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Abstract. Understanding how information propagates through neural networks is crucial for
optimizing their performance and bottlenecks. In this paper, we investigate the use of Mutual
Information (MI) to quantify information flow through different architectures of feedforward
neural networks. First, we demonstrate the robustness of the Mutual Information Neural Esti-
mator in handling high-dimensional noisy data and fluctuated input labels. Subsequently, our
experiments analyze how network depth and width influence information retention and com-
pression. These findings contribute to understanding interactions between network architecture
and information flow. Such a tool enables one to extract insights for designing more efficient
models.

Keywords: Information Flow, Mutual Information Estimation, Neural Networks

Abstrakt. Porozumeéni, jak se informace Sifi neuronovymi sitémi, je zasadni pro optimalizaci
jejich vykonu a detekci problematickych mist v jejich designu. V tomto ¢lanku zkouméame
vyuziti vzajemné informace k méfeni toku informace skrze rtizné architektury neuronovych siti.
Nejprve demonstrujeme robustnost odhadu vzéjemné informace pii praci s vysoce dimenzionél-
nimi a Sumem zatizenymi daty i perturbované vystupy klasifikaéniho problému. Néasledné nase
experimenty analyzuji vliv hloubky a 8itky sité na retenci a kompresi vzajemné informace. Tyto
poznatky prispivaji k porozuméni interakci mezi architekturou sité a tokem informace. Takovy
néastroj umoziuje ziskat nové poznatky pro navrhovani efektivnéjsich model.

Klicovd slova: informaé¢ni tok, neoronova sit, odhad vzajemné informace

1 Introduction

In complex systems, e.g., biological, social, or computational, understanding how infor-
mation propagates through their different stages is vital for optimizing performance and
gaining insights into underlying mechanisms. Estimating information flow helps uncover
hidden dependencies, detect inefficiencies, and identify bottlenecks that interfere with
transmitting relevant information. Mutual Information (MI) provides a robust measure
for quantifying these dependencies, offering a holistic way to assess the shared informa-
tion between different stages. By tracking the flow of information, one can also reveal
redundancies, losses, and transformations as the system evolves. In addition, measuring
the flow of information within Machine Learning models is closely connected to model

*This work was supported by the Grant Agency of the Czech Technical University in Prague, grant
No. SGS20/183/0OHK4/3T/14.



2 V. Belov

explainability, or "Explainable AI." The ability to make the modeling process intelligible
is an essential area of research that tackles the ethical and privacy aspects of Artificial
Intelligence.

This paper explores the information flow between neural model layers and their ex-
pected outputs, leveraging Mutual Information as a critical metric. It aids in interpreting
how information is transformed as it progresses through layers, providing insights into
the model decision-making process. This understanding can assist in explaining why such
predictions are made. Additionally, by analyzing the flow of information, one can iden-
tify layers where information may be lost or degraded, indicating potential bottlenecks.
Moreover, understanding the flow of information helps make models more robust to ad-
versarial attacks or noisy inputs. MI is desirable as a metric because it remains unchanged
under smooth, invertible transformations and has meaningful units such as bits or nats.
However, these advantages come with a drawback: MI is often analytically intractable
due to dimensionality or the direct unavailability of underlying probability distributions,
and estimating it from samples presents significant challenges [7]. We discuss some of the
existing approaches in the following Section 2.

Our work is straightforwardly subdivided into sections. We discuss the related work
in Section 2 to contextualize our research. In Section 3, we propose our methods of mea-
suring Mutual Information and its flow within the Neural-Network-based setup. Section 4
outlines our assumptions and the experimental setup we designed for testing them, fol-
lowed by Section 5, where the results are discussed. The work is concluded by Section 6,
where we review the results and propose the next steps.

2 Related Work

In this section, we discuss the literature available on information flow in neural network
models. The authors of [5] estimate the information flow in feedforward neural models
from the standpoint of Mutual Information between inputs and hidden layer outputs.
Moreover, the paper verifies the connection of MI reduction throughout training is driven
by progressive geometric clustering of the representations of samples from the same class.
In [5], the MI value is estimated using the classical approach of binning, which is limiting
when one is concerned with high-dimensional representations, e.g., in Computer Vision
or Natural Language Processing domains. A work that aims to explain the information
propagation through deep feedforward neural networks is also presented in [9]. A lower
bound for MI between model inputs and hidden layers is derived from layer weights
and biases through the mean-field analysis. In addition, the authors demonstrate that
parameter initializations known to be optimal for training are superior from the MI
perspective. In [10], information flow is studied from the deep Restricted Boltzmann
Machines (RBM) perspective. The authors link the inputs with regularization utilizing
Mutual Information, deriving the upper bound. For instance, they show that values
corresponding to regularization, such as weight matrix norms and input variances, can
be directly related to the MI of an RBM layer. The authors of both articles [9, 10] do
not compute the MI values directly nor study the propagation of information concerning
the output labels, which is one of the key differences in our work.
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Explainability Modeling

AT model explainability is a topic that concerns all parties in a classical project where
Machine Learning is involved: 1) the researcher needs to understand if the model is
biased, if its predictions are stable, and if the correct predictions are correct because of
valid reasons; 2) the stakeholder needs to be able to understand what is the reasoning
behind the decisions suggested by the model. These questions can be answered using
techniques that belong to the "Explainable AI" domain. In the scope of this paper, we
list only a few resources that we perceive as adjacent to the topic of this study, as our
work also partially involves explaining the models and their architectures.

One of the most prominent and commonly used techniques for explaining the reason-
ing behind Machine Learning models is SHapley Additive exPlanations (SHAP) [6], a
method based on cooperative game theory principles. It assigns each feature an impor-
tance value for a particular prediction by considering all possible feature combinations and
their marginal contributions to the model’s output. The LIME [8] approach is another
significant mention, which is focused on the interpretability of individual predictions of
any black-box machine learning model by approximating it with a simpler, interpretable
model. It works by perturbing the input data locally around the explained prediction,
generating synthetic samples, and observing the corresponding model outputs. Then,
LIME fits a simple model, such as a regression model, to this perturbed data to approx-
imate the local behavior of the observed model. The regression coefficients then serve
as the parameters which show how each feature contributes to the overall prediction.
The critical connection of our approach to the explainability of a neural network model
is its ability to be expanded to analyze Mutual-Information-based contributions on a
single-feature basis.

Estimation of Mutual Information

Authors of [3| comprehensively review existing Mutual Information Estimators from dif-
ferent perspectives, such as data sparsity and dimensionality, long-tail nature of real-
world distributions, or robustness to diffeomorphisms. One of the reviewed methods is
the Mutual Information Neural Estimation [1]. It utilizes the dual representations of the
Kullback-Leibler divergence to formulate the problem of its computation as an optimiza-
tion task performed by a neural network. The performance of MINE is measured by |[3],
and the method ranks as one of the better-performing approaches. We selected MINE
as our source method for this work due to its simplicity and agnosticism to distribution
dimensionality in computational complexity.

3 Information Flow Modeling Methodology
Background

In this work, the Information Flow is measured through Mutual Information (MI) [2]:

YY) = x 0 —f(x,y) xdy = x x
106Y) = [ fla)og 5 dady = D (feallf@F W), ()
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where f(x,y) is the joint density of two random variables X and Y, and Dy is the
Kullback-Leibler divergence (KIL-divergence) between two densities.
It is necessary to note that in the computational setup, one does not work with contin-

uous random variables but with their quantized representations. For such representations,
MI between X and Y is the limit of the MI between X* and Y2 [2]:!

I(X2 Y2 = I(X;Y). (2)

We selected the Mutual Information Neural Estimation [1] technique to estimate MI
between multidimensional variables. Its foundation is based on the dual representations
of the KL-divergence, primarily the Donkser-Varadahn representation [4]:

Diz (P|Q) = sup Ep[T] —logEq [eT] , (3)

T:Q—R

where the supremum is taken over such functions 7" for which the expectations are finite,
and Q C R? is some compact domain, defining distributions P and Q.

The Mutual Information Neural Estimator (MINE) is then defined as

~

I,(X;Y) =sup E, o [Tp] — log IEP;;L)XP;,L) [QTG} ) (4)

USC] Xy

In (4), an optimization framework over the family of functions 7Tp : X x Y — R
is outlined. These functions are parametrized over © employing neural networks. The
estimation is based on the empirical distribution P, associated with n i.i.d. samples,
corresponding to distribution P.

From (3), it follows that the proposed framework creates a lower bound for the ground-
truth Mutual Information between X and Y: I(X;Y) > [,,(X;Y).

Methodology

Let S = {S;},<;<, denote the stages of the deep neural network, where k is the total
number of stages. To quantify the stage, only such network layers that can fulfill the
following conditions are considered: (i) the output of the layer corresponds to some
probability distribution; (ii) the probability distribution can be associated either with
the modeling inputs X or with the modeling outputs Y: Si,..., S, are associated with
intermediate computations and transformations of X or Y.

For each stage S;, feature vectors are taken as input for flow estimation, denoted
as F; € R" ™ where m; is the dimensionality of the layer. The flow is then defined
through a directed graph G(S, E'), with the domain of nodes S; and edges E given by the
layer connection design of the underlying neural network. The process is summarized as
Algorithm 1 where we evaluate the flow associated with the model outputs Y. Note that
the same approach can be formulated with the model inputs X.

'Here, A stands for the quantization size, e.g., for an n-bit quantization, it can be defined as A = 27",
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Algorithm 1 Information Flow Estimation

Require: X € R™ - model inputs; Y € R™™ - model outputs, M - a neural network
model.
Ensure: M is trained/fine-tuned to the relevant task.
Initialize G with M-based stage nodes 5;, 1 <1 < k
Connect nodes S; based on the architecture of M
Extract feature vector values F; for each sample and associate them with stages .S;
Compute I,(X;Y)
for each 7 from 1 to k£ do
Compute fn(E, Y') and associate it with node S;
end for
for each e € F do
For e = (S}, 5,), associate with e the MI difference I,,(F,; V) — I,(F;Y)
end for

4 Experimental Setup

This section describes our experimental setup formulated to utilize the methodology from
Section 3. For the experiments, we selected a modified version of the Swiss roll dataset:
instead of one, we pursue the Mutual Information measurements for the dataset of two
Swiss rolls, where one is an affine transformation of the other (see Fig. 1a). Having two
manifold representations in one data set enables us to define labels for individual points.
Labels signify whether the corresponding points belong to the former or the latter Swiss
roll. With this setup, one can evaluate Mutual Information between the distribution of
labels and the layers of the neural model.

Two Rotated Swiss Rolls in 3D Two Noisy Rotated Swiss Rolls in 3D

(a) Two Swiss rolls. (b) Two noisy Swiss rolls.

Figure 1: Depiction of two Swiss rolls. One is an affine transformation of the other. In
the noisy version, the Gaussian noise is given by the standard deviation equal to 10.
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MI Estimation Stability Studies

The first set of experiments is aimed at MINE and its stability for the MI estimation
in a multidimensional setup. We conduct two sets of experiments: 1) the Swiss rolls
are embedded into a higher-dimensional space utilizing the artificial addition of new
dimensions and including white noise to new dimensions N (0, 0?), with varying values of
the scale o; 2) by applying a range of ratio values, portions of the labels that link dataset
points to individual Swiss rolls are randomly perturbed.

Measuring the Flow in the Classification Task

The second set of experiments is focused on analyzing the information flow for a toy clas-
sification problem implemented as a simple feedforward neural network with ReLU acti-
vation, batch normalization, dropout, and varying numbers of hidden layers and hidden
layer sizes. In the training setup, the Swiss rolls are linearly separable (refer to Fig. 1a).
For testing and estimating the information flow, we use a noisy version of Swiss rolls with
such a noise scale that leads to intersections between the roll classes (see Fig. 1b). The
noisiness of the test dataset is intentional: stress-testing the spatial decision threshold
and measuring how local Swiss roll neighborhoods are carried as information through the
network architecture.

5 Experimental Results

For the first experiment, we compute the Mutual Information across different dimen-
sions, varying the noise levels to assess MINE’s robustness. The results are displayed in
Fig. 2-3. Across all experimental conditions, the MI estimator consistently captures the
underlying dependency between the variables describing the Swiss roll and the labels. As
the dimensionality increases (see Fig. 2), the estimated MI remains stable, with minor
deviations within acceptable error margins. Additionally, when noise is incrementally
introduced, the estimator demonstrates resilience, maintaining stable MI values up to a
signal-to-noise ratio o3,.,/0? of approximately 0.1-t0-0.01, after which the MI degrades
for higher dimensionalities. However, one of the observations we also made during the
training process is that the convergence to the actual MI value starts after a particular
epoch. Our training setup stops learning after no significant loss value improvement is
detected. We suspect that the lagged start of the learning process is caused by the fact
that the neural network first learns which dimensions contain relevant information. The
details of this assumption are a subject of future study. The results from Fig. 3 for fluc-
tuated labels show a similar pattern with a key difference: without added dimensional
noise, MINE appropriately estimates mutual information across all tested dimensions up
to 1024. The degradation is observed with increasing fluctuation among labels, reaching
0 for all the labels assigned randomly (ratio equal to 1). This decrease in MI values is
expected, as the higher the ratio is, the more independent the Swiss rolls and their labels
are. The gradual nature of observed MI deterioration confirms MINE’s ability to handle
multi-dimensional data for MI estimation.

In the second experiment, aimed at tracking the information flow in a classification
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problem with multiple feedforward neural networks, our findings reveal patterns across
different architectures (see the results in Fig. 4). Shallow networks (one hidden layer)
with fewer representation dimensions (1 and 2) than the actual dimension of the Swiss
roll (3) tend to retain less information in the layer following the input. However, the
difference is slight, and the cause of the small absolute difference can be explained by the
fact that the intrinsic dimensionality of the Swiss roll is 2. Deeper architectures exhibit
not only information compression, e.g., architecture 3 — 64 — 32 — 16 — 8 — 4, but also in
the intermediate layers, e.g., architectures 3—4—-8—-16—-8—-4and 3—4—-8—-1—-8—4.
Compression indicates more efficient feature extraction, as the deeper networks reduced
redundancy in the data representation. In contrast, networks with wider layers show less
information bottlenecking, suggesting that increased width allows for a smoother flow of
information with less immediate compression. These results indicate that the structure
of a network plays a crucial role in modulating the flow of information, providing insights
into the optimal design of neural architectures for specific tasks.

Figure 2: Heatmap depicting the results of the MINE-based MI estimation between two
Swiss rolls from Fig. 1a and their labels. The x-axis showcases values of the dimensionality
of the space where the Swiss rolls are embedded. The y-axis shows the values of ¢ that
define the amount of Gaussian noise added to the extra dimensions.
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Figure 3: Heatmap depicting the results of the MINE-based MI estimation between two
Swiss rolls from Fig. 1a and their labels. The x-axis presents varying dimensions for the
Swiss rolls (without added dimensional Gaussian noise). The y-axis displays the varying
ratio of points whose labels are assigned randomly.

6 Conclusion

In this study, we explore the application of Mutual Information estimation to understand-
ing the flow of information through different neural network architectures (Section 3).
Our experimental results (Sections 4-5) demonstrate the robustness of the selected MI
estimator, MINE, under various conditions: additional dimensions with noise and label
fluctuations. Our findings suggest that the proposed estimator can effectively capture
information dependencies in complex, high-dimensional, and noisy datasets, making it a
valuable tool for analyzing real-world data. Additionally, in Sections 4-5, we investigate
how information flows through feedforward neural networks of diverse depth and width
within a toy Swiss roll classification problem. Our analysis reveals patterns of information
retention and compression across architectures. The results show the interaction between
depth and width in modulating information flow, suggesting that architectural choices
profoundly impact a network’s ability to learn and generalize.

Nowadays, in Machine Learning research, neural networks play a critical role; we
believe that tools such as information flow estimation can become vital in designing more
efficient and robust models. Further research can extend these findings by exploring more
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Figure 4: Heatmap showing MI Estimation values for different FFNN classification model
architectures. The architecture description is available in the y-axis labels (the amounts
of nodes within each hidden layer separated with dashes; the architecture description is
followed by the F1 score evaluated on the test set from Fig. 1b - all networks display
similar classification performance). The y-axis represents hidden layers, indexed from 0,
with O-th column of the visual showing values of I,(X,Y), to k = 5.

complex architectures and real-world datasets to refine our understanding of information
flow in neural networks.
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Abstract. Blind image deconvolution (BID) is a severely ill-posed optimization problem re-
quiring additional information, typically in the form of regularization. Deep image prior (DIP)
promises to model a naturally looking image due to a well-chosen structure of a neural network.
The use of DIP in BID results in a significant performance improvement in terms of average
PSNR. In this contribution, we offer qualitative analysis of selected DIP-based methods w.r.t.
two types of undesired solutions: blurred image (no-blur) and a visually corrupted image (so-
lution with artifacts). We perform a sensitivity study showing which aspects of the DIP-based
algorithms help to avoid which undesired mode. We confirm that the no-blur can be avoided
using either sharp image prior or tuning of the hyperparameters of the optimizer. The artifact
solution is a harder problem since variations that suppress the artifacts often suppress good
solutions as well. Switching to the structural similarity index measure from Lo-norm in loss was
found to be the most successful approach to mitigate the artifacts.

Keywords: Blind Image Deconvolution, Deep Image Prior, No-Blur, Variational Bayes

Abstrakt. Slepéa dekonvoluce obrazu je §patné podminéné tloha vyzadujici regularizaci pro na-
lezeni spravného feseni. Metoda deep image prior (DIP) modeluje pfirozené vypadajici obrazy
pomoci vhodné zvolené struktury neuronové sité. Hodnotime-li vysledek dekonvoluce pomoci
praumérného PSNR, pouziti DIP pfinasi vyrazné zlepSeni. V tomto prispévku ukézeme kvalita-
tivni srovnani zvolenych metod zaloZzenych na DIP vzhledem ke dvéma typtim nezédoucich reSeni:
rozmazany obrazek (tzv. no-blur FeSeni) a vizualné poskozeny obrazek (artefaktové reSeni). V
citlivostni studii ukdzeme, jak jednotlivé aspekty algoritmu zaloZenych na DIP pomahaji snizit
vyskyt téchto nezadoucich feSeni. Apriorni rozdéleni preferujici ostry obraz a vhodné nastaveni
hyperparametri optimalizace pomahaji s potlac¢enim no-blur feseni. Odstranéni artefaktovych
feSeni je naroc¢néjsi tikol, protoze metody schopné ho potlacit ¢asto soucasné potlacuji i velmi
ostrd dobra feSeni. Pouziti structural similarity index measure namisto Lo-normy ve ztratové
funkci se ukazuje jako nejuspésnéjsi p¥istup k potlaceni artefakti.

Klicovd slova: Slepa dekonvoluce obrazu, Deep image prior, No-blur, Varia¢ni Bayes

Full paper: A. Brozova, V. Smidl. Avoiding Undesirable Solutions of Deep Blind Image
Deconvolution. In ‘Proceedings of the 19th International Joint Conference on Computer
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Abstract. Last decade has seen the emergence of numerous methods for learning on graphs,
particularly Graph Neural Networks (GNNs). These methods, however, are often not directly
applicable to more complex structures like bipartite graphs (equivalent to hypergraphs), which
represent interactions among two entity types (e.g. a user liking a movie). This paper proposes
Convolutional Signal Propagation (CSP), a non-parametric simple and scalable method that
natively operates on bipartite graphs (hypergraphs) and can be implemented with just a few lines
of code. After defining CSP, we demonstrate its relationship with well-established methods like
label propagation, Naive Bayes, and Hypergraph Convolutional Networks. We evaluate CSP
against several reference methods on real-world datasets from multiple domains, focusing on
retrieval and classification tasks. Our results show that CSP offers competitive performance
while maintaining low computational complexity, making it an ideal first choice as a baseline
for hypergraph node classification and retrieval. Moreover, despite operating on hypergraphs,
CSP achieves good results in tasks typically not associated with hypergraphs, such as natural
language processing.

Keywords: Hypergraph representation learning, Hypergraph convolution, Label Propagation,
Model complexity, Naive Bayes

Abstrakt. V poslednim desetileti se objevilo mnoho metod pro uceni na grafech, zejména
struktury, jako jsou bipartitni grafy (ekvivalentni hypergrafum), které reprezentuji interakce
mezi dvéma typy entit (napf. uzivatel, kterému se libi film). Tento ¢lanek predstavuje metodu
Convolutional Signal Propagation (CSP), neparametrickou, jednoduchou a skélovatelnou me-
todu, kterd nativné pracuje s bipartitnimi grafy (hypergrafy) a kterou lze implementovat pomoci
nékolika fadku kédu. Po definici CSP predstavujeme jeji vztah k zavedenym metodam, jako je
label propagace, Naivni Bayesuv klasifikdtor a hypergrafové konvolu¢ni sité. Vyhodnocujeme
CSP v porovnédni s nékolika referenénimi metodami na redlnych datech z ruznych domén se

*This work has been supported by the grant SGS23/187/0OHK4/3T /14 of Czech Technical University
in Prague.
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zaméfenim na ulohy retrieval a klasifikace. Nase vysledky ukazuji, ze CSP nabiz{ konkurence-
schopny vykon pfi zachovani nizké vypocetni slozitosti, coz z ni ¢ini idedlni prvni volbu jako
zéklad pro klasifikaci a retrieval uzlu hypergrafu. Navic, navzdory tomu, ze CSP pracuje na hy-
pergrafech, dosahuje dobrych vysledkt v ilohédch, které obvykle nejsou spojovany s hypergrafy,
jako je napriklad zpracovani pfirozeného jazyka.

Klicovd slova: Repretentacni uceni na hypergrafech, Konvoluce na hypergrafech, Label propa-
gace, Slozitost modelu, Naivni Bayesuv klasifikator

Full paper: P. Prochazka, M. Dédi¢, and L. Bajer. Convolutional Signal Propagation:
A Simple Scalable Algorithm for Hypergraphs. In '21st International Workshop on Mining
and Learning with Graphs QECMLPKDD 2024, Vilnius, Lithuania, (September 2024).
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Abstract. This paper analyses deterministic self-similar sets and focuses on a physically mo-
tivated description of diffusion on graphs. The primary objective is to revisit the theoretical
properties of oscillations in return probabilities on a logarithmic time scale, predicated on the as-
sumption of exponential growth of eigenvalue degeneracies. Complementarily, we perform exact
calculations of return probabilities using a Markov chain approach, presenting a novel Con-
strained Convolution Schema based on a grid representation of fractal sets. Our results are
demonstrated for selected Sierpinski gaskets and carpets, which possess well-known referential
values of walk and spectral dimensions. The findings indicate that while the model based on
the eigenvalue properties provides a basic description of the dynamics of the return probability,
significant differences emerge when compared to the exact return probabilities calculated by
random walk analysis.

Keywords: diffusion, fractals, grid models, oscillations, spectral dimension, walk dimension

Abstrakt. Tento ¢lanek analyzuje deterministické sobépodobné mnoziny a zameéiuje se na fyzi-
kalné motivovany popis difuze na grafech. Hlavnim cilem je shrnout teoretické vlastnosti oscilaci
pravdépodobnosti navratu na logaritmickém c¢asovém méritku, které jsou zalozeny na predpo-
kladu exponencidlniho ristu degeneraci vlastnich ¢&isel. Dopliitkové provadime presné vypocty
pravdépodobnosti navratu pomoci pfistupu Markovova Tetézce a predkladdame nové schéma
omezené konvoluce zaloZené na miizkové reprezentaci fraktalnich mnozin. Vysledky jsou demon-
strovany pro vybrané Sierpiniského trojihelniky a rohozky, které maji dobfe znamé referencni
hodnot prochazkové a spektralni dimenze. Zjisténi ukazuji, Ze pfestoze model zalozeny na vlast-
nostech vlastnich ¢isel poskytuje zakladni popis dynamiky pravdépodobnosti névratu, pfi po-
rovnani s pfesnymi pravdépodobnostmi navratu vypocétenymi analyzou ndhodné prochézky se
objevuji vyznamné rozdily.

Klicovd slova: diftze, fraktaly, mfizkové modely, oscilace, prochézkova dimenze, spektralni di-
menze

Full paper: F. Gaspar, J. Kukal. Constrained Convolution Schema of Graph Walk
for Analysis of Return Probability Oscillations. Submitted to Physica A: Statistical
Mechanics and its Applications.

*This work has been supported by the grant SGS23/190/OHK4/3T /14 and SGS24/141/0OHK4/3T /14
grants of Czech Technical University in Prague.
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Abstract. Operators perturbed by singular potentials play a crucial role in mathematical
physics as physically relevant and analytically solvable models. It is well known that point
interactions, e.g., the operator perturbed by the Dirac delta function, do not have a well-defined
mathematical realization for the Dirac operator in dimensions higher than one. Instead, the
operator must be perturbed by a singular potential supported on a hypersurface to recover a
non-trivial self-adjoint operator. For this purpose, researchers typically choose the single-layer
distribution supported on such a hypersurface as the perturbation of the operator. This model
is known as the d-shell interaction.

The mathematically rigorous realization of such an operator is one that acts as the Dirac
operator away from the hypersurface on functions satisfying a certain transmission condition
along the hypersurface. This operator can also be viewed as the extension of the Dirac operator
restricted to functions vanishing along the hypersurface. Our aim is to study the self-adjoint
extensions of this symmetric operator, which could theoretically be treated using von Neumann’s
theory, but in practice, this is impossible because the deficiency indices of the operator are
infinite.

Fortunately, with the recent development of the boundary triple technique—ultimately de-
rived from von Neumann’s theory—we have been able to study such operators and even attain
the Birman-Schwinger type condition for the discrete spectrum and the Krein resolvent formula.
Although this model has been extensively studied by many mathematicians, we highlight a cru-
cial difference between viewing the singular perturbation as multiplication by the single-layer
distribution and as projection onto the single-layer distribution, a distinction that has largely
escaped attention. This simple observation allowed us to explore a completely new family of
self-adjoint Dirac operators, which we call non-local relativistic d-shell interactions due to the
non-local nature of the transmission condition.

Since we wish to relate this model to a physical system, it is important to find a Dirac
operator with a scaled regular potential that converges in some topology to the non-local -
shell interaction. For this reason, we construct a regular potential in the form of a projection
onto a scaled function, such that the potential converges, in the sense of distributions, to the
projection onto the single-layer distribution. We prove that this approximate operator indeed
converges in the norm resolvent topology to the operator of the non-local relativistic d-shell
interaction.

Keywords: d-interactions, boundary triples, Dirac operator, local shell interactions, non-local
shell interactions, regular approximations

Abstrakt. Linedrni diferencidlni operdtory s poruchou charakterizovanou singularnim po-
tencidlem ve formé lokalizované zobecnéné funkce hraji dulezitou roli ve fyzice jako analyticky
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feSitelné modely. V nasi praci se zabyvame Diracovym linedrnim diferencidlnim operatorem.
Je znamo, ze v dimenzi dva a vice nelze pro tento operator zavést model bodovych interakci
charakterizovanych poruchou delta funkci. Misto toho uvazujeme Diractv operator s vazenou
jednoduchou vrstvou s nosi¢em na nadplose. Tento model je v literatuie znam jako -skotapkova
interakce. Tento formalni operdtor lze rigorézné zavést jako operator pusobici jako Diracuv
operator mimo nadplochu s jistou pfechodovou podminkou na nadplose. Z jiného 1ihlu pohledu
lze tento operator chapat jako rozsiteni volného Diracova operdtoru, ktery je nejprve ome-
zen na funkce identicky rovné nule na nadplose. Nagim hlavnim cilem je zkoumat samosdruzend
rozsifeni tohoto symetrického operatoru. Piestoze von Neumannova teorie tento model obsahne,
prakticky nejsme schopni pomoci této metody samosdruzend rozsiteni popsat, jelikoz nas sy-
metricky operator ma indexy defektu rovné nekoneénu. Na§tésti, diky neddvnému vyvoji te-
orie hrani¢nich trojic, ktera piimo vychéazi z von Neumannovy teorie, jsme nyni schopni tyto
operatory zkoumat a ziskat abstraktni Birman-Schwingerovu podminku pro body diskrétniho
spektra a Kreinovu resolventni formuli.

Ptestoze byl tento model v poslednich letech zkoumén mnohymi experty v oboru, dulezity
rozdil ve vniméni poruchy jako nasobeni jednoduchou vrstvou nebo jako projekce na jednodu-
chou vrstvu unikl pozornosti komunity. Toto jednoduché pozorovani ndm umoznilo zkoumat
zcela nové a origindlni samosdruzené realizace Diracova operatoru, které jsme nazvali nelokalni
relativistické d-skorapkové interakce kvuli nelokalnimu charakteru prechodovych podminek po-
pisujicich tento model.

Déle bychom radi nasli Diracuv operator s reguldrnim skalovanym potencidlem, ktery by
slouzil jako aproximace naSeho modelu a jako voditko mezi nasim matematickym modelem a
fyzikalné relevantnim modelem. Pro tento ucel jsme v préci zkonstruovali potencidl ve formé
projekce na Skalovanou funkci, tak aby tento potencial konvergoval k projekci na jednoduchou
vrstvu ve smyslu zobecnénych funkci. Pro tuto aproximaci jsme nésledné ukazali, Ze uniformné
konverguje v resolventé k operdtoru nelokalni relativistické d-skorapkové interakce.

Kli¢ovd slova: § interakce, Diractiv operator, hrani¢ni trojce, lokalni delta interakce, nelokalni

delta interakce, regularni aproximace, samosdruzenost

Full paper: L. Heriban and M. Tusek. Non-local relativistic §-shell interactions. Letters
in Mathematical Physics 114(3), 2024, 79 (18 pages).
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Abstract. The introduction of attention mechanism in [3] significantly advanced the domain
of natural language processing (NLP) and transformer-like models quickly became the state-
of-the-art approach to language modeling. The key properties of attention networks, such as
the lack of inductive bias, rich internal representations, and high level of parallelization, enabled
to train these models on large amounts data. When this approach is combined with the self-
supervised masked modeling, the network can be pre-trained on rich and diverse data resulting
in a generalist model that can be later fine-tuned for more specific downstream tasks.

Fast detector simulation using deep learning models is an active area of interest in parti-
cle physics. Classical approach to detector simulations relies on Monte Carlo-based algorithms
providing very accurate simulations that come with high computational costs. Deep learning
models have the potential to speed up the simulations by a few orders of magnitude [1]|. It was
shown that generative deep learning models, such as generative adversarial networks or varia-
tional autoencoders, can be trained to produce high-fidelity samples. However, the generated
sets often lack proper diversity even if the training data represent only one specific experiment
setup [2].

Inspired by the success of masked modeling and attention networks in NLP tasks, we ex-
plored the possibility of using similar approaches to calorimeter images. We designed and trained
an attention network on an auxiliary task - completion of calorimeter images - to test the masked
modeling approach. In development of the models, we focused on correctly reproducing average
high-level features, as well as preserving variability of reconstructed images and quality of in-
dividual samples. Specifically, the correct choice of input data pre-processing and the choice of
loss function played a key role in the model performance.

Additionally, we demonstrated that the model is able to recognize the initial particle en-
ergy from the incomplete image and adapt the output accordingly without being provided with
the value of initial energy explicitly.

Keywords: attention networks, calorimeter simulations, image completion, masked language
modeling.

Abstrakt. Predstaveni attention mechanismu [3] vyrazné ovlivnilo oblast zpracovani piiroze-
ného jazyka a modely typu transformer se velmi rychle staly state-of-the-art pristupem k mo-
delovani textu. Attention sité maji schopnost se naucit bohatou vnitini reprezentaci dat, ktera
neklade zadné silné predpoklady na jejich strukturu. Vypocty provadéné pii trénovani sité jsou
navic dobfe paralelizovatelné, coz umoziuje efektivni trénovani attention sité v rozumném case
i pri velkém mnozstvi dat. Pokud je tato struktura zkombinovana se samosupervizovanym masko-
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vanym modelovanim, dostavame moznost predtrénovat model na vétsich a rozmanitéjsich datech,
a nasledné lze naucené reprezentace vyuzit p¥i dotrénovavani na specifické tlohy za pouziti jiz
jen malého mnozstvi dodate¢nych pozorovani.

Vyuziti hlubokého strojového uceni pro simulace detektori je velmi aktivni oblasti vyzkumu
v Casticové fyzice. Klasické pristupy k simulacim detektort jsou zaloZeny na Monte Carlo al-
goritmech, které jsou velmi presné, ale také vypocetné narocéné. Modely hlubokého uceni maji
potencial zrychlit produkci simulovanych dat az o nékolik Fadi [1]. Pfedchozi experimenty jiz
prokazaly, Zze generativni modely hlubokého uceni se dokazi naucit vérné reprodukovat data z de-
tektoru. Na druhou stranu, generovana data obvykle nemaji dostatecnou variabilitu, a to ani
v piipadé, Ze trénovaci mnozina obsahuje obrazky pouze pro jedno konkrétni nastaveni experi-
mentu [2].

Vzhledem k tspéchu attention siti a maskovaného modelovani jsme se rozhodli ovérit, zda je
tento pristup vhodny k pouziti na simulace dat z kalorimetru. NavrZenou attention sit jsme tré-
novali na pomocné iloze - doplnéni maskovanych obrazki z kalorimetru. Pii vyvoji modelu bylo
cilem vérné reprodukovat nejen prumérné zékladni priznaky, ale také variabilitu dat a kvalitu
jednotlivych rekonstruovanych obrazki. Spravné nastaveni predzpracovani dat a vhodna volba
ztratové funckce modelu se b&hem experimentt ukazaly jako klicové prvky modelu.

Dale se podafilo ukizat, ze natrénovany model dokiZe z maskovanych vstupnich dat spravné
ur¢it poCatecni energii ¢astice a nasledné obrazky doplnit vhodnymi hodnotami, aniz by mu byla
informace o pocatetni energii explicitné poskytnuta.

Klicovd slova: attention sité, simulace kalorimetrti, dopliiovani obrazovych dat, maskované
jazykové modelovani.

Full paper: K. Jaruskova and S. Vallecorsa. Masked Image Modeling for Image Com-
pletion on Simulated Calorimeter Data. To be published in the Proceedings of the 424
International Conference on High Energy Physics (ICHEP) 2024.
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Abstract. Successful large-scale compositional reservoir simulations require robust and efficient
phase-split calculations. In recent years there has been progress on three-phase split calculations.
However, there may be convergence issues when the number of equilibrium phases increases to
four. Part of the problem stems the poor initial guesses. In phase-split computations, the results
from stability provide good initial guesses. Successive substitution (SS) is a key step in phase-
split calculations. The method, if efficient, can provide good initial guesses for the final step,
in the Newton method which convergences rapidly. In this contribution we present a robust
algorithm with high efficiency and robustness in phase-split calculations in two, three, and four
phases. We find that the key step is the SS. The convergence may even be very slow away from
the critical point and phase boundaries. A modified SS is used which may reduce the number of
iterations many times. In the course of this investigation, we observe some regions often inside
the phase envelopes (far from the phase boundary or critical points) with a very high number of
SS iterations. The adoption of the improved SS iterations leads to significant speed-ups of the
multiphase-split computations. In some mixtures, average reduction is more than 70%.

