components does not make sense.
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Figure 1: Explained variance ratio.

3.2 ν-Support Vector Machine

In this experiment, was employed the ν-Support Vector Classification (nuSVC) algo-
rithm. Like the traditional Support Vector Machine (SVM) [17], nuSVC aims to find a
hyperplane that maximally separates data points from different classes. However, nuSVC
provides additional flexibility through the parameter ν, which is a value in the range (0, 1].
The ν parameter controls two key aspects: the upper bound on the fraction of margin
errors (i.e., misclassified data points) and the lower bound on the fraction of support vec-
tors. A higher value of ν increases the number of support vectors and allows for a looser
margin with potentially more misclassifications, while a lower value enforces a stricter
margin with fewer support vectors [4].

For handling non-linear data, nuSVC can be combined with a kernel function, which
maps data into a higher-dimensional space where a linear hyperplane can separate the
classes. In this experiment, the Radial Basis Function (RBF) kernel [8] was selected, as
it is a popular choice for non-linear classification tasks. The RBF kernel is defined as:

K(x, x′) = exp(−γ||x − x′||2)

where γ is a hyperparameter that controls the influence of individual training examples.
Higher values of γ focus more on nearby points, making the model more sensitive to local
variations in the data, while lower values of γ consider a broader range of points. The
term ||x − x′||2 represents the squared Euclidean distance between two feature vectors.

In this experiment, various values of γ were tested within the range [γd −0.1, γd +0.1],
where γd represents the default gamma suggested by the Scikit-learn library [11], which
equals the number of features multiplied by the variance of the dataset. This approach
allowed for adjusting the model’s sensitivity to the data.

Additionally, different values of the ν parameter were explored. However, the maxi-
mum value of ν depends on the ratio between the number of classes and the number of
samples. In binary classification problems, ν must satisfy the following condition:

ν <
min(n+, n−)

n
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where n+, n− are numbers of positive and negative class samples, and n is the total
number of samples [5]. This allowed us to find a balance between the number of support
vectors and classification accuracy. Through this tuning process, both ν and γ parameters
were optimized to achieve the best classification performance.

The decision function in nuSVC, as in SVM, can be expressed as a combination of
the support vectors:

f(x) =
NX

i=1

αiyiK(xi, x) + b

where αi are the learned coefficients for each support vector, yi is the class label, K(xi, x)
is the kernel function (RBF in this case), and b is the bias term. The ν parameter directly
influences the number of support vectors included in this sum, thereby controlling the
trade-off between margin size and classification errors [4].

3.3 K-Nearest Neighbors (KNN)

Another method applied in this study is the K-Nearest Neighbors (KNN) algorithm.
KNN operates on the principle that similar data points are likely to belong to the same
class. Specifically, the algorithm classifies a new data point based on the majority class
of its K nearest neighbors in the feature space [15].

The choice of K is a crucial hyperparameter in KNN as it directly influences the
model’s behavior. A small value of K tends to make the model sensitive to local noise,
potentially leading to overfitting, while larger values of K smooth out the decision bound-
ary, which can reduce the model’s sensitivity to variations in the data but may increase
bias [2]. During the experiment, different odd values of K in the range [3, 15] were tested.
Since KNN classifies a point based on the majority vote of its nearest neighbors, with an
even value of K, there is a higher likelihood of a tie in votes between the two classes and
this will require additional logic to resolve, which complicates the classification process.

For this experiment, the Euclidean distance was used, defined as:

d(x, x′) =

vuut nX
i=1

(xi − x′
i)

2

where x and x′ are two feature vectors and n represents the number of features. The
Euclidean distance measures the straight-line distance between two points, making it a
natural choice for many classification tasks [2].

3.4 Ridge Regression (RR)

The final classification method applied in this study is Ridge Regression. RR modifies
traditional linear regression by adding a regularization term, which penalizes large coef-
ficients, helping to prevent overfitting and improving generalization, especially in cases
of multicollinearity or high-dimensional data [1]. The regularization is controlled by the
α parameter, which determines the strength of the penalty. A higher α results in more
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regularization, leading to smaller coefficients and a simpler model, while a lower α allows
the model to fit the training data more closely [19].

RR minimizes the following cost function:

J(θ) = ||y − Xθ||2 + α||θ||2

where, ||y − Xθ||2 represents the sum of squared residuals, which measures how well
the model’s predictions match the observed data. The term ||θ||2 is the L2-norm of the
coefficient vector θ, and serves as a regularization term that penalizes large coefficients.

During testing of RR, several values of α using a logarithmic scale over the range
[10−3, 103] were tested. After training the RR model, the continuous regression output
was converted into binary classification predictions by applying a threshold of 0.5. Any
predicted value greater than or equal to this threshold was classified as 1 (AD), while
values below the threshold were classified as 0 (HC). This was made to unify the way of
evaluation of the model’s precision.

4 Results

The entire experimental process was implemented using the Python programming lan-
guage. Data preprocessing was performed utilizing the SciPy library [13], while classi-
fication methods were employed through the Scikit-learn library [6]. The performance
of the trained classifiers was evaluated using cross-validation. The available dataset was
partitioned into two subsets: 70% of the data was allocated for training the models, and
the remaining 30% was reserved for testing. Numerous attempts to train the classification
model were dedicated to finding the best channel combination. For this case was pre-
pared a Python function that generates a random combination of unique channels of all
possible sizes. Unfortunately testing all possible combinations will be a time-consuming
task. However as was mentioned after a lot of attempts the best combination that was
found is {0, 5, 6, 14, 15}. For the evaluation of the performance of classification methods,
several common classification metrics were employed: accuracy, sensitivity, and speci-
ficity. Accuracy is the ratio of correctly classified samples (both positive and negative)
to the total number of samples. It is calculated as:

acc =
TP + TN

TP + TN + FP + FN

where TP is the number of true positives, TN is the number of true negatives, FP is
the number of false positives, and FN is the number of false negatives. Sensitivity, also
known as recall or true positive rate (TPR), measures the model’s ability to correctly
identify positive instances. It is given by the formula:

se =
TP

TP + FN

Finally, specificity, or true negative rate (TNR), reflects the model’s ability to correctly
identify negative instances. It is calculated as:
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sp =
TN

TN + FP

During the preparation of the result, a problem with visual representation was en-
countered. Since the dataset is comparatively small, different parameter values result in
the same output of acc, se, and sp. Furthermore each false positive or true negative clas-
sifier output results in a significant change in values. The best choice, in this case, was
to visualize the result with plots. However, instead of plotting sensitivity and specificity
separately, critical sensitivity defined as se∗ = min(se, sp) was used. Accordingly, each
examined classifier performance is measured by plotting acc and se∗ in comparison with
other classifier parameters.

(a) Dynamic of acc with the change of ν. (b) Dynamic of se∗ with the change of ν.

Figure 2: Evaluation of ν-SVM.

All the outputs that resulted with acc < 0.85 were cut off. It is worth mentioning
that the change of the γ parameter for ν-SVM was insignificant, and changes in this
parameter resulted in worse than the default γ. As clearly can be seen from both plots,
best accuracy and critical sensitivity were achieved with ν in the range [0.03, 0.30] with
dimensionality 14 or 15. The best result yet with specified parameters is acc = 94.12,
se = 1.00, sp = 0.91.

The next classification method is KNN, which resulted in similar performance. For
KNN all outputs with acc < 0.75 were cut off, as a result only dimensions from 3 to 9
and K ∈ {3, 5, 7, 9} showed significant results. The Figure 3a represents the dependency
of accuracy in dimensionality with different values of K. The Figure 3b shows the depen-
dency of critical sensitivity in the same way. The best result of KNN classification was
achieved with d = 4 and d = 9 with nearest neighbors K = 3 and K = 5 with output
acc = 94.12, se = 0.83, sp = 1.00.

The final classification method tested in this study is RR. The overall performance
of RR was slightly worse than in the previous two methods, but it is negligible since the
best result achieved is roughly the same. Similar to the previous method all outputs with
acc < 0.75 were cut off. The Figure 4a and Figure 4b depict the dependency of accuracy
and critical sensitivity accordingly in dimensionality with different values of parameter
α. The bottom x-axis scale is set to logarithmic on both plots. The best values of critical
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(a) Dynamic of acc with the change of d. (b) Dynamic of se∗ with the change of d.

