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Predmluva
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Ucastnici béhem workshopu pfedstavuji vysledky své védecké prace, které pokryvaji Si-
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Abstract. Understanding how information propagates within neural networks is crucial to
both theory and practice in Machine Learning. Mutual Information (MI) may serve as a tool for
this analysis, but estimating it reliably in high-dimensional, noisy settings remains a challenge.
First, we compare select MI estimators, with a focus on the stability of MINE and its conditional
variant, CMINE. Our experiments demonstrate that while MINE yields consistent results under
noise and increasing dimensionality, CMINE is more sensitive to spurious dependencies, with
dimensionality reduction providing partial but lossy mitigation. Analysis of information flow
across network layers further reveals trajectories consistent with the Information Bottleneck
hypothesis, where deeper layers compress redundant input while aligning with targets.

Keywords: Information Bottleneck, Manifold Learning, Mutual Information

Abstrakt. Porozuméni, jak se informace §ifi v rdmci neuronovych siti, je zasadni jak pro teorii,
tak pro praxi strojového uceni. Vzajemna informace (MI) miZe slouzit jako nastroj pro tuto
analyzu, avsak jeji spolehlivy odhad ve vysoce dimenzionalnich a Sumem zatiZenych prostiedich
zistava vyzvou. Nejprve porovnavame vybrané odhady MI se zaméfenim na stabilitu metody
MINE a jeji podminéné varianty CMINE. NaSe experimenty ukazuji, ze zatimco MINE poskytuje
konzistentni vysledky i pfi ristu dimenzionality a piitomnosti Sumu, CMINE je citlivéjsi na
falesné zavislosti, pricemz redukce dimenzionality prinasi ¢astecné, ale pfitom ztratové zlepseni.
Analyza toku informaci napii¢ vrstvami sité dale odhaluje trajektorie odpovidajici hypotéze
Information Bottleneck, kde hlubsi vrstvy komprimuji redundantni vstup a soucasné se vice
sladuji s cilovymi proménnymi.

Klicovd slova: informa¢ni hrdlo, varietni uéeni, vzajemna informace

1 Introduction

In many complex systems, ranging from biological networks to social interactions and
computational architectures, understanding how information is transmitted across suc-
cessive stages is fundamental for both scientific and practical standpoints. Quantifying
this transmission reveals hidden dependencies and uncovers potential bottlenecks that
affect the effectiveness of communication of relevant signals. Within the context of Ma-
chine Learning, the question of how information evolves within a model is directly tied to
issues of transparency and trustworthiness. Tracing information flow across layers pro-
vides one with a route for explaining and interpreting model behavior at both training
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and inference times. This connection has fueled growing interest in information-theoretic
approaches to explainable AI and Information-Bottleneck-based loss functions.

A central tool in this analysis is Mutual Information (MI), which provides a rigorous
measure of statistical dependence between random variables. Applied to neural networks,
MI allows us to examine how much information about the input or target is preserved, lost,
or transformed as data propagates through the architecture. Such an analysis can clarify
the internal decision-making process of models and also highlight points where signals are
distorted or lost. The invariance of MI under smooth, invertible transformations, along
with its interpretation in meaningful units, makes it an attractive metric for performing
such tasks. At the same time, these benefits are weakened by numerous challenges:
MI is rarely tractable in high-dimensional settings, and accurately estimating it from
finite samples remains a long-standing open problem [14]. Addressing these challenges is
essential for turning information-theoretic analysis into a reliable tool for modern Machine
Learning.

In this paper, we make the following contributions: (i) a systematic comparison of
state-of-the-art Mutual Information estimation techniques when applied to measuring
information flow across neural network layers; (ii) evaluation of the stability and reliability
of these estimators under varying sample sizes, dimensionalities, and noise conditions;
(iii) highlight how estimator choice influences conclusions about model interpretability
and robustness; (iv) empiric validation of findings on both synthetic benchmarks and
real-world datasets. Our results clarify the trade-offs among competing methods and
provide practical guidelines for researchers aiming to use information-theoretic tools in
the analysis of Neural Network systems.