Keywords: Four-phase split calculations, Rachford-Rice problem, Peng-Robinson EOS, Newton
method, phase equilibrium calculation

Abstrakt. Pro tspé&sné kompoziéni nadrzové vypocty na velké sSkile je potfeba mit robustni a
efektivni algoritmus pro vypocet fazové rovnovahy. V poslednich letech byl zaznamenan posun
ve vypoctu tiifazové rovnovahy. Nicméné, se objevuji konvergencéni problémy, pokud se problém
rozsifi na stavy ve ¢tyfech fazich. Céast problému je v nepfesnosti poc¢atec¢nich odhadt feseni. Pii
vypoc¢tu rovnovahy davaji vysledky pouzité z fazové stability dobry poc¢ate¢ni odhad. "Successive
substition” (SS) je klicovy krok ve vypoctu fazového rozkladu. Tato metoda, pokud je efektivni,
miize poskytnout dobry pocateéni odhad pro posledni krok, kterym je Newtonova metoda s
rychlou konvergenci. V tomto prispévku prezentujeme velmi efektivni robustni algoritmus na
vypocet fazového rozkladu ve dvou, tfech a ¢tyfech fazich. Zjistili jsme, Ze klic¢ovy krok je SS.
Konvergence muze byt pomala i daleko od kritickych bodu a fazovych obalek. UZitim upravené
SS muzeme mnohokrat zmensit nutny pocet iteraci. Pfi rozboru rtznych smési si viimame
zvy$eného poctu iteraci uvniti fazovych obalek (daleko od kritickych bodi a fazovych obalek).
Uzitim vylepSené SS jsme doséhli znatelného zrychleni vypoctu fazového rozkladu. V nékterych
smésich je uspora vic nez 70%.

*This work has been supported by the the Czech Science Foundation project no. 21-09093S and by
grant no. SGS23/188/0OHK4/3T /14 of the Grant Agency of the Czech Technical University in Prague.
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Abstract. Unlike ideal gas, the van der Waals gas admits phase transition. Constructing a
dynamical theory of the van der Waals gas therefore represents a coveted leap towards a kinetic
description of phase interface phenomena. With this in mind, the Boltzmann equation will first
be presented within the GENERIC (general equation for non-equilibrium reversible irreversible
coupling) framework. Upon this fundament, a dynamical theory of the van der Waals gas will be
built. Fundamental physical properties will be demonstrated and a corresponding hydrodynamic
theory derived.

Keywords: van der Waals gas, kinetic theory, phase transitions, GENERIC

Abstrakt. Na rozdiel od idealneho plynu, van der Waalsov plyn umoznuje fazové prechody. Vy-
budovanie dynamickej teérie van der Waalsovho plynu preto predstavuje vyznamny medzikrok
na ceste ku kinetickému popisu fazového rozhrania. Na tomto pozadi najprv predstavime Boltz-
mannovu rovnicu v rameci koncepcie GENERIC (general equation for non-equilibrium reversible
irreversible coupling). Na tomto zéklade vybudujeme dynamicku teériu van der Waalsovho plynu
a poukdZeme na kludové fyzikalne aspekty tejto tedrie spolu s prislusnou hydrodynamickou te-
driou.

Klicové slova: van der Waalsov plyn, kineticka tedria, fazové prechody, GENERIC
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Abstract. Modern constitutive models for cyclic metal plasticity demand more efficient cali-
bration methods. Traditional approaches like random search and Nelder-Mead optimization are
computationally expensive and sensitive to initial conditions due to the problem’s non-convexity.
This paper introduces a neural network framework with a loss function that combines parameter
and stress response errors, offering an improved starting point for Nelder-Mead optimization.
We compare our method to Tensor Train Optimization on both synthetic and experimental data,
and analyze the results using the Cramér-Rao Lower Bound.

Keywords: deep learning, neural networks, parameter estimation, tensor trains

Abstrakt. Moderni konstitutivni modely cyklické plasticity kovt vyzaduji u¢innéjsi kalibrac¢ni
metody. Tradi¢ni pfistupy, jako je nadhodné hledani a Nelder-Meadova optimalizace, jsou vypo-
Cetné naroc¢né a citlivé na pocatecni podminky kviili nekonvexité problému. V této praci navrhu-
jeme neuronové sité s novou ztratovou funkci, kterd kombinuje chybu odhadovanych parametri
a stresové odezvy. Tato metoda poskytuje vychozi bod pro Nelder-Meadovu optimalizaci. Déale
porovnavame nasi metodu s optimalizaci tenzorovymi vlacky na syntetickych a experimentalnich
datech a analyzujeme vysledky pomoci Rao-Cramérovy dolni meze.

Klicovd slova: hluboké uceni, neuronové sité, odhad parametri, tenzorové vlacky

1 Introduction

Cyclic plastic loading is critical in material science due to failures in bridges and railways.
Metals under such loading can exhibit the Bauschinger effect and other phenomena. This
paper focuses on a constitutive model accounting for these features.

Before being used, such a material model must first be calibrated with data from a real
uniaxial cyclic loading experiment. Regardless of the form of its control, the experiment
represents a link between time ¢, tensile stress S(e, q) and total axial deformation e(t),

*This work was supported by MEYS CR under grant No. LTA USA 18199 and by the Czech Science
Foundation through the project No. 22-11101S.
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which is a sum of the elastic and plastic deformation €.(t) and €(t), respectively. The
set of evolving parameters q reflects the loading history via evolution rules that are
functions of the associated plastic strain. Since the elastic deformation can be easily
subtracted, it is more convenient for the following analysis to work with the plastic
deformation only, provided that stress points within the active elastic region are skipped.
The relevant elastic property of the material, defined by the Young’s modulus F, is
determined analytically at the beginning of the analysis.

Many constitutive models have been developed to deal with various identified phe-
nomena. A leading example of a single yield surface model with nonlinear kinematic
hardening rule is the one introduced by Armstrong et al. [1] Chaboche and Rousselier
then introduced a superposition of several hardening rules and obtained the Multicom-
ponent Armstrong-Frederick [2]. The MAFTr model introduced by Feigenbaum et al. is
then an extension that adds linear hardening to one of the backstress components and
further modifies the behavior of the model under multiaxial loading [4]. In this paper we
use the analytical solution of the uniaxial problem using the MAFTr model (Mp) from
Marek et al. [7] This model predicts axial stress given plastic strain €(t), and is controlled
by internal parameter 8 € R!?, as described in Kovanda and Tichavsky [5].

The goal of this paper is to propose robust methods for estimating the optimal pa-
rameter 8" in the MAFTr model to accurately capture the material behavior in a given
experiment. Specifically, we seek to solve the following optimization problem

6" := argmin Ly (|S,, — Mg(e)|), (1)

12
R

where € corresponds to the measured experimental data, S,, represents the observed stress
response, and Lo denotes the Ly norm in the space of stress responses. Estimating 8*
poses significant challenges because Ly(|Sm — M6(€)|) is not a convex function. Existing
methods often rely on a random search to initialize the simplex method 8], a non-gradient
optimization technique that iteratively improves the solution. However, this approach
is time-consuming and tends to converge to suboptimal solutions, far from the global
minimum. R

In this paper, we develop several neural network estimators, denoted as @nn. These
estimators can provide a sufficiently accurate estimate to serve as a starting point for
other optimization techniques, such as the simplex method, which refine 8 toward a local
minimum. This approach significantly reduces computational complexity compared to a
random search that yields similar stress estimates.

The best performing neural networks are then compared to the recently introduced
tensor train optimization method (TTOpt) by Sozykin et al. [9], a non-gradient technique
designed to approximate multivariate functions. Finally, the results are analyzed using
the Cramér-Rao Lower Bound.

2 Dataset Preparation

In the real experiment, the stress response was recorded at a sampling rate of 10Hz for
4 hours. The MAFTr model does not depend on the speed of the experiment, so it is
advantageous to first downsample the data. In this work, each segment is downsampled
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to N = 17 steps using a geometric sequence while keeping the reversal points intact. Our
numerical experiments show that taking K = 40 first segments is sufficient for the tested
models. This setup gives a total of ) = 1+ NK = 681 points. The complete procedure
is described in detail in Kovanda and Tichavsky [5].

After preparing the sequence of plastic deformations and their associated stress re-
sponses, it is possible to estimate the parameter 8. For both neural networks and TTOpt,
it is necessary to first select an a priori distribution for 6. In the case of neural networks,
this allows the creation of a training set of parameters and corresponding stress responses.
TTOpt, on the other hand, requires a region defined by the Cartesian product of inter-
vals [0; min, 0 max) for each parameter #; in which the optimal € is to be found, and an
appropriately chosen sampling for each of these intervals.

To cover the entire hand-picked interval, a uniform distribution is chosen separately
for each parameter 6;, see Table 1. All these ranges have been chosen to cover the
most commonly used materials and can be easily adjusted if needed. There are two
additional constraints. The parameters a; are generated so that their sum would be
in the range [100,400]. Second, since the pairs (¢;,a;), @ € {1,2,3} are commutative,
they are generated with the condition ¢; > ¢ > c¢3 to make the training objective
unique. Unsorted parameters would make it harder for neural networks to predict correct
values because their order would be inconsistent. For example, an optimal solution with
permuted (¢;,a;) pairs could be considered incorrect.

ko K1 Kyt log(cy) log(co) log(csa) @1234 @
min 15 100 30 log(1000) log(10)  log(10) 0 0
max 250 10000 150 log(50000) log(5000) log(2000) 200 500

Table 1: Range of the a priori uniform distribution for each (transformed) parameter,
given the conditions > a; € [100,400] and ¢; > ¢; > c¢3. The symbol log stands for the
natural logarithm.

In practice, the first condition is realized by first generating a ~ U[100,400] and

ay,...,ay ~ UJ[0,1]. Then the desired parameters ay, ..., a4 are calculated as
a’
a; = —g———a, Vie{l,...,4}. (2)

Zj:l a}

This process is repeated until the a; satisfy the condition a; € [0,200]. The second
condition is solved by simply sorting the first three ¢; parameters.

Since training neural networks requires large amounts of data and running real exper-
iments is expensive, we first need to create a synthetic dataset using the MAFTr model
My. In this paper, two datasets are created. The first dataset takes a fixed plastic defor-
mation sequence defined in a real experiment. This dataset is therefore meant to train
neural networks capable of predicting model parameters from one experiment.

Let P15 represent the previously described a priori distribution for 8. The first dataset
D, consists of pairs (5;, 6;) and is created as

D, = {(Mgi(éexp)), 92-), ie {1,...,1}}, (3)
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where 6¢,....0; s P, and I = 10° is the chosen length of the dataset.

In the second dataset various plastic deformation sequences are generated to produce
neural networks capable of prediction any deformation sequence. For this reason the
sequence is created by generating the odd (elongating) deformations using a handpicked
a priori uniform distribution U[0.003,0.005], while the even (compressing) deformations
are taken from U[—0.005, —0.003]. The inner points are generated using the geometric
sequence described in Kovanda and Tichavsky [5].

Let U, represent the combined distribution of all data samples as

N N
€= (O,egl),...,eg ),...,eg),...,e%)), (4)
Ve ~ U, where E,EN) = e,(:ev) stands for the k-th reversal point, N = 17 is the number

of deformation points in each segment, and K = 40 stands for the number of segments.
Then the second dataset Dy consists of the triplets (5;, €;, 8;) and is created as

D, ::{(Mgi(ei), e, ai), ie{l,...,[}}, (5)

where 04, ...,0; ~ P, €1,... € ~ U, and I = 10° is the chosen length of the dataset.
Similar to the training datasets D; and D, corresponding validation datasets DY, D;/
with 20000 tuples and test datasets DlT, D2T with 1024 tuples are created for evaluation.

3 Neural Network Architectures

In this paper variations of Feed-Forward Networks (FFNs) and Gated Recurrent Unit
(GRU) are trained. Each architecture takes as an input a matrix of shape 1 x 681 for
the dataset D; and 2 x 681 for Dy because the second dataset also contains plastic
deformation. To bring the variance closer to 1, each architecture first transforms the
signal using the batch normalization, which converts the input data separately for both
stress and plastic deformation, if applied. Each 6; parameter has a different order of
magnitude. For this reason, each 0 is normalized element-wise based on means and
variances determined by the distribution P5. In practice, these means and variances are
computed based on 10° realizations of the P, distribution.

Let 8 represent the parameter @ normalized element-wise using the mean and
variance estimates. The output of each model is a vector of length 12 representing the
parameter 8. The performance of the developed architectures is measured mainly by
the Lg metric, which measures the average quadratic difference between the reference
stress S and the predicted stress, i.e.

Q
Ls := %Z (S:—S5)%,  S:= My(e), (6)

where () = 681 is the number of plastic deformation samples. This metric indicates how
far the predicted stress is from the reference stress.

In all following experiments, the hyperparameters of the architecture are first found
by a manual directed search based on their performance on the validation datasets DY or
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D). Networks are trained on the training set in two epochs using the AdamW optimizer
created by [6], with a weight decay of 1072, Our experiments showed that the best
performing networks were trained with a learning rate in the range of [0.0005,0.002].
The batch size is always set to 128. Finally, each network is evaluated on a test dataset
D] or DJ. All neural network implementations were done using the Pytorch framework
on the NVIDIA GeForce RTX 4090 graphics card.

3.1 Combined Loss Function

Using only Lg does not require much additional implementation. However, even though
it proved sufficient to make relatively close estimates, our research shows that this loss
function is suboptimal. Since the ultimate goal is to minimize the distance between
the reference stress S and the predicted stress S := Mg(€), the training can be further
improved by using a linear combination between the parameter loss and the stress loss,
ie.

Lgg = BLe + (1 — B)Ls, (7)

B € 10,1], & € R;. The parameter « = 30 is chosen for convenience to minimize the
difference between Lg and Lg at the beginning of training. However, using Lg requires
additional implementation, since in Lg the gradient must flow through the analytic model
Mp. This was achieved by using the Pytorch autograd method implemented by PyTorch,
which automatically calculates gradients for the computational graph defined by Mjp.
It also slows down the training significantly, although in this case the networks can be
trained in fewer steps. In our case 2 epochs seem to be sufficient compared to 10 epochs
when using only Lg.

Numerical experiments show that training the networks with Lg,s improves the per-
formance of the models, as they are now trained to make closer stress estimates while
trying to predict similar 0, see Figure 1. The optimal 5 seems to be § € [0.4,0.8] for
randomly generated FFN and GRU. This observation seems to be consistent across our
experiments. In this paper, 8 = 0.5 was chosen for all architectures.

3 - = -
10 ® FFN . o1 j=0-e-g o
0 ® GRU / & ® FFN \e- L&
B 0"3:j Y 0] e cru O DO ot 14
1
o2 === == "o - \._..__*/'~
T T T T T T T T T T T T T T T T T T
0.0 01 02 0.3 04 05 0.6 0.7 0.8 0.9 1.0 0.0 01 0.2 0.3 04 05 0.6 0.7 0.8 0.9 1.0
B ratio 3 ratio

Figure 1: Lg and Lg, metrics for randomly configured FFN and GRU trained with Lg,s
for different g ratios, see equation (7).

3.2 Neural Networks Architectures

One of the simplest architectures is a neural network based solely on feed-forward layers.
Each hidden layer is followed by a ReLU activation function. Since 8Y) can be negative,
no activation function is used after the last layer. The advantage of using this architecture
is its low computational complexity. However, it requires a fixed input size. In this
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paper, this is not a problem since the input always has a fixed length of ) = 681. In
practice, however, the measured stress would have to be clipped to this length. The set
of hyperparameters consists of a number of layers with a decreasing number of neurons
in each successive layer.

Recurrent neural networks (RNNs) are widely used for time series analysis because
of their ability to handle variable-length inputs and produce consistent outputs, making
them suitable for experiments of varying durations. However, simple recurrent units
struggle with longer inputs because they must retain information from the entire signal.
In this paper, we instead use bidirectional Gated Recurrent Units (GRUs) [3], which
mitigate vanishing gradients in long sequences through hidden state memory, thereby
improving information retention. GRU hyperparameters, such as the number of layers and
hidden state size, determine the capacity and complexity of the model. Our experiments
showed that adding fully connected layers did not improve performance. Therefore, all
considered networks did not include feed-forward layers.

4 Method Comparison

The numerical results made on Dataset DY indicate that it can be difficult to find a well
performing FFN network, as even a small change in the network structure has a large effect
on the overall network performance. In addition, performance improves dramatically after
a Nelder-Mead simplex refinement is used. It is also worth noting that the best performing
network does not necessarily perform well after refinement, indicating that the prediction
may be closer to a worse local minimum.

On the other hand, GRU architecture seems to be both stable and very powerful. The
refined predictions are better compared to all previously tested methods. For large hidden
size value, this architecture seems to overfit the training data and therefore performs
poorly on the test data.
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Figure 2: Top: Plastic deformation in the measured experiment. Middle: Predicted
stress using the refined estimated parameters 6 of both GRU and TTOpt. Bottom:
Stress prediction error. The vertical line indicates the end of the signal on which the 6
parameter was estimated and refined.
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The advantage of TTOpt method is that it does not require a training dataset. Our
experiments show that the best performing TTOpt has a rank of 3 and the used grid
has 1024 points along each dimension. To compare the performance of neural networks
on the Dy dataset, the 3 best performing networks from each architecture tested were
modified to take 2 input channels and then trained on the D, dataset. The results of
the best of each architecture are shown in Table 2. As expected, the results are generally
worse than for the D, dataset.

architecture dataset Lg Lg,
GRU DT 111.64 0.137
FFN DT 106.90 2.314
TTOpt D} 63.30 0.961
GRU DI 242.43  0.595
FFN DJ 336.91 6.378
TTOpt DJ 63.30 0.961

Table 2: Metrics of selected GRU and FFN networks compared to TTOpt on test datasets
D! and DY,

The predictions of GRU and TTOpt are shown in Figure 2. The refined GRU predic-
tion is slightly better than the refined TTOpt prediction, but both approaches produce
high quality results. As expected, the model’s performance tends to be worse during
randomized loading due to the limitations of its underlying constitutive theory.

& — = Mean: 1.131 i £ — = Mean: 0.961
z 0.04 Median: 0.080 § 0.04 1 Median: 0.056
S S
= [oN)
& 0.02 = 0024
= o)
U =
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1078 1076 107* 1072 100 102 1078 1076 107* 1072 100 102

Ls Ls
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Figure 3: Histogram of refined predictions of both GRU and TTOpt on dataset D7

A histogram of predictions of both GRU and TTOpt on test dataset D are depicted
in Fig. 3. These graphs show that the medians of predictions on the synthetic dataset are
lower than the mean values, i.e. most of the data are predicted better than the average.

Both methods also perform well against random search with Nelder-Mead simplex
optimization. Figure 4 show a histogram of Lg, values based on 400000 randomly gen-
erated @ from the a priori distribution described in Section 2 and a histogram of 4000
TTopt predictions after their refinement using Nelder-Mead simplex optimization. For
comparison, a single GRU refined prediction is depicted by a dashed line. This figure
shows that the use of both GRU and TTOpt provides a high quality starting point for the
Nelder-Mead optimization, as they outperform the vast majority of randomly generated
estimates after refinement.

Each approach has a different time complexity. As shown in Table 3, training the GRU
network takes about 4000 s, while the other approaches do not require any training. On
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Figure 4: Histograms of randomly generated @ using the a priori distribution described
in Section 2 and the TTOpt predictions after their refinement using the Nelder-Mead
simplex optimization on the real experiment. For comparison, the refined prediction of
GRU is depicted by a dashed line.

the other hand, the evaluation of the trained GRU takes only about 40 ms, which makes
it very useful for scenarios where time is limited. For a more accurate prediction, the use
of TTOpt seems to be a better choice, because although each evaluation takes about 10
seconds, the obtained estimates are of better quality than a simple random search. In all
cases, the Nelder-Mead refinement takes about 0.2 s, which corresponds to about 2000
steps. After this the improvement in prediction seems to be negligible.

approaCh ttrain (S> tprediction (S> treﬁnement (S)
GRU 4000 0.04 0.2
TTOpt _ 10 0.2
random Nelder-Mead - - 0.2

Table 3: Comparison of time complexity for different approaches.

5 Sensitivity Analysis

In addition to refining the prediction, it is also helpful to estimate its standard deviation.
One way to do this is to use the Cramér-Rao Lower Bound (CRLB) on the current pa-
rameter estimate, since the model is locally differentiable. The CRLB gives a theoretical
lower bound on the variance of unbiased estimators, indicating the best possible accuracy.
However, since neural networks can produce biased estimates, this bound is only a rough
approximation of the variance.

For simplicity, let us assume that the measurement noise is Gaussian distributed with
variance o2,

S~ N (M(e), 021L>, (8)

where M(6) stands for the closed-form solution of the MAFTr material model seen as a
function of @, and I, represents the identity matrix. In this paper ) = 681 is used in all
experiments. Then it can be shown that the Fisher information matrix is given by

o, = %) %) 0

o2
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Here the derivatives are calculated using the Pytorch autograd function. Assume that
J(0) is a regular matrix. Then every unbiased estimator 6(S) satisfies a condition

cov(8) —J71(8) >0 (10)

and therefore also R

These variances depend on 6. For this reason the refined 0 provided by GRU is used as
an approximation of the optimal 6*.

To further analyze the error, the STD can also be estimated using the estimation
method itself. The desired estimated STD (ESTD) of the i—th parameter can be calcu-
lated as

N
ESTD? = % S IMET(M(8) +e,), - 6], (12)
n=1

where €, ~ N(0,Ig), Vn € {1,..., N} is a randomly generated standard Gaussian noise
and MET stands for the estimation method (e.g. GRU or TTOpt). In our experiment,
Q = 681 and N = 1000. The model prediction along with the ESTD, CRLB with ¢? = 1
and the ratio of ESTD and the parameter value for GRU is shown in Table 4. For some
parameters, the empirical STD of the error is observed to be greater than the CRLB.
This may indicate that the GRU was trapped in a suboptimal local minimum. On the
other hand, the ESTD of x5 was smaller than the corresponding CRLB, probably because
the estimator is not unbiased.

0, ESTD; vCRLB; ESTD,;/6;

ko 195.3 2.534 0.7936 0.01297
k1 23207 190.5 16.78 0.008210
ke 0.02872 0.000891 0.01682  0.03103
c1 31844 360.4 16.08 0.01132
co 2539 142.1 3.221 0.05596
cs 424.1 62.86 0.868 0.1482
cy 4103 108.9 7.932 0.2655
ap  67.57 6.086 0.5326 0.09006
ay 138.9 5.721 0.6352 0.04117
as 16.27 8.293 0.8546 0.5094
ay 84.07 3.890 3.560 0.04627
a 1004 23.57 0.7223 0.2348

Table 4: Refined parameters of real experiment predicted using GRU trained on dataset
D, with their estimated STD (ESTD), Cramér-Rao lower bound (CRLB) and the ratio
of ESTD and the parameter value.

6 Conclusion

We addressed the challenging task of parameter estimation for a cyclic plastic stress
model by training a neural network on synthetic stress-parameter pairs (D; dataset) and
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stress-parameter-deformation tuples (D, dataset). By incorporating a loss function that
combines MSE losses for both parameter estimation and stress response prediction, we
significantly improved the accuracy of the network despite a slower training process. Our
results show that GRU networks perform well on both the D; and the more advanced
D, dataset, which generalizes over different plastic deformation sequences.

Furthermore, we compared this approach with the tensor train optimization method
called TTOpt. While TTOpt provided high quality results, it required significantly more
time to evaluate. However, due to its non-deterministic nature, repeated runs of TTOpt
can yield optimal results without the need for training. In conclusion, both the GRU-
based neural network and TTOpt outperformed random estimates refined by the Nelder-
Mead method, with GRU providing faster predictions and TTOpt excelling in accuracy
through repeated evaluations.
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Abstract. In this paper, a mathematical flow model is proposed and evaluated for the quan-
titative assessment of flow in stent-treated vessels where standard imaging methods such as
magnetic resonance imaging are not e [edtive. The research focuses on the aortic bifurcation and
investigates the applicability of the proposed model in patients without stents and in patients
with one or two stents in the bifurcation. For the purpose of evaluation, flow simulations were
performed using data obtained by 4D Flow magnetic resonance imaging and segmentation of
the aortic bifurcation [1, 4].

A mathematical model of blood flow was in our study was based on the assumption the
incompressibility of blood in large vessels and the assumption that blood behaves in these ge-
ometries as a Newtonian fluid [2]. Based on these assumptions the dynamics of blood were
described using incompressible Navier-Stokes equations, the solutions of which were numerically
approximated by a lattice Boltzmann method [3].

The results showed that in patients without stents, the simulation helped to remove minor
inaccuracies in the measured data, while in patients with stents, the simulation provided more
consistent data than the measurements alone and allowed to assess the flow inside the stents
where the MRI signal completely fails.

Thus, mathematical modelling of blood flow in vessels shows considerable potential, espe-
cially in areas where the MR signal is absent or very poor, such as inside stents or behind
stenoses. Our study demonstrates the feasibility of coupling non-invasive flow measurement
using 4D Flow MRI with a mathematical model and suggests the potential for extending this
methodology using artificial intelligence algorithms for clinical use in the future.

Keywords: 4D Flow, lattice Boltzmann method, aortic bifurcation

Abstrakt. V tomto ¢lanku je navrzen a zhodnocen matematicky model proudéni pro kvan-
titativni hodnoceni pritoku cév osetfenych stenty, kde standardni zobrazovaci metody jako je
magneticka rezonance, nejsou Ucinné. Vyzkum se zaméruje na bifurkaci aorty a zkouma pouzi-
telnost navrZzeného modelu u pacientd bez stentl i u pacientd s jednim nebo dvéma stenty v
bifurkaci. Za Gcelem vyhodnoceni byly provedeny simulace proudéni na zékladé dat ziskanych
pomoci 4D Flow magnetické rezonance a segmentace bifurkace aorty [1, 4].

Matematicky model pritoku krve byl v nasi studii zalozen na predpokladu nestlacitelnosti
krve ve velkych cévach a predpokladu, Ze se krev chova v téchto geometriich jako newtonovska
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kapalina [2]. Na zakladé téchto predpoklad( byla dynamika krve popsana pomoci nestlacitelnych
Navierovych-Stokesovych rovnic, jejichZ FeSeni bylo numericky aproximovano pomoci mrizkové
Boltzmannovy metody [3].

Vysledky ukazaly, Ze u pacientll bez stentll simulace pomohla odstranit mensi nepfesnosti
v méfenych datech, zatimco u pacientll se stenty poskytla simulace konzistentnéjsi data nez
samotné méreni a umoznila zhodnotit i pritok uvnitf stentd, kde signal magnetické rezonance
zcela selhava.

Matematické modelovani pritoku krve v cévach tak ukazuje znaény potencial zejména v
oblastech, kde signal MR chybi nebo je velmi Spatny, napfiklad uvnitf stentl €i za sten6zami.
Nase studie demonstruje moznost propojeni neinvazivniho méreni priitoku pomoci 4D Flow MRI
s matematickym modelem a naznacuje potencial rozsireni této metodiky pomoci algoritmd umélé
inteligence pro klinické pouziti v budoucnosti.

Kli¢ova slova: 4D Flow, mfizkova Boltzmannova metoda, bifurkace aorty

Full paper: R. Galabov, J. KovaF, P. Eichler, K. Skardova, R. Chabiniok, T. Oberhuber,
R. Fucik, P. Paus, A. Wodecki, J. Novotny, J. Tintéra. VyuZiti mrizkové Boltzmannovy
metody k modelovani prdtoku v bifurkaci aorty: porovnani s 4D Flow MRI. Ces Radiol
2023; 77(3): 150-155. http://www.cesradiol.cz/dwnld/CesRad_2303_150 155.pdf
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Abstrakt. Stabilitou spektra operatoru se rozumi existence uniformni podminky pro vnéjsi
poruchu, ktera — je-li spInéna — zarucuje zachovani spektra poruseného operatoru. Pokud takova
podminka existuje, Fikame, Ze plvodni operator je tzv. subkriticky. V opatném pripadé Fikame, Ze
operator je kriticky. Existence takovych podminek pro Schrédingerovy je dobfe prostudovana a
znama. Jak je tomu v pripadé Dirakovych operatord vsak byla dlouho oteviena otazka. V ¢lanku
[1] autori dokézali subkritikalitu Dirakova operatoru v dimenzich tfi a vice.

V naSem clanku jsme odvodili postacujici podminku stability spektra pro parametrickou
tfidu Dirakovych operatord na polopfimce podrobenych zobecnéné infinite-mass hraniéni pod-
mince (také zndmou jako MIT hrani¢ni podminka) a dokézali jeji optimalitu pro jisté speciélni
pripady. Déle jsme dokazali kompatibilitu nalezené postacujici podminky s FeSenim stejného
problému pro Robinovsky Laplacian na polopfimce [2] v nerelativistické limité.

Klicova slova: Diraklv operator, hrani¢ni podminka, stabilita spektra, nerelativisticka limita

Abstract. By a stability of a spectrum of an operator is understood an existence of a uniform
condition which — when satisfied — assures preservation of the spectrum of the considered op-
erator. If there is such a condition, we say the original operator is subcritical. In the oposite
scenario, we say it is critical. Existence of such conditions for Schrédinger operators is well
studied and known. The way things are in the case of Dirac operators, however, has been long
an open question. In the paper [1] authors have proven subcriticality of the Dirac operator in
dimensions three and more.

In our paper we derive the su Lcieht condition for a stability of the spectrum for a parametric
class of Dirac operators on the half-line subjected to a generalized infinite-mass boundary con-
dition (also known as MIT boundary condition) and prove its optimality in the certain special
cases. Further, we prove compatibility of the su [cieht condition with the solution of the same
problem for Robin Laplacian on the half-line [2] in the non-relativistic limit.

Keywords: Dirac operator, boundary condition, stability of the spectrum, non-relativistic limit

Full paper: D. Kramar, D. KrejCifik, Dirac operators on the half-line: stability of spec-
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Abstract. In this paper we discuss the motivation for introducing Weyl conformal gravity
(WCQG) as an alternative theory to Einstein gravity. We will compare the two theories and focus
on the new properties and challenges that WCG introduces. Furthermore, we demonstrate its
use and behavior on selected problems, and present and discuss some new results and directions
for further research.
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Abstrakt. V tomto ptsp vku rozebereme motivaci zaveden Weylovy konformn gravitace
(WKGQG) jako to teorie alternativn k Einsteinov . Porovn£me tyto dv teorie a zam t me se na
nov@ vlastnosti a v zvy, kterkE WKG ptink, . D&le na vybran ch probl@mech demonstrujeme jej
vyu it a chovkn , ptedstav me a rozebereme n kter@ novd v sledky a sm ry dal,, ho v zkumu.

KI tovk slova: Weylova konformn gravitace, ternd d ry, dynamick@ prostorotasy

1 vod

Einsteinova obecnk teorie relativity (dile OR) se ukkzala jako velice dobr model gravi-
tace na ,kElkch slunetn soustavy (a ni ,, ch) v klasickd fyzice. Existuj v,ak skutetnosti
motivuj ¢ jej modi kace. Jednk se ptedev,, m o problgmy temn@ hmoty a energie, kosmo-
logick? konstanty a spojen s kvantovou teori . Modi kovan ch teori existuje nyn velk@
mno stv. V tomto ptsp vku se zam + me konkr@tn na Weylovu konformn gravitaci
(dkle WKG).

K ptedstaven WKG do,lo velmi zkhy po OR, v roce 1918 [22]. Pgvodn motivac
bylo sjednocen gravitace a elektromagnetismu. Jeliko je akce pro elektromagnetick@ho
pole je konformn invariantn, byla snaha nal@zt gravitatn akci, kterk tuto vlastnost
sd | . Uva ujeme-li ttytrozm rnd metrickd teorie gravitace, je akce urtena jednoznatn
(viz Sekce 2).

Ptes sv@ stkt v,ak nebyla WKG v ce zkoum£na do cca do ptelomu 80. a 90. let, kdy
se 0 jej renesanci zasadil dodnes hojn publikuj ¢ P. D. Mannheim, a to jak demonstrac
jej ®sp ,.nd aplikovatelnosti na n kter@ probldmy modern fyziky ([11] a +ada dal,, ch), tak
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hleden m te,en v n ([9] a tada dal,, ch), kterk se mohou od OR podstatn li,it. V tdto
snaze dnes pokratuje mnoho dal,, ch autorg (viz dkle).

Postupn WKG ptekonala n kter@ problgmy (duchovk pole, unitarita...) a nyn (ale-
spo pokud je nEm znEmo) nen v rozporu z Adn m experimentkln m faktem. Jak jsme
zm nili, zdk se WKG (Lasto neotfele) te, it +adu problgmg. Jej u VvAn v,ak phing, jistd
v zvy (interpretace kalibrac , rovnice ttvrtdho +£du...) I nan se pod vAme v nksleduj c
sekci.

2 Porovnkn Einsteinovy a Weylovy gravitace

V tlEnku [10], kter@ho se v tdto sekci Listetn phidr me, rekapituluje P. D. Mannheim
mimo jind vlastnosti, ptenesend z OR, kter@ by jakkkoli funguj ¢ gravitatn teorie m la
spl ovat. Ptedev,, m je to princip ekvivalence, kter je zaruten tm, e na teorii uva-
I me princip soutadnicov@ invariance a gravitatn pole ztoto n me s metrick m tenzorem
(nkslednk konstrukce Christo elov ch symbolg, geodetik, Riemennova tenzoru apod. by
op t m la zgstat). DEle je tleba zajistit, aby teorie na erovni Slunetn soustavy pted-
pov dala Schwarzschildovskd te,en (alespo do perturbatn ho +&du, kter jsou schopna
zm #+it soutasnk pozorovin ).

Co naopak zachovat nutn@ nen jsou poln rovnice, chovkn na vy,, ch ,kElkch (to
ani nen z£hodno) a tedy i samotnk konstrukce akce a jej dal,, symetrie. Konformn
symetrie je ptirozenou symetri (nejen) standardn ho modelu (krom Higgsova sektoru) a
existuje fada argumentg, prot by j gravitatn sektor m | sd let. (Pr&v Higgsev sektor
pak generuje tenzor energie a hybnosti a zpgsob spontEnn naru,en symetrie).