Figure 3: Evaluation of KNN.

(a) Dynamic of acc with the change of α. (b) Dynamic of se∗ with the change of α.

Figure 4: Evaluation of RR.

sensitivity and accuracy were achieved with dimensionality d = 9 and d = 10. However α
in range [100.25, 101.7] maximized the acc, when se∗ reached its maximum in higher range
of α values, with range [10−3, 101.7]. Finally, the best output with mentioned parameters
is acc = 94.12, se = 0.83, sp = 1.00.

5 Conclusion
In conclusion, this study demonstrates the efficiency of classifying EEG signals for the
diagnosis of AD using a combination of spectral feature extraction and machine learning
techniques. AD causes distinct changes in brain activity patterns, which differentiate it
from the EEG signals of healthy individuals. These abnormalities, associated with neural
degeneration, can be identified and classified using various machine learning algorithms.
The approach successfully differentiated between Alzheimer’s patients and healthy indi-
viduals with high accuracy across multiple classifiers, namely ν-Support Vector Machine,
K-Nearest Neighbors, and Ridge Regression. The preprocessing steps, such as low-pass
filtering, power spectrum extraction, and dimensionality reduction, ensured that the clas-
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sifiers could efficiently handle the high-dimensional nature of EEG data. While promising,
the results may not represent the optimal solution due to limited data and the random
selection of EEG channels. With 19 channels available, were explored different combi-
nations, but not all, leaving uncertainty about whether the chosen subset is the best.
Future research with larger datasets and a more exhaustive channel selection could im-
prove classification performance. Nonetheless, the primary objective of the experiment
to demonstrate that power spectrum features from EEG signals can reliably distinguish
between AD and HC groups of patients was successfully achieved.
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Abstract. Reaction-diffusion systems constitute a significant research area that aids in un-
derstanding many complex phenomena in nature. These systems attract broad interest across
various scientific disciplines, including mathematics, physics, chemistry, and biology. In this
paper, the Burgers-type equation, in particular, plays a crucial role in comprehending reaction-
diffusion systems. It explores the Burger’s type equation as a versatile model for understanding
reaction-diffusion pattern formation, surpassing the limitations of traditional models like the
Turing model. The equation’s nonlinearity, incorporating diffusion and advection terms, en-
ables it to describe a wide range of phenomena, including complex patterns observed in various
natural systems. The study also investigates its application in diverse scientific fields and its
integration with nonequilibrium thermodynamics. The paper outlines foundational definitions,
emphasizing their importance for subsequent analyses, and details the mathematical formu-
lation, including numerical methods. Results from applying the Burger’s type equation to
reaction-diffusion systems are presented, concluding with insights into the broader implications
for mathematical modeling and natural systems analysis.

1 Introduction

Nonlinear differential equations mainly model real-life problems and they play a vital
role in understanding mathematics, physics, chemistry, and other branches of applied
sciences. These diverse phenomena include but are not limited to fluid mechanics, solid-
state physics, plasma physics, nonlinear optics, quantum mechanics, finance, atmospheric
studies, mechanics, biology, evolution, and equilibrium thermodynamics which is the nat-
ural extension of mechanics. Two important notions, heat, and temperature, which are
absent in mechanics, constitute the pillars of establishing equilibrium thermodynamics
as a branch of science. Fourier, Carnot, Kelvin, Clausius, Gibbs, and others established
the first steps and concepts of thermodynamics. Thermodynamics began in 1822 with
Fourier’s publication derived the partial differential equation for the temperature distri-
bution in a rigid body. Non-equilibrium thermodynamics is a branch of thermodynamics,
and it aims to propose a general scheme for the derivation of transport laws by ensuring
that they are compatible with the laws of thermodynamics. Non-equilibrium situations
are well understood to a certain degree, both from the thermodynamic and the pattern-
forming model’s points of view. Also, Reaction-diffusion systems have been an important
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area of research in many scientific fields including mathematics, physics, chemistry, and
biology. The study of these systems has been largely motivated by their ability to de-
scribe various natural phenomena, such as pattern formation, wave propagation, and
oscillations. One of the most widely studied models of pattern formation is the Turing
model, which is based on a set of partial differential equations that describe the dynam-
ics of interacting chemicals. However, this model has limitations in its ability to capture
complex patterns that are often observed in natural systems.

In recent years, Burger’s type equation has emerged as an alternative model for study-
ing reaction-diffusion pattern formation. This nonlinear partial differential equation in-
corporates both diffusion and advection terms, and it is therefore considered to potentially
describe a broader range of phenomena compared to the Turing model. The Burger’s type
equation has been used to study a variety of systems, including population dynamics, fluid
dynamics, and chemical reactions. One of the main advantages of Burger’s type equa-
tion is its ability to describe the formation of complex patterns that simpler models do
not capture. In particular, it is capable of describing the formation of traveling waves,
spatiotemporal chaos, and other patterns that arise in many natural systems. This has
led to significant interest in the use of the Burger’s type equation as a tool for under-
standing pattern formation in a variety of scientific fields. Burger’s type equation has
also been used in conjunction with the principles of non-equilibrium thermodynamics,
which provides a framework for understanding the behavior of systems that are far from
equilibrium. This has led to new insights into the relationship between pattern formation
and the principles of non-equilibrium thermodynamics.

In this exposition, we commence by establishing the requisite definitions to enhance
the clarity of our discourse. Primarily, we elucidate the essence of the Burger’s type
equation, followed by a comprehensive exploration of reaction-diffusion systems. After
these foundational definitions, we delve into the explication of key terms such as pattern
formations, Turing models, Brusselator model, and Linearization. These definitions serve
as indispensable prerequisites for comprehension of the solutions presented in this paper.

Our primary focus is on the exploration of Burger’s type equation as a model for
reaction-diffusion pattern formation. This entails a meticulous review of the fundamental
principles underpinning Burger’s type equation, elucidation of its relationship with Turing
models and reaction-diffusion systems, and an examination of its utility in the analysis of
pattern formation. Furthermore, we scrutinize the application of non-equilibrium ther-
modynamics to the Burger’s type equation, aiming to unravel insights into the intricate
behavior exhibited by far-from-equilibrium systems.

Following the theoretical foundations, we describe the mathematical formulation cen-
tral to our study. We outline the numerical methods used to solve Burger’s type equation,
including a detailed explanation of spectral methods, Fourier analysis, Fourier transform,
and fast Fourier transform, and their roles in our analytical framework. We then present
our empirical results, summarizing the findings from applying Burger’s type equation to
reaction-diffusion pattern formation. Finally, we conclude with comments on the sig-
nificance and implications of our research within the broader context of mathematical
modeling and the analysis of natural systems.
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2 Mathematical Formulation

2.1 Burger’s Type Equation

Burger’s equation is a partial differential equation used to describe the motion of fluids
or gases, such as liquids. It helps analyze the movement and behavior of the fluid by
defining its velocity, pressure, and density. The equation was first introduced by Harry
Bateman in 1915 and later studied by Johannes Martinus Burger’s in 1948. The general
form of Burger’s equation is given:

∂u

∂t
+

∂u

∂x
u =

∂2u

∂t2
(1)

Burger’s equation is a nonlinear partial differential equation that includes a first-order
partial derivative term and an advection term. This equation expresses the behavior of
fluid variables that change in both time and space. The advection term represents the
relationship between the fluid’s velocity and density, while the advection term illustrates
the nature of fluid motion.

Johannes Martinus Burgers (1895-1981) is the name given in conjunction with the
Burger’s equation. The general form of Burger’s equation in one-dimensional space is
known as the viscous (or viscid) Burger’s equation. When the diffusion term is absent, it
becomes the inviscid Burger’s equation. The analyses of Burgers’s equation are performed
for the viscid and the inviscid of Burger’s equation. The viscid of Burgers’s equation is
parabolic Partial Derivative Equations and inviscid of Burgers’s equation is hyperbolic
Partial Derivative Equations, so both of them will require different solution methods.
The inviscid Burgers’ equation, which poses significant analytical challenges, is used to
develop and analyze methods for accurate calculations. It is a conservation equation that
can develop discontinuities (shock waves). [5].