Our work is straightforwardly subdivided into sections. We discuss the related work
in Section 2 to contextualize our research. In Section 3, we discuss the analyzed methods
from the mathematical standpoint. Section 4 outlines the experimental setup we propose,
followed by Section 5, where the results are discussed. The work is concluded by Section 6,
where we review the results and propose the next steps.

2 Related Work

In this section, we discuss the literature available on information flow in neural network
models. The authors of 7] estimate the information flow in feedforward neural models
from the standpoint of Mutual Information between inputs and hidden layer outputs.
Moreover, the paper verifies that the connection between MI reduction throughout train-
ing is driven by the progressive geometric clustering of representations of samples from
the same class. In [7], the MI value is estimated using the classical approach of binning,
which is limiting when one is concerned with high-dimensional representations, e.g., in
Computer Vision or Natural Language Processing domains. A work that aims to explain
the information propagation through deep feedforward neural networks is also presented
in [20]. A lower bound for MI between model inputs and hidden layers is derived from
layer weights and biases through the mean-field analysis. In addition, the authors demon-
strate that parameter initializations known to be optimal for training are superior from
the MI perspective. In [23], information flow is studied from the deep Restricted Boltz-
mann Machines (RBM) perspective. The authors link the inputs with regularization
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utilizing Mutual Information, deriving the upper bound. For instance, they show that
values corresponding to regularization, such as weight matrix norms and input variances,
can be directly related to the MI of an RBM layer. The authors of both articles [20, 23] do
not compute the MI values directly nor study the propagation of information concerning
the output labels, which is one of the key differences in our work.

Estimation of Mutual Information

Authors of [4] comprehensively review some existing Mutual Information Estimators from
different perspectives, such as data sparsity and dimensionality, long-tail nature of real-
world distributions, or robustness to diffeomorphisms. In [17], another experimental
study of neural MI estimators is carried out. Using random vectors that model power
spectrum features across multiple dimensions, they demonstrate that the reviewed esti-
mators [13, 8, 22, 1, 19| exhibit bias or variance in the estimated value at high expected
MI values, leading to errors. They also propose a heuristic that combines the methods,
highlighting the strengths of the underlying algorithm. Nonetheless, the authors state
that the selection of parameters for the algorithm must be tailored based on the charac-
teristics of the underlying data. Therefore, the generalization capabilities of the approach
are not yet sufficiently explored.

One of the key challenges in estimating MI from real-world samples is the limited
availability of data. In [9], it is shown that the MI estimated for N samples cannot
be greater than O(log N) while estimating a distribution-free high-confidence MI lower
bound. Breaking through this limit is possible, e.g., by means of smoothing out the
contrastive estimation (smoothed InfoNCE [24]) or estimating the MI employing a flow
model (specifically, the Real NVP architecture |5, 17]). Usage of normalizing flows for
estimating MI is further explored in [2], where the authors propose employing learnable
diffeomorphisms to achieve tractable MI in the latent space.

Since we focus on analyzing the propagation of information within neural networks,
plain Mutual Information can be considered too simplistic, as each subsequent layer of
the neural network in question depends on its previous inputs. By computing Mutual
Information flowing from one layer to another, one does not explicitly take into account
previous layers. However, it is possible to be done through conditional Mutual Informa-
tion (CMI) [3]. Authors of [11, 12| define an algorithm designated as CMINE (Conditional
MINE), which is also a neural estimator, such as MINE [1]. The estimator is based on the
idea of using a classifier differentiating between samples appearing in two distributions:
appearing in the nominator and the denominator of a conditional MI definition. The
outputs of such a classifier are served to an estimator, which is then used to compute val-
ues of CMI. Unfortunately, CMINE inherits the practical challenges of MINE, including
potential instability during training, high variance of gradient estimates, and sensitivity
to the choice of network architecture and optimization strategy.

In this work, we focused on MINE and CMINE.