““tytrozm rnk metrickk teorie gravitace s lokkln konformn invariantn akc (tj. inva-
riantn veti transformacig (x) ¥ e> Mg (x)) je dEna jednoznatn (a na Gauss-Bonett
tleny tvotc v rovgic ch se neprojevuj ¢ plo,n@ intzegrﬁEIy) jako

lw= Gy d4xp_gC C = 2Gy d4xp_g(R R (R)*=3) (1)

kde G, je bezrozm rnk konstantaa C  je Weylgv tenzor. Variac podle metriky z sk&me
poln rovnice, kter@, vyjkdteny v podobn@m tvaru jako Einsteinovy, tj. G (+ g ) =T
maj podobu
B =T =(4Gu); (2)
kde B je tzv. Bachgv tenzor (n kdy oznatovan jako W ), majc phi vyjkdten pomoc
Ricciho tenzoru a skalkru (variace druh@ verze (1)) znatn komplikovanou strukturu
1

: 2 :
B = 9gR.+-R.+R’". R .. R
69 L ; ¥

2 1 1
+-RR 2R R +>g R R g R%
3 L 59 @)
Jeliko je akce invariantn jak veti konformn transformaci, tak transformac m soutadnic,
je B automaticky kovariantn konstantn a bezestop ,tj. r B =0;g B =0.Ph

konformn ch transformac ch se transformuje jako B ¥ e 2 ®B a pro konformn
ploch@ prostorotasy vymiz [4]. Hojn u vank je forma rovnic vyu vaj c Weylgv tenzor:

B =C2rr R )C ; ()
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pt padn je,t forma zapsank pomoc tzv. Shouten tenzoru [4]. Poznamenejme, e rovnice
(3) a (4) jsou vyjkdteny ve standardn konvenci Riemannova tenzoru R =@

0 + a signatury metriky ( ;+;+;+). V literatute se v,.ak objevuj i
jind konvence, ptedev,, m Winbergova u P. D. Mannheima, kterE m n n kterk znam@nka.

Z uveden ch rovnic plyne fada skutetnost . Poln rovnice jsou zjevn ttvrtdho +£du,
na rozd | od Einsteinov ch standardn ho druh@ho +£du. To komplikuje jejich te,en (je,t
v ce ne v OR). Mimo technickd v zvy v te,en je to ale takd znatn konceptn probl@m
tzv. Ostrogradsk@ho nestabilit, kter@ rovnice vy,,, ch +kdg phink,ej . R

Jeliko je konstanta G,, bezrozm rnk (narozd | od konstanty v OR akci ﬁ d*xR),
je teorie v principu renormalizovatelnk. Je kupodivu unitkrn (a bez duchov ch pol). To
z n tin tak? potencifln kandidAta na kvantovin . Tyto pokusy prob haj, atkoli se ne-
jednk o kvantovou gravitaci v pravdm slova smyslu, n br gravitaci kvantovanou interakc
s kvantov mechanick m zdrojem (v ce v [10] a dal,, ch LIEnc ch autora).

Na rozd | od OR, kterk mk (krom soutadnicov ch invarianc ) symetrie dan@ Poin-
cargho grupou s 10 generktory (translace, rotace, boosty), zachovAvaj ¢ d@lku intervalu,
mE WKG akce (1) symetrie dan@ grupou konformn , zachovAvaj ¢ ®hly (tedy i kauz&in
strukturu). Tedy ptib V£ dal,, ch 5 generktorg (specikln konformn transformace a ,,kklo-
vEn ). Konformn grupa je takd grupou symetri sv telngho ku ele. Z&Erove iv OR existuj
tzv. konformn Killingovy vektory (viz dkle), generktory konformn ch symetri a k nim
ptidru eng velitiny, kter@ jsou integr&ly pohybu sv tlupodobn ch geodetik.

V neposledn tad z rovnic (2) a vlastnost Bachova tenzoru plyne, e tenzor energie
ahybnostiT mus b ttd bezestop (asdletsB dal, vlastnosti). To je, spolu s Os-
trogradsk@ho nestabilitami patrn nejv t,, m probldmem WKG. Nezdk se sice nete, iteln ,
klade v,,ak znatn netrivikln po adavky na gravitatn zdroje.

Dkle je zde otkzka samotnd interpretace kalibratn volnosti. Ta ptedstavuje znatnou,
dosud nevyte,enou interpretatn v zvu (co a jak kalibraci urt atd.), zkrove v,ak (teo-
reticky) odstra uje n kter@ probldmy OR (v principu lze toti odkalibrovat i singularity
a t m utinit prostorotasy eping).

Nyn se pod vejme na vztah OR a WKG #e,en . D ky vlastnostem Bachova tenzoru
jsou v,.echna vakuovk OR te,.en nutn #e,en miive WKG; opak zjevn neplat . Otevienou
otkzkou zgstkvk, zda jsou v,echna WKG te,.en alespo konformn n jakdmu OR [4].

V tl&nku [9] jsou nalezeny analogie klasick ch te,en a od td doby se jich objevilo
velkd mno stv . My si analogii demonstrujeme na Schwarzschildovi, tedy nejobecn j,, m
sfdricky symetrickdm statickdm te,en tj. ds> = B(r)dt? + A(r)dr? +r?(d 2 +sin® d”);
co lze kalibratn transformac ptev@st na

2
ds? = B(r)de + —E‘:(rr) +r2(d 2 +sin? d”); 5)

a ve WKG vyte, it (znEm@ jako Mannheim-Kazanasovo te,en , dkle M-K), jako

@ 3 ),

B(r)y=1 3 =

ror% (6)
kde ; ; jsou konstanty. Oproti standardn mu ((anti)-de Sitter) Schwazschildovi B(r) =
1 2m=r r2 obsahuje konstantu nav c. Ptib vaj nEm vlastn dva tEdy r (veti

= 0) dand vy,,,, m +kdem poln ch rovnic. To je vcelku typick? a pti hled&n analogi OR
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te,en obsahuj ¢ polynom se tak vyplat zkusit mu ptidat dva t£dy). ZErove vid me, e
I bez zaveden kosmologick@ konstanty (tu ani do (1) ptidat nejde, nebo» by tlen nebyl
konformn invariantn ) dostEvime efekt konstant odpov daj ¢ a to bez problfmg, kter@
jej vlo en b n znamenk.

Konstanta je tedy novk a zpgsobuje novd efekty. P+  tovEn na nk, sol&rn systgm
by m la b t malk, projev se ale ve vy,,, ch ,kkl&ch a efektivn tak vyte, dal, probldmy
t kaj c se gravitace. ctyhodnk prkce pti zkoumEn rotakn ch ktivek galaxi [11] uk£zala,

e WKG nan velmi dobte sed a dokk e je vysv tlit pt mo, bez ptidkvEn exotickd, nikdy
nedetekovan? temn@ hmoty apod. (Patrn si WKG obecn porad i s temnou energi [10]
a dal,, mi problgmy.)

Toto v,.ak nen jedink zm na. Vezm me napt. analogii Reissner-Nordstromova te,en
z tpho tl&nku [9]. Tj. zavkd me Coulombickd pole Fy, = Q?=r* daj ¢ vzniknout tenzoru
energie a hybnosti

1
T =F,F? ZFabFabg (7)

(v akci odpov dk tlenu F F =4, kter je konformn invariantn). Ten v Einsteinov
teorii do te,en (funkce B(r)) ptidAvE tlen Q?=r?. Zde je tomu jinak - zm na se projev
ve tlenu em rnfmu 1=r. | na tomto jednoduchgm pt pad tak vid me, e WKG nejen
ptidkvk tleny/tAdy, ale mg e tak@ podstatn m nit charakter te,en .

3 Vybran@ probldmy

V tdto sekci uvedeme n kter@ mo nosti rozvinut v zkumu, na kter@ autorka narazila
b hem doposud pouze n kolikam stn doby pgsoben v rEmci tdmatu WKG a chystk se
je studovat v disertatn prkci. V n kter ch pt padech (zejm@na sekce 3.1) se jednk defacto
u o0 zpracovank tgmata s ptipravovanou publikac , v jin ch (napt. sekce 3.3) jde sp ,e
0 nkpady do budoucna s teoretick m evodem.

3.1 Eddington-Finkelsteinovy soutadnice

Eddington-Finkelsteinovy (dile E-F) soutadnice se vyu vaj v OR hlavn Kk lep, ana-
| ze Schwarzschilova (i jin ch) te,en . Ukazuje se, e phi studiu WKG se s nimi relativn
dobte pracuje a zkrove nalezenk te,en poskytuj bohatou fenomenologii. Jej kompletn
anal za, klasi kace a ptedev,, m mo ng@ interpretace jsou rozskhl m tgmatem, kter@ si vy-
EdE mnoho tasu a prkce. Zde pop ,.eme n kterd na,e dosavadn v sledky bez technick ch
detailg (ty budou uvedeny v chystan@ publikaci).

Hledat budeme metriky s retardovan m tasem u ve tvaru

dx? + dy?

2dudr + H(r; u)du® + r? : (8)
1 + K(X24+y2)

V,.echny uvedend v sledky plat s mal mi obm nami (v t,inou ve znam@nk#ch) i pro met-

. 2 2 .
riky 2dvdr +H(r; v)dv? + rz% s advancovan m tasem v . Sektor X;y v metrice
1+ x4+

(8) zahrnuje dohromady v,echny 2D prostory s konstantn k#ivost , tj. sfdry, roviny a
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hyperboloidy, kde K = =a?, = 1;0; 1, a a je konstanta. Tyto prostorotasy tak au-
tomaticky maj sf@rickou, plan&rn, resp. hyperbolickou symetrii a tedy i 3 (2 nezkvisld)
Killingovy vektory a integr&ly pohybu.

Hledkfme vakuovk te,en, tj. B = 0. Bachgv tenzor, ptes svou komplikovanost, m&
jednoduchou slo ku rr urtuj c

H(r;u) = Uy(u) + + U (u)r + Uy (u)r?; )

Uz (u)
r
jeho dosazen podstatn zjednodu, ostatn nenulovd slo ky, chovajc se po vhodng
eprav jako polynomy v r. e,en serozpadaj nadv ttdy, najakdsi,dynamickd pozad \:

Ui(u) = K; Uy(u) =0; Usz(u) a Uy(u) libovolnd (10)

a ,,dynamickou ternou d ru\ (konkr@tn interpretace je zat m znatn nejistk, op r&me ji
0 n e uvedend vlastnosti a analogie s Einsteinovsk mi te,en mi):

U1(u) a Uy(u) libovolng,

Uy = VW LW, o KAL) 4 YW 4 25000 4 ¢ )
: 3U,(u) Lt UZ(u) ’

kde C je konstanta.

Tato te,en maj t@ elektricky nabitou verzi, tj. poln rovnice ptechkzej na (2), kde
(7). Pti ptedpokladu dynamick@ho Coulombick@ho pole F,, = g2(v)=r* dostfvEme zp@so-
bem analogick m vakuov@mu postupu ,te,en s pozad m\

Vi(V) =C; Vo(v) =0; Vi(v) aVa(v) libovoIng, ¢%(v) = 4Gu(K? C?=3 (12)

aop t, ternou d ru\
q(v) = Q; Vi(v) a Va(v) libovolng,

o, KEHVEW)  6Vi(v)

Va(v) = 26w : 13
3(v) V() (13)
Vi(vK? VEW) Vo (V)V(v) Q2(V)Vi(v)
_ : 9 + l27 : 3 . + 126;, + C.
V4(V) = )

VE(v)

ptitem jsme uvedli verzi s advancovan m tasem. Pro Q = 0 se jednk o advancovan{
vakuovd te,.en . NeptidivEme £dn T zdroj mimo (7), proto vychkz q(v) konstantn .

Analyzovali jsme n kter@ vlastnosti nalezen ch te,en . Pokud zvol me ve, ker@ U;(u)
v (11) konstantn, dostkvEme M-K te,en (6) resp. tzv. topologick@ terng d ry, jejich
WKG analogie jsou znEmy [7]. Vzhledem ke svdmu dynamick@mu charakteru pgjde ale
patrn v obecn@m pt pad sp ,e o konformn analogie tzv. Vaidya te,en [16]

m;u

ds®> = 2dud 1
S uar 4I’2

du>+r*d *+sin* d ?); T =

—Zmr(“) Kk (14)

kdek = wu. -dynamickdterndd ry. Tedy vlastn vyzatuj c ho (nebo pohlcuj ¢ ho, podle
volby tasovd soutadnice u ti v ) Schwarzschilda, pou van@ho k modelgm gravitatn ho
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kolapsu ti naopak vypatuj c se tern@ d ry (napojen m na Minkowsk@ho prostorotas Li
Schwarzschilda). Toto te,en m#& zdroj (OR rovnice neumo uj dynamickd te,en (8)
£dngho druhu), kde to na,e je vakuov@. Tento fakt, ptes komplikovanost sv@ interpretace
je zaj mav . Samo pozad se zde, zdk se, chovk jako zdroj, resp. dochkz k ,pteldvEn \
mezi n m a hmotnost d ry.

e,en spadaj do Petrovovy ttdy D (ptpadn O), nebo» jedin nenulov Weylgv
skalfr je », = [(K + Ug(u))r + 3Uy(u)]=(6r3). V r = 0 je singularita, nebo» napt.
Kretschmanngv invariant zde diverguje. U dynamick ch prostorotasg je komplikovan j,,
problematika horizontu ud&lost [14], Ize v,,ak pomoc geodetick? expanze spot tat appa-
rent horizonty, nach£zejc se v H(r;u) = 0. Tak? jsme na,li OR prostorotas, kter je
konformn (11),t.§ = ?2(r;u)g ato (r;u)= (F.(u)r+F,(u)) 1, kde F;(u) jsou
urteny konstantami (vketn kosmologickd) a funkcemi U;(u); U,(u). Jeho interpretace a
vlastnosti (stejn jako to, zda jde o ji znAm@ te,en ) zat m nejsou jasnd.

Dal,, vlastnost analogickou (14) je konformn symetrie (uvad me v advancovang verzi,
nebo» je tast j,) K = (v;r;0;0)" ve speci&ln m pt pad , kdy hmotnost m(v) je line£rn
funkce m(v) = v . Zaanalogick ch podm nek V,(v) = je konstantn aV,(v) = v line-
Ern , k tomu dojde i u nks. V OR se tato symetrie pou VE (konformn spjat prostorotas
je stacionfrn a mi j jako b nou symetrii) ke studiu vlastnost tohoto speci£ln ho pt -
padu. I my se ho chystEme detailn ji analyzovat. Na n m by pak potencifln ,lo studovat
termodynamiku a zm ny soutadnic, ti dokonce konformn diagram, geodetick pohyb,
Hamilton-Jacobihiho rovnici atd. [14].

Uvedend prostorotasy v,,ak nejsou jedin mi, kter@ se v dynamick ch E-F soutadnic ch
ve WKG daj naj t. Konstanty v metrice (8) lze pov it na funkce u a najt, alespo
s pomoc matematick@d softwaru, obecng te,.en v komplikovan@ integr£ln form . Je mo ng,

e tento proces pgjde zjednodu,ita» u vhodn mi kalibratn mi transformacemi, klasi kac
th d te,en, nebo zcela jinou metodou, napt. zapojen m Penrose-Newmanova formalismu
[6].

Dal,, slibnou t# dou jsou terv d ry (z hlediska E-F soutadnic a dynamick ch te,en, i
ve WKG obecn - existuje literatura, napt. [8], ne v,,ak kompletn klasi kace ti anal za
n kter ch vlastnost ). Metrika terv d ry mk obecn tvar ds? = A(r)dt?> + B(r)dr? +
L2(r)(d 2 +sin? d~), bez singularit a s L(r) & 0 v,ude. | tady je mo n ptevod do E-F
soutadnic a pov ,en konstant na funkce. Nalezli jsme u n kolik pt kladg, kter@ budou
dile studovAny. "ir, klasi kace vzhledem ke slo itosti prkce s funkcemi r je v zvou.

3.2 Rotuj c prostorotasy

Stacion£rn rotuj ¢ prostorotasy - napt. Kerr a jeho rozlitnk zobecn n jsou tdmaty,
k nimi dodnes ptib vaj nov@ poznatky i na erovni OR. Dgvodg je jist v ce. ~“ekaly
dlouho na sv@ ,,0dvozen \, jsou znatn komplikovan@ a maj zkklad v re£Inm sv t (kde
v t,ina zdrojg rotuje).

Konformn analogii Kerra a Kerr-Newmana nalezneme v [9]. Na rozd | od analogie
Schwarzschilda, resp. Reissner-Nordstroma [18] nebyla zat m dok£zkna jeho unik£tnost.
To bude patrn nkrotn «kol, kter si vy EdE novd metody, ti alespo podstatnou modi-

kaci stkvaj ¢ Cartrovy [19].
Mannheim zat. nf obecnou axisymetrickou metrikou ds? = A(X; y)dx2+2E (x; y)dxdy+
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C(x;y)dy?+D(x;y)d”?+2F (x;y)d>dt B(x;y)dt? a rovnou pak po vzoru Cartera v OR
navrhuje tvar
dx?2  dy?2  d(bd® cdt)? a(ed” Fdt)?

=0f ce) —-+- R ? (15)

kde funkce a; b; ¢ zAvis pouze na x a funkce d; e; T pouze nay. Ten mg e v@st k separabilit
rovnic, za podm nky e (bf ce) sama je separabiln, co se dosahuje konstantnost ¢ a
f. V OR u jdou takto omezenf rovnice vyke, it jako a =j?> 2mx+x% d=1 y? b=
j2+x% e =jJ y?»;c =], f =1 Mannheim zachovivE funkce b; e; c z OR a
hledE WKG rovnice pro a(x); d(y). Ty jsou znatn komplikovang a tak autor rovnou
ptedpoklkdk ansatz 4. +£du. Z n ho obdr

a(x) = j2+ux+px2+vx® kx%d(y) =1+ry py?+sy® jiky* kdeuv rs=0; (16)

kde u; p;v;k;r;s jsou konstanty.

V jistdm wyslu jsme utinili pﬁ;n mal krok k drfﬂsazu JednoznaLnostlppomoc roz-
vojg a(x) = = 0An(x Xo)"= = Oanx“ diy)= = OD (X X" = nlod.r,xn Ize
toti ukkzat, e (16) te, rovnice pro a(x); d(y) (tj. rovnice B} = B3 = 0) jednoznatn .
U itk metoda je podobnk [15].

e,en (16) nks zaj mk z v ce dgvodg. Existuje tada tl1£nka, kter@ ho (resp. speci&in
pt pady) analyzuj, napt. [21, 2]. Kveli jeho komplikovanosti je v,ak stkle velkE kst
vlastnost neprozkoumank (asymptotiky, energie, vlastnosti kauzkln struktury...) e,en
sd | integrabilitu OR Kerra, nebo» u podm nky na separabilitu (15) zarutuj existenci
tzv. principal tenzoru [3], pojc se s cel m tdmatem skryt ch symetri (kterd mg eme
zkusit hledat i u obecn j,, ch prostorotasg).

Symetrie jsou zaj mavou oblast (viz napt. ,pov ,en \ konformn symetrienab nou a
jej v sekci 3.1), ve WKG pokud je nEm znfmo zat m systematicky nestudovanou. Bylo by
snad mo n@ vyu t podgrup konformn grupy k nalezen a klasi kaci vysoce symetrick ch
prostorotasg (podobn postup jako pti hledin (super)integrabiln ch systdmg [20]).

Konetn je zde tdma rotuj c ch analogi ji znkm ch te,en . K jejich hledkn Ize mimo
jind vyu t tzv. Janis-Newmann formalismus, resp. jeho v jist ch ohledech vylep,enou
verzi [1]. "lo by tak jist ,,orotovat\ rgznk te,en z ptedchoz sekce ale i +adu jin ch
znkm ch te,en . Pt padn zkusit, co tento formalismus ud |£ s polem (napt. skalkrn m,
viz - 3.3).

3.3 No hair teor@my, skalkrn pole

Tzv. no hair teorfmy zjednodu,en teteno tvrd, e ternf dry nemaj ,vlasy\ tedy pa-
rametry jin@ ne hmotnost, moment hybnosti a elektrick (a magnetick ) nkboj a ani
snaha ptidat k nim pole nevyest v netrivi£ln te,en . Piesto e no hair domn nka napt.
pro Yang-Mills pole ji padla, odol&vE (alespo tkstetn ) pole skalkrn [5].

I tam situaci zkomplikuje ptidEn kosmologick@ konstanty a neminim&Iln coupling.
ZdE se tak, e skalkrn vlasy v OR existuj, by» za speci ck ch podm nek a s mnoha
omezen mi. Pokud v me, byla tak? v t,ina nalezen ch te,en ptibli nk a obsahovala pouze
tzv. sekundkrn vlasy (tedy pole nem lo samostatn parametr nav c). Otkzkou je, zda a
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jak funguj no hair teorgdmy ve WKG (i jin ch modi kovan ch teori ch). V n bychom
ptirozen ptedpokl£dali konformn coupling
z
_ s P— 1 1 55 .
pt padn je,t s (kvartick m) potenci£lem.

Ve WKG se skalkrn pole zkoumalo, s akc obecn j, ne (17), by» v pon kud jindm
kontextu [13]. Pro specikln sf@ricky symetrick statick ptpad tam bylo nalezeno (a
velmi zb n analyzovkno) te,en

1

u
B(r) = Kr?+ — +vr; = : 18
Nn=w r . vr b ar (18)

kde w; K; u; v; a; b jsou konstanty svkzan@ 4 podm nkami, brand v,,ak pouze jako exte-
riorn , neinetrpretovan@ jako ternk d ra.

Podle nks %_jedn%o_WKG analogi tzv. MTZ te,en [5] B(r) = r’=3 + (1
m=r)2, (r)=" 3m=(C 4 (r m)) tedy v podstat jeding (sfdricky symetrickd, statick
s kvartick m potenci£lem) mo nf ,vlasatd\ terng d ry v de Sitterovskdm vesm ru. Bylo
by zaj mav@ ho v ce prozkoumat a pt pad studovat jeho (ne)unik£tnost a s t m spjatd no
hair teordmy (na ty budou patrn tteba nov@ metody). Rovn  bychom mohli zkoumat
situaci se skalfrn m polem u E-F dynamick ch ti rotuj c ch prostorotasg (viz 3.1, 3.2).
Otkzky ,,ztrkty parametrg\ phi vytvoten terng d ry souvis td s informakn m paradoxem
a problematikou tzv. ,soft hair\. | zde by WKG mohla odkr t nov@ fenom@ny.

3.4 Kundt soutadnice

Kundtova t} da prostorotasg je charakterizovina pt tomnost sv tlupodobn@ kongruence
geodetik, kterk je soutasn ,shear-free, twist-free a expansion-free\. To implikuje alge-
braickou speci£lnost t chto (alespo vakuov ch) te,en. T4 da je velmi ,irokk, zahrnuje
v sob ptedev, m exaktn gravitatn viny. Tvar Kundtovy metriky [16] je

ds? = 2du(dr + Hdu+Wd +Wd )+2P 2d d (19)

kde P(; ;u); H(; ;u;r)jsou reklng a W( ; ;u;r) komplexn funkce.

N£s zaj maj Kudtovy prostorotasy hned z n kolika dgvodg. Prvn m jsou (exaktn )
gravitatn viny. Pokud v me, studium gravitatn ch vin ve WKG bylo zat m v dy pertu-
rbatn , napt. [23]. Je tedy otkzkou, co mohou nab dnout exaktn te,en a to ve smyslu
jak pt mgho hled&n te,en, tak porovniEn obecn ch vlastnost, kter@ mohou/nemohou
gravitatn viny ve WKG mt, na rozd | od OR. (T m se, snad, r suje i dal, mo nost
experiment&ln ho zkoumin WKG). Pt kladem budi plan&rn viny, prostorotasy tvaru

ds* = 2dudr 2H(; ;u)du®*+2dd ; (20)
na kter@ OR poln rovnice kladou podm nku H. =0, kde to rovnice B = 0 po aduj
H. =0. Obecnk te,en (lze snadno naj t v obou pt padech) tak budou jink, £t m patrn

7 skEvEme novou fenomenologii. Pt kladg je v ce, zat m se nEm podatilo n kterk dal,
komplikovan j,, Kundt te,en naj t, situaci budeme v budoucnu zkoumat systematitt ji.
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Dal,, dgvod, souvisej ¢ s ptedchoz m, je pr&v Klasi kace Kundtov ch te,en a jejich
porovnkvEn mezi jednotliv mi gravitatn mi teoriemi. Kundtovy prostorotasy (nezkvisle
na teorii) jsou toti klasi koviny [12] a toho lze vyu t phi studiu konkr@tn teorie.

Konektn jako prostorotasy konformn Kundtov m se daj zapsat napt. ternod rovk
te,en [17], co je v hodnf@ napt. pti jejich studiu a hleden pomoc rozvojg. | tato oblast
je jist hodna zkoum#&n (souvis i s ptedchoz sekc, hledin vlasat ch tern ch d r [15]).
Poznamenejme, e i na,e te,en (11), (13) Ize do Kundt soutadnic snadno ptev@st.

4 ZEv r

V Sekci 2 jsme nejprve uvedli tvar akce a pohybov ch rovnic WKG a jejich motivaci. Dkle
jsme porovnali jej vlastnosti s OR, uvedli probldmy a v hody teorie. V sekci 3 jsme pro-
brali n kolik v zkumn ch tdmat (s tadou podtdmat), kter m se hodlEme v rEmci WKG
dkle v novat. Jednalo se ptedev,, m o nov@ dynamick@ prostorotasy v E-F soutadnic ch
(tern@ a terv dry a dal, ). Dile nkpady ohledn rotuj c ch prostorotasg ve WKG (uni-
kEtnost, vlastnosti, rotuj ¢ analogie zngm ch 4e,.en ), no hair teor@mg (jejich existence a
forma ve WKG, obecn chovAn tern ch d r se skalkrn m polem) a Kundtov ch prosto-
rotasg (klasi kace, exaktn gravitatn viny - obecn@ chovAn i hled&n te,en, konformn
Kundt forma tern ch d r). K tdmatgm jsme uvedli strutn teoretick cevod a pt klady
literatury (je mo n@, e pti detailn j,, re,er,i se ukk e, eu n co zpracovino bylo).

“"as UKk e, kterk z tdmat budou schgdnk a jak m sm rem se studium vyvine. Obecn
se WKG zdE komplikovan j,, , av,,ak fenomenologicky bohat, a z hlediska odpov di na
probldmy modern fyziky efektivn j,, teori gravitace. Zdaleka v,ak nen bez pot a
k jej mu potenci£ln mu nahrazen dominantn gravitatn teorie povede je,t dlouhk cesta.
V zkum ve WKG aktivn prob hk.
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Abstract. Courant algebroids are vector bundles endowed with a non-degenerate symmetric
pairing, an anchor map, and a bracket. The tangent bundle of a smooth manifold is naturally
equipped with the anchor map idty and the bracket [ ; ] je. However, both of these canonical
objects are incompatible with the Courant algebroid axioms. In this text we explicitly construct
a non-trivial Courant algebroid structure on the tangent bundle of a certain class of manifolds
(cotangent bundles of manifolds admitting flat torsion-free connection).

Keywords: Courant algebroids, generalized geometry, a [nelconnections, Patterson-Walker met-
ric

Abstrakt. Courantovy algebroidy jsou vektorové bandly vybavené nedegenerovanym symet-
rickym parovanim, anchorem a zavorkou. Na te€ném bandlu hladké variety je pFirozeny anchor
idrm a zavorka [ ; Juie. Nicméng, oba tyto kanonické objekty nejsou kompatibilni s axiomy
Courantova algebroidu. V tomto textu prezentujeme explicitni konstrukci netrivialni struktury
Courantova lagebroidu na te¢ném bandlu pro jistou tfidu hladkych variet (kote¢né bandly k va-
rietdm s plochou beztorzni konexi).

Klicova slova: Courantovy algebroidy, zobecnéna geometrie, afinni konexe, Patterson-Walkerova
metrika

1 Introduction

Modern physical theories are nowadays usually formulated using the language of smooth
manifolds, dilerential geometry. In fact, the object that is crucial in describing physics
and formulating coordinate-invariant equations is not a smooth manifold itself, but
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its tangent bundle. The tangent bundle (and its tensorial powers) makes it possi-
ble to speak, for example, of symplectic geometry and (pseudo-)Riemannian geometry.
Symplectic geometry gives an elegant way how to formulate classical mechanics, while
(pseudo-)Riemannian geometry, in particular Lorentzian geometry, is the natural lan-
guage of general relativity. Besides describing physics using the tangent bundle, one
may also do it using so-called Courant algebroids [10]. Although it is not straightforward
(pseudo-)Riemannian geometry may be introduced in the framework of a general Courant
algebroid [8].

In Section 2, we give a brief introduction to the theory of Courant algebroids. Af-
ter giving the definition of a Courant algebroid, we discuss the basic properties of these
structures and present many examples of Courant algebroids.

In Section 3, we discuss the di [cully of introducing a non-trivial Courant algebroid
structure on the tangent bundle. Finally, we give explicit construction of a non-trivial
Courant algebroid structure on the tangent bundle for a certain class of base manifolds.

Possible future direction is to discuss the interaction between the ordinary (pseudo-)
Riemannian geometry and the Courant algebroid (pseudo-)Riemannian geometry on the
tangent bundle.

2 Courant algebroids: basic properties and examples

The notion of a Courant algebroid arose as a common generalization of generalized ge-
ometry [7, 6] and quadratic Lie algebras. The modern definition was first given in [10].

Definition 1. A Courant algebroid over M is a vector bundle equipped with

= a non-degenerate symmetric 2-formh; i 2 ( 2E), (the pairing)
e a vector bundle morphism :E ¥ TM, (the anchor)
e an R-bilinearmap[;]: 2 (E) ¥ (E), (the bracket)

such that the following is satisfied for all a, b, c 2 (E):
(Cal) [a;a] = dha;ai,
(Ca2) (a)hb;ci = h[a;b]; ci + hb; [a; c]i,
(Ca3) [a;[b;c]] = [[a; b]; c] + [b; [a; c]],
where : T M I E is the natural vector bundle morphism given by = %h o B

Example 2. The fundamental example of a Courant algebroid comes from generalized
geometry. The underlying vector bundle is TM T M, the pairing is the canonical
symmetric pairing

WX+ :Y + iy :=%( Y)+ (X))
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forall X+ ,Y+ 2 (TM T M). The anchor is the projection to the tangent bundle
pryy and the bracket is the so called Dorfman bracket [4]:

[X+ Y + ]D ::[X;Y]Lie+|—X Yd .

Besides generalized geometry, also quadratic Lie algebras fits into the definition of a
Courant algebroid.

Definition 3. A quadratic Lie algebra is a Lie algebra (g;[; ]) equipped with a
non-degenerate symmetric 2-tensor h ; i 2 2g such that for all v, w, u 2 g there holds

h[v; w]; ui + hw; [v; u]i = 0: (ad-invariance)

Example 4. Every semi-simple Lie algebra with the Cartan-Killing form is a quadratic
Lie algebra.

There is a very simple characterization of quadratic Lie algebras inside the space of
all Courant algebroids. It is given by the one-to-one correspondence:

Courant algebroids ' quadratic
over the point M =f ¢ - Lie algebras

In case of Courant algebroids over the point, the anchor map is necessarily trivial, since
the tangent bundle of the point is the null vector space. Another case when the anchor is
necessarily trivial is when the bracket of a Courant algebroid is trivial. It follows directly
from (Ca2). In this case, a Courant algebroid is fully characterized by the underlying
vector bundle and a symmetric non-degenerate pairing. This gives rise to the one-to-one
correspondence

Courant algebroids ' quadratic
with the trivial bracket[; ] =0 ~  vector bundles (E;h; 1)

A special case is when the underlying vector bundle is null, then (0;0; 0;0) is a Courant
algebroid, we call it the trivial Courant algebroid over M. Another special case is the
tangent bundle of a (pseudo-)Riemannian manifold. A natural question is the following:

What are all Courant algebroids with trivial anchor = 0?

Definition 5. A bundle of quadratic Lie algebras is a quadratic vector bundle
(E;h; i) equipped with a tensor field [ ; ]2 (™E  E) such that (Em;[; Jm:N; im)
is a quadratic Lie algebra for all m 2 M.

Example 6. A simple example of a bundle of quadratic Lie algebras is associated to
every quadratic Lie algebra. One simply takes the trivial vector bundle and define the
bracket and the pairing pointwise by the given Lie algebra bracket and pairing.
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It follows from (Cal) that a Courant algebroid has trivial anchor if and only if the
bracket is skew-symmetric. Moreover, properties (Ca4) and (Ca5) together with =0
imply that the bracket is tensorial. Therefore, we have the one-to-one correspondence

Courant algebroids g bundles of quadratic
with trivial anchor =0 - Lie algebras

In the light of this correspondence, one may understand the anchor of a Courant alge-
broid as the object measuring how far is the Courant algebroid from being a bundle of
quadratic Lie algebras.

Courant algebroids fit into the more general setup of metric algebroids, [14].

Definition 7. A 4-tuple (E;h; 1; ;[; ]) consisiting of a vector bundle E ¥ M, a
symmetric non-degenerate pairing h; i 2 ( 2E ), ananchor :E ¥ TM, and a
bracket[; ]: 2 (E) ¥ (E), is called a metric algebroid if the axioms (Cal) and
(Ca2) are satisfied.

The framework of metric algebroids is enough to determine how the bracket behaves
with respect to the C1(M)-module structure of (E).

Proposition 8. Let (E;h; 1; ;[; ]) be a metric algebroid. The following is true for
everya, b2 (E)and f 2C1(M):

(Cad) [a; Tb] = f[a;b] + ( (@)F)b,
(Cab) [fa;b]=f[a;b] ( (b)f)a+ 2ha;bi  df.
We have an immediate consequence.

Corollary 9. Let (E;h; 1; ;[; ]) be a Courant algebroid. Then (E; ;[; ]) is a Leibniz
algebroid. In particular, for all a, b 2 (E) there holds

(CaB) ([a;b]) =[ (@); (®)]Lie-

In many applications, one does not need the full power of a Courant algebroid and it
is possible to work in the setup of pre-Courant algebroids [15].

Definition 10. A metric algebroid (E;h; 1; ;[; ]) is called a pre-Courant algebroid
if (Cab) holds.

In the framework of pre-Courant algebroids, some components of the bracket are
already fixed by the axioms.

Proposition 11. Let (E;h; i; ;[; ]) be a pre-Courant algebroid. For alla2 (E) and
2 (T M) there holds

Ca9) [ 1= L,
(Cal0) [ al= @ .
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It may happen when working with Courant algebroids that even a weaker structure
than that of a pre-Courant algebroid shows up.

Definition 12. A metric algebroid (E;h; i; ;[; ]) is called a weak Courant alge-
broid if the following property is satisfied:

(Ca7) there is a tensor field R2 (™2T M TM) such that foralla, b2 (E), we
have

(la;b) [ (@); ()lie =R( (@); (b)):

The notion of a Courant algebroid can be made even weaker while still being a metric
algebroid, [2].

Definition 13. A metric algebroid (E;h; 1; ;[; ]) is called an ante-Courant alge-
broid if

(Ca8) =0.
Proposition 14. There is the following sequence of strict inclusions:
8 O 8 S S S
< Courant = < pre-Courant = < weak Courant = < ante-Courant =
_ algebroids _ _algebroids  _ _ algebroids  _ _algebroids  _
(Ca3) z - (Cab) z - (Ca7) z - (Ca8) z

Namely, any Courant algebroid possesses all properties (Cal) — (Cal0).