Burger’s equation is a simple combination of nonlinearity and diffusive effects,-and
it was originally proposed by simplifying the model of turbulence which is exhibited by
Navier-Stokes equations. The Cole-Hopf transformation is one of the techniques that can
be used to linearize the nonlinear Burger’s equation [11].

Burger’s equation finds applications in various fields. It is used as a tool to under-
stand and predict the behavior of fluids in fluid dynamics, solid physics, gas dynamics,
and biophysics, among others. Additionally, Burger’s equation is employed to explain
phenomena like shock waves, turbulence, and oscillations in fluids. Due to its complex-
ity, Burger’s equation is typically solved using numerical methods. This involves the use
of computer simulations and computational techniques. Through these means, Burger’s
equation enables the prediction of fluid motion behavior and the modeling of real-world
problems.

The instability now identified with Alan Turing’s name [19] is believed to be involved
in the formation of structure in many systems of biological interest. The instability
leads to a process that might be called differentiation and in its simplest realization is
the result of a competition between an activator and an inhibitor diffusing at different
rates. The instability that results has one characteristic property: its resulting patterns
or wavelength is determined by the concentrations of ambient species and the diffusion
coefficients and is therefore independent of any externally imposed length scales. In the
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process of morphogenesis, the instability is likely to be triggered by the increasing scale
of the system: the instability occurs once the system is large enough that it contains
several natural wavelengths of the instability [10] [12].

2.2 Reaction Diffusion Equation

The reaction-diffusion equation is a mathematical model that describes the interaction
between chemical reactions and diffusion processes. It is widely used in various disciplines
such as biology, chemistry, and physics, as well as other fields. The reaction-diffusion
equation typically defines the density and spread of one or more chemical species. It
consists of two fundamental terms: the diffusion term and the reaction term. The general
form of the equation is given:

ut = D∆u + R(u) (2)

Here, u represents to unknown vector function with regards to time t and space x. D
represents the diffusion coefficient and R(u) represents the reaction term, which describes
how the substance reacts or changes based on its concentration. The diffusion term is
associated with the random movement of matter or energy from areas of high concen-
tration to areas of low concentration. It represents the spreading rate and distribution
of matter or energy. The reaction term accounts for the rate or speed of chemical re-
actions. It captures the interactions and transformations between chemical species. By
combining the diffusion and reaction terms, the reaction-diffusion equation enables the
modeling of density changes and their propagation in a system over time. It is used
to explain the formation of waveforms, patterns, and structures. The reaction-diffusion
equation is solved using numerical methods or analytical approaches. This allows for
predicting density distributions in a system under specific initial or boundary conditions.
Solving the reaction-diffusion equation helps us understand how chemical reactions and
their spreading [14].

Reaction-diffusion (RD) systems have attracted increasing attention from the scien-
tific community in recent years as investigators have begun to seek insights into the
fascinating patterns that occur in living organisms, ecological systems, geochemistry, and
in physicochemical systems. The rapid growth of the field of systems biology has further
contributed to interest in RD systems.[21]

Thermodynamically stable spatial structures, like crystals (snowflakes), micelles, mem-
branes, and other aggregates are said to arise via self-assembly. Another class of struc-
tures, of which Turing patterns are perhaps the best-known example, occur only far from
equilibrium. They are said to involve self-organization and result from mechanisms that
may be called dissipative. Introduced theoretically by Turing, and extensively studied,
these routes to pattern formation couple nonlinear chemical kinetics and diffusion. These
dissipative or nonequilibrium patterns include spiral waves, Turing patterns, standing
waves, and other spatiotemporal phenomena that require an input of energy [17]. Dif-
fusion processes play a role in both self-assembly and self-organization, while chemical
kinetics is important only in the latter case. A detailed understanding of self-assembly
requires knowledge of the explicit form of the interaction potential between particles or
molecules, which allows us to calculate such thermodynamic functions as energy and
entropy [3] [6].
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2.3 Pattern Formation

Pattern formation is a process of the emergence or organization of repetitive structures
in natural or physical systems. These processes can be observed in various natural phe-
nomena such as the arrangement of cells, crystal formation, wave generation, population
distribution, the stripes on a zebra, the patterns of blood vessels, or the honeycomb
structure of a beehive [6]. Several mechanisms contribute to pattern formation, and the
specific mechanism depends on the system under consideration. Here are two key factors
commonly observed in pattern formation:
1. Turing Patterns: Proposed by Alan Turing, Turing patterns involve the interaction
between an activator and an inhibitor. In systems where the activator promotes its pro-
duction and that of the inhibitor, while the inhibitor suppresses both, spatial patterns
can arise through a process known as ”Turing instability [19].”
2. Symmetry Breaking: Symmetry breaking occurs when a system undergoes a transition
from a symmetric state to an asymmetric one. Small perturbations or fluctuations can
trigger this process, resulting in the formation of patterns with broken symmetry.

Understanding pattern formation involves studying the underlying mechanisms, the
interactions between components, and the nonlinear dynamics that give rise to pattern
emergence. Mathematical models, including reaction-diffusion equations, partial differ-
ential equations, and agent-based models, are used to simulate and describe pattern
formation processes[21] [7].

2.4 Burgers’-Type Equation As a Model of Reaction-Diffusion
Pattern Formation

Self-organizing models have gained renewed interest, with applications and studies rang-
ing from mathematics to various fields [12]. These models are often linked to Turing’s
(1952) reaction-diffusion concept, which shows how patterns can form if certain condi-
tions in reaction kinetics and diffusion are met. Despite its simplifications, Turing’s idea
inspired further developments, particularly in nonequilibrium thermodynamics [17]

From a thermodynamics perspective, diffusion should relate to the gradient of chem-
ical potential rather than concentration, which complicates the diffusion equation but
introduces interesting behaviors not seen in simpler models[8]. In simple terms, Fick’s
law states that particles move from areas of high concentration to low concentration,
leading to a constant diffusion coefficient. However, this assumption can be thermody-
namically inconsistent in more complex situations, especially when there is a nonzero
thermodiffusion coupling in nonisothermal cases.

On the other hand, the Maxwell–Stefan model describes diffusion as driven by dif-
ferences in chemical potential, not just concentration gradients. This model allows for
situations where mass transport occurs ”against” the natural direction suggested by con-
centration gradients. Unlike Fick’s law, the Maxwell–Stefan model can be thermodynam-
ically consistent even in complex settings [13] [8].

Cross-diffusion, where the concentration gradient of one species affects the transport of
all species, has also been explored [21]. The thermodynamic viewpoint can thus offer new
insights into reaction-diffusion systems, showing how diffusion combined with reaction
kinetics can lead to pattern formation, even in seemingly counterintuitive ways.
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The Burgers-type equation is a mathematical equation used as a model for reaction-
diffusion pattern formation. This equation describes the interaction between reaction
and diffusion processes in a specific system. Reaction-diffusion patterns explain the
emergence of complex structures observed in various natural phenomena, as well as in
biological pattern formation, chemical reaction-diffusion systems, and materials science.
A comprehensive description of reaction-diffusion phenomena can be developed while en-
suring thermodynamic consistency, although, for simplicity, we will focus on a specific
case[6][15]. Our approach is based on classical irreversible thermodynamics. In the fol-
lowing sections of this paper, we will proceed with the newly derived equation, which
includes the additional term we have introduced. The derivation of this equation, along
with the incorporation of the new term, is detailed in the subsequent discussion and
certain references will provide valuable guidance for our study [11] [6] [14]

We examine a system that is isothermal, isobaric, and free from external forces. In
continuum thermodynamics, the choice of state variables is crucial as it determines both
the mathematical unknowns and the level of description. This may involve distinguishing
between constituents, like the composition of a mixture, or specifying distinct velocities
and temperatures. Partial quantities, indexed by k ∈ {1, 2, . . . , n}, relate to individual
constituents, while total or mixture quantities refer to averaged properties, such as the
barycentric velocity.