Information Flow Measurement and Information Bottleneck

Applied to neural networks, the Information Bottleneck (IB) perspective suggests that
deeper layers filter out unnecessary input information, retaining only task-relevant fea-
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tures. This approach has been influential in explaining generalization, robustness, and
the dynamics of training in deep models. However, the empirical validity and precise
mechanisms by which neural networks approximate IB remain debatable [18, 16]. For in-
stance, in [15], the authors analyze the information plane dynamics of intermediate neural-
network representations based on the Hilbert-Schmidt independence criterion (HSIC),
proposing HSIC as an alternative to Mutual Information. They compare layer-wise and
end-to-end training approaches, where the difference is defined by how the objective func-
tion and respective gradients are computed and applied. Through HSIC, the end-to-end
approach is argued to efficiently propagate input information, resulting in an Information
Bottleneck representation at the final layer.

3 Modeling Methodology

Background

In this work, the Information Flow is measured through Mutual Information (MI) [3]:

Y= [l los LEY) 4
I(X,Y)—/f( yy)1 gf(gj)f(y)d dy 0

= D (f(z, ) f () f () ,

where f(x,y) is the joint density of two random variables X and Y, and Dk is the
Kullback-Leibler divergence (KL-divergence) between two densities. I(X;Y") can also be
computed via the difference of entropies H(X) — H(X|Y) or H(Y) — H(Y|X), leading
to an interpretation that MI is a measure of uncertanty reduction for a random variable
when values of another random variable are known.

It is necessary to note that in the computational setup, one does not work with contin-
uous random variables but with their quantized representations. For such representations,
MI between X and Y is the limit of the MI between X* and Y2 [3]:!

I(X2 Y2~ I(X;Y). (2)

Conditional Mutual Information (CMI) captures the residual dependence between X
and Y given Z, providing a more nuanced view of information flow in structured systems,
such as neural networks. For conditional Mutual Information, the definition incorporates
a third distribution, of a random variable Z whose values are given and are used to reduce
the uncertainty of X due to knowledge of Y [3]:

I(X:Y|2) = H(X|Z) - H(X|Y, 2), (3)

Estimating Mutual Information

Among the selected techniques that measure MI is the Mutual Information Neural Esti-
mation [1] technique to estimate MI between multidimensional variables. Its foundation is

'Here, A stands for the quantization size, e.g., for an n-bit quantization, it can be defined as A = 27",
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based on the dual representations of the KL-divergence, primarily the Donsker-Varadhan
(DV) representation [6]:

Dyr (P||Q) = sup Ep[T]—logEq [¢], (4)

T:Q—R

where the supremum is taken over such functions 7" for which the expectations are finite,
and 2 C R? is some compact domain, defining distributions P and Q.

The Mutual Information Neural Estimator (MINE) is then defined as

A

I,(X;Y) =supE )

/cO Xy

[Tp] — log ]Epé(n)xpy) [e"] . (5)

In (5), an optimization framework over the family of functions 7Tp : X x Y — R
is outlined. These functions are parametrized over © employing neural networks. The
estimation is based on the empirical distribution P, associated with n i.i.d. samples,
corresponding to distribution P.

From (4), it follows that the proposed framework creates a lower bound for the ground-
truth Mutual Information between X and Y: I(X:;Y) > I,(X;Y).

While Mutual Information Neural Estimation (MINE) [1] has become a widely used
tool for approximating MI in high-dimensional settings, many applications in Machine
Learning require conditioning on auxiliary variables. In the case of the Neural Network,
layers are always preconditioned by their predecessors, leading us naturally to the notion
of CMI.

The CMINE framework extends MINE by introducing a parameterized critic function
Ty(x,y, z), which incorporates the conditioning variable z into the estimation. By lever-
aging the Donsker—Varadhan representation of the Kullback-Leibler divergence, CMINE
approximates CMI through the following objective:

I@(X; Y | Z) ~ Ep(;;Z[TG(xa Y, 2)} — log EP()?\)Z P% [eXp (Tg(l’,y, Z))] : (6)

Here, the expectations are estimated via samples drawn from the joint distribution
p(z,y,z) and the product p(z | 2)p(y,z). As in MINE, the critic network is trained
by maximizing this lower bound with respect to 6, yielding a data-driven approximation
of conditional dependence.