One can thus view the properties (Ca6), (Ca7), and (Ca8), as a gradual weakening of
the Jacobi identity (Ca3). Figure 1 depicts the structure of Courant algebroid properties,
in particular, it shows schematically how to derive the dependent properties from the
three original axioms.

Definition 15. An anchored quadratic bundle (E;h ; 1; ) is called exact if the sequence

0O—T M s E s TM —— 0

is exact.

Sincepryy, :TM TTM T MistheinclusionT M ,E TM T M, the fundamen-
tal Courant algebroid (TM T M;h; 1.;prrm;[; Io) is clearly exact. What is more, if
we replace the Dorfman bracket with the so-called H-twisted Dorfman bracket:

X+ ;Y + [5:=[X+ ;Y+ ]p+ x yH

for some 3-form H 2 (3T M), it remains a Courant algebroid if and only if H is
closed. Since the exactness of a Courant algebroid does not depend on its bracket at all,
it remains also exact.

There is the famous classification of exact Courant algebroids due to P. Severa [13].
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S Courant algebroid
,' * axioms

' (Ca8) (Cal)
ante-Ca .

-

properties involving only ™~~~

the pairing and anchor (Cal0)

properties involving

the pairing, anchor, and bracket (Ca9) \ (Ca2)
properties involving only ca7 Cab

the anchor and bracket wgas C)ia p(re?C)a \\

properties involving only
the bracket

Figure 1: Diagram of Courant algebroid properties.

Theorem 16. There is the one-to-one correspondence

o o
< elements of the third = < equivalnece classes =
_ deRham cohomology class = ¢ _ on the set of exact _
B [H] 2 H3,(M) z = Courant algebroids over M~

The equivalence relation on the set of exact Courant algebroids over M is given by “being
isomorphic in the category of metric algebroids”.

For completeness let us recall what the notion of isomorphism in the category of metric
algebroids over the same manifold means. Given two mertic algebroids (E;h; 1; ;[; ])
and (E%h; 1% %[; 1) over M, a vector bundle isomoprhism : E ¥ E’is called a
metric algebroid isomorphism if

h a; bi’' = ha;bi; o= [ a; b]'= [a;h]
foralla, b2 (E).

We will now move from exact Courant algebroids to a more general setting.

Definition 17. An anchored vector bundle (E; ) is called regular if the rank of as a
vector bundle morphism is locally constant. In particular, it is called transitive if s
surjective.

Let us now give an easy example of a transitive Courant algebroid that is not exact.
It is a fundamental object for so-called B,-generalized geometry introduced in [1]. The
theory was later studied and developed by R. Rubio in his doctoral thesis [12].
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Example 18 (Bnh-generalized geometry). The vector bundle E :=TM T M 1y,
where 1y ;=M R is the trivial bundle, together with the anchor being the projection
prywm, While the pairing h ; i%" and the bracket [ ; 13" are given by

WX+ +FY + +gifr = %( (Y)+ (X)) +fg;

X+ +fY+ +glg":=DXY e + ($x vd +2fdg)+(Xg YT)

forall X+ +f,Y+ +g2 (E),isaCourantalgebroid. Itis notexact as pryy,(f) =0
but ¥ 2 impry,, = T M, however, it is obviously transitive. This example fits into a
more general class of transitive Courant algebroids called heterotic [5].

Let us finish this section with an interesting example of a Courant algebroid coming
from Poisson geometry that is not necessarily regular.

Example 19 (Poisson Courant algebroid). Consider a Poisson structure 2 (~?TM).
The generalized tangent bundle TM T M with the canonical symmetric pairing h ; i,
the anchor map prrm :TM T M ¥ TM, and the bracket [ ; ] defined for all
X+ Y+ 2 (TM T M) by the relation

X+ ¥+ ] X=[X+ )d]g + ) ]gX;
where d =1 ; ]scn is the Poisson codi [erential and
X+ ) X =X~"X+ X D

forall X 2 (™ TM). The 4-tuple (TM T M;h; is; prr m:[; 1) is a Courant

algebroid, which is regular if and only if the underlying Poisson structure is regular. Note

that the action (1) defines a CliLard algebra representation of (TM T M;h; i4) on
™ TM).

Figure 2 shows how all above mentioned classes of Courant algebroids are organized.

3 Courant algebroid structures on the tangent bundle

As the tangent bundle always comes equipped with the canonical anchor = idry and
the canonical bracket [ ; ].ie, one may wonder whether (TM;g; idtm; [ ; JLie) IS @ Courant
algebroid. Note that in this case the pairing is a (pseudo-)Riemannian metric on M.
Given that = idrpm, Wwe have = %g 1T M ¥ TM. However, the property (Ca8)
then says that

1
0= = _ 1;
Zg

which is clearly possible if only if TM = 0 or, in other words, dimM = 0. On the other
hand, given that the bracket is the Lie bracket of vector fields, it follows from (Cal) that
= 0. Moreover, the properties of the Lie bracket of vector fields together with (Ca4)
imply that
XY JLie + (XF)Y =FX Y JLie
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Courant algebroids

regular

transitive

bundles of quadratic Lie algebras

heterotic p=0

exact

quadratic vector bundles

=0
trivial
E=0
/
\
A\

generalized geometry B,,-generalized geometry trivial vector space
(TM @& T*M,prop, (s )45 1) (TM O T*M @ 1y, propy, { )f[ , ]Z)

Figure 2: Map of Courant algebroids.

forall X,Y 2 (TM)and f 2 C1(M). It follows that X f = 0, but this is again possible
if and only if dimM = 0.

In order to have a Courant algebroid structure on the tangent bundle of a smooth
manifold of dimension greater than 0, we have to change both the anchor and the bracket.
An easy but non-interesting solution to this problem is to take the trivial anchor and the
trivial bracket. To obtain a non-trivial Courant algebroid structure, we use a little trick.
Consider an arbitrary torsion-free a Lnekonnection ¥ on M. The induced dual connection
is a vector bundle connection on the cotangent bundle : T M ¥ M, hence r gives us
the vector bundle decomposition of T(T M) into the horizontal subbundle H- = TM
and the vertical subbundle V.= T M. Altogether, we have

T(TM)=H, V= (TM T M)
In particular, thereisthemap ,: (TM T M) ¥ (T(T M)) given by the formula

()= ra( ()

foralla2 (TM T M)and 2T M, where , is the vector bundle isomorphism
between H- V and (TM T M) induced by r. Namely, .j 7, is the horizontal

lift and j 7 1y Is the vertical lift. In natural coordinates (T U; fxJg [ fpig), we can
write

0k = 06 + Px :j‘@pi; cdX = @

Using the map - we induce the pairing g,-, the anchor and the bracket[; Jon T(T M)
from the fundamental Courant algebroid structure on TM T M as follows:

gr( v b)) :=ha;bis; ( ra):=pre(a); [ & bl:=[ablo
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foralla,b2 (TM T M). Since im . locally generates the whole space of vector
fields (T(T M)), the pairing g,- and the anchor are uniquely extended by C1(T M)-
linearity and the bracket [ ; ] is uniquely extended by prescribing the properties (Ca4)
and (Cab).

The pairing g, we recover is a split-signature metric on T M, which was first dis-
covered in [11] and is known under the name Patterson-Walker metric or Riemannian
extension. By a straightforward calculation one shows that the anchor s just the pro-
jection to the horizontal subbundle pry,_ and the bracket [ ; ] can be expressed in the
following way:

[h+v;h’+ V'] =pry [h;hLe +pry g, (Lngr (V) wdge(V))

forallh+v, h"+v' 2 (H, V). It may be checked that the axioms (Cal) and (Ca2)
are satisfied by the 4-tuple (T(T M);gy;pry,;[; 1), however, the Jacobi identity (Ca3)
does not necessarily hold. What is more, not even (Ca6) is true in general, since

pro, (X;Y D)  [pry, Xipry, Yle = pry, [Pra, X;pra, Y lie  [Pra, X;pry, Y i
= prylpru, X;pra, Y e

for all X, Y 2 (T(T M)). Denoting R(CX;Y) := pry([pry, X;pry, Y1), we get the
tensor field R 2 (™2T (T M) T(T M)), the induced structure on T(T M) is thus
not a Courant algebroid but a weak Courant algebroid, see Definition 12. In natural
coordinates (T U; fxig [ fpig), we have

RjT u— P Rr(dxl; Oxic; Oxis Oxi) dx'  dx] Op;

where R, is the Riemann curvature tensor of r. The induced weak Courant algebroid
structure on T(T M) becomes not only pre-Courant but even Courant structure if and
only if r is a flat connection. In conclusion, we have just constructed a non-trivial
Courant algebroid structure on the tangent bundle T(T M), which is not exact nor
transitive, but it is still regular. We summarize the main result in the following theorem.

Theorem 20. If there is a flat torsion-free a [nelconnection on a smooth manifold M,
there is a non-trivial regular Courant algebroid structure on T(T M) ¥ T M.

Remark 21. There is a more conceptual way to see this construction. In fact, it is a
particular example of inducing a Courant algebroid structure on the pullback bundle via
Courant algebroid action with the coisotropic stabilizers on a smooth manifold, see [9].
In our case, a flat torsion-free a [nelconnection r determines the action ( ;pry_ )
of the fundamental Courant algebroid (TM T M;h; i+;prrym:[; ]o) on the smooth
manifold T M. The stabilizer in the point 2 T M of this action is the vertical subspace
V , which is not only coisotropic but even maximally isotropic or, in other words, linear
Dirac [3].
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Abstract. This paper presents a computational investigation into the dynamics of space curves,
utilizing parametric method and flowing finite volume techniques. The parametric approach is
employed to solve the equations governing the curves,

X = T+ N+ B+F,
X(0) = Xo;

where T is the unit tangent vector, N the normal vector, and B is the binormal vector in the
Frenet frame. The scalar velocities ; ; are smooth functions of the position vector X 2 R3,
the curvature , and of the torsion . The term F is a known external force vector acting on
in arbitrary direction (see [1]). The evolution equation is then solved using the method of lines.
To mitigate instability issues inherent in the computation process, both natural redistribution
and uniform redistribution techniques are implemented.

Furthermore, the study introduces a special force term to examine its e[edt on curve dy-
namics. By integrating this term into the computational framework, we explore its impact on
the behaviour and shape evolution of space curves.

Through these computational methodologies and techniques, this research contributes to
a deeper understanding of space curve dynamics, olering insights into their behaviour under
various conditions and the influence of external forces (see [?]).

Keywords: Space curves; curvature flow; parametric method; Frenet frame

Abstrakt. Tento ¢lanek predstavuje vypocetni vysledky dynamiky prostorovych kFivek s vyu-
Zitim parametrické metody a metody kone¢nych objemd. K Feseni rovnic, jimiz se krivky Fidi,
se pouziva parametricky pristup,

X = T+ N+ B+F;
X(0) = Xo;

kde T je teCny vektor, N normalovy vektor a B je binormalovy vektor ve Frenetové ramci.
Skalarni rychlosti ; ; jsou hladké funkce polohového vektoru X 2 R3, kfivosti a torze
. Clen F je znamy vektor vngjsi sily plsobici na ¢ v libovolném sméru (viz [1]). Evolugni
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rovnice se jsou numericky Feseny metodou pFimek v kombinaci s metodou konecnych objemd.
Pro zmirnéni problém0 s nestabilitou jsou diskretizacni uzly pfemistovany v tangencialnim sméru
pomoci pFirozené, resp. rovnomérné redistribuce.

Déle je ve vypoctech uvazovan specialni silovy clen, ktery zasadné ovliviiuje vyvoj tvartu
prostorové KFfivky.

Uvedené vypocetni vysledky pfispivaji k hlubSimu pochopeni dynamiky prostorovych kfivek
a nabizi pohled na jejich chovani za rdznych podminek a pfi rliznych vngjsich vlivech (viz [?]).

Klitova slova: Prostorové krivky; dynamika podle kfivosti; parametrickd metoda; Frenet(v
ramec

Full paper: M. Narayanan and M. BeneS. Evolution of space curves by parametric
method with natural and uniform redistribution. In ‘ALGORITMY 2024, 22th Con-
ference on Scientific Computing, High Tatra Mountains, Slovakia, March 15-20, 2024,
Proceedings of contributed papers and posters’, Comenius University, Bratislava (2024),
109-118.

References

[1] M. Benes, M. KolaF, and D. SevEovi¢. Qualitative and numerical aspects of a motion
of a family of interacting curves in space. SIAM Journal on Applied Mathematics 82
(2022), 549-575.



Construction of 2D and 3D Local TRM Image
Texture Invariants

Matéj Pokorny
pokorm20@fjfi.cvut.cz

study programme: Mathematical Engineering
Department of Software Engineering
Faculty of Nuclear Sciences and Physical Engineering, CTU in Prague

advisor: Jaromir Kukal, Department of Software Engineering
Faculty of Nuclear Sciences and Physical Engineering, CTU in Prague

Abstract. Texture-based analysis of two- and three-dimensional images is a field of immense
importance, especially in the analysis of biomedical imaging data. In this study, we introduce a
fast method, based on the Fourier transform (FT), of producing local translationally-rotation-
ally-mirroring (TRM) image texture invariants through the frequency domain convolution of
orthonormal Zernike polynomials with two- or three-dimensional images.

Keywords: Fourier Transform, Local Texture Invariants, Zernike Polynomials

Abstrakt. Texturni analyza dvourozmérnych a trojrozmérnych obrazl je nesmirné ddlezi-
tou oblasti, zejména v analyze snimk( v biomediciné. V tomto pFispévku predstavujeme rychlou
metodu, zaloZzenou na Fourierové transformaci (FT), ktera umoziiuje vytvaret lokalni translacni-
rotacni-zrcadlové (TRM) invarianty obrazovych textur prostfednictvim konvoluce ortonormal-
nich Zernikeho polynom0 s dvourozmérnymi nebo trojrozmérnymi obrazy ve frekvenéni doméng.

Kli¢ova slova: Fourierova transformace, lokalni texturni invarianty, Zernikeho polynomy

1 Introduction

Texture-based analysis of two- and three-dimensional images is a field of immense im-
portance, which keeps increasing every year, especially because of the need for fast and
reliable analysis of biomedical imaging data. The various approaches to texture-based
analysis include statistical analysis, which aims to quantify certain perceived local qual-
ities of the image, transform-based approaches, which convert the image into new and
more easily investigated forms.

Transform-based approaches convert the image into a new form, such as the frequency-
domain representation, whose coordinate system can be interpreted as relevant to the
features of the image texture [2, 9]. An example of such approach is the Gabor analy-
sis, which performs space-frequency decomposition. A Gabor filter is a Gaussian kernel
function modulated by a sinusoidal plane wave [9], which can be seen as a tunable band-
pass filter. The general principle is to decompose the original image into several filtered
images using a Gabor filter with varyingly set parameters. Each of these images then
possesses information limited to a certain part of the spectrum. Finally, we are able to
extract textural features from the Gabor filtered images. These features, however, have
the disadvantage of being non-orthogonal, which may lead to calculation of redundant
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(not scale invariant) features when considering more than one filter scale [9]. Calcula-
tion of Gabor features is thus hindered by high memory requirements and computational
demands [17] when compared to other methods.

Similar to the Gabor analysis, the Wavelet transform also considers the textural con-
tent in both frequency and spatial domains. It approximates the image by tuned local
wavelets based on the mother wavelet [9]. During each stage of the analysis, the transform
decomposes the original input into several sub-images containing di [erknt information
about the texture. Each of these sub-images is then treated as a separate image and
analysed in the next iteration, which leads to feature extraction that is not scale invari-
ant. As the wavelet transform uses a dataset-independent mother function wavelet, which
may be considered a type of fixed dictionary, it is less flexible than other transform-based
methods. While wavelet has the better ability to represent textures at dilerknt scales
when compared to the Gabor-based approaches, it is not translationally nor rotationally
invariant [9].

The Fourier transform-based approaches are useful when we want to compute rota-
tionally invariant image features. It is important to note that Fourier transform cannot
meaningfully describe the local variations in image texture. This is, however, not a grave
hindrance for our usage of a FT-based approach, as our final intended aim is the image
classification based on feature extraction. We will use an approach somewhat similar to
the one used by Maani et al. in [12], who utilized a neighbouring function with circular
radius leading to rotationally invariant texture features, or Xiao et al. in [18], who used
the orthogonal Bessel-Fourier moments. In this study, we introduce a fast method of pro-
ducing TRM invariant local image features through the frequency domain convolution of
orthonormal Zernike polynomials with two- or three-dimensional images.

We conclude this study with a brief summary of the theoretical framework we devel-
oped, its uses and implications in the field of image analysis, and a discussion of suggested
future improvements and extensions, as well as possible follow-up projects.

2 Local Texture Invariants

2.1 2D Fourier Image of Circular Signal

Having a 2D image as function u: R> ¥ R and sampling circle of radius > 0 around
origin, we define angular sampling as 2 periodic function

h()=  amhm() (1)

using an orthonormal base of functions
exp(j m
() = ZRL). @)

The coe Lciehts ap, can be calculated by integration as
Z

am = h()hm( )d : ©)
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We will study the 2D function f,(r; ) = g(r)h,( ) in polar coordinates with g(r) =
(r )=, which represents the sampling over the circle of radius . The meaning of the
function f,,, arises from the integration over R? as

Z,2

N z
fio(r; )h( Jrdrd = T Dgr h( Y )d
0 0

= am: ()

Local investigation of the image u(x;y) can be performed using convolution an,(X;y) =
(fn  w)(X;y) [6]. After the application of 2D Fourier transform, we obtain A, (11; ;) =

Fm(¥1; 1,)0(14; 1) [6]. Using a polar substitution in the frequency domain !'; =  cos
1, = sin , we obtain the Fourier image
Fm( 5 ) = Fafim(r )g
1
= fn(r; )exp( j rcos( ))rdrd
212 expm  j rcos( )
= rg(r) P .b_ drd
0 7 2
1
=2 rg(NWm( rydr; ®)
0
where
z
1 exp(jm | rcos
Wo(y= 2 oedm_fresC ),
2
z
=@2)%* expjm j sin z+ d
VA 3 =2+
=@ ) ¥? exp jm(§+ ) j sin d
=2+
Z, .
exp(jm) ., 1~ 37 . o
=PRI L eel( m)jsin )d ©®)

The integrand has period of 2 in and it is, therefore, possible to express it via Bessel
functions of the first kind as [16]

YA
W) =hnO)i" 5~ expG( m)  j sin )d

=J"C D™ Jjmi( Ihm( )
=( DMImi( Yhm() (7)

Finally, we obtain

Pl )= 0 pma( Ohn(dr

=2 ( j)mijj( Y (): (8)
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The calculation of translationally-rotationally-mirroring (TRM) invariants is based on
the calculations of the absolute values jan (X;y)j where the factor ( j)™ may be omitted.
Having explicit formula for W,,( ), the 2D image can be sampled by a general radially
symmetric function

XX
f(r; )= an;mFam(r; ); 9)
n=0m= n

where f,.m(r; ) = gn:m(r)hm( ) is generated by two systems of orthonormal functions
On:m and hy,. Therefore,
YA 1

. rW(r)gn;m(Ngnom(r)dr = o (10)

with non-negative weight function w(r) scaled by > 0 and real functions gn.m. In this
case, we directly calculate
Z,2

An:m = rw(r)dn:m(r)hm( )F(r; )drd : (11)
0

We can now easily express the Fourier image for the convolution as
Fam( 5 )= ZFZI%;m(r; )9

= Tam(r; )exp( j rcos( ))rdrd

2°, 2z
= gnm(Nhm( )exp( j rcos(  ))rdrd
0 7 1
=2 In:m(NDWm( r)rdr
0 7 1
=2 ( )"hm() gn;m(r)ijj( r)rdr; (12)

0

where the dependence on > 0 is hidden in the scaling of gn.m(r). Moreover, the Hankel
transform [15] of gn.m(r) is
Z 1
HjmjTgn.m(r)g = In;m(N)Jjmj( rrdr: (13)
0

2.2 Application of 2D Zernike Polynomials

Using weight function w(r) = I(r 1), we can construct a system of orthonormal poly-
nomials

P
gnm(r) =" 20+ 2Rpm(r); (14)
which satisfies Z,
In:m(Ngnoem(r)rdr = p.po: (15)
0
This system is well known, as Rn.(r) is the radial part of the 2D Zernike polynomial [19]

Zom(r; ) = Ram(r)exp(m ): (16)
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As seen from the explicit formula [19]

nm

x n k n 2k
Rn;m(r) = ( 1)k k n m k rn Zk; (17)
k=0 2

this polynomial of order n is defined only for even n m and consists of integer coe [ciehts.
Using Noll formula [14] forr 1 as

Z a1
Rom() =( D27 Jnaa(kK)Im(kr)dk (18)
0
we obtain ;
Rum() = ( )72 1 Iml) (19)
and therefore also b ]
H fgnm(r)g = 2n+2( 1)¥L() (20)
Finally,
P
=2 ( )ha() rz( el (21)

forn m even. Again, the factor ( j)"( 1)"z can be omitted.

2.3 3D Fourier Image of Spherical Signal

Having a 3D image as a function u: R® ¥ R and a sampling sphere of radius > 0 around
origin, we define angular sampling via spherical harmonics (Laplace’s series) as [1]

X X
h(: )= amY (5 ): (22)

1=0 m= 1

The orthonormality of Y{" in the sense [1]

Z Z
YPC YR )sindd = i o (23)
0
is guaranteed for jmj | and [1, 7]
s
me . o~ 2l+1(0 m)t .
Y= Sy P s DexpGm ) (24)

where P}" is an associated Legendre polynomial [1, 7].
The coe Lciehts a;.,, can be evaluated by the orthogonality integral [1, 8]
Z Z

A = h(: )YP(; )sin d d : (25)
0
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We will study the 3D function f.(r; ; ) =g(r)Y{"( ; ) in spherical polar coordinates
with g(r) = (r )= 2, which represents the sampling over a sphere with radius
Analogously to the 2D case, we integrate in 3D to obtain
Z,72 Z
fim(r; ; )h(; )rsin drd d =
° 0 z z Z

l(r—z)rzdr h( ; )Y|m(, )sin dd =a;m: (26)
0 0

The local investigation of the 3D image u(X;y;z) can be performed using convolution
armn = (Ffm  U)(X;y;z). After the application of the 3D Fourier transform we obtain
3, 6]

Arm(Y1; Y25 13) = Frm(Ye; Vo 13)0 (V) o) 1s): 27)
After the spherical polar substitution in the spatial and frequency domains
X=rsin cos ; ;= sin cos ;
y=rsin sin ; !,= sin sin ;
Z=1rcos ; .= cos ;

we can use the plane wave expansion formula [1, 13]

X
exp( jkr)= @ +1)( [ikr)Pi(kr); (28)
1=0
where r = (X;y;2), k= (11; 15, 13), r = krk, k =kkk = | f = r=r, R =k=k, P, is a
Legendre polynomial and j; a spherical Bessel function [1].
Using the spherical harmonic theorem [1]

PR ) = XY’“(&YW\-“ XYm-Ym- : 29
Ry=57  YROYN®O =57 YWCHVPC ) (29
m= | m= |

we obtain another form of the plane wave expansion [13]

X X
exp( jkr)=4  ( DIC D YTCGOHYPC ) (30)

Finally, we can evaluate the 3D Fourier transform of f_.,(r; ; ) as
Fum( 55 ) = Fsffim(r )9

Z,72 Z -~ <
= o anY(; )4 ( J)Ill( r \HED \HE )rzsin drd d
Z 4 "X S Z ZI_0 m= ”
=4 0 r?g(r) . YO OYPC YT ) D'IC Psin dd dr
Z, I=0 m= |
=4 rrg(n)YY (5 ) DHL( ndr
0 N

=4 ( D-YU(5) ) r’g(Nj.( rydr: (31)
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In the case of spherical sampling, we then have

1 .2
Fim( 5 5 ) =4 ( D'Y"(:) ; Lz)ju( r)dr

=4 ( D'YICOnC ) (32)

2.4 Application of 3D Zernike Polynomials

Using weight function w(r) = I(r 1), we can construct a system of orthonormal func-
tions

Zn(r 5 ) =Ru(YM(; ) (33)
which are called 3D Zernike polynomials [4]. The polynomials satisfy [4]
Z,2 Z
Zm(r, 5 )Zme(r; 3 rPsin drd d = o e mmt (34)
1 0

An adequate expansion is then [7, 10]

XX X
h(r; ; )= antmZyy (s 5 ) (35)
n=0 I=0 m= |
with coe [ciehts [5, 10, 11]
Z.,72 Z
an:m = h(r; ; )Zy(r; ; Jr?sin drd d : (36)
0 0

In this case, g(r) = Rn.(r) is the normalized radial part of 3D Zernike polynomial, which
is a polynomial of order n.
The 3D Fourier image of ZT(r; ; ) is
VA 1
ZnC 55 )=4 C DYPC ) Ra(Mi( nrédr (37)
0
and the integral can be expanded using a finite sum of hypergeometric functions, or rather
explicitly as [7]
1 an+1+3 (K)
F = C D gy i, (38)

I+1

2.5 Construction of Local TRM Invariants

Because of generally complex character of the expansion coe Lciehts seen above, we con-
struct the real local TRM invariants from the absolute squared values of expansion co-
e [ciehts. We construct the 2D circular TRM invariants I,( ) based on the coe Lciehts
am from (1) as

Im( ) = jamj® + ja mj*: (39)
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We construct the 2D Zernike TRM invariants from the coe [ciehts a,., from (9) and (11)

as
X

In()= janmi*: (40)

m= n

Analogously, we construct the 3D spherical TRM invariants I,( ) from the coe [ciehts
ai.m from (22) and (25) as
X - .2
h()=  Jjaim] (41)

m= |

and the 3D Zernike TRM invariants I,.( ) from the coe Lciehts a,..,, from (35) and (36)
as
X _2
() = Jan;;m)™: (42)

m= |

3 Conclusions

In this study, we introduced and developed a fast manner of constructing translation-
ally-rotationally-mirroring (TRM) local image invariants mainly through the convolution
of 2D and 3D Zernike polynomials and image data in the frequency domain. Due to
our use of the Fourier transform (FT), the calculations of such TRM invariants can be
evaluated quickly and e Lciehtly even for large 3D images, which makes this approach
suitable for further development and use in complicated image analysis subfields, such
as the analysis of biomedical imaging data. The defined invariants and the above seen
theoretical results can be further developed into TRM invariant global image texture
characteristics, which can be used in various image analysis related tasks, such as the
segmentation and classification problems.

The theoretical results seen above could benefit tremendously from a computation-
ally e Lcieht parallel implementation, which would further quicken the process of image
analysis. We are of the opinion that such implementation and a use of correct prepro-
cessing, data-whitening (DWH) or sparsification, and classification tools (such as the
support vector machines (SVMs) and artificial neural networks (ANNSs)) would ensure
high classification accuracy even when facing di Ccult classification problems in the sub-
field of biomedical image analysis, such as the classification of patients suLering from the
Alzheimer’s disease. This is because in the future our framework will be able to provide
TRM global image texture characteristics, which, when properly processed, may serve as
high-quality inputs for various advanced classifiers necessary for demanding classification
problems.
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Abstract. This article introduces the Dirac operator on general graphs. It heavily employs
the boundary triple formalism. At first, the operator is studied only on a line segment and a
half line. Introduction of a general graph without loops follows together with invention of the
notation. All self-adjoint realisations are characterised by self-adjoint linear relations of local
transmission conditions at the vertices. The formalism also allows to simply state the Krein
resolvent formula and Birman-Schwinger principle.
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Abstrakt. Prispévek zavadi Diracliv operator na obecném grafu. Velmi se vyuziva formalismu
boundary triples. Nejprve se operator studuje pouze na Usefce a poloprimce. Poté jsou tyto
sestaveny do obecného grafu beze smycek, je zavedeno potrebné znaceni. VSechny samosdruzené
realizace operatoru jsou popsany samosdruzenymi relacemi lokalnich pfechodnych podminek ve
vrcholech grafu. Na zavér je zformulovana Kreinova resolventni formule a Birman-Schwinger(v
princip.

Kliova slova: DiracCiv operator, relativistické kvantové grafy, singularni interakce

1 Introduction

The aim is to lay out a systematic approach to study of Dirac operators on graphs. The
graph is viewed as collection of one-dimensional line segments and half-lines that are tied
together at vertices where transmission conditions are imposed.

Everything will be done in terms of the theory of boundary triples, the main used
sources are [1] and [6]. It is a convenient way how to describe self-adjoint extensions and
restrictions of operators and it also olerk a direct way how to generalise results to the
non-self-adjoint case. A quick introduction of the formalism is provided in the section 2.

The Dirac operators has been studied on one-dimensional configuration spaces for
some time, see [7] and [8], this article mainly builds on [5], [9], [3].

2 Boundary triple

Let us quickly familiarise with the notion of boundary triples. The more detailed expla-
nation of the theory can be found in [6] and [1].

71
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Let H be the main Hilbert space and G be the auxiliary boundary space. Scalar
products are assumed linear in the second argument. Assume A closed linear operator in
a Hilbert space H with the domain Dom A. The Hilbert space G, and two linear maps

1. 2:DomA ¥ G satisfying:

8f;g 2 DomA :hfjAgi hAFfjgi= f ?g 2f g (1)
(% ?):DomA ¥ G G is surjective 2)
Ker( !; 2)isdensein H (3)

are called the boundary triple of the operator A on H .
The linear relation in G is called any linear subspace of the direct sum G G.
Call two bounded operators B;;B, on G the parametrisation of the linear relation
BB, — T(X1;%2)2G G jBix; = Byxpg. The relation g, .g, is self-adjoint if and
only if B;B, = B,B, and Ker 21 882 is trivial [6, Proposition 1.5].
2 1

Define an operator A as the restriction of A where is closed linear relation in G and
DomA = ff 2DomAj( f; 2f)2 g. There is one-to-one correspondence between
all self-adjoint linear relations in G and all self-adjoint restrictions A of A.

As a reference define A" as the restriction of A corresponding to the relation f0g G.
This relation is self-adjoint, hence A’ is self-adjoint. Define the defect subspace z 2 C :
N, = Ker(A z). Call the Krein -field the inverse of the first boundary map ! as a
function of z restricted to the defect space N,.

z2 (A): (= ' N, “:61H 4)
Ran( (2)) = N,

and call the Krein Q-function the composition of the second boundary map 2 with the
Krein -field.

z2 (AY): Q@)= 2% @:6 16 (5)

Finally, the Krein resolvent formula and the Birman-Schwinger principle are expressed
in the theory of boundary triples [6, Theorem 1.23].

« 822 (A):Ker(A BBz 7)= (z)Ker(B,Q(z) B,),
e 822 (A)\ (A B1B2) the operator (B,Q(z) B,) is injective and

(A" 2) ' (Am® z) '= (2)(B.Q(z) By 'B: (2) (6)

B, B

e If By; B, satisfy 0 2 B, B,

, then

(A Bu2)n (A)=fz2 (A)j02 (B,Q(z) By)g: (7)
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3 Dirac operator on a line segment

Consider a line segment as a configuration space, denote 1 < a <b < +1, then
the configuration space would be the interval (a;b). The associated Hilbert space is

H = L?((a;b);C?). Every > 2 H can be understood as direct sum of two functions, i.e.
»1

element of L2((a;b);C) L2?((a;b);C), usually denoted by a column > = ,, . From the

operator point of view, it is more appropriate to think of the space as L?((a;b);C) C?2.
Let m 0, introduce the following di [erential expression.

i@ 1 t+m 3 (8)

Call the minimal Dirac operator D™ the operator with the action (8) and the domain
Dom D™i" = H}((a; b) ; C?), i.e. zero-trace functions in the first Sobolev space. Its adjoint
is the maximal Dirac operator D™ = (D™M") with the same action but on the domain
Dom D™ = H1((a;h); C?).

Employ the boundary triple formalism by putting the boundary space equal to G = C?
and the boundary maps *; ?:H?((a;b);C?) ¥ C?

1 i?2
St SRR S -] ©

Integration per partes shows the first condition (1). For the surjectivity consider expo-
nential functions, i.e. the later introduced (17). The density of the kernel follows from
smooth functions with compact support Cit being both part of the kernel and dense in
the Hilbert space.

The first objective is to find the defect subspaces N, = Ker (D™  z) for any complex
z 2 C. It means to find solutions in ” 2 Dom D™ of the following equation.

(i@ +m 3 z 1)7=0 (10)

The solution is an exponential, !*; 12 being any complex integration constants.

8x2(@h): “(X)=exp[(iz 1 m y)X] :; (11)

Define k(z) := I022 m? and choose the branch with argp' 2 [0; ). For z & m define
also (z) = % Depending on the k(z), the exponential takes one of the following forms:

e Ifk(z) 60:
2 () — cos (k(z)x) i (2)sin(k(z)x) 1!
00 = 1(z)sin (k(z)x)  cos (k(z)X) 12 (12)
eorifk(z)=0,z= m
1 it m+m)x It

()= (13)

i( m m)x 1 12
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The solution is always square integrable with its first derivative, hence it is an element
of Dom D™&, Two integration constants give us 8z 2 C : dimN, = 2.

In what follows, the reference operator D° := D™ Ker ! is needed. From the
general theory of boundary triples, the reference operator is known to be self-adjoint.
Its point spectrum consists of z for which N, \ Ker ! is not trivial. That leads to the
following equations for z.

e If k(z) & 0, z is an eigenvalue if and only if

i (2)sink(z)(b a) =0 (14)
which solution is the set
(s—— D
m?2 + o ae I2N (15)

e The number z = +m is not in the point spectrum unless m = 0.

e The last case z = m (which is only dilerent from the previous one if m & 0) is
always in the point spectrum and dim Ker (D° + m) = 1.

In summary, the point spectrum of the reference operator is

(s—— )

|2 2
D =f m m2+ ——— |2N : 16
»(D%) o[ 0 3y (16)
The essential spectrum is empty since the operator has a compact resolvent. The
resolvent set is the complement of the point spectrum. (D% =Cn ,(D?).
For z 2 (DY), define the following functions 8x 2 (a; b):

-« k(z)60:
21(X) = sin(k(z)l(b 2)) (—S;Irgg Ei)(g(b X)ZO) (1n
22(X) = sin(k(z)l(b 2)) (—S;";é: Ei)(g)((x a)zl)) (18)
ez=m
med =gy (19)
ma) =gy (20)

For z 2 (D°) they form a basis of the defect space N, = spanf ,.1; ;:20.