In this study, we consider the state variables ρk(t, x), v(t, x), and s(t, x), as the partial
densities of species k, the mixture’s barycentric velocity, and the total entropy, respec-
tively. We assume that while individual velocities are not tracked, the mixture composi-
tion ρk is known. We use the following notation:

ck =
ρk

ρ
, ρ =

X
k

ρk, v =
X

k

ckvk, (3)

Jk = ρk(vk − v) = ρkuk, (4)

where ck denotes mass fractions, vk are partial velocities (not state variables), uk are
diffusion velocities, and Jk are diffusion fluxes. Non-state variables must be expressed in
terms of the state variables. To establish these relationships, we start with definitions
and use the second law to derive constitutive relations.

Note that
P

k ck = 1 and
P

k Jk = 0. Consequently, one of the diffusive fluxes depends
on the others. The balance equations for partial densities in Eulerian coordinates are:

∂ρk

∂t
= −∇ · (ρkv) − ∇ · Jk + ρ̂k, (5)

where the local mass source arises from reaction kinetics or phase transitions: ρ̂k =P
α νkαMkrα. Here, νkα are stoichiometric coefficients, Mk is the molar mass, and rα is

the reaction rate for the (α)-th reaction. If all constituents are tracked in the model,P
k ρ̂k = 0 due to total mass conservation. We focus on reaction-diffusion phenomena,

assuming mechanical and thermal equilibrium.
For a mixture in mechanical equilibrium (with stationary advection and a constant

barycentric velocity v, zero in the mixture reference frame), we model the system with:

∂ρk

∂t
= −∇ · Jk + ρ̂k (6)
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To close this system, we need to establish constitutive relations (closures) for Jk as func-
tions of state variables. We use the standard non-equilibrium thermodynamics approach
by formulating the entropy balance:

∂s

∂t
= −∇ · Js + ŝ (7)

where the entropy flux Js and entropy production ŝ are defined in terms of the state
variables [6]. The second law requires that entropy production ŝ is nonnegative: ŝ ≥ 0.
The chemical potential µk is defined through Gibbs’ relation [15]:

T
ds

dt
=

du

dt
+ p

d (1/ρ)

dt
−

X
k

µk
dck

dt
. (8)

Here, T is the equilibrium temperature, u is the internal energy, and p is the pressure.
The mixture density ρ is obtained from ρk, while the mixture velocity v must be related
to the partial velocities. Substituting Gibbs’ relation into the entropy balance equation
and using the mass balance 5, we get the entropy production:

0 ≤ T ŝ = −
X

k

Jk · ∇µk +
X

α

rαAα (9)

where the affinity of a reaction is Aα = −
P

k νkαMkµk. The entropy production T ŝ has
a bilinear form T ŝ =

P
JiXi, with Ji representing fluxes and Xi representing driving

forces.
For finding closures, replacing partial velocities vk or diffusive fluxes Jk) with diffu-

sion velocities uk is useful. The entropy balance conforms to classical non-equilibrium
thermodynamics [6] [9]. However, the decomposition of the entropy evolution equation
into divergence terms and entropy production is not unique. Recent work [15] suggests
extending the affinity to include diffusion kinetic energy:

Aα → Aα + Adiffu
α , Adiffu

α = −
X

k

νkαMk
u2

k

2
(10)

Based on the level of complexity and generality one aims to achieve, it is possible to
identify the constitutive relation. By applying Curie’s principle (isotropic system) [6] [9],
only fluxes and forces of the same tensorial order can be coupled. Additionally, we will
proceed with a common simplification—though not strictly necessary—that assumes no
coupling at all. Under these conditions, we arrive at Fick’s law of diffusion.

This correction reflects the kinetic energy contribution to reaction rates. Reactions
can be seen as collisions where velocity affects the rate. This study aims to predict how
diffusion kinetic energy influences concentration evolution. Assuming isotropy and no
coupling between fluxes and forces, we derive Fick’s law of diffusion, the sought consti-
tutive relation:

Jk = −D̃k∇(µk − µn), k = 1, . . . , n − 1 (11)

rα = kα(Aα + Adiffu
α ) (12)

Here, D̃ represents a phenomenological coefficient related to diffusion, and we have
used only the n − 1 independent forces µk − µn. It is important to note that the
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Maxwell–Stefan model of diffusion differs from the Fickian model in one key aspect: the
Fickian model assumes no coupling, whereas in the Maxwell–Stefan model, each diffusive
flux is influenced by all reaction affinities[13].

These relations complete the mass balances, except for µn, which depends on ρn and
can be expressed in terms of the other densities ρk and the total density ρ. Using the
Gibbs–Duhem equation under constant pressure and temperature:

0 =
S

m
dT − 1

ρ
dp +

X
k

ckdµk =
X

k

ckdµk, (13)

we find

−∇µn =
n−1X
k=1

ck

cn

∇µk =
n−1X
k=1

ρk

ρn

∇µk =
n−1X
k=1

ρk

ρ −
Pn−1

l=1 ρl

∇µk (14)

Thus, the system of equations governing the system is:

∂ρk

∂t
= ∇ ·

"
n−1X
j=1

D̃kj

 
δjk +

ρ −
Pn−1

l=1 ρl

ρj

!
∇µj

#
+

X
α

ναk(Aα + Adiffu
α ) (15)

For simplicity, we consider a binary mixture, which can be modeled by:

∂ρ1

∂t
= −∇ · J1 + ρ̇1, (16)

while the evolution of ρ2 is linked to ρ1 as:

∂ρ1

∂t
+

∂ρ2

∂t
=

∂ρ

∂t
= ρ̇1 + ρ̇2 = 0. (17)

We can express the mass conservation constraint as: ρ1(t, x) + ρ2(t, x) = f(x), which
implies that: ρ̂1(ρ1, ρ2) = ρ̂1 (ρ1, f(x) − ρ1). This allows us to simplify our description to a
single governing equation 16. However, in cases where the system is not conserved—such
as when we do not track all components or reactions—the evolution of ρ2 remains con-
nected to the tracked evolution of ρ1. Thus, the total density ρ evolves according to the
differential equation:

∂ρ

∂t
= ρ̇1 + ρ̇2. (18)

As a result, a single equation for the state variable ρ1 may not decouple. It is important
to note that we do not explicitly state the dependence of variables on time t and space
x. For instance, the source terms in the final equation might exhibit nonlocal behavior
in both space and time within a non-conservative system. Consequently, the decoupling
of the single equation (9) would not occur under such circumstances. In this case, we
may not be able to separate the equation for ρ1. For simplicity, we focus on the main
equation for ρ1.

∂ρ1

∂t
= ∇ ·

�
D̃1

ρ

ρ − ρ1

∇µ1

�
−

X
α

ν1αkα

2X
k=1

νkα
u2

k

2
−

X
α

ν1αkα

2X
k=1

νkαµk| {z }
R1(ρ,ρ1)

(19)
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where the first term represents Fickian diffusion, the last term is the classical reaction
term, and the middle term represents the new kinetic energy contribution. Using relations
for diffusion velocities:

u2
1 = (

J1

ρ1

)2, u2
2 = (

J2

ρ − ρ1

)2, (20)

and relating the gradient of chemical potential to density gradient, we obtain:

∂ρ1

∂t
= ∇ · (D1∇ρ1) + K1(∇ρ1)2 + R1(ρ1), (21)

where we use the Fickian diffusion coefficient and is expressed as: D1 = D̃1
1
c2

∂µ1

∂ρ1
following

the standard notation [14]. Additionally, we introduce a new parameter K1 into the
description;

K1 =
1

ρ2
D2

1

 X
α

−ν1αkα

�
ν1α(

c2

c1

)2 + ν2α

�!
(22)

where the first term represents the classical Fick’s diffusion eq.-(21), the last term repre-
sents the classical reaction terms, and the middle term is new advection term of particular
interest. Our new equation typically includes three fundamental terms that interact with
each other: the diffusion term, the advection term and the reaction term. Where the
advection term represents the contribution of the kinetic energy of diffusion. This term
emerges from a different separation of entropy change into entropy production and the
divergence of entropy flux, a consideration absent in classical models. Since entropy pro-
duction forms the basis for constitutive relations (including Fickian diffusion), this leads
us to a modified transport model for diffusion. We then analyze a simple model incorpo-
rating this additional term, make comparisons, and discuss the implications for Turing’s
classical reaction–diffusion model. The diffusion term, on the other hand, represents the
process of matter or energy spreading from areas of high concentration to areas of low
concentration. The equation is a nonlinear partial differential equation and is typically
solved using numerical methods or analytical approaches. To study reaction-diffusion
pattern formation, it is necessary to solve the equation under specific initial or bound-
ary conditions. This allows for predicting how a particular system forms patterns and
spreads.