Information Bottleneck

The Information Bottleneck principle [21] provides a theoretical framework for under-
standing representation learning in neural networks. It formalizes the trade-off between
compression and prediction: an internal representation 7'(X) of the input X should pre-
serve more information about the target variable Y, while discarding irrelevant details of
X. In practice, it means seeking representations that achieve a balance between I(T'; X)
(how much the representation retains from the input) and /(7;Y") (how much it informs
about the output).
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4 Experimental Setup

This section describes the experiments designed to evaluate the methodology introduced
in Section 3. Our primary goal is to compare the performance and stability of different
Mutual Information estimators, with a focus on MINE and CMINE, in the context of MI
estimation through neural networks. For CMINE, we focus on the LDR estimate |11, 12],
as the existing implementation of DV and NWJ [12]| provided less stable and mathemat-
ically ill-conditioned results, converging towards negative MI values. Additionally, for
stability evaluations, to allow for a fair comparison between MINE and CMINE, we set
Z = const, which leads CMINE to compute the plain Mutual Information. To ensure
both interpretability and controlled conditions, we consider the real-world dataset: the
Iris benchmark.

We measure the Mutual Information between inputs, intermediate neural represen-
tations, and the class labels. Performance is evaluated along the following axes: (i)
estimator stability under noise and dimensionality changes, where we embed the dataset
into higher dimensions and add Gaussian noise with varying standard deviation; more-
over, we attempt nonlinear mapping of embedded data onto a 2-dimensional space via
UMAP [10] to reduce noise and observe how MI estimation performance is affected; (ii)
consistency of information flow profiles across network layers from the Information Bot-
tleneck perspective.

5 Experimental Results

Stability of MI Estimators

The first set of experiments focuses on the stability of MI estimators. Figure 1 com-
pares the behavior of MINE (top row) and CMINE (bottom row) in estimating Mutual
Information under varying dimensionalities and extra-dimensional noise, both with and
without dimensionality reduction (UMAP). The experiment reveals differences between
MINE and CMINE when estimating Mutual Information across varying dimensionali-
ties and noise levels. MINE exhibited only minor fluctuations. Without dimensionality
reduction, estimates remained stable even with higher values of dimensionality and the
addition of noise. With UMAP, values tended to decrease the more noise and dimensions
were added, suggesting a loss of information with dimensionality reduction. In contrast,
CMINE showcased a tendency to see more information from the white noise added to
extra dimensions without UMAP. With UMAP and increasing dimensionality and noise,
MI estimates demonstrated a reversed order in terms of magnitude when compared to the
experiment without dimensionality reduction. The results suggest that MINE provides
a more reliable and interpretable estimator in noisy, high-dimensional settings, while
CMINE struggles under such conditions. Nonetheless, applying dimensionality reduction
helps reduce noise and stabilize predictions, even though some information may be lost
during the process.
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Information Flow in Neural Layers

To investigate how information is transformed across network depth, we measured Mu-
tual Information between inputs X, hidden representations 7', and target labels Y for a
feedforward neural network. For each hidden layer, we estimated I(X;T) and I(T;Y),
using MINE, as it proved to be more stable in the general setup, and visualized them
jointly in the information plane (Figure 2). The results reveal a characteristic trend that
is consistent with the Information Bottleneck hypothesis, where early layers display rela-
tively high 7(X;T) and lower I(T;Y), indicating that the representations retain a large
amount of raw input information but exhibit weaker predictive power. As the network
deepens, the representations move along a trajectory toward lower I(X;7T) and higher
I(T;Y), indicating gradual compression of irrelevant features and increased alignment
with the classification task.