For the Krein resolvent formula and the Birman-Schwinger principle it is additionally
necessary the Krein -field (4) and the Krein Q-function (5). Specifically, for the reference
operator on the line segment they read:

0y. 1 2 no_
8z2 (D%;8 2C @ . =Yt (21)
2 =2
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e z2 (D%nf+mg

1 cos(k(z)(b a)) 1
@)sin(k(z)(b a)) 1 cos(k(z)(b a))

Q(2) = (22)
e z=+mE0
1 1 1

QM =7t & 1 1

(23)

For stating the Krein resolvent formula, it remains to compute the adjoint of the Krein
-field. By definition it satisfies 87 2 H ;8! 2 G : h (z)!j”i, =hlj (2)”i;. From
(21) immediately follows that
0y . s h Z'lj’i
8z2 (D"): (2)” = (24)
h 22)71
The completely last piece of information is the resolvent of the reference operator.
For brevity write k instead of k(z) and instead of (z). The solution of the equation
1 »1

o° 2z , = ,, is

Z
X)) _ 1 " sink(x apsing y) isinkex aeosk v)  TAH(Y) 25)
2(X) ~ sin k(b a) a icosk(x a)sink(b y) — cosk(x a)cosk(d Yy)) ’Z(y) y
*osink(x y) o feosk(x y) ) g
a icosk(x y) Esink(x y)  ~2(y) '
4 Dirac operator on half-line
Consider a half-line as a configuration space, specifically a non-empty interval I = (a;b)
R with either a = 1 or b = +1. The former case will be labelled with = +1 and
the latter with = 1. Later, the will indicate whether the half-line (edge) is entering

or leaving a vertex. Denote the finite value from the two a;b by @.

The procedure is analogous to the one in the section 3. In this section the main
di Lerkences will be pointed out.

The Hilbert space is the standard H = L2(1; C?), the introduction of Dirac operators
is the same. The boundary space, however, dilers. Put G = C. Boundary maps are
then 1; 2:H(1;C? ¥ C.

b= 73(g) 22 = i *%(Q) (26)

It is a boundary triple for the analogous reason as in the section 3. The only di[erence is

that while integrating per partes, one side of the boundary values automatically vanishes.

In order to find the defect subspaces, exactly the same di [erkntial equation (10) has

to be solved. As opposed to the line segment case, the square integrability plays now

an important role. Consider k(z) & 0 and interval unbounded from the right, i.e. with
= 1, the solution has the form of (11) and in the exponential form reads

ik(z)x £ o L 11
8x21: (= TU+A) e MDA A, (27)
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where A = + % ». The term with e *®X js not integrable for =k(z) > 0 in the
11

neighbourhood + 1., therefore the C? vector 2 has to be an eigenvector of matrix A

_Z
k@ 1

for the eigenvalue 1. Then ~ will be square integrable and lies in the 1-dimensional defect
space spanned by a function ,. This function is defined also for the other scenario and
takes the following form.

=k(z) > 0;8x 21 : (X)) =e | KO D . (28)

(2)
The change for = +1 is at the sign of the exponential and the eigenvector now belongs
to the eigenvalue 1 of the matrix A.

For =k(z) = 0 the defect spaces are trivial N, = f0g. If k(z) & 0, both exponential
terms are not integrable, and for k(z) = 0 the form of the solution is not even exponential
but polynomial in x.

As before, the reference operator D® = D™ Ker ! is introduced. Its point spec-
trum is empty since for =k(z) = 0 the defect space is trivial and for =k(z) & 0 the
condition on an eigenvector * , to be in the domain is *(* ,) = 0 but (* ,) = *.
Therefore there is no non-trivial solution.

The spectrum consists only from the continuous part (D% = (D% =( 4d; m][
[+m;+1). This can be discovered by constructing a Weyl sequence similarly as in [2].
The residual spectrum is empty because the reference operator is self-adjoint.

The convenient characterisation of the resolvent set is z 2 (D°) , =k(z) > 0. For
such z is defined Krein -field and Krein Q-function again.

8z2 (D%;8r2cCt: (D=1, (29)

The Krein Q-function does not depend on the orientation. The linear map on C* reduces
just to a number.

8z2 (DY: Q(2) = % (30)

The adjoint to Krein -function takes simple form as before.

822 (D%;8”2H : @) =h i (31)

The following is the resolvent for I = (0;+1), (D° z) = 7, shorten again k(z) to
kand (z) to

Lo jelkGry) m z .
(x) = —p her I+ (y) dy (32)
tlijekix vi z - m .
+ . 5 EI "'? s+sgn(x y) 1 “(y)dy

5 Graph

This section starts with the notion of a graph. The graph will be understood as a
collection of bounded and unbounded edges tied together at their endpoints.
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The graph G consists of a finite set of vertices V, a finite set of internal edges I
and a finite set of external edges E. Together they are called simply edges and denoted
by 3 = E [ I. The structure of the graph is imposed by a graph boundary map @ :
J ¥ (V[flg) (V [f1lg) which associates to every edge its endpoints. The element
1 is reserved for the external edges to denote their infinite side, it is not considered a
vertex in the sense that transmission condition would be defined there. Also, the maps
@ ;0+~:J ¥ V [ flg are used for the initial, respectively terminal vertex. Multiple
edges with the same endpoints, even in the same order, are allowed, however loops are
prohibited.

Incidence matrix G can be thought as a map fromV ~ J that captures the structure
of the graph s

21 v=0+];
Gv;j:> 1 v=0 j; (33)
“0  otherwise.

In order to write it as a usual matrix into the table, total orders on the sets V and J are
required.

Define an orientation of the external edges : E ¥ f 1;+1g. The external edge
e 2 E has an orientation 1 if its terminal vertex is L and +1 if 1L stands for the initial
vertex. For every e 2 E then @ e 2 V holds.

An edge j is parametrised by an interval I; = (a;j; b;), internal edges by finite ones and
external by infinite ones as in section 3 and 4. Similarly, the Hilbert spaces are associated
to the intervals, for j 2 J they are denoted by Hj = L2(1;; C?). The Hilbert space for

the whole graph is given by their direct sum H =, Hj, sometimes abbreviated by
L2(G; C?).

The Dirac operator, at least the minimal and tfigmaximal, is given as a direct sum of
correspondingﬁperators on the intervals D™ =, ; Dj"® together with the domain

HY(G;C*) = ;5 H'(I;; C?).
Having the ; in the Sobolev space on the edge j 2 J, its limit (trace) on the
boundary of the interval is well defined. In the case of v 2 @ \'V introduce the notation

“i@) v=20 j

’j(V) = ’j(bj) V:@+j:

(34)

The boundary maps and spaces are constructed again using direct sums of already
Imown components. In summary, 2. HY(G;C?» ¥ G where fork 2 f1;2g9 : * =

i23 Yand G = j23 Gj- With the new graph notation, it is possible to write the
components as the following.

7= i 2 H'Y(1; C%) e = é 2 H'(1;C?)
»1 H
MY o= IO 09 (3)
2- — 1770 1) 25

i 040 eTe=1(e)72(0 @e)
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Adopt the usual notation for the adjacent edges of a given vertex v 2 V, I, =
fi2l1jv20ig;E, =fe2Ejv 2 0eg;Jdy, = 1,[E,. The degree of the vertex is the size of
the set degv = jJ,j. Define a vertex space for a vertex v as F, = Cdef_v. The vertex space
for the whole graph is set to be the direct sum over the vertices F = ,,, F, = CAY*E],
Employing the handshake lemma F ~ G. The idea is that both spaces collects all the
vertex values of a function on the graph. The boundary space does it edge by edge and
the vertex space does it vertex by vertex. Naturally, there is an isomorphism between
these two spaces which respects the fact that the vertex values come from an underlying
function on the graph.

In order to write the explicit matrix, that corresponds to the isomorphism between
G and F, it is necessary to agree on two numberings of the vertex values, ¢ for the
boundary space, g for the vertex space. By numbering it is meant here any injective
map :fl;:::;Ng ¥ J V with the image f(j;v)jv 2 @Jg where N = 2j1j+ jEj. The
wanted linear isomorphism W : G ¥ F is a unitary matrix W 2 CN:N with elements:

1 r(M)= c(m);

8nm2fl;::::Ng: Wpm= ]
9 m 0 otherwise:

(36)
In fact, it is a permutation matrix for the permutation ( g) * .

The convention, adopted by this article, is that the total orders on the set of edges
and the set of vertices, used by the incidence matrix, are reused for the numberings. The
“edge-vertex” numbering ¢ preserves the order of edges, for e 2 E there is then unique
element (e;@ )e), for i 2 1 the preimage of the couple with the initial vertex precedes
the couple with the terminal vertex ;' ((i;@ i))+1= ' ((i;@+i)). On the other hand,
the “vertex-edge” numbering g visits the vertices in the order of V and at each vertex v
it follows the order of edges restricted to J,. The same result is achieved by constructing
the colexicographic order on f(j;v)jv 2 @j9.

Since the isomorphism W shares the total order with the incidence matrix G, there
is an algorithm how to construct W from G. Start with the incidence matrix G. Each
column contains exactly one or two non-zero elements. Columns with exactly one non-
zero element correspond to an unbounded edge. Replace every non-zero elements in them
with 1, leave the zeros ¥ 1 ¥ 1;1 ¥ 1;0 ¥ 0g. Columns with two non-zero element
replace with two columns, if there was 1, place 1 to the left column, if there was 1,
place 1 to the right column. Rest will be zeros, ¥ 1 ¥ (1 0);1 ¥ (0 1);0 ¥ (0 0)g.
Now, each row replace by a number of rows equal to the number of non-zero elements in
that row. The first replacing row will constitute of all zeros except for the first position
of non-zero element from the left where 1 will be. The second replacing row will carry
over the second non-zero position from the left and so on. For example, W arises from

the given G.
1

(0]
(0] 1
0 1 0 0
=@ 1 o0 1 1A w

OO O ok o
O OOOOo
OO OO ok
OO Ok OO
OO P OOOo
O O O O O
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The construction of the boundary triple heavily relies on the direct sum of already
knowri_components associated to the edges of the graph, specifically the boundary maps
K= ",55 [ However, transmission conditions are described at each vertex separately
— so called local transmission conditions. Assume transmission condition at vertex v
characterised by linear relation . This relation is in the vertex space F,. Parametrise
this relation by matrices A,; B,. The trap_smission conditions on the whole graph will
pe then described Ry linear relation = ;-  in F which parametrisation is A =
wovAvand B =, B,.
By the theory of the boundary triples and by our definition of vertex space, every
self-adjoint realisation of the Dirac operator is characterised by exactly one self-adjoint
relation in F, parametrised by linear operators A;B in F.

DomD ~8 = 2HYG;C®) AW ! =BW ?2 (37)
AB = BA (38)

A B _ 0
Ker o o = (39)

By dropping the self-adjoint conditions on the relation a.g, respectively the conditions
(38), (39) on A; B, the theory allows us to study also generally non-self-adjoint realisation
of the Dirac operator. The trivial examples are the minimal operator D™ associated to
the relation f0g f0g, the maximal operator D™® associated to G G and the reference
operator D° which is self-adjoint as well as its associated relation f0g G. These three
operators are also expressible as direct sums of the corresponding oRerators on the edges.

The spectrum of the reference operator is the union (D°) = i23 (DJQ). Forz 2
ILDO) the Krein -fiejd as well as the Krein Q-function is also the djrect sum (z) =

i1 i@, Q@) = 55 Qj(z) and the resolvent is (D° z) * = ;,,(D} 2z) “
Finally, the Birman-Schwinger principle and the Krein formula read.

Corollary 1 (Krein formula and Birman-Schwinger principle for Dirac operator on
graph). Let D° be the reference operator, A;B be the linear operators on the vertex
space F, W : G ¥ F the isomorphism. Then, for D A& the restriction of D™ with
domain (37), the following hold:

1. 822 (D% :Ker(D a8 z)= (2)Ker(W BWQ(z) W AW),
2. 822 (D% \ (D ~#) the operator BWQ(z) AW is injective and

(D° z) ' (D~= z)'= (2)(BWQ() AW) 'BW (2)  (40)

(D ~8)n (D= z2 (D° 02 (W BWQ(z) W AW) (41)

6 Conclusion

The article shows that systematic approach using boundary triples was applied to Dirac
operator on a general graph. The only threat is the presence of loops. However, every
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loop can be eliminated by inserting a new vertex on that loop. Boundary triples allows
us to study general transmission conditions, in future the attention can seamlessly shift
to the non-self-adjoint conditions.

An immediate direction of further developments is to examine symmetries of the
system. Investigations of time reversal and charge conjugation has been started, directly
motivated by [4].
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Abstract. Working with Z-graded manifolds, one usually defines the category of graded vector
bundles using graded sheaves of sections. After a short introduction to graded manifolds, we
recall this approach. We then introduce a category of graded vector bundles as graded manifolds
with additional structure. The remainder of this text is dedicated to showing that these two
categories are equivalent.
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Abstrakt. Kategorie gradovanych vektorovych bandl( se v teorii Z-gradovanych variet vétsinou
zavadi skrze gradované snopy fez(. Po stru¢ném Gvodu do teorie gradovanych variet tento pristup
pripomeneme. Nasledné predstavime kategorii gradovanych vektorovych bandll definovanych
jako gradované variety s pridanou strukturou. Zbytek textu je vénovan dlkazu ekvivalence téchto
dvou kategorii.

Kli¢ova slova: Gradované vektorova bandly, gradované variety, snopy fez(

1 Introduction

In this text, the term graded will exclusively mean Z-graded. We use the definition of
graded manifolds put forward in [3], where graded manifolds are constructed “bottom-up”
and the grading is already contained in their fundamental building blocks, which helps
avoid certain pathologies present in other definitions (e.g. [2], [1]). Namely, the sheaf of
graded functions is now guaranteed to be a sheaf of graded commutative algebras.

1.1 Refresher on Graded Manifolds

This paper uses the definition of graded manifolds given in the extensive paper [3]. Let
us briefly recall the relevant definitions — for a more thorough introduction, the reader
is referred to the original article.

A real graded vector space is defined as a sequence V. = (V;)i>z of real vector spaces.
In this text we will not consider vector spaces over fields other than R. By an element
of a graded vector space, v 2 V, we mean that there exists a unique integer * 2 Z such
that v 2 V-. This “ is called the degree of v and we write * =: jvj. Addition of vectors

SFhe author is grateful for the support of the grant GACR 24-10031K and also for the support of the
Grant Agency of the Czech Technical University in Prague, grant No. SGS22/178/0HK4/3T/14.

81



82 R. Smolka

and multiplication by a scalar is defined as in the component vector spaces; in particular,
one can only sum vectors of the same degree and we do nes consider inhomogeneous
elements. A graded vector space V is finite dimensional, if ;o dimV; < +71. Every
ordinary vector space V can be viewed as a graded vector space, where Vo = V and
Vi = f0g for all i & 0. Considering two graded vector spaces V; W, a graded linear
map ” :V T W between them is defined as a collection > = (”;)i>z, where for every
I 2 Z and for some fixed “ 2 Z, ”; : Vi ¥ Wi is a linear map. The integer “ is called the
degree of ” and again denoted as “ =: j”j. Graded vector spaces, together with graded
linear maps of degree zero, form a category gVec.

Example 1.1. Let (n;)j2z be a sequence of non-negative integers. Then R will denote
the graded vector space where (R")); = RM.

A graded algebra A is a graded vector space with the additional bilinear operation
of multiplication of two vectors (a;b) A ab. One can multiply vectors of any degrees, and
the degree of the product needs to satisfy jabj = jaj+jbj. An associative graded algebra is
one where the multiplication is associative, a unital graded algebra is one which contains
a unit - and element 1 2 A such that 1a = a = a1l for every a 2 A. Such unit clearly
needs to have degree zero, and if it exists, it is unique. A graded commutative algebra
is a graded algebra A, where the multiplication satisfies graded commutativity

ab = ( 1)k pg; (1)

for any a;b 2 A. Consider two graded unital algebras A; B and a graded linear map of
degree zero * : A ¥ B. We say that ” is a graded algebra morphism if >(1) =1
and ”(ab) = 7(a)”(b), for all a;b 2 A. In this text we work with graded commutative,
associative and unital algebras; denote their category as gcAs. Note that by excluding
multiplication by scalar from the definition of a graded algebra, one obtains a graded
ring.

Consider a topological space X. By a presheaf of graded vector spaces on X we
mean a functor S : Op(X)° ¥ gVec. In particular, for every open set U X thereis a
graded vector space S (U) 2 gVec, and for every inclusion of open sets V. U there is a
graded linear map of degree zero SY : S(U) ¥ S (V) called a restriction. As S is a
functor, there holds Sy = idsy and Syy Sy =Sy forallopenW V U X,
Forv 2 S (U) we usually write S/’ (v) =: vj, . We say that S is a sheaf, if for every open
subset U X, any open cover fU g 5, of U and any collection fv g 5, v 2 S (U ),
such that v j, =v j, forevery ; 21, there exists a unique v2 S (U), such that
vj, =v ,forevery 2 1. Here and throughout U :=U \U . Similarly we consider
sheaves valued in categories other than gVec, such as gcAs.

Example 1.2. Let R() a finite-dimensional graded vector space, and let f *g™ be

a basis for (R(), for every k 2 Z. In particular, j ] = k. Let us concatenate all

non-zero degree bases into T ;g2; = [keof j(k)gjflﬁ. One can now consider their duals

— graded linear maps ' : RM) B R of degree j 'j = j ij, defined by '( ) = 1,
where ' = 1fori =k, and ' = 0 of degree j j jij for i & k. In particular, for
any j 2 Znf0g there are exactly n ; elements ' of degree j. These will play the role of
graded coordinates on R(™). Let us now denote m; :=n ; forany j 2 Z.



Graded Vector Bundles as Graded Manifolds 83

Next, we construct a sheaf C(}nj) on R™Mo valued in gcAs like so: for any U 2 Op(R™0),

let C(%H)(U) be graded algebra whose elements of degree k are formal power series
> >
f = fp( 1)p1 ( rﬂ)pm fp P (2)
pP2N[? pP2N?

P . N
where m = o, My, fp are smooth functions on U and the multiindices p range over
the set

>x _
NP :=fp2N™ : pij 'i=k ™ p; 2 10;1g forj 'j odd g; 3)
i=1
which ensures that each summand of the series has the same degree k. The multiplication

on C(}nj)(U) is introduced by
(@) 10 1 O 1
X X X
8 f'RXB g X=8 (fg), PX; 4)
r2N7 gq2NT p2N

ifj L] Ifj+jgj

where for any p 2 Nit,,,; there is

X .

(Fo), = "Pfgp i )

r2NJ.“;‘J.

rp
Here we writer pilrd p forevery 2 fl;:::;mg,and "P 2 f 1;1g is the sign
obtained by rearranging " P " into P according to graded commutativity. Restrictions
on C(rlnj) are given simply by restricting the smooth coe [ciehts. The pair (R™°; C(}nj)) =:
gR™) is called a graded manifold of graded dimension (m;)  (n j), corresponding to
the graded vector space R(M),

Definition 1.3. A graded manifold is a pair M = (M;Cg;), where M is a second-
countable Hausdor Ctbpological space and Cg; is a sheaf on M valued irl:gcAs, for which
there exists a sequence of non-negative integers (m;j);2z satisfyingm:= . m; <+1,
and an open cover fU g 2, such that for every 21,

1. There exists a homeomorphism  :U ¥ U for some open subset  ~ R™.
2. There exists a natural isomorphism C(%j) . ¥ () Cuy
We denote '=( ; )andsay that f(U ; )g 2 is an atlas for a graded manifold

M. Each pair (U ; ) is a local chart for M and we call (m;) the dimension of M.
It can be shown that f(U ; )g 2, is automatically a smooth atlas for M, making M an
mo-dimensional smooth manifold called the underlying smooth manifold of M. The
sheaf Cg; is called the structure sheaf or the sheaf of graded functions. Locally, one
has : C(}nj)(O ) ~ CL(U ), where all elements have the form (2). In particular, we

often abuse notation and write () =: , (x') =: x' and call these the coordinates
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for M on U introduced by the map . Sometimes it is advantageous to denote all the
coordinates — both the degree zero coordinates x' and the non-zero degree coordinates

— together as fx*gh_,.

A morphism, or a graded smooth map, > : M ¥ N between two graded manifolds
isapair > =(";” )where ”:M ¥ Nisasmoothmapand :Cg ¥ Cg; isa sheaf
morphism such that for every m 2 M, the induced map of stalks [f] (m) A Plnisa
local graded ring morphism, i.e. that it preserves the maximal ideal. The last condition is
automatically satisfied when is an isomorphism; in particular, local charts of a graded
manifold are graded smooth maps. The category of graded manifolds is denoted as gMan.
The isomorphisms in gMan are also called graded di Ledmorphisms.

1.2 Sheaf Definition of Graded Vector Bundles

If M is a graded manifold, then by a sheaf of C-modules we mean any sheaf S on
M valued in gVec, such that

1. S(U)isaC(U)-module. In other words, there is a graded bilinear map of degree
zero (f;s) @ £ ssuch that (fg) a=f (g s)and1 s=s, forall f;g 2 C(U)
ands 2 S (U).

2. The restriction on the sheaf S are compatible with those on Cg;. In other words,
(f 9)j, = fj, sj, forall f 2C(U) and s 2 S (V).

Note that we can always write s T := ( 1)ITiSIif s 0 that we need not distinguish between
left and right modules. Let P be another sheaf of C;-modules and U 2 Op(M). By a
graded C(U)-linear map : S (U) ¥ P (U) we mean a graded linear map satisfying
(f s) = ( IUf (s), forany s 2 S(U) and f 2 CL(U). A sheaf morphism
:S ¥ P iscalled a morphism of sheaves of C;-modules if  is C;(U)-linear
for every U 2 Op(M).
A collection of “global” elements s;;:::;s, 2 S (M) is called a frame for S if for
any s 2 S (M) there exist unique f1;:::; f" 2 CL (M), such that

x
s= ' s (6)
i=1
The existence of partition of unity for graded manifolds [3] ensures that if s;;:::;s, is a
frame for S, then sij, ;:::; srjy, is a frame for any open U~ M. A Cg-module S for
which there exists a frame is called freely and finitely generated. Note that if s;;:::;s, IS

a frame for S, then the sequence (r;);2z defined as rj := #fi 2 Z : js;j = jg is the same
for any frame, and is called the rank of S. S s called locally freely and finitely
generated, if there exist an open cover fU g 5, of M such that Sj, is a freely and
finitely generated sheaf of Cg;j, -modules for every 2 1. Each frame for Sj is then
called a local frame for S on U . If all Sj, have the same graded rank (r;j), we say
that S is of constant rank.

To define morphisms of these graded vector bundles, one must consider the dual
sheaves. Turns out that duals of sheaves C,-modules are particularly simple: if S is a
sheaf of C;-modules, then S (U) comprises graded Cg,(U)-linear maps from S (U) to
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CiL(U). It is important to note, that if S is locally freely and finitely generated sheaf
of C,-modules, then so is S . In fact, if s;;:::;s, is a frame for S (U), then one can
define a dual frame s';:::;s" for S (U) by s'(s;) := ; and extending through Cg;(U)-
linearity. We see that js'j = js;j, so if (rj)j2z is the rank of S, then (r j);j2z is the rank
of S .

Definition 1.4. Let M be a graded manifold. A locally freely and finitely generated
sheaf of Ci;-modules of constant rank is called a graded vector bundle over M. Let
S, P be graded vector bundles over graded manifolds M and N, respectively. Then a
morphism S ¥ P is defined as a pair (*; ) where > : M ¥ N is a graded smooth
map, and : P ¥ * (S ) is a morphism of sheaves of CJ-modules. The Cl(U)-
module structure on [7 (S )]J(U) S (7 *(U)) is introduced by h =7 (h) , for
any 2S (7 (U))and h 2 C(U). We denote the category of these sheaf-defined
graded vector bundles as sVBun.

2 Geometric Approach

2.1 Definitions

Consider some finite-dimensional graded vector space R("i). One may interpret the addi-
tion of vectors and multiplication by scalar as a graded bilinear map : (v;w) ® v+w
and a graded linear map H : v @ v, respectively. Let us take the graded manifold
gR) from Example 1.2, with graded coordinates fx'; g =: k2, and try to view ;H
as graded smooth maps. The underlying smooth maps _ and H are the addition on R"
and multiplication by on R, respectively, and the pullbacks are given by

k) =Kg +ky:  H K= kY 7)

where fk?; ki, 05—, are the coordinates on the product graded manifold gr"  gR(3),
arising as kf; ., 1= p;,k®, where p; and p, are the canonical product projections. See [3]
for details on products of graded manifolds. Consider two product manifolds M gR(#)
and N gR®), where M, N are some graded manifolds and let > : M ¥ N be a graded
smooth map. A graded smooth map : M gR®) ¥ N RG) js said to be fiberwise

linear over ”, if the diagrams

M gRM® — + N gR®D M gR(D) —— N gRGD
lpl lpl ® ll H ll H ©)]
M N M gRM — s N gR®D

commute for any 2 R.

Definition 2.1. Let E; M be graded manifolds, :E ¥ M a graded smooth map and
fHEg ,r a collection of graded smooth maps HE : E ¥ E. We say that the collection
(E;M; ;fHEg ,R) is a graded vector bundle (GVB) over M, if there exists an open
cover fU g 5, of M together with a collection of graded di Ledmorphisms - Mj,

gR(D ¥ Ej . ,, for some fixed gR("3, such that the diagrams
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Mj, 9gR™ —— Ej 1y, Mj, oR™ —— Ej .,

N l (10) - 1 Hl lHE (11)
Mj,

Mj, R —— Ej .y,

commute. Each HE is called a homothety map on E, gR(") is called a typical fiber
of E and any collection fU ; g »; satisfying the above conditions is called a local
trivialization for E.

Remark 2.2. 1. From the definition it follows that HE =

2. Assume E; M are graded manifolds, :E ¥ M is a graded smooth map and
there is an open cover fU g 5, of M together with graded di [edmorphisms  such
that the diagram (10) commutes for every 2 1. One can consider the transition
morphisms : Mij, gRM ¥ Mj, gRD) | = ! , suitably
restricted. If these transition morphisms are fiberwise linear over 14, then one may
construct a unique homothety HE : E ¥ E for every 2 R, locally by the diagram
(11). Indeed, fiberwise linearity ensures agreement on overlaps. This is a common
way of constructing graded vector bundles.

3. Depending on context, we shall denote GVBs as (E;M; ;HE), :E ¥ M or
simply as E.

We can now extend the definition of fiberwise linear maps to general graded vector
bundles.

Definition 2.3. Let (E;M; ;HE) and (F;N; ;HF) be two GVBs, :E ¥ F and
>: M I N two graded smooth maps. We say that is fiberwise linear over ” if

= and HE=HF  forevery 2 R. Apair (*; ), where is fiberwise
linear over ”, is a graded vector bundle morphism (*; ):E ¥ F. We denote the
hereby obtained category of geometrically-defined GVBs as gVBun.

2.2 Relation to Sheaf Approach

Lemma 2.4. Let E 2 gVBun. Then the pullback by the homothety map (HE) can be
restricted to a morphism of sheaves of C,-modules (HE) : C1t ¥ CZ.

Proof. For any U 2 Op(M) there is (HF) *(_ *(U)) = _ (U). Hence HE can be
restricted to a sheaf morphism CZ ¥ CZ. The structure of a C&-module on CZ
isgiven by f a:= (f)a. One has

HE) (F ay=(H") ( (Hay=H") ( MHH") @= @E)H") @=F (HF) (),

(12)
i.e. HE is a morphism of sheaves of C;-modules. O
Definition 2.5. Let :E ¥ M be a graded vector bundle, U 2 Op(M). Then a graded

smooth function f 2 CX(  1(U)) is called linear in fibers if (HE) (f) = f for every
2 R. The graded vector space of all such functions f is denoted as C{"(U).
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Proposition 2.6. The assignment U & CI"(U) defines a locally freely and finitely gen-
erated sheaf of C,-modules.

Proof. Note that CI" is in fact the intersection of kernel subsheaves of CZ,

_ AN
Ci"=  ker((H®) ) (13)
2R
By Lemma 2.4, (HF) is @ morphism of sheaves of C;-modules from  CZ to itself,

hence C{" is a sheaf of C,-modules. One needs to verify that it is locally freely and
finitely generated with constant rank. Let fU g ,, be some coordinate open cover of M
for which there exists a trivialization fU ; g », for E. If fxg are the coordinates on
Mj, and fk3g some dual basis of R, then on Ej .y y we have coordinates x4 kag
of the same name induced by the graded di Ledmorphism

:Mj,  gR™ T Ej (14)

Let us show that for any V. U the functions linear in fibers CI"(V) are exactly those
of the form

f=f, k¥  (f)K% (15)
for some f, 2 C(V). First, any f 2 ( CL)(V) of the form (15) satisfies H.' (F) =
since (HF) = . Second, every f 2 ( CZ&)(V) is of the general form

X

f= foq(k)P 9 (16)

pig

where we split the coordinates x”; k3g into those of degree zero fx';k3g and those of
non-zero degree ¥ ; g. The requirement (HE) f = f then translates to

X
WD fa(x; k) P 9= foq(k) P 9 (17)
P pid

which leads to f necessarily taking the form (15). Thus we find that CI" is locally freely
and finitely generated, and with constant rank (r j)j2z. O

Definition 2.7. For any E 2 gVBun we define its sheaf of sections ¢ as the dual to
the sheaf of functions linear in fibers, ¢ := (C{") .

Proposition 2.8. The assignment :E @ ¢ extends to a fully faithful and essentially
surjective functor : gvBun ¥ sVBun. Consequently, the categories gvVBun and sVBun
are equivalent.

Proof. (Functor). Let :E ¥ Mand :F ¥ N betwoGVBs,andlet(*; ):E ¥ F
be their morphism. Let us describe the morphism (”; ): g ¥ ¢ in the category
sVBun. Recall that (*; ) = (% ) where 2: M ¥ F is a graded smooth map and

F % (' g) is a morphism of sheaves of Ct-modules. The obvious choice for the
underlylng graded smooth map is = = ”. Notice that c=Clvand ” ( )=~ C!"by
the canonical identification of the double dual. Let us argue that :CZ2 ¥ CE1 can
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be restricted to  : C{I" ¥ ~ C!"™. For any U 2 Op(N), observe that, due to fiberwise
linearity of

RO C) EXGD I C) R G (*))F (18)
Hence  ,, maps from CA( '(U)) to CA( *(C *(U))). Let f 2 C{"(U) be some
function linear in fibers. We see that

HY ( (f)y= HT@EN= (H= (F); (19)

hence  (f) is also linear in fibers. Thus ., can be restricted to a graded linear map
from Clin(U) to > Cli"(U). For any h 2 C2(U) and any f 2 Cli"(U) we have

(hH)= M) @B=h () (20)

where we use the definition of C-module structure for CI" and > C/", respectively. We
are therefore able to set

¢ )=0C ) (21)
with  restricted to functions linear in fibers.

(Fully faithful). Once again consider two GVBs :E ¥ Mand :F ¥ N in
gVBun, and some arrow (”; ): g ¥ g in sVBun. We aim to show the existence of
a unique arrow (*; ) :E ¥ F in gVBun such that (”; ) = (*; ). In other words,
we ask whether for any C-linear morphism : Cli" ¥ = C[" there exists a unique
fiberwise linear graded smooth map :E ¥ F such that the pullback  agrees with
when restricted to C[". Let fU ; g be a local trivialization for :F ¥ N and denote
V.= *U)andW :=_ 1~ 1(U). Note that fV g 5 and fW g , are open
covers for F and E, respectively. Let gRGi) be the typical fiber of F, and let fk?g be the
graded coordinates therein. For every 2 | we can define a graded smooth map

" {Ej, ¥ Nj, gR® (22)
As an arrow to a product, it is determined by its composition with the two projections.
We set

N

P1 = (, )JW ; (23)
and definep, " :Ej, ¥ gR®) by
Pz ") K= (D k) (24)

Indeed, from the proof of Proposition 2.6 we know that the fiber coordinates k? are
functions linear in fibers (in fact, their local generators) and hence we may consider

(€ D EKN2C"C 'U) CEW): (25)

By [3, Theorem 3.29], this is enough information to define p, " and hence " itself.
We set = 1 " to obtain - Ejw ¥ Fj,. We need to see whether the
graded smooth maps ;  agree on overlaps, i.e. when restricted to graded smooth
maps Ej,, ¥ Fj, . From the definition (23) we see that

P1 = =p: =p: =p1 , (26)
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when restricted to W . Similarly

(P2 Y= (DMK = D ek = DO )Pk
=(C )% (C D EKRN=C ) ) K°
= ( )Wpk = pok® = (p2 ) K& (27)
hence p, = and so =, considering all restricted to Ej,
By [3, Proposition 2.6], there exists a unique :E ¥ F such that j, =  for every

2 1. By construction, is fiberwise linear over ”, and the pullback  agrees with
on functions linear in fibers. Clearly, any with these properties must have the form
above, therefore s fully faithful.

(Essentially surjective). This part of the proof both relies and expands upon Section
55in [3]. Let M 2 gMan and S 2 sVBun be a locally freely and finitely generated
sheaf of C;-modules of a constant rank. We need to find a GVB :E ¥ M such that
S 7 E-

Consider some at most countable coordinate open cover fU g 5, for M for which
there also exists a collection of Cgj, -linear sheaf isomorphisms

' Cuiy R Y Sj, (28)

where (r;) is the graded rank of S. Let us denote as

—:Cuiy  R™ ¥ Sj, (29)
the isomorphism defined by ( —(k?)) (  (ky)) := 3, for some basis fk,g of R and its
corresponding dual basis fk3g. The transition morphisms - :=( -) ! - are given
by

= (k%) = (T- )K" (30)
for some graded smooth functions (T-)3, 2 CL(U ). For every ; 2 I, we may use
this to define a graded smooth map

:Mj, gR™ ¥ Mj, gR); (31)
by
P1 = P1; and (P2 ) k= (T-)3 p, k" (32)

Recall that here fk2g play the role of graded coordinates on gR("i). From [3, Proposition
5.32.] we learn of the existence of a graded manifold E together with a graded smooth
map :E ¥ M and a collection of graded di Ledmorphisms

:Mj, gR™ 1 S TTRY (33)

such that = p; and = 1 . Clearly the transition di Ledmorphisms
are fiber-wise linear over the identity, and so, by Remark 2.2, :E ¥ M has a unique
structure of a GVB. It remains to be seen that ¢ * S as sheaves of C,-modules. In

fact, it is easier to show that - = S . Since = C{", there is an isomorphism

CLu) R ¥clnu) (34)
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forevery 2 1,givenby (f.k¥):=Ff, ( 1) k2 (f.) (1) k& Therefore we may
define the isomorphism

'S(U) T C"U ) (35)
by = ( -) % One needs only check that  agree on overlaps, and then use [3,

Proposition 2.6.]. But agree they do, since
(D)7 ) = - K)=(T-),k (36)

and
TC D= PO HE = D Ky = 1 H T-)HRK

=T *( HE) =T-)3K (37)
hence( =) * —-= 1 orinother words, (-)t= ( -) 1, when properly
restricted. As aresult, glue together a sheaf morphism :S ¥ CI™. This morphism
is locally, hence also globally, a C;-linear isomorphism, as was to be shown. m

3 Conclusion

We have shown the equivalence of two possible definitions of graded vector bundles: as
sheaves of modules and as graded manifolds. The main result is Proposition 2.8, where
we state and prove the equivalence of the two respective categories.