In previous works, as we mentioned before, K and R coefficients were used as being
constant but we do not accept the coefficient of the advection term K and reaction term
R being constants [11]. Thus, we keep the original functional form of these coefficients in
our current study. Then we consult the Brusselator modeling to find an approximation
to new terms, which requires reformation of the model for three species.

2.5 Brusselator Model

The Brusselator model is a theoretical framework designed to describe a simplified chem-
ical reaction system that exhibits self-oscillatory behavior and pattern formation [16].
Introduced by Ilya Prigogine and colleagues in 1968, this model aims to capture the dy-
namic evolution of chemical reactants and the emergence of complex patterns from simple
interactions.
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The Brusselator model is typically represented by a set of coupled partial differential
equations and k1, k2, k3 and k4 are the rate constants for the respective chemical reactions.
These rate constants determine the speed at which each reaction proceeds. The reaction
scheme is given by:

A
k1−→ X,

B + X
k2−→ Y + D,

2X + Y
k3−→ 3X,

X
k4−→ E.

Here, A, B, D and E are chemical species with constant concentrations, while X and
Y are the species whose concentrations vary over time.

The dynamical behavior of the concentrations of X and Y is described by the following
differential equations as we follows form the law of mass action:

dX

dt
= k1A + k3X2Y − k2BX − k4,

dY

dt
= k2BX − k3X2Y.

A, B, D and E are considered constant and denoting the concentration of X and Y as
determined from the initial conditions of the system.

X = ρ1 = k1 − k2X + k3X2Y − k4X,

Y = ρ2 = k2X − k3X2Y.

To incorporate spatial diffusion into the Brusselator model is given by dρ
dt

= ρ̃1 +
ρ̃2 = k1 − k4X ̸= 0, hence it is a non-conservative system. Assuming u(x, t) and v(x, t)
denote the concentrations of the two reactants as functions of spatial coordinate x and
time t. We use the above non-equilibrium thermodynamic framework to formulate a
relevant Brusselator model including the spatial diffusion. In adapting the previously
derived equation 19 for the Brusselator model, we focus on the stoichiometric coefficients,
denoted as νkα which are crucial for characterizing the binary mixture in Brusselator
model. By selecting the appropriate coefficients for the four reactions k1, k2, k3 and k4, we
can rearrange the terms to yield a formulation that effectively captures the interactions
between species. This approach provides a robust framework to explore the complex
dynamics inherent in the system.

The governing equation are given in eq-(19), the equation simplifies to:

∂ρ1

∂t
= ∇ · (D1∇ρ1) − k1 − (k2 + k4)ρ1 + k3ρ2

1(ρ − ρ1)

+ (∇ρ1)2

�
1

2
D2

1

�
k1 + k2 + k3 + k4

ρ2
1

− k2 + k3

(ρ − ρ1)2

��
.

(23)

In this context, the coefficient K is given by:

K = −1

2
D2

1

�
k1 + k2 + k3 + k4

ρ2
1

− k2 + k3

ρ2
2

�
. (24)
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And the reaction term R is:

R = k1 − (k2 + k4)ρ1 + k3ρ2
1ρ2. (25)

Incorporating these terms, the final form of the Brusselator model with diffusion and
reaction terms is:

∂tρ1 = D1∆ρ1 + (∇ρ1)2

�
−1

2
D2

1

�
k1 + k2 + k3 + k4

ρ2
1

− k2 + k3

(ρ − ρ1)2

��
| {z }

K(ρ,ρ1)

+...

... + k1 − (k2 + k4)ρ1 + k3ρ2
1(ρ − ρ1)| {z }

R(ρ,ρ1)

(26)

dρ

dt
= k1 − k4ρ1 (27)

This formulation accounts for the spatial diffusion of reactants and the nonlinear re-
action kinetics, providing a comprehensive description of the system’s dynamics, with
K(ρ, ρ1) properly dependent on ρ, ρ1. However, we noticed that it is intrinsically non-
linear. So, our main goal is to reveal the linear equation with the new terms. For this
purpose, we try to transfer our equation, nonlinear form to linear form in derivatives in
Results and Discussion section.

3 Numerical Methods

In this study, we numerically investigate the Burgers-type equation as a model for under-
standing reaction-diffusion pattern formation outside of the classical Reaction-Diffussion
approach. Burgers-type equation captures the interplay between reaction and transport
processes, leading to the emergence of complex patterns in various systems. To obtain
a numerical solution for this equation, we employ the Fourier analysis method. Fourier
analysis allows us to decompose the solution in space and its underlying frequency com-
ponents, revealing the fundamental dynamics and spatial patterns present in the system.
By utilizing the Fourier transform, we can efficiently solve the equation and study the
behavior of the pattern formation process. In this article, we present a detailed analy-
sis of the Burgers-type equation using Fourier analysis and showcase the effectiveness of
this approach in capturing the intricate patterns that arise from the interplay between
reaction and transport.

There are numerous numerical solution techniques available; however, our focus will be
on finite methods and spectral methods. The distinction between finite element methods,
finite difference methods, and spectral methods primarily lies in how they approximate
the solution. In finite element methods, the domain is divided into small, finite sections
where local polynomials are used to approximate the solution within these sub-intervals.
Similarly, finite difference methods approximate the unknown function using low-order
polynomials that interpolate values at specific discretization points, resulting in approx-
imations expressed as weighted sums of these values. In contrast, spectral methods use
global smooth functions, such as Fourier or Chebyshev series, to represent the solution.
The choice of these global functions typically depends on the problem’s characteristics.
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3.1 Spectral Methods

Spectral methods are a group of numerical techniques used to solve mathematical prob-
lems, especially those involving differential or integral equations. These methods often
make use of spectral tools like Fourier analysis, Chebyshev polynomials, and Legendre
polynomials, among others.

3.1.1 Fourier Analysis

Fourier analysis is a method for decomposing a periodic function into an infinite series
of sine and cosine functions. Consider a periodic function f(x) defined over the interval
x ∈ [−π, π]. The function can be expressed as a sum of sine and cosine terms, each
multiplied by coefficients that capture the function’s characteristics. These coefficients,
called the Fourier coefficients, are given by:

an = 1
π

R π

−π
f(t) cos(nt)dt, n ≥ 0

bn = 1
π

R π

−π
f(t) sin(nt)dt, n ≥ 1

(28)

are called the Fourier coefficients of f . Here, n is a non-negative integer, and the integrals
compute the coefficients for the cosine (an) and sine (bn) components. The Fourier series
of the function f(x) is given by

f(x) =
1

2
a0 +

∞X
n=1

(an cos(nx) + bn sin(nx)) (29)

If the function f(x) is periodic on some interval [−L, L], a simple change of variables

x′ =
xL

π
(30)

can be used to transform the interval of integration. In this case, the Fourier series read

f(x) =
1

2
a0 +

∞X
n=1

�
an cos

�
nπx′

L

�
+ bn sin

�
nπx′

L

��
(31)

with
an = 1

L

R L

−L
f (x′) cos

�
nπx′

L

�
dx′, n ≥ 0,

bn = 1
L

R L

−L
f (x′) sin

�
nπx′

L

�
dx′, n ≥ 1

(32)

A key question in Fourier analysis is when the Fourier series converges to the original
function. If a function is square-integrable over the interval [−π, π], then its Fourier
series will converge to the function at almost every point. Specifically, the series converges
absolutely and uniformly to f(x) if f(x)’s derivative is also square-integrable. A piecewise
regular function with a finite number of discontinuities and extreme can be expressed as
a Fourier series. This series converges to the function at points where it is continuous
and to the average of the limits at points of discontinuity. Near discontinuities, the n-th
partial sum of the Fourier series can show significant oscillations, which is known as the
Gibbs phenomenon. [18].
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3.1.2 Fourier Transform

The Fourier transform can be seen as an extension of the complex Fourier series when
the interval length L approaches infinity. By replacing the discrete coefficient cn with
the continuous function F (k) dk and substituting n/L 7→ k, the sum in the Fourier series
becomes an integral. For an integrable function f(x), this results in the Fourier transform
representation:

f(x) =

Z ∞

−∞
F (k)e2πikxdk

F [f(x)] =

Z ∞

−∞
f(x)e−2πikxdx

(33)

Here,

F (k) = F [f(x)](k) =

Z ∞

−∞
f(x)e−2πikxdx (34)

is called the forward Fourier transform, and

f(x) = F −1[F (k)](x) =

Z ∞

−∞
F (k)e2πikxdk (35)

is called the inverse Fourier transform. After covering the basic properties of the Fourier
Transform, we introduce its two main types: Continuous Fourier Transformation (CFT)
and Discrete Fourier Transformation (DFT). These are used to analyze the frequency
content of signals in continuous and discrete domains, respectively. While CFT deals
with continuous signals, our focus will be on the Discrete Fourier Transformation (DFT)
[18].