In the future it may be fruitful to examine if certain GVB constructions (e.g. the
pullback bundle) are more natural in the geometric setting than in the sheaf setting. It
would also be of interest to see whether the sections of a GVB as defined here bear any
relation to graded smooth maps from the base of the GVB to the total space, which
compose with the projection to form the identity map — the way they do in non-graded
setting.

Another venue for future research is the graded analogue of the Serre-Swan theorem.
Having this theorem in hand would provide us with a third equivalent description of
graded vector bundles, this time from an algebraic point of view.
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Spektra n kter ch Jacobiho matic™
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»Kolitel: Franti,ek "tampach, Katedra matematiky
Fakulta jadernk a fyzikkln in en rskk, ~"VUT v Praze

Abstract. In the following text, we will introduce a method of investigatation spectra of certain
Jacobi matrices, namely those which are associated with Heun equations. Knowledge of the
explicit form of the Heun function is needed. The method will be used to nd the spectrum of
a concrete example.

Keywords: Heun equation, Heun function, Jacobi matrix, spectrum of the Jacobi matrix

Abstrakt. V ptedklfdandm textu pledstav me metodu, kterou lIze zkoumat spektra jist ch
Jacobiho matic, jmenovit t ch, kter@ jsou ptidru en@ k Heunov m rovnic m. Tato metoda
vyu VE explicitn znalosti te,.en Heunovy rovnice a bude vyu it k te,.en konkr@tn ho pt kladu.

Kl Lovk slova: Heunova funkce, Heunova rovnice, Jacobiho matice, spektrum Jacobiho matice

1 vod
Jacobiho matice je polonekonetnk tridiagonkln matice ve tvaru
(@) 1
0 0 0 0 0 :::
o 1 1 0 0
J = 0 1 2 2 0 (1)
0

rovnice na vlastn t sla
JP(x) = xP(x)

de nuje posloupnost ortonormékln ch polynomg fP,(x)g. Tato rovnice mg e b t ptepskna
po slo kEch
Po(X) = 1;
oP1()+ (0o X)Po(x) =0; (2)
nPrnsi(X)+( n X)Pn(X)+ , 1Pnh 1(X) =0; forn 1:

Mfato prkce je podpotena grantem GA "R EXPRO grant No. 20-17749X.
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K matici (1) mg eme ptistupovat jako k oper£toru na “> de novangmu nksledovn
Dom(Jd) = spanfe,gn—,; Jf=Jf;, for f 2 Dom(d):
Zjevn se jednk o symetrick operktor, m& proto alespo jedno samosdru eng roz,, ten
Dom(J)= 2+ J3f2? ; Jf=Jf forf2 Dom(J):

Operktor J je maxim£In ve smyslu inkluze. Je-li nav ¢ momentov probl@m pro orto-
norm&In polynomy fP,(x)g, determinovan (vizte [1]), je operktor J jedin m samo-
sdru en m roz, +en m operktoru J. V tomto textu budeme pracovat pouze s Jacobiho
maticemi, kter@ odpov daj determinovan@mu momentov@dmu probldmu. Budeme mluvit
0 hamburgerovsky determinovan@m oper£toru J.

“"asto je v hodn@ pracovat s monick mi polynomy, kter@ de nujeme vztahem
|

M
Pn (X) = k Pn(x); (3)

pro ,>0.
Nyn uva ujme, e mime asymptotick? chovEn ortonorméin ch polynomg P, (x) pi-
dru en ch k operktoru J ve tvaru

Pn(X) =apu(x)+o(by); n ¥ 1: (4)

Znalost asymptotickdho chovin je kl tovk pro na,i metodu vy,etdovEn spektra. Tuto
metodu shrneme v n&sledujc { hlavn {v t .

V ta 1. Uva ujme posloupnost ortonormé£in ch polynomg fP,(x)gl., ptidru en ch ke
zdola omezen@mu hamburgerovsky determinovan@mu Jacobiho operktoru J s diskrdtn m
spektrem. Uva ujme, e tyto polynomy maj asymptotick@ chovan ve tvaru (4). Nech»
posloupnost fa,P,(x)g konverguje lok&In stejnom rn Kk funkci u pro ka d@ x z n jakd
oteviend souvisld mno iny G. Nech» dfle a, 2 “°. Potom plat nk£sleduj ¢ ekvivalence

2spec(d) , u( )=0:

Opeorktory, jejich spektrum budeme vy,ettovat, jsou spojeny s Heunovou diferenci-
EIn rovnic podle [5]. Jedn# se o diferenci£ln rovnici druhgho +£du ve tvaru

cn(z)dn(z) sn(z)dn(z) sn(z)cn(z)

Y@+ @ DTS @ DT @ DREEEEE Ve 6
+a(s+  Ksn*(2))y(z) =0;
kde
+ +1= + +
Polo me
P
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kde

n=k(n+ )n+ )
n=n(n+ 1);

=1 kKHn
De nujeme n&sleduj ¢ funkci F
>
Fen’(2) = ()" ————"—Pa(s+ K)sn*(2):
n=0 1 2+ n
Pro Heunovu funkci potom plat
F(sn?(z)) = Hn(k%s; ; ; ; ;sn?(2)):
Pro monick@ polynomy plat
>
Hnk®s; 5 5 5 isn*(@) = ———pa(s+ Kk)sn*(2):
n=0 1 n
Oznat me-li
1 1 1
=5 M =g My =5 Mg M :=m;+m;+m;
a
1
= sMo+M);  =2(m M+1); N:=mo+M;

ptejde Heunova rovnice (5) do tvaru

yOO(Z) +2 mlcn(szr?éjzr;(z) +m, Sn(czr??zn)(z) 3k2 Snszrzgn)(z) yO(Z) (6)
+(4s+N(N 2my 1)k3sn?(z))y(z) = 0:
V pt pad ,

e (Mg; my; my; m3) 2 N, mluv me o te,en ch rovnice (6) jako o te,en ch N -t
®rovn .

e,en 1. erovn jsou op t pops£na v [5] a budou pro nks v choz m bodem.

1. Pro mg =1, plat pro te,en rovnice (6)

y1(z) = ezz(!)%; dn®(1) =4s Kk )

2. Pro m; =1; plat pro te,en rovnice (6) i

ya(@) = 2 ani(n) = as 1 ®)
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3. Pro m, = 1; plat pro te,en rovnice (6)

y3(z) = ezz(!)%; dn®(1)=4s+1 K2 (9)
4. Pro mg = 1; plat pro teen rovnice (6)
ya(2) = ezz(”%; dn?(1) = 4s; (10)

kde Z(1) = —).

Uva ujme nAsleduj ¢ transformace na R’, kterd pgsob na vektor (k;s; ; ; ; ;)
reprezentuj ¢ jistou Heunovu rovnici.

Tik%s; 55 s )=(+ (1) +1; +1 52 )
fe,en u(z) nov vznikld Heunovy rovnice je
y(z) = en*® (@)u(2);
kde y(z) je te,en m rovnice (k%;s; ; ; ; ;).
Ta(k%s; 5 5 55 )=(6+K (1) + + 5 o+ + 5520 ),
te,en u(z) nov vzniklg Heunovy rovnice je
y(2) = dr*® J(@)u(2);
kde y(z) je te,en m rovnice (k%;s; ; ; ; ;).
Ta(k%s; 5 5 5 )=(6+( 1( +K); +1; +12 55
te,.en u(z) nov vzniklg Heunovy rovnice je
y(2) =sn*" (2)u(2);

kde y(z) je e,en m rovnice (k%;s; ; ; ; ;).

V minul@m roce se nEm ji povedlo dokAzat, e t mito transformacemi lze z skat
nanejv ,, 32 nov ch te,en dal, ch Heunov ch rovnic vychkzejcch z fe,en ®rovn 1.
Mezi rodinami ON polynomg vygenerovan ch t mito fe,en mi nav c existuje vzjemnk
provkzanost, ze kter@ vyplyne, e je nutng analyzovat pouze 12 z t chto te,en (a tm
pkdem 12 Jacobiho operktorg).

Postup ptedvedeme na Jacobiho operk£toru, kter odpov di te,en Heunovy rovnice

1.n-1. 1.3.1
S+Z’O’§’ 51515 . Plat

1
T, s;0; 5;

N -
N =
N
Il

7

+

o
N =
N =
N w
N
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Vektor Heunov ch koe cientg nalevo odpov d& Heunov rovnici s fe,.en m y,(z). Plat
proto

y2(2) .

y(z) = F(Z)'

kde y(z) je te.en m Heunovy rovnice s vektorem koe cients s+ 3;0;%; 1;3;1 . Jaco-
biho matice odpov daj ¢ tomuto te,en mi koe cienty

n= gpn(n +1@n DE@n+1):; ~=k®n(n 1)+nZ%

2 Dgkaz hlavn v ty

Pted samotn m dgkazem je,t vyslovme v tu, o kterou se dgkaz op rk, a de nujeme
n kolik pojmg. Jednk se o Hurwitzovu v tu.

V ta 2. Bu fung posloupnost holomorfn ch funkc na otevieng souvisld mno in G C,
kterk konverguje lok&ln uniform na G k holomorfn funkci u, kterk nen identicky rovna
nule na G. M&-li u nulu +5du m v bod zj, potom pro ka d@ dostatetn mal@ > 0 existuje
N 2 N takovd, eproka ddn N, funkce u, mk prEv. m nul v disku jz  zpj < vketn
nksobnosti. Nav ¢ tyto nuly konverguj zo s n jdouc m do nekonetna.

Uva ujme hamburgerovsky determinovan Jacobiho operktor J. To znamenk, e exis-
tuje jedink distributn funkce , tzv. ptirozenk reprezentace (vizte [2]), pomoc kterd lIze

ka d moment |, vyjkdtit jako
z

hn= Xx"d (X):
R

Spektrum ptirozen@ reprezentace de nujeme jako
()=xX2R;(8 =0)( (x+ ) x )=>=0)g:
DEle ptedstav me operktor Q na Hilbertov prostoru H = L?(R;d ) de novan jako
Dom(Q) :=ff 2 H;x f(x) 2 Hg;
(QF)(X) :=x f(X):
Plat
spec(Q) = ( ):
Nyn mg eme ptistoupit k samotndmu dgkazu.

Dgkaz. Nejdt ve uva ujme 2 spec(Jd). Potom, podle [1], je P(x) 2 “2. Nutn proto mus
platit u( ) = 0. Naopak, uva ujme 2 R takovd, e u( ) = 0: Podle Hurwitzovy v ty
existuje posloupnost fz,g takovk, e Ph(z,) =0az, ¥ sn ¥ 1. Oznatme koteny
polynomu P (x)

Xn;l < Xn;2 < < Xn;n:
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Podle [2] je
= n“-ml Xni 2 ():

Z ptedchoz ho vme, e () = spec(Q). Nav c je podle [1] operktor Q unitkrn ekviva-
lentn operktoru J. Proto je

i 2 () = spec(Q) = spec(J):

Nav ¢ pro ka d@ ptirozen@ t slo n t slo z, spl uje

az, ¥ pron ¥ 1. Proto existuje i 2 N takovd, e = ;. Odtud nakonec plyne, e
2 spec(Jd). O

Pou it tfto v ty nakonec ptedvedeme na zm n ngm pt kladu.

3 e,en ptklad

Poznamenejme, e pro Jacobiho operktor Jy, jeho Jacobiho matice mk koe cienty

n= gpn(n +1@2n DE@n+1); ~=k*n(n 1)+nZ% (11)

se nepodat ov titspin n ptedpoklade 1, je toti o= o = 0. My k nalezen asymptotic-
k#ho chovEn ON polynomg P,(X) vyu ijeme znalost monick ch polynomg asymptotiky
Pn(X). Nebude zde ale mo n@ pou t vztah (3). Plat ov,em, e

Pn(X) = X0n(X); (12)

kde fg,(X)g, je posloupnost monick ch polynomg odpov daj c ch Jacobiho oper£toru,
jeho Jacobiho matice mk koe cienty

N = gp(n +1D(N+2)2n+1)@2n+3); L =K(N*+n+3)+n(n+2): (13)

Tento Jacobiho operktor oznatme J,. S ohledem na vztah (12) a v t 4.4 a 4.5 v kapitole
2 V [2], usuzujeme

spec(Jp) = T0g [ spec(Jdy):

Na monick@ polynomy g,(Xx) a ortonorm£in polynomy Q,(x) u vztah (3) aplikovat lze.
Jacobiho matice J, je ptidru enk k Heunov rovnici s

N w
N -
N o1
N W

(; 5 :3)= 2
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Plat nav c
1 111 3 k®» _3153
Tl S0 3 222 T % 4 4f2en
Jin mislovy, mg emez+te.en 1.erovn zskattakdte.en yrovnice s 2 %2%%%%
Plat
z
W)= 8,
cn(z)dn’®(z)
Pro Heunovu funkci Heunovy rovnice s+ 31;0;3; 1;3;2 plat
1,1 13 yo)+y( ), . y2(z)
H + -0 = - Y. 2 — . h — .
n s 4,0,2, 2,2,s,n (2) 2y(0) ; with  y(z) en(2)’
po rutinn ch epravkch dostaneme vyjkdien
1 1 13 X(z; 1)
H + 02 == 2 — .
nsHp0g @ =gy
kde
X(z;!)=—(0) eZM (z D+e 2O (z+1) :
2 (1) @
Nav c je
1 1 13 X4 @2n+1) o
+ 191 1.3 _ +1= :
Hn s 4,0,2, 2,2,sn (2) ! gn(s + 1=4)sn“"(z)

n=0

Oznatme x = s + ;11 Potom 4x = 4s + 1 = dn?(1). K z skfn asymptotick@ho chovAn
polynomg p,(X) pou ijeme Darbouxovu metodu (vizte [4]). Za t mto etelem polo me
p-
X(sn 1( t);! dn(1) cosh(KZ (!
ft) = <p; 3 ). g = ()pl(t())

Jeliko je

) . X(z;1) dn(Y)cosh(Kz(1)) _
jlt;!r:llf(t) g(t)_z“!rrl]( cn(z) cn(z) B

:%(Z(!) 1(1)sinh(KZ (1) §(!)cosh(KZ(1)) 2 C;

jsou ptedpoklady pro aplikaci Darbouxovy metody spin ny a z t@ dostAvEme

4n@2n 1)

(2n)! Pn(X) = plzndn(!)COSh(KZ(!))+0(l); nt 1:
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Pro polynomy g,(x) odtut mkme

gn(X) = (—p)—nd(')cosh(Kz(l))+o @n+2)! P 1
" 8n 4n i ) on 4n L
De nujme dv polonekonetnd matice
O 1 1
Up Vo 0 0 ::: v
~_BO u vu O :::g_ 3 00 vl i
LS O

kde u, = kpn(n 1;vy = %p(Zn 1)(2n + 1). Potom prol libovoln vektor £ 2
Dom(Js) dostaneme

hf, JsFi =hBg f; B, fi O
Jednk se tedy o zdola omezen operktor. Nav c je
2 _ (k2 + 1)2

n
2 2 - 2
2 + 1 2k

n

>2

liminf
nt®1
pro ka d? k 2 R, specikln tedy k 2 (0;1). Podle [3] mE tedy operktor J, (i Jg) diskrftn
spektrum. O spektru tedy lze # ct
spec(Jp) = spec,(Jp)  [0; 1):
Zb VE ov tit ptedpoklad o lok£In stejnom rn@ konvergenci. Zavedeme znaten
hi(z; 1) =e2® (z 1)+e 2O (z+1);
ho(z; 1) =™ Iz 1) e 2ZM Iz + 1),
ha(z; 1) =™ Oz 1) +e 221 Yz 4 1)
V,echny v e zaveden@ funkce jsou spojitd v prom nng z. Plat

h(K; 1) = 1(¥)cosh(KZ(1); he(K;1) = {(1)sinh(KZ(1));
hs(K; 1) = J(1)cosh(KZ(1)):

Nyn spotteme

_ i 1 X(@Y) XK 1) + @ X (z; N’ o
“!r%fo € g e =lm3 cn(z) = u(®);
kde
_ 1
"= TP e
010(o)hl(K; 1)+ —2 Z2(1)hy(K; 1) + 2Z(D)hy(K: 1) + hy(K; 1)

2(0) 1(0)
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Potom m&me

0

e g e u(l) ¥z 10 (14)

Jednk se tedy o integrabiln singularitu. Podobn pro ¥ 2 . Oznatme a,(x(!)) =

4”8;‘)!1) Pn(X) @ ba(1) = p_dn(!) cosh(KZ (1)) Z Cauchyovy formule potom dostEvEme
1 Z
an(x(1))  ba(Y) = (f() gt " *dt;
jy<1i
p 42 . i :
=3 f e ge e'"d

Podle (14) mg eme pou t metodu per partes, odkud
1 4o
an(x(1) ba(1) = — e g e e®™Dyg:
2 in
Polo me G = R+i( "; K" pro dostatetn mald " > 0. Pro ! 2 F, kde F je libovolnk
kompaktn podmno ina G. Odhadneme

Z,

jan(x(1))  ba(1)j e g e d 2C_n 0, n¥ 1: (15

2n
Funkce u(!) nemgnamno in G A£dn@ singularity, proto mg eme ju(!)j odhadnout jej m
maximem na kompaktn podmno in F mno iny G. Dgsledkem t chto evah je rovnost

spec(Jp) = X = %dnz(!);dn(!)cosh(KZ(!)) =0

Z vlastnost theta funkc a Jacobiho eliptick ch funkc lze spektrum je,t v c omezit. Toto
omezen shrneme v n&sleduj ¢ m tvrzen .

V ta 3. Spektrum oper£toru J, obsahuje nekonetn mnoho kladn ch & sel x 2 [k%; 1)
dan ch implicitn rovnicemi

HI(v; k%) LV

A v
X=30VR e TR

=(2n + 1)R; for n 2 No; (16)

a eventufln konetn mnoha kladn ch t sel x 2 (0; k™] dan ch implicitn rovnicemi

X = kTozcdz(v; KY; cosh(KZ(iv + K)) = 0: (17)

Ptipome me, e pro spektrum operktoru J, plat

spec(Jp) = fog [ spec(dy);

L m je pt klad dokonten.
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Abstract. Every simple Lie algebra is characterized by the corresponding irreducible root sys-
tem which determines its associated Weyl group. The Weyl group admits invariant lattices,
which in some cases have non-trivial admissible shifts. Furthermore, there exist up to four fami-
lies of orbit functions which are symmetric with respect to the action of the Weyl group. Specific
sets of orbit functions form orthogonal bases of the Hilbert spaces of discrete complex functions
defined on the intersections of (shifted) lattices with the restricted fundamental domains of the
corresponding generalized a CnelWeyl groups. Utilizing symmetries and lattice decompositions,
calculation of Fourier coe Lciehts of discrete functions is simplified.

Keywords: Lie algebra, root system, Weyl group, invariant lattice, orbit function, central split-
ting

Abstrakt. KaZzdé prosta Lieova algebra je charakterizovana ireducibilnim kofenovym systé-
mem, ktery ur€uje pfislusnou Weylovu grupu. Weylova grupa pFipousti existenci invariantnich
mrizi, které v nékterych pripadech maji pripustna posunuti. Déle existuji az Ctyfi rodiny orbito-
vych funkei, které jsou symetrické vzhledem k akci Weylovy grupy. Specifické mnoziny orbitovych
funkci tvoFi ortogonalni baze Hilbertovych prostord diskrétnich komplexnich funkci definovanych
na pridnicich (posunutych) mfizi s redukovanymi fundamentalnimi oblastmi odpovidajicich zo-
becnénych afinnich Weylovych grup. Pouzitim symetrii a rozklad(l m¥izi je zjednodusen vypodet
Fourierovych koeficientd diskrétnich funkci.

Klicova slova: Lieova algebra, kofenovy systém, Weylova grupa, invariantni mfiz, orbitova
funkce, centralni rozklad

1 Introduction

This article describes the so-called central splitting mechanism for discrete orbit function
transforms. The first two sections are dedicated to preliminaries required for the study of

Mfhis work was supported by the Grant Agency of the Czech Technical University in Prague, grant
No. SGS22/178/0OHK4/3T/14.

101



102 V. Teska

orthogonal families of orbit functions on shifted Weyl group invariant lattices, including
generalized a [nelWeyl groups, already studied in [1, 2, 3] and [4]. The third section
deals with decompositions of said lattices which are consequently used to define the
splitting point and label sets. These lattice decompositions are used to express the
original generalized a CnelWeyl group as a semidirect product of a smaller a CnelWeyl
group and a certain finite group. Inspired by [5], the final section describes the central
splitting of a function transform defined on a fundamental domain using this factorization.
A necessary condition for the existence of the splitting transforms is that the fundamental
domain in question is invariant with respect to the action of the finite group mentioned
above. Possible applications and future research topics are discussed in the conclusion.

2 Weyl groups and invariant geometric lattices

Any simple Lie algebra L of rank n is characterized by n simple roots =T 1;:::; 10
forming basis of the Euclidean space R" with the standard scalar product denoted
by h; i. The corresponding dual simple Lie algebra L— is specified by dual simple roots

p= @)

The simple roots of the Lie algebras An; Dn; Eg; E7 and Eg are of equal length. In the
case of the algebras B,;Cn; F4 and G,, there are two di[erknt root lengths, therefore
is disjointly decomposed into the set of short simple roots ¢ and the set of long simple
roots |,

= sL v s\ 1=3 (2)

In these cases, it is customary to use the normalization condition
h; i=2, 8 2 3

and to consider the simple roots to be long otherwise.
A reflection r;, associated to each simple root , i =1;:::;n, is given by
ri(x)=x hx; +i ; x2R™ (4)

(ri) = 1, e(ri) = det(ri) = 1; i 2 (5)

In the case of simple Lie algebras with two root lengths, there are two additional sign
homomorphisms S and ', given by

= 0 5 ©®)
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A geometric lattice L in R" is defined as the Z-linear span of a basis of R". L is said
to be W—invariant if
WL L: (7

Since W is a group, it must in fact hold that WL = L. The dual lattice L? of the
geometric lattice L is defined as
L =fa2R"jha; li2Z;812Lg: (8)

Two important consequences of the duality relation (8) are that (L?)? = L and that L
is W—invariant if and only if L? is W—invariant.

Every simple Lie algebra admits two W-invariant lattices, the root lattice Q and the
dual root lattice Q-, given by

Q=2Z span( 1;::: n); Q-=2Z span( 1;::: 7): 9

Their (W-invariant) duals are weight lattice P = (Q-)? and the dual weight lattice
P— = Q7. The fundamental weights are the vectors !; 2 R" satisfying

L = = j (10)

h!i_; ji: ij - (11)

P=2Z span(ly;:::; 1), P-=2Z span(Ig;:i:; Ip): (12)

v TR)

In [6], it is proven that every geometric lattice S satisfying Q S P is W-invariant.
It is possible to view geometric lattices as commutative groups. In particular, for
lattices K =Z span(ky;:::;ks) L=2Z span(ly;:::;l,) related by

X
= Mjk;; (13)
i=1
it holds that
jL=K]j = jdet Mj: (14)
The relationships between weights, roots, dual weights and dual roots are given by
X X
i=  GCyjlyy 7= Gl (15)
i=1 i=1

where C is the Cartan matrix of the underlying Lie algebra. The order formula (14) is
used to explicitly compute the orders jP=Qj = jP—=Q-j = jdet Cj (see [6, 7] for details).

More general W—invariant discrete subsets of R" are constructed in [8, 9] using W-
invariant geometric lattices. Denoting Ly, % + L for any % 2 R", the shift % is called
admissible if it satisfies the requirement

Wo+L) %+L; ie, WLy Ly (16)
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An(n 1) Bn(n 3) Cn(n 2) Dn(rI 4) EG E7 E8 I:4 Gz
jP=Qj n+1 2 2 4 3 2 1 1 1

Table 1: Orders of the commutative groups P=Q for Lie algebras of a given type.

or, equivalently, if it holds that
% wh2L;, 8w2W: (17

Two admissible shifts %; of a given lattice L are called equivalent if they satisfy the

equality
%+L= +L: (18)

Any shift equivalent to 0 is called trivial. It follows from the condition (17) that any
I 2 L is an admissible shift of L, thus an admissible shift of L is trivial if and only if it
belongs to L.

For any s 2 R", define T (s) as the mapping given by T (s)x = x+s for every x 2 R".
The generalized a [nelWeyl group W2 is the group generated by the reflections r; and
the shifts T (I;) where L =2 span(ly;:::;l,) is a W—invariant lattice. It can be shown
that

W2 =LoW: (19)

The fundamental domain F_ of W? is a subset of R" which contains exactly one point
from each orbit of the natural action of W2 on R", given by

z x=wx+Il; z=T(Iw2W}? : (20)

The restricted fundamental domain F, ({) is the set

n (0]
FL{)= x2Fj (w)e? "™'=1; 8 T()w 2 Stabya (X) (21)

where { 2 R" is an admissible shift of L? and Stabya (X) denotes the stabilizer of x 2 F_
in W2 .

3 Discrete orthogonality of orbit functions

Given a simple Lie algebra L, the associated Weyl group and a sign homomorphism
2f ; ¢ s; lg, the orbit function of type is defined as the mapping > :R"™ R" I C
given by >
,b(x) — (W)eZ ihwh; xi (22)
w2W
for b; x 2 R™. The vector b is called the label and x is called the argument of * .
Throughout the rest of this article, we shall consider two W—invariant lattices A; B
such that B A with the vector % 2 R" being an admissible shift of A and 2 R"
an admissible shift of B. For any natural number M 2 N, the label set ,(Ay; B ) is
defined as the fragment of Ay contained in the magnified fundamental domain MF;-. and
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the point set F,,(Ay; B ) is defined as the fragment of the rescaled shifted lattice %B
comprised in F -,

M(A%B ) = A\ MFg-( ); Fy(AyB ) =EB \Fpa(%): (23)
A scalar product of complex-valued functions f; g on F,,(Ay; B ) is defined by
_ Da —
hF; giage = "az(9)F()9(5); (24)
s2F,, (A%;:B )

where the discrete function "o» : F\,(As; B ) ¥ N is given by

ar(s) = —————: (25)

The Hilbert space of such functions equipped with the scalar product (24) is denoted
Hy (Ay; B ).
It turns out that the Weyl orbit functions > labelled by 2 ,(Ay; B ) form an
orthogonal basis of H,,(Ay; B ). In particular, the discrete orthogonality relations are
h” ;7 iy =M"jWj B=A" Stabya_ . 2 w(AgB): (26)
’ B?

Any complex-valued function ¥ sampled on F,,(Ay; B ) is interpolated by linear combi-
nations 1 (Ay; B ) [f] of Weyl orbit functions,

X
1 (Ay; B )Mm[FI(X) = ¢ (Ay; B Imlf]” (X); (27)
2 4 (AB )
satisfying
1(Ay; B )MI[FI(S) =F(s); s2Fy(Ay;B): (28)

The frequency spectrum coe Lciehts ¢ (Ay; B ), [f] are calculated from the discrete or-
thogonality relation (26) as

X _
¢ (Ay;B )u[fl= M"jwj B=A? Stabya "A2(S)F(S)” (5):
s2F,\, (Ayx;B )

(29)

4  The splitting point and label sets

Let C be a W—invariant geometric lattice such that B C  A. The properties of
dual lattices imply that A C? B and jC?=A%j = jA=Cj. Denote m = jA=Cj and

decomposition of A into disjoint equivalence classes is given by

T T
A= (h+C)=  Cy.: (30)
k=0 k=0
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Analogously, denominate the representatives of the distinct equivalence classes in C7=A7

by o;:::; m 1. The disjoint decomposition of C? is
, " S
C = (kt+A)= A (31)
k=0 k=0

The lattice decompositions (30) and (31) are chosen so that %, 2 C and o 2 A7, therefore
% and o represent the identity elements of A=C and C?=A~ respectively. Finally, the
additional condition that every a 2 A is an admissible shift of C is required,

a wa2C; 8w2W;8aZ2A: (32)

Since every a 2 A is an admissible shift of C, the condition (17) guarantees that for
anyc?2C?%w2W anda2 A,

Z3 c’;a wa = a;c’ w c?; (33)

hence any ¢? 2 C? is and admissible shift of A?. For any pair of W—invariant lattices
A;C such that C A and every a 2 A is an admissible shift of C, there exists a
commutative subgroup W32 such that

2 =W¢ o : (34)

Moreover, there exist Wp;:::; Wy 1 2 W such that the elements of = fgo;:::;0m 10
satisfy

O = TUh)w; k=0;::5;m 1, (35)

where %, are the representatives of the equivalence classes of A=C given by the lattice
decomposition (30).

Employing the decomposition (30), the sets ,,(A; B) are disjointly decomposed into
m splitting sets ,\jlk(A; B) defined as finite fragments of Cy,_ = %, + C contained in the
magnified restricted fundamental domains MF-,

M (AB) = 14(Cyy; B) = Cy \MFgo: (36)

The corresponding splitting point sets F,\,jk(A; B) are defined as points from F,,(A; B)
comprised in the restricted fundamental domain F_- (%),

Fu(A;B) = Fyy (Cy; B) = B \ Fo (%): (37)
A scalar product of any two complex-valued functions on F,vj"(A; B) is defined as
.~ Mk . ~n: M X n =\
hf.gisg™ =hfigic, s = c?(8)F(s)9(s) (38)
s2F,“(A;B)

and the Hilbert space of these functions equipped with the scalar product (38) is denoted
by H,X(A; B).
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The fundamental orthogonality relations of orbit functions on splitting point sets are
obtained by specializing the orthogonality relations (26) using the notation (38). For this
reason, the Weyl orbit functions > labelled by 2 ,\jlk(A; B) form an orthogonal basis
of H,\jlk(A; B). More precisely, the discrete orthogonality relations are

h” 7 tigg  =M"jWj B=C? Stabya_ = o (39)
s B?

Any complex-valued function f sampled on FM;k(A; B) is interpolated by linear combi-
nations 1 (A; B),\j,k[f] of Weyl orbit functions,

N > N
1(A; By [FIC) = c (AsB)y 7 (%) (40)
2 W(AB)
satisfying
1(A; B),f[fl(s) = f(s); s2F,*A;B): (41)

The splitting frequency spectrum coe Lciehts ¢ (A, B),\},k[f] are determined by orthogo-
nality relations (39) as

1 X
- "c=(8)F(s)” (s): (42)

s2F,“(AB)

¢ (A;B),[fl= M"jwj B=C? Staby._

5 Central splitting of discrete transforms

The semidirect product decomposition (34) for the pair of W—invariant lattices A?
C~ implies that there exists a subgroup € = f®;:::;8n 10 WE. such that

g =T(jw, w2W, j=0::;;m 1L (43)
Consider a fundamental domain F,- satisfying the invariance requirement
€F,»  Fa-: (44)
The splitting components of a complex function f : Fo> ¥ C are defined as

1 <t o
f (X) = = (w)e 2 M ilf(g; X); X2 Fa-: (45)

j=0

Evaluating the discrete orthogonality relation
>

e St=m , ; 2C7%=A" (46)
s2A=C
for =0and = j shows that the sum of the splitting components of f coincides with
the original function f,
<L > .
f 0= =7 (wde 2 M (g x) = F(: @7)

k=0 j=0 j:O
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Substituting the expression (27) into the definition (45), while taking into account the
equality (28), the disjoint decomposition (30), the orthogonality relation (46) and the
symmetry relation

(g )= (&)’ "7 (X)) x2Faz; (48)

yields the equality of the original and splitting Fourier coe [ciehts of f for every label
2 u(A;B), _

¢ (A;B)u[fl=c (A;B)IfI: (49)

To conclude this section, let us give an example of central splitting of the weight lattice

associated with the Lie algebra A, where all simple roots are of equal length, therefore

only the homomorphisms and € are defined. The decomposition (30) of the weight
lattice P of the Lie algebra A; is

P=QL(:+Q L(2+Q): (50)

For M = 3, the splitting label sets corresponding to the homomorphism are expressed
in the T-basis as

Q \3F4(0) = f(0; 0); (5; 3); (1;0); (0; 1)g;
(11 + Q) \3F,(0) = f(5;0);(0; 2); 5; %)9, (51)
(12 + Q) \ 3F,(0) = f(0; 3); (5: 0); (5: 3)g:

3P (P;P)
57 (P;P)
3’2(P P)
It holds that
s(P;P)=P\3F,0) = ;°(P;P)L *(P;P)L 3%P;P) (52)

where the decomposition is disjoint. The splitting point sets in I-basis are

Fy’ (F> P)=P\F;(0)=1(00), (3,0) 0:3): (3:3)9
Fa”(PiP) =P \ Fy (1) = T(0; 0); (5; 00; (0: 5)g; (53)
F3 ?(P;P) =P \ F; (1) = F3 *(P; P):

For comparison, the full set of sampling points F; (P; P) has 10 elements,

Fa(PiP)= (0;0);(3:0):(0:3);(3:0);(3:3):(0;5): (1,0);(5:3):(5:9):(0:1) = (54)

Both the case = and the other possible case = ¢ are fully examined in [10].

6 Conclusion

The main result (49) connects the Fourier coe [ciehts of a complex function defined on
the fundamental region of W3, with the coe [ciehts of its splitting components in their
respective splitting spaces. This process o [erk advantages in computational speed, since
it divides a large set of labels into smaller independent subsets, making it possible to
parallelize the calculation.

The special case of central splitting for the Lie Algebra A; is known as the fast split-
radix transform. It has been studied extensively, even allowing recursive splitting of



Central Splitting of Discrete Transforms 109

already split label sets [11]. For the Lie algebra A,, the central splitting mechanism was
described explicitly in the article [10]. Currently, no general recursive central splitting
process is known. If such machinery were developed, it could become a stepping stone
to a general fast recursive multi-dimensional discrete transform. The question whether
such process exists in the general case remains unsolved.

The splitting mechanism described in this article relies on the general theory of discrete
orthogonality of orbit functions, which is yet unpublished, but which is developed in
an analogous manner as the special cases examined in the articles [3, 12, 13] and [14].
Future areas of interest may include the study of orthogonality properties of the so-called
E-functions [15], which were not examined in this text, and the development of the
corresponding central splitting mechanism.

References

[1] Anatoliy Klimyk and Jifi Patera. Orbit functions. SIGMA. Symmetry, Integrability
and Geometry: Methods and Applications, 2:006, 2006.

[2] Anatoliy Klimyk and Jifi Patera. Antisymmetric orbit functions. SIGMA. Symmetry,
Integrability and Geometry: Methods and Applications, 3:023, 2007.

[3] Jifi Hrivnak and Jifi Patera. On discretization of tori of compact simple Lie groups.
Journal of Physics A: Mathematical and Theoretical, 42(38):385208, 2009.

[4] JiFi Hrivnak and Jifi Patera. E—discretization of tori of exceptional compact simple
Lie groups. In AIP Conference Proceedings, volume 1307, pages 89-94. American
Institute of Physics, 2010.

[5] Robert V. Moody and Jifi Patera. Orthogonality within the families of C—, S—, and
E—functions of any compact semisimple Lie group. SIGMA. Symmetry, Integrability
and Geometry: Methods and Applications, 2:076, 2006.

[6] Richard Kane. Reflection groups and invariant theory. Springer Science & Business
Media, 2001.

[7] James E. Humphreys. Reflection groups and Coxeter groups, volume 29. Cambridge
University Press, 1990.

[8] Tomasz Czyzycki and Jifi Hrivnak. Generalized discrete orbit function transforms
of a CnelWeyl groups. Journal of Mathematical Physics, 55(11), 2014.

[9] Tomasz Czyzycki, Jifi Hrivnak, and Lenka Motlochova. Generalized dual-root lattice
transforms of a CnelWeyl groups. Symmetry, 12(6):1018, 2020.

[10] Jifi Hrivndk, Mariia Myronova, and Jifi Patera. Central splitting of A, discrete
Fourier-Weyl transforms. Symmetry, 12(11):1828, 2020.

[11] VlIadimir Britanak and Patrick C. Yip. Discrete cosine and sine transforms: general
properties, fast algorithms and integer approximations. Elsevier, 2010.



110 V. Teska

[12] Jifi Hrivnak, Lenka Motlochova, and Jifi Patera. On discretization of tori of com-
pact simple Lie groups: Il. Journal of Physics A: Mathematical and Theoretical,
45(25):255201, 2012.

[13] Jifi Hrivndk and Mark A. Walton. Weight-lattice discretization of Weyl-orbit func-
tions. Journal of Mathematical Physics, 57(8), 2016.

[14] Jifi Hrivnak and Lenka Motlochova. Dual-root lattice discretization of Weyl orbit
functions. Journal of Fourier Analysis and Applications, 25(5):2521-2569, 2019.

[15] JiFi Hrivnak and Michal Juranek. On E—discretization of tori of compact simple Lie
groups: Il. Journal of Mathematical Physics, 58(10):103504, 2017.



Spectral Feature-Based EEG Classification for
Alzheimer’s Disease Detection™

Nichita Vatamaniuc
vatamnic@cvut.cz

study programme: Applied Informatics
Department of Software Engineering
Faculty of Nuclear Sciences and Physical Engineering, CTU in Prague

advisor: Jaromir Kukal, Department of Software Engineering
Faculty of Nuclear Sciences and Physical Engineering, CTU in Prague

Abstract. Alzheimer’s disease (AD) is a neurodegenerative disorder that leads to progres-
sive memory loss and impairments in cognitive function. This study applies machine learning
techniques to EEG signals to distinguish between healthy individuals and those with AD. Fre-
guency spectrum features were extracted, and dimensionality reduction was performed to reduce
the complexity of the data. Various classification methods were employed, and hyperparameters
were optimized to improve classification accuracy. The main goal of this research is to contribute
to developing automated diagnostic systems for Alzheimer’s disease using EEG data.

Keywords: Alzheimer’s disease, EEG, frequency features, classification, automated diagnostics.

Abstrakt. Alzheimerova choroba (AD) je neurodegenerativni onemocnéni, které vede k po-
stupné ztraté paméti a zhorSeni kognitivnich funkci. Tento ¢lanek vyuziva techniky strojového
uceni k analyze EEG signalll za Ugelem rozpoznani zdravych jedincd a jedincd s AD. Byly zis-
kany frekvencni spektralni pfiznaky a provedena redukce dimenze, aby se sniZila slozitost dat.
Bylo pouzito nékolik klasifikacnich metod a optimalizace hyperparametrd pro zlepseni presnosti
klasifikace. Hlavnim cilem tohoto vyzkumu je prispét k vyvoji automatizovanych diagnostickych
systém0 pro Alzheimerovu chorobu pomoci EEG dat.

Kli¢ova slova: Alzheimerova choroba, EEG, frekvenéni charakteristiky, klasifikace, automaticka
diagnostika.

1 Introduction

1.1 Neurological Diseases and Alzheimer’s Disease

The human nervous system is one of the most complex and vital systems responsible
for regulating movement, cognition, and other critical functions. Neurological diseases,
which disrupt the normal functioning of the brain and spinal cord, can result in various
motor and cognitive impairments. Alzheimer’s disease (AD) is one of the most prevalent
neurodegenerative disorders, causing memory loss, cognitive decline, and impairment
in motor skills due to structural and biochemical abnormalities in the brain. These
abnormalities lead to disruptions in neural communications, often manifesting as changes

Mfhis work was supported by the Grant Agency of the Czech Technical University in Prague, grant
No. SGS23/190/0HK4/3T/14.

111



112 N. Vatamaniuc

in electroencephalogram (EEG) patterns [7, 3]. EEG signals, which represent electrical
activity in the brain, can o [erlinsights into the neural degeneration caused by Alzheimer’s
disease, providing a non-invasive approach to diagnosis.

Recent studies have shown that the complexity of EEG signals, as measured by en-
tropy, can diLerkntiate between healthy individuals and patients su [ering from AD. Per-
mutation entropy (PE), a robust tool for assessing the complexity of time series data like
EEG, has been demonstrated to detect cognitive impairments associated with neurode-
generation e [edtively [10].

1.2 Experiment description

Traditional methods of diagnosing neurological diseases like Alzheimer’s often involve
cognitive and behavioral assessments, which can be subjective and time-consuming. With
the advent of advanced machine learning techniques [18], automatic classification of EEG
signals has emerged as a promising method for diagnosing AD by analyzing the brain’s
electrical activity.

This paper focuses on the classification of EEG signals using features derived from
the frequency spectrum. Following the methodology proposed by Kukal et al. [10], this
experiment aims to dilerentiate between healthy individuals and Alzheimer’s patients
based on the complexity of their EEG signals across multiple brain channels. The signal
is preprocessed and after spectrum features are extracted, the results are analyzed to
classify patients with Alzheimer’s disease (AD) from healthy controls (HC).

Unlike previous studies that focused on classifying signals from motion sensors ap-
plied on patients with di Lerent musculoskeletal disorders [12], this work shifts the focus
to Alzheimer’s classification based on brain activity analysis. The dataset used in this
experiment includes EEG recordings from patients during rest. The primary goal of
this research is to utilize the processed EEG signals to develop a reliable classification
system, capable of identifying Alzheimer’s patients based on their brain’s electrical ac-
tivity. Applying machine learning methods to these extracted features aims to achieve
high accuracy in distinguishing between HC and individuals with AD.

2 Signal description and feature extraction

2.1 Signal and low-pas filter

The study leverages EEG data equally distributed between two classes of 56 patients (an
expansion from the original 20 patients). EEG 10-20 system of electrode placement [16]
was used to obtain a 19-channel digital EEG. The sampling frequency was 200 Hz with
22 bit AD converter.

Let us assume that the number of samples in a given record is denoted as N 2 N,
with the k-th element of the sample represented as xx 2 R. The sample is thus defined as
xgp, - The frequency content of the signal is processed using a low-pass filter, which
passes frequencies lower than a specified cuto [ffequency while attenuating higher fre-
guencies. This is achieved by computing the Hilbert envelope [20] of the smoothed signal
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and dividing the smoothed signal by this envelope. The final step involves normalizing
the data by subtracting the mean across samples.

After, the signals are divided into segments, a necessary step for extracting power
spectrum features in subsequent processing. The signal is segmented using a windowing
system, where w 2 N represents the window length. The k-th element of the j-th segment
is defined as fXy+jwdj—q. The total number of segments is M = bN =wc 2 N, with any
remaining data being discarded.

2.2 Segment Preprocessing and Feature Representation

Each segment of the signal is represented as a fixed-length vector, ( o;:::; w 1), Where w
is the segment length. The objective is to compute the power spectrum of the segment.
The power spectrum, (Pg;:::; Py 1), is defined as P, =j «j?, where | represents the

k-th component of the Fourier transform obtained using the Discrete Fourier Transform
(DFT) [9]:

> 2 jkn
k= n €Xp
n=0
To improve computational e Lciehcy, the segment length is chosen as w = 2™ where
m 2 N, enabling the use of the Fast Fourier Transform (FFT) [9]. After calculating the

(w=2) 1 components are retained due to the symmetry of the Fourier transform. This
study’s segment length equals the sampling rate w = 200.

Once all segments are processed, the power spectrum of the entire signal sample is
obtained by averaging the power spectra of individual segments. This results in:

1 X
h=— dj;
=1
where h is a component-wise arithmetic mean of the segment power spectra. The
final feature vector for each pattern is composed of the power spectra of the chosen

combination from any of the 19 available channels.

3 Classification methods

3.1 Dimensionality reduction

As was mentioned in the previous section, the final feature vector of a patient has a
length of L = ((w=2) 1) c, where c is the number of chosen signal channels. Principal
Component Analysis (PCA) [14] was utilized to reduce the dimensionality of the problem.
For the experiment, diLerknt values of maximum components were tested. Tested values
were within the range [1;15] \ N. Figure 1 shows the explained variance ratio of each
component. Since the explained variance of a principal component tells us how much of
the total variability in the dataset is captured by that component, it clearly can be seen,
that a higher value of components does not make sense.
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Figure 1: Explained variance ratio.

3.2  -Support Vector Machine

In this experiment, was employed the -Support Vector Classification (nuSVC) algo-
rithm. Like the traditional Support Vector Machine (SVM) [17], nuSVC aims to find a
hyperplane that maximally separates data points from di Lerknt classes. However, nuS\VC
provides additional flexibility through the parameter , which is a value in the range (0; 1].
The parameter controls two key aspects: the upper bound on the fraction of margin
errors (i.e., misclassified data points) and the lower bound on the fraction of support vec-
tors. A higher value of increases the number of support vectors and allows for a looser
margin with potentially more misclassifications, while a lower value enforces a stricter
margin with fewer support vectors [4].

For handling non-linear data, nuSVC can be combined with a kernel function, which
maps data into a higher-dimensional space where a linear hyperplane can separate the
classes. In this experiment, the Radial Basis Function (RBF) kernel [8] was selected, as
it is a popular choice for non-linear classification tasks. The RBF kernel is defined as:

KOGx) =exp( jix  Xi?)

where is a hyperparameter that controls the influence of individual training examples.
Higher values of focus more on nearby points, making the model more sensitive to local
variations in the data, while lower values of  consider a broader range of points. The
term jjx  xYjj? represents the squared Euclidean distance between two feature vectors.

In this experiment, various values of were tested within the range [ 4 0:1; 4+0:1],
where 4 represents the default gamma suggested by the Scikit-learn library [11], which
equals the number of features multiplied by the variance of the dataset. This approach
allowed for adjusting the model’s sensitivity to the data.

Additionally, dilerent values of the parameter were explored. However, the maxi-
mum value of depends on the ratio between the number of classes and the number of
samples. In binary classification problems, must satisfy the following condition:

- min(n4+;n )
n
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where n.;n are numbers of positive and negative class samples, and n is the total
number of samples [5]. This allowed us to find a balance between the number of support
vectors and classification accuracy. Through this tuning process, both and parameters
were optimized to achieve the best classification performance.

The decision function in nuSVC, as in SVM, can be expressed as a combination of
the support vectors:

X
f(x) = iYiK(Xi; X) +b
i=1
where  are the learned coe [ciehts for each support vector, y; is the class label, K(X;; X)
is the kernel function (RBF in this case), and b is the bias term. The parameter directly
influences the number of support vectors included in this sum, thereby controlling the
trade-o [bletween margin size and classification errors [4].

3.3 K-Nearest Neighbors (KNN)

Another method applied in this study is the K-Nearest Neighbors (KNN) algorithm.
KNN operates on the principle that similar data points are likely to belong to the same
class. Specifically, the algorithm classifies a new data point based on the majority class
of its K nearest neighbors in the feature space [15].

The choice of K is a crucial hyperparameter in KNN as it directly influences the
model’s behavior. A small value of K tends to make the model sensitive to local noise,
potentially leading to overfitting, while larger values of K smooth out the decision bound-
ary, which can reduce the model’s sensitivity to variations in the data but may increase
bias [2]. During the experiment, di [erknt odd values of K in the range [3; 15] were tested.
Since KNN classifies a point based on the majority vote of its nearest neighbors, with an
even value of K, there is a higher likelihood of a tie in votes between the two classes and
this will require additional logic to resolve, which complicates the classification process.

For this experiment, the Euclidean distance was used, defined as:

A4
ul

X
docx) = € (q Xy

i=1

where x and x’ are two feature vectors and n represents the number of features. The
Euclidean distance measures the straight-line distance between two points, making it a
natural choice for many classification tasks [2].

3.4 Ridge Regression (RR)

The final classification method applied in this study is Ridge Regression. RR modifies
traditional linear regression by adding a regularization term, which penalizes large coef-
ficients, helping to prevent overfitting and improving generalization, especially in cases
of multicollinearity or high-dimensional data [1]. The regularization is controlled by the

parameter, which determines the strength of the penalty. A higher results in more
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regularization, leading to smaller coe [ciehts and a simpler model, while a lower allows
the model to fit the training data more closely [19].
RR minimizes the following cost function:

JO) =iy X i+ i i

where, jjy X jj? represents the sum of squared residuals, which measures how well
the model’s predictions match the observed data. The term jj jj? is the L2-norm of the
coe [cieht vector , and serves as a regularization term that penalizes large coe [ciehts.

During testing of RR, several values of using a logarithmic scale over the range
[10 3;10%] were tested. After training the RR model, the continuous regression output
was converted into binary classification predictions by applying a threshold of 0.5. Any
predicted value greater than or equal to this threshold was classified as 1 (AD), while
values below the threshold were classified as 0 (HC). This was made to unify the way of
evaluation of the model’s precision.

4 Results

The entire experimental process was implemented using the Python programming lan-
guage. Data preprocessing was performed utilizing the SciPy library [13], while classi-
fication methods were employed through the Scikit-learn library [6]. The performance
of the trained classifiers was evaluated using cross-validation. The available dataset was
partitioned into two subsets: 70% of the data was allocated for training the models, and
the remaining 30% was reserved for testing. Numerous attempts to train the classification
model were dedicated to finding the best channel combination. For this case was pre-
pared a Python function that generates a random combination of unique channels of all
possible sizes. Unfortunately testing all possible combinations will be a time-consuming
task. However as was mentioned after a lot of attempts the best combination that was
found is f0; 5; 6; 14; 159. For the evaluation of the performance of classification methods,
several common classification metrics were employed: accuracy, sensitivity, and speci-
ficity. Accuracy is the ratio of correctly classified samples (both positive and negative)
to the total number of samples. It is calculated as:

TP +TN
TP +TN +FP +FN

where TP is the number of true positives, TN is the number of true negatives, FP is
the number of false positives, and FN is the number of false negatives. Sensitivity, also
known as recall or true positive rate (TPR), measures the model’s ability to correctly
identify positive instances. It is given by the formula:

acc =

TP

Se = —————
TP +FN

Finally, specificity, or true negative rate (TNR), reflects the model’s ability to correctly
identify negative instances. It is calculated as:
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TN
TN +FP

During the preparation of the result, a problem with visual representation was en-
countered. Since the dataset is comparatively small, diLerent parameter values result in
the same output of acc, se, and sp. Furthermore each false positive or true negative clas-
sifier output results in a significant change in values. The best choice, in this case, was
to visualize the result with plots. However, instead of plotting sensitivity and specificity
separately, critical sensitivity defined as se = min(se; sp) was used. Accordingly, each
examined classifier performance is measured by plotting acc and se in comparison with
other classifier parameters.

sp

Dependency of Accuracy (acc) on v for different Dimensionality (d) Dependency of Critical Sensitivity (se*) on v for different Dimensionality (d)

0.94

(a) Dynamic of acc with the change of . (b) Dynamic of se with the change of

Figure 2: Evaluation of -SVM.

All the outputs that resulted with acc < 0:85 were cut o[_lIt is worth mentioning
that the change of the parameter for -SVM was insignificant, and changes in this
parameter resulted in worse than the default . As clearly can be seen from both plots,
best accuracy and critical sensitivity were achieved with in the range [0:03; 0:30] with
dimensionality 14 or 15. The best result yet with specified parameters is acc = 94:12,
se = 1:00, sp = 0:91.

The next classification method is KNN, which resulted in similar performance. For
KNN all outputs with acc < 0:75 were cut o[,_&s a result only dimensions from 3 to 9
and K 2 £3;5;7;9g showed significant results. The Figure 3a represents the dependency
of accuracy in dimensionality with di Lerknt values of K. The Figure 3b shows the depen-
dency of critical sensitivity in the same way. The best result of KNN classification was
achieved with d = 4 and d = 9 with nearest neighbors K = 3 and K = 5 with output
acc = 94:12, se = 0:83, sp = 1:00.

The final classification method tested in this study is RR. The overall performance
of RR was slightly worse than in the previous two methods, but it is negligible since the
best result achieved is roughly the same. Similar to the previous method all outputs with
acc < 0:75 were cut o L_Trhe Figure 4a and Figure 4b depict the dependency of accuracy
and critical sensitivity accordingly in dimensionality with dilerent values of parameter

. The bottom x-axis scale is set to logarithmic on both plots. The best values of critical
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Dependency of Accuracy (acc) On Dimensionality (d) For Different Values of K Dependency of Critical Sensitivity (se*) On Dimensionality (d) For Different Values of K
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(a) Dynamic of acc with the change of d. (b) Dynamic of se with the change of d.

Figure 3: Evaluation of KNN.

Dependency of Accuracy (acc) on a for different Dimensionality (d) Dependency of Critical Sensitivity (se*) on a for different Dimensionality (d)

(a) Dynamic of acc with the change of . (b) Dynamic of se with the change of

Figure 4: Evaluation of RR.

sensitivity and accuracy were achieved with dimensionality d =9 and d = 10. However
in range [10%2°; 1017] maximized the acc, when se reached its maximum in higher range
of values, with range [10 3;10%7]. Finally, the best output with mentioned parameters
is acc = 94:12, se = 0:83, sp = 1:00.

5 Conclusion

In conclusion, this study demonstrates the e [ciehcy of classifying EEG signals for the
diagnosis of AD using a combination of spectral feature extraction and machine learning
techniques. AD causes distinct changes in brain activity patterns, which di Lerentiate it
from the EEG signals of healthy individuals. These abnormalities, associated with neural
degeneration, can be identified and classified using various machine learning algorithms.
The approach successfully dilerentiated between Alzheimer’s patients and healthy indi-
viduals with high accuracy across multiple classifiers, namely -Support Vector Machine,
K-Nearest Neighbors, and Ridge Regression. The preprocessing steps, such as low-pass
filtering, power spectrum extraction, and dimensionality reduction, ensured that the clas-
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sifiers could e Lciehtly handle the high-dimensional nature of EEG data. While promising,
the results may not represent the optimal solution due to limited data and the random
selection of EEG channels. With 19 channels available, were explored di[erknt combi-
nations, but not all, leaving uncertainty about whether the chosen subset is the best.
Future research with larger datasets and a more exhaustive channel selection could im-
prove classification performance. Nonetheless, the primary objective of the experiment
to demonstrate that power spectrum features from EEG signals can reliably distinguish
between AD and HC groups of patients was successfully achieved.
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Abstract. Reaction-di usion systems constitute a signi cant research area that aids in un-
derstanding many complex phenomena in nature. These systems attract broad interest across
various scienti c disciplines, including mathematics, physics, chemistry, and biology. In this
paper, the Burgers-type equation, in particular, plays a crucial role in comprehending reaction-
di usion systems. It explores the Burger’s type equation as a versatile model for understanding
reaction-di usion pattern formation, surpassing the limitations of traditional models like the
Turing model. The equation’s nonlinearity, incorporating di usion and advection terms, en-
ables it to describe a wide range of phenomena, including complex patterns observed in various
natural systems. The study also investigates its application in diverse scienti ¢ elds and its
integration with nonequilibrium thermodynamics. The paper outlines foundational de nitions,
emphasizing their importance for subsequent analyses, and details the mathematical formu-
lation, including numerical methods. Results from applying the Burger’s type equation to
reaction-di usion systems are presented, concluding with insights into the broader implications
for mathematical modeling and natural systems analysis.

1 Introduction

Nonlinear di erential equations mainly model real-life problems and they play a vital
role in understanding mathematics, physics, chemistry, and other branches of applied
sciences. These diverse phenomena include but are not limited to uid mechanics, solid-
state physics, plasma physics, nonlinear optics, quantum mechanics, nance, atmospheric
studies, mechanics, biology, evolution, and equilibrium thermodynamics which is the nat-
ural extension of mechanics. Two important notions, heat, and temperature, which are
absent in mechanics, constitute the pillars of establishing equilibrium thermodynamics
as a branch of science. Fourier, Carnot, Kelvin, Clausius, Gibbs, and others established
the rst steps and concepts of thermodynamics. Thermodynamics began in 1822 with
Fourier’s publication derived the partial di erential equation for the temperature distri-
bution in a rigid body. Non-equilibrium thermodynamics is a branch of thermodynamics,
and it aims to propose a general scheme for the derivation of transport laws by ensuring
that they are compatible with the laws of thermodynamics. Non-equilibrium situations
are well understood to a certain degree, both from the thermodynamic and the pattern-
forming model’s points of view. Also, Reaction-di usion systems have been an important
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area of research in many scienti ¢ elds including mathematics, physics, chemistry, and
biology. The study of these systems has been largely motivated by their ability to de-
scribe various natural phenomena, such as pattern formation, wave propagation, and
oscillations. One of the most widely studied models of pattern formation is the Turing
model, which is based on a set of partial di erential equations that describe the dynam-
ics of interacting chemicals. However, this model has limitations in its ability to capture
complex patterns that are often observed in natural systems.

In recent years, Burger’s type equation has emerged as an alternative model for study-
ing reaction-di usion pattern formation. This nonlinear partial di erential equation in-
corporates both di usion and advection terms, and it is therefore considered to potentially
describe a broader range of phenomena compared to the Turing model. The Burger’s type
equation has been used to study a variety of systems, including population dynamics, uid
dynamics, and chemical reactions. One of the main advantages of Burger’s type equa-
tion is its ability to describe the formation of complex patterns that simpler models do
not capture. In particular, it is capable of describing the formation of traveling waves,
spatiotemporal chaos, and other patterns that arise in many natural systems. This has
led to signi cant interest in the use of the Burger’s type equation as a tool for under-
standing pattern formation in a variety of scienti ¢ elds. Burger’s type equation has
also been used in conjunction with the principles of non-equilibrium thermodynamics,
which provides a framework for understanding the behavior of systems that are far from
equilibrium. This has led to new insights into the relationship between pattern formation
and the principles of non-equilibrium thermodynamics.

In this exposition, we commence by establishing the requisite de nitions to enhance
the clarity of our discourse. Primarily, we elucidate the essence of the Burger’s type
equation, followed by a comprehensive exploration of reaction-di usion systems. After
these foundational de nitions, we delve into the explication of key terms such as pattern
formations, Turing models, Brusselator model, and Linearization. These de nitions serve
as indispensable prerequisites for comprehension of the solutions presented in this paper.

Our primary focus is on the exploration of Burger’s type equation as a model for
reaction-di usion pattern formation. This entails a meticulous review of the fundamental
principles underpinning Burger’s type equation, elucidation of its relationship with Turing
models and reaction-di usion systems, and an examination of its utility in the analysis of
pattern formation. Furthermore, we scrutinize the application of non-equilibrium ther-
modynamics to the Burger’s type equation, aiming to unravel insights into the intricate
behavior exhibited by far-from-equilibrium systems.

Following the theoretical foundations, we describe the mathematical formulation cen-
tral to our study. We outline the numerical methods used to solve Burger’s type equation,
including a detailed explanation of spectral methods, Fourier analysis, Fourier transform,
and fast Fourier transform, and their roles in our analytical framework. We then present
our empirical results, summarizing the ndings from applying Burger’s type equation to
reaction-di usion pattern formation. Finally, we conclude with comments on the sig-
ni cance and implications of our research within the broader context of mathematical
modeling and the analysis of natural systems.
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2 Mathematical Formulation

2.1 Burger’s Type Equation

Burger’s equation is a partial di erential equation used to describe the motion of uids
or gases, such as liquids. It helps analyze the movement and behavior of the uid by
de ning its velocity, pressure, and density. The equation was rst introduced by Harry
Bateman in 1915 and later studied by Johannes Martinus Burger’s in 1948. The general
form of Burger’s equation is given:

2
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Burger’s equation is a nonlinear partial di erential equation that includes a rst-order
partial derivative term and an advection term. This equation expresses the behavior of

uid variables that change in both time and space. The advection term represents the
relationship between the uid’s velocity and density, while the advection term illustrates
the nature of uid motion.

Johannes Martinus Burgers (1895-1981) is the name given in conjunction with the
Burger’s equation. The general form of Burger’s equation in one-dimensional space is
known as the viscous (or viscid) Burger’s equation. When the di usion term is absent, it
becomes the inviscid Burger’s equation. The analyses of Burgers’s equation are performed
for the viscid and the inviscid of Burger’s equation. The viscid of Burgers’s equation is
parabolic Partial Derivative Equations and inviscid of Burgers’s equation is hyperbolic
Partial Derivative Equations, so both of them will require di erent solution methods.
The inviscid Burgers’ equation, which poses signi cant analytical challenges, is used to
develop and analyze methods for accurate calculations. It is a conservation equation that
can develop discontinuities (shock waves). [5].

Burger’s equation is a simple combination of nonlinearity and di usive e ects,-and
it was originally proposed by simplifying the model of turbulence which is exhibited by
Navier-Stokes equations. The Cole-Hopf transformation is one of the techniques that can
be used to linearize the nonlinear Burger’s equation [11].

Burger’s equation nds applications in various elds. It is used as a tool to under-
stand and predict the behavior of uids in uid dynamics, solid physics, gas dynamics,
and biophysics, among others. Additionally, Burger’s equation is employed to explain
phenomena like shock waves, turbulence, and oscillations in uids. Due to its complex-
ity, Burger’s equation is typically solved using numerical methods. This involves the use
of computer simulations and computational techniques. Through these means, Burger’s
equation enables the prediction of uid motion behavior and the modeling of real-world
problems.

The instability now identi ed with Alan Turing’s name [19] is believed to be involved
in the formation of structure in many systems of biological interest. The instability
leads to a process that might be called di erentiation and in its simplest realization is
the result of a competition between an activator and an inhibitor di using at di erent
rates. The instability that results has one characteristic property: its resulting patterns
or wavelength is determined by the concentrations of ambient species and the di usion
coe cients and is therefore independent of any externally imposed length scales. In the
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process of morphogenesis, the instability is likely to be triggered by the increasing scale
of the system: the instability occurs once the system is large enough that it contains
several natural wavelengths of the instability [10] [12].

2.2 Reaction Di usion Equation

The reaction-di usion equation is a mathematical model that describes the interaction
between chemical reactions and di usion processes. It is widely used in various disciplines
such as biology, chemistry, and physics, as well as other elds. The reaction-di usion
equation typically de nes the density and spread of one or more chemical species. It
consists of two fundamental terms: the di usion term and the reaction term. The general
form of the equation is given:

u=D u+R(u) (2

Here, u represents to unknown vector function with regards to time t and space x. D
represents the di usion coe cient and R(u) represents the reaction term, which describes
how the substance reacts or changes based on its concentration. The di usion term is
associated with the random movement of matter or energy from areas of high concen-
tration to areas of low concentration. It represents the spreading rate and distribution
of matter or energy. The reaction term accounts for the rate or speed of chemical re-
actions. It captures the interactions and transformations between chemical species. By
combining the di usion and reaction terms, the reaction-di usion equation enables the
modeling of density changes and their propagation in a system over time. It is used
to explain the formation of waveforms, patterns, and structures. The reaction-di usion
equation is solved using numerical methods or analytical approaches. This allows for
predicting density distributions in a system under speci c initial or boundary conditions.
Solving the reaction-di usion equation helps us understand how chemical reactions and
their spreading [14].

Reaction-di usion (RD) systems have attracted increasing attention from the scien-
ti ¢ community in recent years as investigators have begun to seek insights into the
fascinating patterns that occur in living organisms, ecological systems, geochemistry, and
in physicochemical systems. The rapid growth of the eld of systems biology has further
contributed to interest in RD systems.[21]

Thermodynamically stable spatial structures, like crystals (snow akes), micelles, mem-
branes, and other aggregates are said to arise via self-assembly. Another class of struc-
tures, of which Turing patterns are perhaps the best-known example, occur only far from
equilibrium. They are said to involve self-organization and result from mechanisms that
may be called dissipative. Introduced theoretically by Turing, and extensively studied,
these routes to pattern formation couple nonlinear chemical kinetics and di usion. These
dissipative or nonequilibrium patterns include spiral waves, Turing patterns, standing
waves, and other spatiotemporal phenomena that require an input of energy [17]. Dif-
fusion processes play a role in both self-assembly and self-organization, while chemical
kinetics is important only in the latter case. A detailed understanding of self-assembly
requires knowledge of the explicit form of the interaction potential between particles or
molecules, which allows us to calculate such thermodynamic functions as energy and
entropy [3] [6].
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2.3 Pattern Formation

Pattern formation is a process of the emergence or organization of repetitive structures
in natural or physical systems. These processes can be observed in various natural phe-
nomena such as the arrangement of cells, crystal formation, wave generation, population
distribution, the stripes on a zebra, the patterns of blood vessels, or the honeycomb
structure of a beehive [6]. Several mechanisms contribute to pattern formation, and the
speci ¢ mechanism depends on the system under consideration. Here are two key factors
commonly observed in pattern formation:
1. Turing Patterns: Proposed by Alan Turing, Turing patterns involve the interaction
between an activator and an inhibitor. In systems where the activator promotes its pro-
duction and that of the inhibitor, while the inhibitor suppresses both, spatial patterns
can arise through a process known as "Turing instability [19]."
2. Symmetry Breaking: Symmetry breaking occurs when a system undergoes a transition
from a symmetric state to an asymmetric one. Small perturbations or uctuations can
trigger this process, resulting in the formation of patterns with broken symmetry.
Understanding pattern formation involves studying the underlying mechanisms, the
interactions between components, and the nonlinear dynamics that give rise to pattern
emergence. Mathematical models, including reaction-di usion equations, partial di er-
ential equations, and agent-based models, are used to simulate and describe pattern
formation processes[21] [7].

2.4 Burgers’-Type Equation As a Model of Reaction-Di usion
Pattern Formation

Self-organizing models have gained renewed interest, with applications and studies rang-
ing from mathematics to various elds [12]. These models are often linked to Turing’s
(1952) reaction-di usion concept, which shows how patterns can form if certain condi-
tions in reaction kinetics and di usion are met. Despite its simpli cations, Turing’s idea
inspired further developments, particularly in nonequilibrium thermodynamics [17]

From a thermodynamics perspective, di usion should relate to the gradient of chem-
ical potential rather than concentration, which complicates the di usion equation but
introduces interesting behaviors not seen in simpler models[8]. In simple terms, Fick’s
law states that particles move from areas of high concentration to low concentration,
leading to a constant di usion coe cient. However, this assumption can be thermody-
namically inconsistent in more complex situations, especially when there is a nonzero
thermodi usion coupling in nonisothermal cases.

On the other hand, the Maxwell{Stefan model describes di usion as driven by dif-
ferences in chemical potential, not just concentration gradients. This model allows for
situations where mass transport occurs “against™ the natural direction suggested by con-
centration gradients. Unlike Fick’s law, the Maxwell{Stefan model can be thermodynam-
ically consistent even in complex settings [13] [8].

Cross-di usion, where the concentration gradient of one species a ects the transport of
all species, has also been explored [21]. The thermodynamic viewpoint can thus o er new
insights into reaction-di usion systems, showing how di usion combined with reaction
kinetics can lead to pattern formation, even in seemingly counterintuitive ways.



126 H. Yurtbak

The Burgers-type equation is a mathematical equation used as a model for reaction-
di usion pattern formation. This equation describes the interaction between reaction
and di usion processes in a speci ¢ system. Reaction-di usion patterns explain the
emergence of complex structures observed in various natural phenomena, as well as in
biological pattern formation, chemical reaction-di usion systems, and materials science.
A comprehensive description of reaction-di usion phenomena can be developed while en-
suring thermodynamic consistency, although, for simplicity, we will focus on a speci ¢
case[6][15]. Our approach is based on classical irreversible thermodynamics. In the fol-
lowing sections of this paper, we will proceed with the newly derived equation, which
includes the additional term we have introduced. The derivation of this equation, along
with the incorporation of the new term, is detailed in the subsequent discussion and
certain references will provide valuable guidance for our study [11] [6] [14]

We examine a system that is isothermal, isobaric, and free from external forces. In
continuum thermodynamics, the choice of state variables is crucial as it determines both
the mathematical unknowns and the level of description. This may involve distinguishing
between constituents, like the composition of a mixture, or specifying distinct velocities

constituents, while total or mixture quantities refer to averaged properties, such as the
barycentric velocity.

In this study, we consider the state variables (t; x), v(t; x), and s(t; X), as the partial
densities of species k, the mixture’s barycentric velocity, and the total entropy, respec-
tively. We assume that while individual velocities are not tracked, the mixture composi-
tion  is known. We use the following notation:

) >< ><

o=—; = K V= GV €))
K K

Jk = k(v V)= U 4

where ¢, denotes mass fractions, vy are partial velocities (not state variables), ux are
di usion velocities, and Ji are di usion uxes. Non-state variables must be expressed in
terms of the state variables. To establish these relationships, we start with de nitions
and use the sq{_;pnd law to delgve constitutive relations.
Note that ,cc=1and | Jx = 0. Consequently, one of the di usive uxes depends
on the others. The balance equations for partial densities in Eulerian coordinates are:
0« _ .
ot r (k) r Je+’ (5)
y\_/here the local mass source arises from reaction kinetics or phase transitions: % =
« Mgr . Here,  are stoichiometric coe cients, My is the molar mass, and r is
e reaction rate for the ( )-th reaction. If all constituents are tracked in the model,
« x = 0 due to total mass conservation. We focus on reaction-di usion phenomena,
assuming mechanical and thermal equilibrium.
For a mixture in mechanical equilibrium (with stationary advection and a constant
barycentric velocity v, zero in the mixture reference frame), we model the system with:

— = r J+% (6)
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To close this system, we need to establish constitutive relations (closures) for Ji as func-
tions of state variables. We use the standard non-equilibrium thermodynamics approach
by formulating the entropy balance:

0s

— = r J+8 7

it ; ()
where the entropy ux Js and entropy production & are de ned in terms of the state
variables [6]. The second law requires that entropy production $ is nonnegative: 8¢ 0.
The chemical potential  is de ned through Gibbs’ relation [15]:

= X
_I_ds_duJr d(1=) dek

dt - dt Pde, “at

(8)

Here, T is the equilibrium temperature, u is the internal energy, and p is the pressure.
The mixture density is obtained from , while the mixture velocity v must be related
to the partial velocities. Substituting Gibbs’ relation into the entropy balance equation
and using the mass balance 5, we get the entropy production:

> >
0 Té= Jk r e+ TA 9)
k
F)
where the a nity of a Eaction isA = « k My k. The entropy production T$ has
a bilinear form T§ = J; X, with J; representing uxes and X; representing driving

forces.