3.1.3 Discrete Fourier Transformation

The Discrete Fourier Transform (DFT) converts a discrete signal into its frequency com-
ponents and is commonly used in digital signal processing, computer science, and engi-
neering. Consider a discrete function with a sequence of N complex numbers x0, . . . , xN−1.
The DFT transforms this sequence into another sequence X0, . . . , XN−1 using the follow-
ing formula:

Xk =
N−1X
n=0

xne− 2πi
N

kn, k = 0, . . . , N − 1 (36)

The inverse discrete Fourier transform (IDFT) is defined as

xn =
1

N

N−1X
k=0

Xke
2πi
N

kn, n = 0, . . . , N − 1 (37)

3.1.4 Fast Fourier Transform (FFT)

The Fast Fourier Transform (FFT) is a method to quickly calculate the Discrete Fourier
Transform (DFT) of a sequence. Instead of computing the DFT directly, which can be
slow, FFT makes the process much faster by breaking it down into smaller, manageable
parts.
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For a sequence xn with N elements, the DFT is:

Xk =
N−1X
n=0

xne− 2πi
N

kn (38)

The Cooley-Tukey algorithm is a common approach used in FFT. It works by dividing
the DFT of size N into smaller DFTs of size N/2. This is done by separating the sequence
into two parts: one with the even-numbered elements and one with the odd-numbered
elements:

Xk =

N/2−1X
n=0

x2ne− 2πi
N/2

nk + e− 2πi
N

k

N/2−1X
n=0

x2n+1e− 2πi
N/2

nk (39)

By repeatedly dividing the problem into smaller pieces, the FFT algorithm signifi-
cantly reduces the time needed to compute the DFT. This makes the FFT much faster
compared to calculating the DFT directly [4].

3.1.5 Pseudo-Spectral Method

The pseudo-spectral method is a powerful numerical technique used for solving partial
differential equations (PDEs), especially those with periodic boundary conditions. It
leverages the Fourier transform to convert differential equations in the spatial domain
into algebraic equations in the frequency domain, which simplifies the computational
process.

In this method, the solution f(x) of a PDE is represented as a Fourier series:

f(x) =
N−1X
k=0

F (k)ekx 2πi
N , (40)

This transformation simplifies the differentiation operations to multiplications in the
frequency domain.

The pseudo-spectral method proceeds by applying the discrete Fourier transform
(DFT) to convert spatial derivatives into algebraic terms. After solving the algebraic
equations, the inverse discrete Fourier transform (IDFT) is used to return to the spatial
domain. This approach ensures high accuracy due to its spectral resolution, meaning
errors decrease rapidly as the number of Fourier modes increases, provided the function
is smooth. Overall, the pseudo-spectral method is valued for its efficiency and precision
in handling PDEs with periodic boundaries [4].

4 Results and Discussion

In this paper, we explore the numerical analysis of pattern formation in a reaction-
diffusion system modeled by a modified Burgers equation. Nonlinear equations are
prevalent in various scientific disciplines, often modeling complex systems with intri-
cate behaviors. These equations can be challenging to solve analytically, especially when
they involve multiple interacting processes such as diffusion, advection, and reaction. In
such cases, linearization techniques are employed to approximate the nonlinear equation
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around a specific point, making it easier to analyze the system’s behavior and derive
numerical solutions.

One prominent example of a nonlinear system is the Brusselator model, which is widely
used to describe chemical reactions and other processes that exhibit pattern formation.
The model involves reaction-diffusion equations that account for the spatial distribution
of chemical species and the interplay between reaction kinetics and diffusion. In this
study, we focus on a modified version of the Burgers equation, which includes additional
advection and reaction terms to capture the complexity of the Brusselator model. The
modified equation is linearized to facilitate the analysis and numerical simulation of
pattern formation. The original nonlinear equation is given by:

∂tρ1 = D1∆ρ1 + (∇ρ1)2

�
−1

2
D2

1

�
k1 + k2 + k3 + k4

ρ2
1

− k2 + k3

(ρ − ρ1)2

��
| {z }

K(ρ,ρ1)

+...

... + k1 − (k2 + k4)ρ1 + k3ρ2
1(ρ − ρ1)| {z }

R(ρ,ρ1)

(41)

dρ

dt
= k1 − k4ρ1 (42)

After presenting the Brusselator model and its linearization, we proceed with solving
the linearized equation numerically using the Fast Fourier Transform (FFT) method.
This technique is particularly effective for problems with periodic boundary conditions,
as it efficiently transforms the partial differential equation into the frequency domain.
In this domain, the equation simplifies into a system of ordinary differential equations,
which are more straightforward to solve numerically.

To apply the FFT method, we discretize the spatial domain into N points, where N
is chosen as a power of two to enhance the efficiency of the FFT algorithm. The dis-
cretized linearized equation is then converted to the frequency domain, where nonlinear
advection and reaction terms are represented as convolutions. These convolutions are
computed using the FFT, which enables both efficient and accurate solutions. Alongside
the FFT method, we employ the pseudo-spectral method in our numerical simulations.
This approach involves representing the solution u(x, t) as a sum of basis functions, typi-
cally Fourier modes, and solving the corresponding system of equations for these modes’
coefficients. The pseudo-spectral method is known for its high accuracy in capturing the
dynamics of nonlinear systems, making it well-suited for analyzing pattern formation in
reaction-diffusion systems.

In the numerical solution of the Brusselator model, we focused on key components:
parameter settings, initial conditions, spatial and temporal discretization, and numer-
ical integration methods like ode45. These choices were made to address the model’s
complexity and nonlinear nature. The pseudo-spectral method allows for high accuracy
in capturing complex patterns such as localized peaks, oscillations, and traveling waves.
Meanwhile, the FFT method is computationally efficient, providing smooth and stable
solutions for larger domains and longer time scales while reducing computational costs.

Using the pseudo-spectral method, we comprehensively studied the spatial and tem-
poral evolution of the concentration field u(x, t), observing various patterns influenced by
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parameters in the modified our governing equation. The spatial domain was divided into
a uniform grid to apply periodic boundary conditions, and initial conditions were based
on steady-state solutions. In the Fourier space, the first and second derivatives were
calculated using the wavenumbers, facilitating the efficient handling of nonlinear terms
and ensuring accurate time evolution of the system. Numerical stability was maintained
by selecting appropriate time steps and spatial resolution. The results are presented in
the following figures, illustrating how different parameters impact pattern formation and
the dynamics of the system over time.

Figure 1: Illustration of the modified Burgers equation using FFT and pseudo-spectral
methods with parameters D = 0.01, k1 = 1, k2 = 1, k3 = 2, k4 = 1, and N = 215. The
figure shows the emergence of complex patterns with localized peaks and oscillations,
demonstrating the effectiveness of our methods in capturing the dynamics of the system.

Figure 1 shows the solution of the modified Burgers equation using both the FFT
and pseudo-spectral methods with a specific set of parameters. The chosen values for
the diffusion coefficient D and the reaction coefficients k1, k2, k3, and k4 are intended to
emphasize the formation of intricate patterns, such as localized peaks and oscillations.
The high resolution provided by N = 215 discretization points ensures that these patterns
are captured with great detail.

The plot illustrates how the spatial distribution of ρ1 evolves over time in the Brusse-
lator model. Initially, ρ1 is fairly uniform, but as time progresses, distinct patterns and
fluctuations begin to appear, showcasing the system’s dynamic behavior. Over time, ρ1

may develop complex structures or periodic patterns, reflecting the system’s tendency to-
ward organization or stabilization. This visualization captures the transition of ρ1 from
its initial state through various stages, highlighting how the system evolves based on
parameter values and inherent dynamics.
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Figure 2: Illustration of the modified Burgers equation using FFT and pseudo-spectral
methods with parameters D = 0.2, k1 = 1, k2 = 1.5, k3 = 1, k4 = 1.5, and N = 214. The
figure demonstrates the robustness of our method, showing consistent pattern formations
across different parameter settings. The patterns resemble those observed in previous
studies, such as those by Alfifi et al.

Figure 3: Illustration of the modified Burgers equation using FFT and pseudo-spectral
methods with parameters D = 0.002, k1 = 1, k2 = 1.7, k3 = 1, k4 = 1.7, and N = 215.
The figure highlights the sensitivity of the system to changes in the diffusion coefficient,
resulting in detailed pattern formation with fine structures.



138 H. Yurtbak

Figure 2 presents results using a different set of parameters to illustrate the robust-
ness of our numerical methods. The patterns observed match those from previous studies,
such as by [2], validating our approach across various parameter settings. With param-
eters D = 0.2, k1 = 1, k2 = 1.5, k3 = 1, k4 = 1.5, and N = 214, the higher diffusion
constant D leads to a broader and less sharp peak, indicating increased diffusion and a
smoother concentration profile. Adjustments in reaction parameters also modify the bal-
ance between reaction kinetics and diffusion, affecting pattern formation. The observed
gradual gradient reflects the system’s increased diffusivity, resulting in less localized and
smoother spatial transitions.

Figure 3 demonstrates the system’s sensitivity to changes in the diffusion coefficient D.
With a lower value of D = 0.002, the simulation reveals more intricate pattern formation
with fine structures, emphasizing how minor parameter variations can significantly alter
system behavior. The figure shows the solution for the modified Burgers equation with
parameters D = 0.002, k1 = 1, k2 = 1.7, k3 = 1, k4 = 1.7, and N = 215. The minimal
diffusion allows reaction kinetics to dominate, leading to sharp, localized structures with
minimal spreading. The higher resolution with N = 215 captures these details effectively.
Increased reaction parameters k2 and k4 enhance the sharpness of the patterns formed.

Figure 4: Illustration of the modified Burgers equation using FFT and pseudo-spectral
methods with parameters D = 0.2, k1 = 2, k2 = 0.5, k3 = 1, k4 = 0.5, and N = 215.
The figure shows the effects of altering the reaction coefficients, particularly the increase
in k1 and decrease in k2, resulting in different pattern formations compared to previous
figures.

Figure 4 examines the effects of varying the reaction coefficients k1 and k2. The
increase in k1 and decrease in k2 result in different pattern formations compared to
previous figures, highlighting the intricate interplay between reaction terms and pattern
development. The figure illustrates the solution with parameters D = 0.2, k1 = 2,
k2 = 0.5, k3 = 1, k4 = 0.5, and N = 215. The higher diffusion constant D causes a
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Figure 5: Illustration of the modified Burgers equation using FFT and pseudo-spectral
methods with parameters D = 0.002, k1 = 1, k2 = 1.7, k3 = 1, k4 = 1.7, and N = 100.
The figure shows an error in the solution due to the reduced number of discretization
points, highlighting the importance of choosing an appropriate discretization for accurate
results.

Figure 6: Illustration of the modified Burgers equation using FFT and pseudo-spectral
methods with parameters D = 0.002, k1 = 1, k2 = 0.5, k3 = 1, k4 = 1.7, and N = 215.
The figure shows a more complex pattern formation in a three-dimensional simulation,
demonstrating the capabilities of our method in higher-dimensional settings.
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more dispersed pattern compared to Figure 3. The increased k1 and k4 values, coupled
with reduced k2 and k3, shift the balance towards a more diffusive behavior, resulting in
broader peaks. The high resolution with N = 215 captures these details precisely, even
with the increased diffusion.

Figure 5 illustrates the effects of reducing the number of discretization points N to
100, similar to the approach used by [20]. The solution with parameters D = 0.002,
k1 = 1, k2 = 1.7, k3 = 1, k4 = 1.7, and N = 100 reveals significant errors, including
irregular and non-physical oscillations. This figure highlights the inadequacy of such a low
discretization level, which leads to aliasing errors and numerical instabilities in spectral
methods like FFT. The insufficient resolution fails to capture the system’s dynamics
accurately, resulting in unrealistic and spurious oscillations. The results underscore the
critical importance of selecting a sufficient number of discretization points to ensure
accurate and stable numerical solutions, as poor resolution can severely degrade solution
quality and lead to misleading conclusions.

Figure 6 presents a three-dimensional simulation of the modified Burgers equation,
showcasing the advanced pattern formation capabilities of our numerical methods. With
parameters D = 0.002, k1 = 2, k2 = 0.5, k3 = 1, k4 = 0.5, and N = 215, this figure
illustrates a scenario with minimal diffusion, allowing the formation of sharp, well-defined
structures, such as by [1]. The high diffusion constant D = 0.002 ensures that diffusion
is minimal, facilitating the development of robust, stable patterns. The increased value
of k1 suggests more vigorous reaction kinetics, further enhancing the system’s ability to
sustain localized patterns. The high spatial resolution N = 215 guarantees that these
intricate structures are accurately captured, validating the effectiveness of the FFT and
pseudo-spectral methods in higher-dimensional simulations of reaction-diffusion systems.

Each figure demonstrates the intricate interplay between diffusion and reaction kinet-
ics, illustrating how variations in the diffusion coefficient and reaction parameters affect
the formation, sharpness, and spatial distribution of patterns in the reaction-diffusion sys-
tem governed by Burgers’ equation. Our numerical simulations reveal that both the FFT
and pseudo-spectral methods are effective for analyzing pattern formation in reaction-
diffusion systems. These simulations provide valuable insights into the complex dynamical
behaviors observed in various scientific fields, including chemistry, biology, and physics.

Overall, the modified Burgers’ equation, with its additional advection and reaction
terms, serves as a robust model for studying reaction-diffusion dynamics. Our application
of FFT and pseudo-spectral methods has successfully captured the complex patterns and
behaviors characteristic of these systems. Future research should explore the sensitivity
of these results to varying initial conditions, extend investigations to higher-dimensional
systems, and assess the impact of noise and external perturbations to further enhance
our understanding of these dynamic processes.
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Abstract. The accurate localization of acoustic emission sources in thin plates is critical for
applications in structural health monitoring and non-destructive testing. Traditional numerical
methods often struggle with issues such as wave dispersion and boundary reflections, which
can significantly degrade localization performance. This study presents a hybrid experimental-
computational approach that integrates the Image Source Method (ISM) with Time Reversal
(TR) techniques to enhance source localization accuracy in thin plates.

The proposed method modifies the ISM to incorporate dispersive wave propagation and
general models of reflections and attenuation, allowing for a more accurate representation of
wave behavior in thin materials. The Green’s function is evaluated independently at various
points, enabling localized analysis without the need for a comprehensive mesh, as required in
Finite Element Methods (FEM).

The method is validated using and experiment conducted on a thin aluminum plate equipped
with an ultrasonic transducer and a laser vibrometer for precise measurement of wavefields. The
temporal signals are captured and, first, analyzed to assess the correlation between experimental
and simulated data, and second, a computation one-channel TR is performed utilizing signals
transferred to the model. The experimental data (forward propagation) is compared to the
simulation using two measures: phase difference and cumulative Pearson correlation coefficient
assessing individual wave arrivals separately.