For nding closures, replacing partial velocities vi or di usive uxes Jyx) with di u-
sion velocities uy is useful. The entropy balance conforms to classical non-equilibrium
thermodynamics [6] [9]. However, the decomposition of the entropy evolution equation
into divergence terms and entropy production is not unique. Recent work [15] suggests
extending the a nity to include di usion kinetic energy:

. . > u2
A TA +ATY ATU= « M =¢ (10)

. 2
Based on the level of complexity and generality one aims to achieve, it is possible to
identify the constitutive relation. By applying Curie’s principle (isotropic system) [6] [9],
only uxes and forces of the same tensorial order can be coupled. Additionally, we will
proceed with a common simpli cation | though not strictly necessary || that assumes no

coupling at all. Under these conditions, we arrive at Fick’s law of di usion.

This correction re ects the kinetic energy contribution to reaction rates. Reactions
can be seen as collisions where velocity a ects the rate. This study aims to predict how
di usion kinetic energy in uences concentration evolution. Assuming isotropy and no
coupling between uxes and forces, we derive Fick’s law of di usion, the sought consti-
tutive relation:

J« = Dkr( « n), k=1,:::;n 1 (11)

r =k (A +A"Y) (12)

Here, D represents a phenomenological coe cient related to di usion, and we have
used only the n 1 independent forces n. It is important to note that the
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Maxwell{Stefan model of di usion di ers from the Fickian model in one key aspect: the
Fickian model assumes no coupling, whereas in the Maxwell{Stefan model, each di usive
ux is in uenced by all reaction a nities[13].
These relations complete the mass balances, except for ,, which depends on |, and
can be expressed in terms of the other densities  and the total density . Using the
Gibbs{Duhem equation under constant pressure and temperature:

S 1 X X
= —dT —dp + ckd = ckd k; (13)
m k k
we nd >t e e
c
r .= C—krk: Xr = —P"—n1 | g (14)
k=1 " k=1 " k=1 =1 |
Thus, the system of equations governing the system is:
) I:>n 1 ! #
@ k _ > =1 | =< di u
E =r ij jk + — r j + k(A + A ) (15)
i=1 1

For simplicity, we consider a binary mixture, which can be modeled by:

% = r Ji+ 3 (16)
while the evolution of , is linked to 4 as:
@, 0,_0 _ —
E+ﬁ—@—_l+_2—0. (17)

We can express the mass conservation constraint as: ((t;x) + ,(t; x) = f(x), which
implies that: ™ ( 1; 2) =™ ( 1;F(X)  1). Thisallows us to simplify our description to a
single governing equation 16. However, in cases where the system is not conserved ] such
as when we do not track all components or reactions || the evolution of , remains con-
nected to the tracked evolution of ;. Thus, the total density evolves according to the
di erential equation:

:1+

2. (18)

As aresult, a single equation for the state variable ; may not decouple. It isimportant
to note that we do not explicitly state the dependence of variables on time t and space
X. For instance, the source terms in the nal equation might exhibit nonlocal behavior
in both space and time within a non-conservative system. Consequently, the decoupling
of the single equation (9) would not occur under such circumstances. In this case, we
may not be able to separate the equation for ;. For simplicity, we focus on the main
equation for ;.

2=

_tl =r D, ; r 1 Kk Kk 1 k k k (19)
k=1 I {yzl }
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where the rst term represents Fickian di usion, the last term is the classical reaction
term, and the middle term represents the new kinetic energy contribution. Using relations
for di usion velocities:

J J
W= w= )R (20)
and relating the gradient of chemical potential to density gradient, we obtain:

@

@—tl =r (Dir 1) +Ky(r )’ +Re( 1); (21)
where we use the Fickian di usion coe cient and is expressed as: D; = Dlég_i following
the standard notation [14]. Additionally, we introduce a new parameter K; into the
description; 1

Ki = D3 1 k 1 (a) + 2 (22)

where the rst term represents the classical Fick’s di usion eq.-(21), the last term repre-
sents the classical reaction terms, and the middle term is new advection term of particular
interest. Our new equation typically includes three fundamental terms that interact with
each other: the di usion term, the advection term and the reaction term. Where the
advection term represents the contribution of the kinetic energy of di usion. This term
emerges from a di erent separation of entropy change into entropy production and the
divergence of entropy ux, a consideration absent in classical models. Since entropy pro-
duction forms the basis for constitutive relations (including Fickian di usion), this leads
us to a modi ed transport model for di usion. We then analyze a simple model incorpo-
rating this additional term, make comparisons, and discuss the implications for Turing’s
classical reaction{di usion model. The di usion term, on the other hand, represents the
process of matter or energy spreading from areas of high concentration to areas of low
concentration. The equation is a nonlinear partial di erential equation and is typically
solved using numerical methods or analytical approaches. To study reaction-di usion
pattern formation, it is necessary to solve the equation under speci c initial or bound-
ary conditions. This allows for predicting how a particular system forms patterns and
spreads.

In previous works, as we mentioned before, K and R coe cients were used as being
constant but we do not accept the coe cient of the advection term K and reaction term
R being constants [11]. Thus, we keep the original functional form of these coe cients in
our current study. Then we consult the Brusselator modeling to nd an approximation
to new terms, which requires reformation of the model for three species.

2.5 Brusselator Model

The Brusselator model is a theoretical framework designed to describe a simpli ed chem-
ical reaction system that exhibits self-oscillatory behavior and pattern formation [16].
Introduced by llya Prigogine and colleagues in 1968, this model aims to capture the dy-
namic evolution of chemical reactants and the emergence of complex patterns from simple
interactions.
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The Brusselator model is typically represented by a set of coupled partial di erential
equations and ki; ky; k3 and k4 are the rate constants for the respective chemical reactions.
These rate constants determine the speed at which each reaction proceeds. The reaction
scheme is given by:

A1 ox;
B+X 1Y +D;
2X +Y 1 3X;

X 1 E:

Here, A, B, D and E are chemical species with constant concentrations, while X and
Y are the species whose concentrations vary over time.

The dynamical behavior of the concentrations of X and Y is described by the following
di erential equations as we follows form the law of mass action:

Z—T = kA + kXY  kBX kg
dy -
i K,BX  kgX?2Y:

A, B, D and E are considered constant and denoting the concentration of X and Y as
determined from the initial conditions of the system.

X= = k]_ k2X + k3X2Y k4X,
Y = =kX ksX?Y:

To incorporate spatial di usion into the Brusselator model is given by ‘3—t =~ +
~ =k; k4X & 0, hence it is a non-conservative system. Assuming u(x;t) and v(x;t)
denote the concentrations of the two reactants as functions of spatial coordinate x and
time t. We use the above non-equilibrium thermodynamic framework to formulate a
relevant Brusselator model including the spatial di usion. In adapting the previously
derived equation 19 for the Brusselator model, we focus on the stoichiometric coe cients,
denoted as  which are crucial for characterizing the binary mixture in Brusselator
model. By selecting the appropriate coe cients for the four reactions ki; ky; ks and k4, we
can rearrange the terms to yield a formulation that e ectively captures the interactions
between species. This approach provides a robust framework to explore the complex
dynamics inherent in the system.

The governing equation are given in eg-(19), the equation simpli es to:

% =r (Dir 1) ki (ka+ks) 1+Kks i( 1)
+(r )3 ED% k1+k2";k3+k4 ko + K3 (23)
2 1 ( 1)?
In this context, the coe cient K is given by:

K = %Df k1+k2";k3+k4 k2";k3 : (24)
1 2
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And the reaction term R is:
R=k; (ko+ks) 1+ks? (25)

Incorporating these terms, the nal form of the Brusselator model with di usion and
reaction terms is:

1 ki +ky, + ks +k ko, + k
@t 1=D1 1+(r 1)2 QDE : 2 & : 2 &

| S S Vil
K(; 1) (26)
:I:: + kl (k2 + k{; 1+ k3 %( 1;
R(; 1)
3—,[ =ki ki1 27)

This formulation accounts for the spatial di usion of reactants and the nonlinear re-
action kinetics, providing a comprehensive description of the system’s dynamics, with
K( ; 1) properly dependent on ; ;. However, we noticed that it is intrinsically non-
linear. So, our main goal is to reveal the linear equation with the new terms. For this
purpose, we try to transfer our equation, nonlinear form to linear form in derivatives in
Results and Discussion section.

3 Numerical Methods

In this study, we numerically investigate the Burgers-type equation as a model for under-
standing reaction-di usion pattern formation outside of the classical Reaction-Di ussion
approach. Burgers-type equation captures the interplay between reaction and transport
processes, leading to the emergence of complex patterns in various systems. To obtain
a numerical solution for this equation, we employ the Fourier analysis method. Fourier
analysis allows us to decompose the solution in space and its underlying frequency com-
ponents, revealing the fundamental dynamics and spatial patterns present in the system.
By utilizing the Fourier transform, we can e ciently solve the equation and study the
behavior of the pattern formation process. In this article, we present a detailed analy-
sis of the Burgers-type equation using Fourier analysis and showcase the e ectiveness of
this approach in capturing the intricate patterns that arise from the interplay between
reaction and transport.
There are numerous numerical solution techniques available; however, our focus will be
on nite methods and spectral methods. The distinction between nite element methods,
nite di erence methods, and spectral methods primarily lies in how they approximate
the solution. In nite element methods, the domain is divided into small, nite sections
where local polynomials are used to approximate the solution within these sub-intervals.
Similarly, nite di erence methods approximate the unknown function using low-order
polynomials that interpolate values at speci c discretization points, resulting in approx-
imations expressed as weighted sums of these values. In contrast, spectral methods use
global smooth functions, such as Fourier or Chebyshev series, to represent the solution.
The choice of these global functions typically depends on the problem’s characteristics.
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3.1 Spectral Methods

Spectral methods are a group of numerical techniques used to solve mathematical prob-
lems, especially those involving di erential or integral equations. These methods often
make use of spectral tools like Fourier analysis, Chebyshev polynomials, and Legendre
polynomials, among others.

3.1.1 Fourier Analysis

Fourier analysis is a method for decomposing a periodic function into an in nite series
of sine and cosine functions. Consider a periodic function f(x) de ned over the interval
x 2 [ ; ]. The function can be expressed as a sum of sine and cosine terms, each
multiplied by coe cients that capture the function’s characteristics. These coe cients,
called the Fourier coe cients, are given by:

R
an=21  f(t)cos(nt)dt; n O
" (28)
bh=2%  F(®)sin(nt)dt; n 1

are called the Fourier coe cients of f. Here, n is a non-negative integer, and the integrals
compute the coe cients for the cosine (a,) and sine (b,) components. The Fourier series
of the function f(x) is given by

X
f(x) = %ao + (an cos(nx) + by, sin(nx)) (29)

n=1
If the function (X) is periodic on some interval [ L;L], a simple change of variables

) _ XL

X (30)

can be used to transform the interval of integration. In this case, the Fourier series read
1 X n x . nx
f(X) =zap+ anc0s —— +b,sin —— (31)
2 _ L L
n=1
with R, .
an=1,  F(x)cos 2= dx’; n O

bh=2 " F(O)sin X dx; n 1

(32)

A key question in Fourier analysis is when the Fourier series converges to the original
function. If a function is square-integrable over the interval [ ; ], then its Fourier
series will converge to the function at almost every point. Speci cally, the series converges
absolutely and uniformly to £(x) if £(x)’s derivative is also square-integrable. A piecewise
regular function with a nite number of discontinuities and extreme can be expressed as
a Fourier series. This series converges to the function at points where it is continuous
and to the average of the limits at points of discontinuity. Near discontinuities, the n-th
partial sum of the Fourier series can show signi cant oscillations, which is known as the
Gibbs phenomenon. [18].
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3.1.2 Fourier Transform

The Fourier transform can be seen as an extension of the complex Fourier series when
the interval length L approaches in nity. By replacing the discrete coe cient ¢, with
the continuous function F (k) dk and substituting n=L A& k, the sum in the Fourier series
becomes an integral. For an integrable function f(x), this results in the Fourier transform

representation: Z .
f(x) = F(k)e2 tkx gk
z 3 (33)
F[f(x)] = f(x)e 2 *dx
a1
Here, Z .
Fk) = F[f(X)](k) = f(X)e 2 ikxgx (34)
1
is called the forward Fourier transform, and
Z a1
fxX)=F 1[F K] = F(k)e2 tkxdk (35)
1

is called the inverse Fourier transform. After covering the basic properties of the Fourier
Transform, we introduce its two main types: Continuous Fourier Transformation (CFT)
and Discrete Fourier Transformation (DFT). These are used to analyze the frequency
content of signals in continuous and discrete domains, respectively. While CFT deals
with continuous signals, our focus will be on the Discrete Fourier Transformation (DFT)
[18].

3.1.3 Discrete Fourier Transformation

The Discrete Fourier Transform (DFT) converts a discrete signal into its frequency com-
ponents and is commonly used in digital signal processing, computer science, and engi-

ing formula:
<t :
Xe=  Xpe NK% k=0:::0:N 1 (36)
n=0

The inverse discrete Fourier transform (IDFT) is de ned as
XkeN- ; n=0;::;)N 1 (37)

3.1.4 Fast Fourier Transform (FFT)

The Fast Fourier Transform (FFT) is a method to quickly calculate the Discrete Fourier
Transform (DFT) of a sequence. Instead of computing the DFT directly, which can be
slow, FFT makes the process much faster by breaking it down into smaller, manageable
parts.
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For a sequence X, with N elements, the DFT is:

< .
X = Xpe WK (38)

n=0

The Cooley-Tukey algorithm is a common approach used in FFT. It works by dividing
the DFT of size N into smaller DFTs of size N=2. This is done by separating the sequence
into two parts: one with the even-numbered elements and one with the odd-numbered

elements:
N 1 . Nt

2 i 2 i 2 i
X=X WM ae WK e v (39)

n=0 n=0
By repeatedly dividing the problem into smaller pieces, the FFT algorithm signi -
cantly reduces the time needed to compute the DFT. This makes the FFT much faster
compared to calculating the DFT directly [4].

3.1.5 Pseudo-Spectral Method

The pseudo-spectral method is a powerful numerical technique used for solving partial
di erential equations (PDESs), especially those with periodic boundary conditions. It
leverages the Fourier transform to convert di erential equations in the spatial domain
into algebraic equations in the frequency domain, which simpli es the computational
process.

In this method, the solution f(x) of a PDE is represented as a Fourier series:

< -
f(x) = F (k) ; (40)
k=0

This transformation simpli es the di erentiation operations to multiplications in the
frequency domain.

The pseudo-spectral method proceeds by applying the discrete Fourier transform
(DFT) to convert spatial derivatives into algebraic terms. After solving the algebraic
equations, the inverse discrete Fourier transform (IDFT) is used to return to the spatial
domain. This approach ensures high accuracy due to its spectral resolution, meaning
errors decrease rapidly as the number of Fourier modes increases, provided the function
is smooth. Overall, the pseudo-spectral method is valued for its e ciency and precision
in handling PDEs with periodic boundaries [4].

4 Results and Discussion

In this paper, we explore the numerical analysis of pattern formation in a reaction-
di usion system modeled by a modi ed Burgers equation. Nonlinear equations are
prevalent in various scienti ¢ disciplines, often modeling complex systems with intri-
cate behaviors. These equations can be challenging to solve analytically, especially when
they involve multiple interacting processes such as di usion, advection, and reaction. In
such cases, linearization techniques are employed to approximate the nonlinear equation
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around a speci ¢ point, making it easier to analyze the system’s behavior and derive
numerical solutions.

One prominent example of a nonlinear system is the Brusselator model, which is widely
used to describe chemical reactions and other processes that exhibit pattern formation.
The model involves reaction-di usion equations that account for the spatial distribution
of chemical species and the interplay between reaction kinetics and di usion. In this
study, we focus on a modi ed version of the Burgers equation, which includes additional
advection and reaction terms to capture the complexity of the Brusselator model. The
modi ed equation is linearized to facilitate the analysis and numerical simulation of
pattern formation. The original nonlinear equation is given by:

1 ki + ks + ks +k ko, + k
@ 1=D; 1+(r > Z-D? ELTUEL BE 2

2 2
I 2 1{7 ( 1)
K(; 1) (41)
=4+ k K, +Kkg) 1 + ks 2
1 1 (ke @ 1 3 1( 12
R(; 1)
d
a:kl Ks 1 (42)

After presenting the Brusselator model and its linearization, we proceed with solving
the linearized equation numerically using the Fast Fourier Transform (FFT) method.
This technique is particularly e ective for problems with periodic boundary conditions,
as it e ciently transforms the partial di erential equation into the frequency domain.
In this domain, the equation simpli es into a system of ordinary di erential equations,
which are more straightforward to solve numerically.

To apply the FFT method, we discretize the spatial domain into N points, where N
is chosen as a power of two to enhance the e ciency of the FFT algorithm. The dis-
cretized linearized equation is then converted to the frequency domain, where nonlinear
advection and reaction terms are represented as convolutions. These convolutions are
computed using the FFT, which enables both e cient and accurate solutions. Alongside
the FFT method, we employ the pseudo-spectral method in our numerical simulations.
This approach involves representing the solution u(x;t) as a sum of basis functions, typi-
cally Fourier modes, and solving the corresponding system of equations for these modes’
coe cients. The pseudo-spectral method is known for its high accuracy in capturing the
dynamics of nonlinear systems, making it well-suited for analyzing pattern formation in
reaction-di usion systems.

In the numerical solution of the Brusselator model, we focused on key components:
parameter settings, initial conditions, spatial and temporal discretization, and numer-
ical integration methods like ode45. These choices were made to address the model’s
complexity and nonlinear nature. The pseudo-spectral method allows for high accuracy
in capturing complex patterns such as localized peaks, oscillations, and traveling waves.
Meanwhile, the FFT method is computationally e cient, providing smooth and stable
solutions for larger domains and longer time scales while reducing computational costs.

Using the pseudo-spectral method, we comprehensively studied the spatial and tem-
poral evolution of the concentration eld u(Xx; t), observing various patterns in uenced by
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parameters in the modi ed our governing equation. The spatial domain was divided into
a uniform grid to apply periodic boundary conditions, and initial conditions were based
on steady-state solutions. In the Fourier space, the rst and second derivatives were
calculated using the wavenumbers, facilitating the e cient handling of nonlinear terms
and ensuring accurate time evolution of the system. Numerical stability was maintained
by selecting appropriate time steps and spatial resolution. The results are presented in
the following gures, illustrating how di erent parameters impact pattern formation and
the dynamics of the system over time.

TR R
1.004
1.003
1.002

1001

time -1 80

space

Figure 1. Illustration of the modi ed Burgers equation using FFT and pseudo-spectral
methods with parameters D = 0:01, ky =1, ko, =1, ks =2, ks =1, and N = 2! The

gure shows the emergence of complex patterns with localized peaks and oscillations,
demonstrating the e ectiveness of our methods in capturing the dynamics of the system.

Figure 1 shows the solution of the modi ed Burgers equation using both the FFT
and pseudo-spectral methods with a speci ¢ set of parameters. The chosen values for
the di usion coe cient D and the reaction coe cients ki; k»; ks; and k, are intended to
emphasize the formation of intricate patterns, such as localized peaks and oscillations.
The high resolution provided by N = 2%° discretization points ensures that these patterns
are captured with great detail.

The plot illustrates how the spatial distribution of ; evolves over time in the Brusse-
lator model. Initially, ; is fairly uniform, but as time progresses, distinct patterns and

uctuations begin to appear, showcasing the system’s dynamic behavior. Over time, ;
may develop complex structures or periodic patterns, re ecting the system’s tendency to-
ward organization or stabilization. This visualization captures the transition of ; from
its initial state through various stages, highlighting how the system evolves based on
parameter values and inherent dynamics.
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Figure 2: lllustration of the modi ed Burgers equation using FFT and pseudo-spectral
methods with parameters D = 0:2, k; =1, k, = 1:5, ks = 1, ks = 1:5, and N = 24, The

gure demonstrates the robustness of our method, showing consistent pattern formations
across di erent parameter settings. The patterns resemble those observed in previous
studies, such as those by Al et al.
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Figure 3: lllustration of the modi ed Burgers equation using FFT and pseudo-spectral
methods with parameters D = 0:002, k; = 1, k, = 1.7, ks = 1, k, = 1.7, and N = 2%,
The gure highlights the sensitivity of the system to changes in the di usion coe cient,
resulting in detailed pattern formation with ne structures.
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Figure 2 presents results using a di erent set of parameters to illustrate the robust-
ness of our numerical methods. The patterns observed match those from previous studies,
such as by [2], validating our approach across various parameter settings. With param-
eters D = 0:2, k; = 1, ko, = 1:5, ks = 1, ks = 1:5, and N = 24, the higher di usion
constant D leads to a broader and less sharp peak, indicating increased di usion and a
smoother concentration pro le. Adjustments in reaction parameters also modify the bal-
ance between reaction kinetics and di usion, a ecting pattern formation. The observed
gradual gradient re ects the system’s increased di usivity, resulting in less localized and
smoother spatial transitions.

Figure 3 demonstrates the system’s sensitivity to changes in the di usion coe cient D.
With a lower value of D = 0:002, the simulation reveals more intricate pattern formation
with ne structures, emphasizing how minor parameter variations can signi cantly alter
system behavior. The gure shows the solution for the modi ed Burgers equation with
parameters D = 0:002, k; = 1, k, = 1:7, ks = 1, ks = 1.7, and N = 2%, The minimal
di usion allows reaction kinetics to dominate, leading to sharp, localized structures with
minimal spreading. The higher resolution with N = 2'° captures these details e ectively.
Increased reaction parameters k, and k, enhance the sharpness of the patterns formed.
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space

Figure 4: lllustration of the modi ed Burgers equation using FFT and pseudo-spectral

methods with parameters D = 0:2, ky = 2, k, = 0:5, ks = 1, k, = 0:5, and N = 2%,

The gure shows the e ects of altering the reaction coe cients, particularly the increase

in k; and decrease in k;, resulting in di erent pattern formations compared to previous
gures.

Figure 4 examines the e ects of varying the reaction coe cients k; and k,. The
increase in k; and decrease in k, result in di erent pattern formations compared to
previous gures, highlighting the intricate interplay between reaction terms and pattern
development. The gure illustrates the solution with parameters D = 0:2, k; = 2,
ko, = 05, ks = 1, ky, = 0:5, and N = 2. The higher di usion constant D causes a
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Figure 5: lllustration of the modi ed Burgers equation using FFT and pseudo-spectral
methods with parameters D = 0:002, k; =1, k, = 1.7, ks = 1, ks = 1.7, and N = 100.
The gure shows an error in the solution due to the reduced number of discretization
points, highlighting the importance of choosing an appropriate discretization for accurate
results.
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Figure 6: Illustration of the modi ed Burgers equation using FFT and pseudo-spectral
methods with parameters D = 0:002, k; = 1, k, = 0:5, ks = 1, k, = 1.7, and N = 2%,
The gure shows a more complex pattern formation in a three-dimensional simulation,
demonstrating the capabilities of our method in higher-dimensional settings.
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more dispersed pattern compared to Figure 3. The increased k; and k4 values, coupled
with reduced k, and ks, shift the balance towards a more di usive behavior, resulting in
broader peaks. The high resolution with N = 2'° captures these details precisely, even
with the increased di usion.

Figure 5 illustrates the e ects of reducing the number of discretization points N to
100, similar to the approach used by [20]. The solution with parameters D = 0:002,
ki =1, ky = 1.7, ks = 1, ky = 1.7, and N = 100 reveals signi cant errors, including
irregular and non-physical oscillations. This gure highlights the inadequacy of such a low
discretization level, which leads to aliasing errors and numerical instabilities in spectral
methods like FFT. The insu cient resolution fails to capture the system’s dynamics
accurately, resulting in unrealistic and spurious oscillations. The results underscore the
critical importance of selecting a su cient number of discretization points to ensure
accurate and stable numerical solutions, as poor resolution can severely degrade solution
quality and lead to misleading conclusions.

Figure 6 presents a three-dimensional simulation of the modi ed Burgers equation,
showcasing the advanced pattern formation capabilities of our numerical methods. With
parameters D = 0:002, k; = 2, k, = 05, ks = 1, ks = 0:5, and N = 2%, this gure
illustrates a scenario with minimal di usion, allowing the formation of sharp, well-de ned
structures, such as by [1]. The high di usion constant D = 0:002 ensures that di usion
is minimal, facilitating the development of robust, stable patterns. The increased value
of ky suggests more vigorous reaction kinetics, further enhancing the system’s ability to
sustain localized patterns. The high spatial resolution N = 2 guarantees that these
intricate structures are accurately captured, validating the e ectiveness of the FFT and
pseudo-spectral methods in higher-dimensional simulations of reaction-di usion systems.

Each gure demonstrates the intricate interplay between di usion and reaction kinet-
ics, illustrating how variations in the di usion coe cient and reaction parameters a ect
the formation, sharpness, and spatial distribution of patterns in the reaction-di usion sys-
tem governed by Burgers’ equation. Our numerical simulations reveal that both the FFT
and pseudo-spectral methods are e ective for analyzing pattern formation in reaction-
di usion systems. These simulations provide valuable insights into the complex dynamical
behaviors observed in various scienti ¢ elds, including chemistry, biology, and physics.

Overall, the modi ed Burgers’ equation, with its additional advection and reaction
terms, serves as a robust model for studying reaction-di usion dynamics. Our application
of FFT and pseudo-spectral methods has successfully captured the complex patterns and
behaviors characteristic of these systems. Future research should explore the sensitivity
of these results to varying initial conditions, extend investigations to higher-dimensional
systems, and assess the impact of noise and external perturbations to further enhance
our understanding of these dynamic processes.
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Abstract. The accurate localization of acoustic emission sources in thin plates is critical for
applications in structural health monitoring and non-destructive testing. Traditional numerical
methods often struggle with issues such as wave dispersion and boundary reflections, which
can significantly degrade localization performance. This study presents a hybrid experimental-
computational approach that integrates the Image Source Method (ISM) with Time Reversal
(TR) techniques to enhance source localization accuracy in thin plates.

The proposed method modifies the ISM to incorporate dispersive wave propagation and
general models of reflections and attenuation, allowing for a more accurate representation of
wave behavior in thin materials. The Green’s function is evaluated independently at various
points, enabling localized analysis without the need for a comprehensive mesh, as required in
Finite Element Methods (FEM).

The method is validated using and experiment conducted on a thin aluminum plate equipped
with an ultrasonic transducer and a laser vibrometer for precise measurement of wavefields. The
temporal signals are captured and, first, analyzed to assess the correlation between experimental
and simulated data, and second, a computation one-channel TR is performed utilizing signals
transferred to the model. The experimental data (forward propagation) is compared to the
simulation using two measures: phase di [erknce and cumulative Pearson correlation coe Lcieht
assessing individual wave arrivals separately.

The study evaluates the impact of signal duration on focusing amplitude and spatial width
during one-channel TR simulations. It was found that the method is capable to perform source
localization, however, the choice of signal duration determines the e [ciehcy. The optimal sig-
nal length balances the need for su [cieht wave contributions to the focus while minimizing
extraneous energy that could degrade the signal-to-noise ratio.

The findings indicate that the hybrid approach e Ledtively mitigates the challenges associated
with wave dispersion and boundary reflections. By leveraging the ISM and TR techniques, the
method demonstrates improved localization performance compared to traditional methods. The
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results underscore the importance of selecting appropriate signal durations to optimize focusing
and localization accuracy.

This research contributes to the field of acoustic emission localization by providing a robust
framework that combines experimental validation with computational modeling. The modified
ISM, coupled with TR techniques, o [erk a promising solution for enhancing source localization
in thin plates, with significant implications for structural health monitoring and non-destructive
testing applications. Future work will focus on further refining the method and exploring its
applicability to more complex geometries and materials.

Keywords: image source method, time reversal, source localization, Lamb waves, wave dispersion

Abstrakt. Pro aplikace v oblasti monitorovani stavu konstrukci a nedestruktivniho testovani je
zésadni presna lokalizace zdrojd akustické emise v tenkych deskach. Tradi¢ni numerické metody
se Casto potykaji s problémy, jako je disperze vin a odrazy na okrajich, které mohou vyrazné
zhorsit lokalizaCni schopnosti. Tato prace predstavuje hybridni experimentalné-vypocetni pfi-
stup, ktery integruje metodu zrcadlovych zdrojd (ISM) s technikou Gasové reverzace (TR) s
cilem zvysit presnost lokalizace zdroji v tenkych deskach.

Navrhovana metoda modifikuje ISM tak, aby zahrnovala disperzni Sifeni vin a obecné modely
odrazd a Utlumu, coZz umoziuje presnéjsi reprezentaci chovani vin v tenkych materialech. Gree-
nova funkce je vyhodnocovana nezavisle v riiznych bodech, coz umoZiuje lokalizovanou analyzu
bez nutnosti vytvaret kompletni sit, jak to vyZaduje metoda kone¢nych prvkd.

Metoda je ovéfena pomoci experimentu provedeného na tenké hlinikové desce osazené ultra-
zvukovym snimacem a laserovym vibrometrem pro pfesné méreni ultrazvukovych vin. Zachycené
signaly jsou jednak analyzovany s cilem posoudit korelaci mezi experimentalnimi a simulovanymi
Gdaji a jednak je proveden vypocet jednokanalové TR s vyuZitim signal(l prenesenych do modelu.
Experimentalni data ( pFimé Sifeni) se porovnavaji se simulaci pomoci dvou ukazatel(: fazového
rozdilu a kumulativniho Pearsonova korelacniho koeficientu, které posuzuji jednotlivé pfichody
vIn samostatné.

Prace se zabyva hodnocenim vlivu délky signalu na amplitudu fokusace a prostorovou Sifku
pfi simulaci jednokanalové TR. Bylo zjiSténo, ze metoda je schopna proveést lokalizaci zdroje,
avSak volba délky trvani signalu ovliviiuje G€innost. Optimalni délka signalu vyvazuje potiebu
dostateénych pFispévkd vinovych prichodl do mista fokusace a zaroveii minimalizuje mnoZstvi
energie, kterd zhorSuje pomér signalu k Sumu.

Vysledky ukazuji, ze hybridni pFistup feSi problémy spojené s rozptylem vin a odrazy od
okrajl. Wyuzitim technik ISM a TR metoda vykazuje lepsi lokalizacni vykonnost ve srovnani s
tradi¢nimi metodami. Vysledky podtrhuji dilezitost vybéru vhodnych délek signal( pro opti-
malizaci fokusace a presnosti lokalizace.

Tento prispévek do oblasti lokalizace akustickych emisi poskytuje robustni koncept, ktery
kombinuje experimentalni testovani s modelovanim. Modifikovana ISM ve spojeni s technikami
TR nabizi Feseni pro zlepseni lokalizace zdrojd v tenkych deskach, coz ma vyznamny dopad na
monitorovani stavu konstrukci a nedestruktivni testovani.

Kliova slova: metoda zrcadlovych zdroji, Gasova reverzace, lokalizace zdrojd, Lambovy viny,
disperze vin

Full paper: R. Zeman, J. Kober, M. Scalerandi, J. Krofta, M. Chlada. Hybrid experi-
mental/computational approach to Time Reversal source localization in thin plates using
image source method. Applied Acoustics 218 (2024) 109873.
https://doi.org/10.1016/j.apacoust.2024.109873.
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Figure 1. Computed time reversal. Signal maxima in the position of the original acoustic
source, zoomed focus.
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Figure 2. Focus amplitude and spatial width vs. duration of the input signal. The
results obtained for 20 di[lerent choices of the transducer used for the one-channel TR
are reported. Focus amplitude is normalized by the RMS of the wavefield out of the area
of the focusation. Focus width is measured at half maximum.
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Abstract. High-energy physics experiments require significant computing resources to operate
their high-level trigger systems. Typically, these systems are constructed as extensive computing
farms with cutting-edge expensive hardware to provide su [cieht computing power. Usually
located on-site, these systems process detector data in real time and minimize their latency.
In this paper, we present an alternative high-level filter system specifically designed for the
AMBER experiment at CERN. The novelty of our approach lies in its high e [Cciehcy, which
eliminates the need for a dedicated on-site computer farm. Instead, it makes use of existing
shared resources housed in the CERN data center. The proposed system e [ciehtly handles the
data generated by the medium-sized experiment and performs numerous parallel filtering tasks in
an online fashion. All system components operate within a shared, fully virtualized environment,
including databases, storage, and processing units. This flexible environment scales e Ledtively,
allowing adjustments to allocated resources based on agreements with service managers. We
present the architectural design and the implementation of such a system. To demonstrate
its capabilities, we have conducted various measurements assessing its performance, latencies,
and stability under maximum (expected) loads. These results demonstrate the resilience and
reliability of the filtering system while optimizing overall costs to a minimum.

Keywords: data acquisition, data handling, high energy physics computing, software perfor-
mance, readout systems, parallel processing

Abstrakt. Experimenty ve fyzice vysokych energii vyZaduji znatné vypocetni zdroje k provozu
jejich vysoce Uroviovych trigger systémd. Typicky jsou tyto systémy konstruovany jako rozsahlé
vypocetni farmy s nejmoderngjSim a nakladnym hardwarem, aby poskytly dostatecny vypocetni
vykon. Tyto systémy se obvykle nachézeji na misté experimentu, zpracovavaji data z detektord
v realném Case a minimalizuji latenci. V tomto ¢lanku predstavujeme alternativni systém pro
vysoce Uroviovou filtraci, specialné navrzeny pro experiment AMBER v CERNu. Novinkou na-
Seho pristupu je jeho vysoka efektivita, ktera eliminuje potrebu lokalni vypocetni farmy. Misto
toho vyuZziva stavajici sdilené zdroje umisténé v datovém centru CERNu. Navrhovany systém
efektivné zpracovava data generovana stfedné velkym experimentem a provadi fadu paralelnich
filtraCnich dloh v redlném Case. VSechny komponenty systému funguji v ramci sdileného, piné
virtualizovaného prostredi, véetné databazi, Glozist' a vypocetnich jednotek. Toto flexibilni pro-
stfedi se dokaze efektivné Skalovat, coZz umoziuje prizplsobeni pridélenych zdroji na zakladé

Mthis work was supported by the Ministry of Education, Youth and Sports of the Czech Republic
(grant LM2023040), Charles University (grant PRIMUS/22/SCI1/017), and the Grant Agency of the
Czech Technical University in Prague (grant SGS23/190/0HK4/3T/14).
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dohod se spravci sluzeb. Pfedstavujeme architektonicky navrh a implementaci takového systému.
Abychom prokéazali jeho schopnosti, provedli jsme réizna méfeni hodnotici jeho vykon, latenci a
stabilitu pri maximalnim (ofekdvaném) zatizeni. Tyto vysledky ukazuji odolnost a spolehlivost
filtraniho systému pfi soucasné optimalizaci celkovych nakladd na minimum.

Klicova slova: sbér dat, zpracovani dat, VypoCty ve fyzice vysokych energii, vykon softwaru,
systémy Cteni dat, paralelni zpracovani

Full paper: M. Zemko et al. AMBER Experiment’s Online Filter System for Virtualised
IT Infrastructure. IEEE Transactions on Nuclear Science, vol. RT2024, 2024. DOI:
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