The study evaluates the impact of signal duration on focusing amplitude and spatial width
during one-channel TR simulations. It was found that the method is capable to perform source
localization, however, the choice of signal duration determines the efficiency. The optimal sig-
nal length balances the need for sufficient wave contributions to the focus while minimizing
extraneous energy that could degrade the signal-to-noise ratio.

The findings indicate that the hybrid approach effectively mitigates the challenges associated
with wave dispersion and boundary reflections. By leveraging the ISM and TR techniques, the
method demonstrates improved localization performance compared to traditional methods. The
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results underscore the importance of selecting appropriate signal durations to optimize focusing
and localization accuracy.

This research contributes to the field of acoustic emission localization by providing a robust
framework that combines experimental validation with computational modeling. The modified
ISM, coupled with TR techniques, offers a promising solution for enhancing source localization
in thin plates, with significant implications for structural health monitoring and non-destructive
testing applications. Future work will focus on further refining the method and exploring its
applicability to more complex geometries and materials.

Keywords: image source method, time reversal, source localization, Lamb waves, wave dispersion

Abstrakt. Pro aplikace v oblasti monitorování stavu konstrukcí a nedestruktivního testování je
zásadní přesná lokalizace zdrojů akustické emise v tenkých deskách. Tradiční numerické metody
se často potýkají s problémy, jako je disperze vln a odrazy na okrajích, které mohou výrazně
zhoršit lokalizační schopnosti. Tato práce představuje hybridní experimentálně-výpočetní pří-
stup, který integruje metodu zrcadlových zdrojů (ISM) s technikou časové reverzace (TR) s
cílem zvýšit přesnost lokalizace zdrojů v tenkých deskách.

Navrhovaná metoda modifikuje ISM tak, aby zahrnovala disperzní šíření vln a obecné modely
odrazů a útlumu, což umožňuje přesnější reprezentaci chování vln v tenkých materiálech. Gree-
nova funkce je vyhodnocována nezávisle v různých bodech, což umožňuje lokalizovanou analýzu
bez nutnosti vytvářet kompletní síť, jak to vyžaduje metoda konečných prvků.

Metoda je ověřena pomocí experimentu provedeného na tenké hliníkové desce osazené ultra-
zvukovým snímačem a laserovým vibrometrem pro přesné měření ultrazvukových vln. Zachycené
signály jsou jednak analyzovány s cílem posoudit korelaci mezi experimentálními a simulovanými
údaji a jednak je proveden výpočet jednokanálové TR s využitím signálů přenesených do modelu.
Experimentální data ( přímé šíření) se porovnávají se simulací pomocí dvou ukazatelů: fázového
rozdílu a kumulativního Pearsonova korelačního koeficientu, které posuzují jednotlivé příchody
vln samostatně.

Práce se zabývá hodnocením vlivu délky signálu na amplitudu fokusace a prostorovou šířku
při simulaci jednokanálové TR. Bylo zjištěno, že metoda je schopna provést lokalizaci zdroje,
avšak volba délky trvání signálu ovlivňuje účinnost. Optimální délka signálu vyvažuje potřebu
dostatečných příspěvků vlnových příchodů do místa fokusace a zároveň minimalizuje množství
energie, která zhoršuje poměr signálu k šumu.

Výsledky ukazují, že hybridní přístup řeší problémy spojené s rozptylem vln a odrazy od
okrajů. Využitím technik ISM a TR metoda vykazuje lepší lokalizační výkonnost ve srovnání s
tradičními metodami. Výsledky podtrhují důležitost výběru vhodných délek signálů pro opti-
malizaci fokusace a přesnosti lokalizace.

Tento příspěvek do oblasti lokalizace akustických emisí poskytuje robustní koncept, který
kombinuje experimentální testování s modelováním. Modifikovaná ISM ve spojení s technikami
TR nabízí řešení pro zlepšení lokalizace zdrojů v tenkých deskách, což má významný dopad na
monitorování stavu konstrukcí a nedestruktivní testování.

Klíčová slova: metoda zrcadlových zdrojů, časová reverzace, lokalizace zdrojů, Lambovy vlny,
disperze vln

Full paper: R. Zeman, J. Kober, M. Scalerandi, J. Krofta, M. Chlada. Hybrid experi-
mental/computational approach to Time Reversal source localization in thin plates using
image source method. Applied Acoustics 218 (2024) 109873.
https://doi.org/10.1016/j.apacoust.2024.109873.
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Figure 1: Computed time reversal. Signal maxima in the position of the original acoustic
source, zoomed focus.
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Figure 2: Focus amplitude and spatial width vs. duration of the input signal. The
results obtained for 20 different choices of the transducer used for the one-channel TR
are reported. Focus amplitude is normalized by the RMS of the wavefield out of the area
of the focusation. Focus width is measured at half maximum.
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Abstract. High-energy physics experiments require significant computing resources to operate
their high-level trigger systems. Typically, these systems are constructed as extensive computing
farms with cutting-edge expensive hardware to provide sufficient computing power. Usually
located on-site, these systems process detector data in real time and minimize their latency.
In this paper, we present an alternative high-level filter system specifically designed for the
AMBER experiment at CERN. The novelty of our approach lies in its high efficiency, which
eliminates the need for a dedicated on-site computer farm. Instead, it makes use of existing
shared resources housed in the CERN data center. The proposed system efficiently handles the
data generated by the medium-sized experiment and performs numerous parallel filtering tasks in
an online fashion. All system components operate within a shared, fully virtualized environment,
including databases, storage, and processing units. This flexible environment scales effectively,
allowing adjustments to allocated resources based on agreements with service managers. We
present the architectural design and the implementation of such a system. To demonstrate
its capabilities, we have conducted various measurements assessing its performance, latencies,
and stability under maximum (expected) loads. These results demonstrate the resilience and
reliability of the filtering system while optimizing overall costs to a minimum.

Keywords: data acquisition, data handling, high energy physics computing, software perfor-
mance, readout systems, parallel processing

Abstrakt. Experimenty ve fyzice vysokých energií vyžadují značné výpočetní zdroje k provozu
jejich vysoce úrovňových trigger systémů. Typicky jsou tyto systémy konstruovány jako rozsáhlé
výpočetní farmy s nejmodernějším a nákladným hardwarem, aby poskytly dostatečný výpočetní
výkon. Tyto systémy se obvykle nacházejí na místě experimentu, zpracovávají data z detektorů
v reálném čase a minimalizují latenci. V tomto článku představujeme alternativní systém pro
vysoce úrovňovou filtraci, speciálně navržený pro experiment AMBER v CERNu. Novinkou na-
šeho přístupu je jeho vysoká efektivita, která eliminuje potřebu lokální výpočetní farmy. Místo
toho využívá stávající sdílené zdroje umístěné v datovém centru CERNu. Navrhovaný systém
efektivně zpracovává data generovaná středně velkým experimentem a provádí řadu paralelních
filtračních úloh v reálném čase. Všechny komponenty systému fungují v rámci sdíleného, plně
virtualizovaného prostředí, včetně databází, úložišť a výpočetních jednotek. Toto flexibilní pro-
středí se dokáže efektivně škálovat, což umožňuje přizpůsobení přidělených zdrojů na základě

∗This work was supported by the Ministry of Education, Youth and Sports of the Czech Republic
(grant LM2023040), Charles University (grant PRIMUS/22/SCI/017), and the Grant Agency of the
Czech Technical University in Prague (grant SGS23/190/OHK4/3T/14).

147



148 M. Zemko

dohod se správci služeb. Představujeme architektonický návrh a implementaci takového systému.
Abychom prokázali jeho schopnosti, provedli jsme různá měření hodnotící jeho výkon, latenci a
stabilitu při maximálním (očekávaném) zatížení. Tyto výsledky ukazují odolnost a spolehlivost
filtračního systému při současné optimalizaci celkových nákladů na minimum.

Klíčová slova: sběr dat, zpracování dat, Výpočty ve fyzice vysokých energií, výkon softwaru,
systémy čtení dat, paralelní zpracování

Full paper: M. Zemko et al. AMBER Experiment’s Online Filter System for Virtualised
IT Infrastructure. IEEE Transactions on Nuclear Science, vol. RT2024, 2024. DOI:
10.1109/TNS.2024.3442305. URL: https://ieeexplore.ieee.org/document/10634186.