These findings support the view that neural networks implement an implicit Informa-
tion Bottleneck, where redundant details are discarded in favor of features relevant for
generalization.

MINE
- - /\ e
- />< ] \/’ \/
\/ - -
(a) Without UMAP (b) With UMAP
CMINE
/‘ e

(¢c) Without UMAP (d) With UMAP

Figure 1: Comparison of the Mutual Information estimators MINE and CMINE across
increasing dimensionalities and varying noise levels within those dimensions. Each visual
shows how estimation quality changes as additional noisy features are introduced. To fur-
ther assess robustness, dimensionality reduction techniques are applied before estimation,
allowing us to verify the stability of both estimators under high-dimensional and noisy
conditions. The results highlight differences in sensitivity between MINE and CMINE.
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Figure 2: Information plane across network depth. Each colored cluster corresponds
to one hidden layer, showing a progression from high I(X;7T) and low I(T;Y) in early
layers toward lower I(X;T) and higher I(7;Y) in deeper layers. The curved trend
indicates information-bottleneck behavior, where representations compress input detail
while concentrating task-relevant information.

6 Conclusion

In this work, the role of Mutual Information estimation in analyzing Information Flow
through Neural Networks was examined, with an emphasis on the reliability and stability
of different estimation techniques, as well as the Information Bottleneck observability
through layers. Building on the methodology proposed in Section 3, the experiments
(Sections 4-5) compared MINE and its conditional extension, CMINE. The results reveal
notable stability differences: MINE maintains more consistent estimates under high-
dimensional noise, while CMINE is more susceptible to spurious dependencies, especially
in settings without dimensionality reduction. Although UMAP helps in reducing the
variance of estimators, it comes at the cost of losing some information, highlighting the
trade-off between stability and representation quality.

Our investigation of information flow in classification tasks further revealed how infor-
mation transforms across layers, following trajectories in the information plane consistent
with the Information Bottleneck hypothesis. Specifically, early layers preserve a larger
portion of input variability, while deeper layers compress redundant details and align
representations with predictive targets.

The findings suggest that while MINE provides a more reliable baseline in noisy,
high-dimensional environments, conditional extensions such as CMINE require careful
treatment to avoid instability. Future work should extend these analyses to larger-scale
architectures and datasets. Moreover, it should explore alternative variational bounds
or more stable training approaches for conditional Mutual Information estimation: it is
expected to represent the information flow in a neural network setup more comprehen-
sively.
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Abstract. A computational fluid dynamics-based framework for optimizing 3D geometry in
an idealized total cavopulmonary connection (TCPC) is presented. The TCPC is a surgical
procedure designed to treat congenital heart defects involving a single functional ventricle. The
presented custom optimization framework integrates Python-based geometry generation, lattice
Boltzmann method (LBM) simulations, and gradient-free optimization algorithms, including
Nelder-Mead and the Mesh Adaptive Direct Search methods. The three optimization steps —
generation of parameterized 3D geometry, simulation of incompressible Newtonian fluid flow with
a rigid wall, and evaluation of objective functions — are executed automatically. The massively
parallel implementation of LBM on GPUs allows the use of a spatial resolution suitable for
optimizing the flow metrics sensitive to the actual resolution, such as the turbulent kinetic
energy or near-wall shear rate. A simplified, parameterized model of the TCPC geometry was
used to test the framework, demonstrating its feasibility and effectiveness. While this study
focuses on idealized geometries with simplified assumptions, the results provide a foundation
for extending the framework to patient-specific data and more complex physiological scenarios.
This work represents a step in applying computational optimization to cardiovascular surgery,
with the potential to improve clinical outcomes and patient-specific treatment planning.

Keywords: mathematical optimization, modeling of blood flow, lattice Boltzmann method
(LBM), shape optimization, total cavopulmonary connection (TCPC)

Abstrakt. Pfedstavujeme ramec pro optimalizaci 3D geometrie idealizovaného dplného kavo-
pulmonalniho spojeni (TCPC) vyuzivajici vypocetni dynamiku tekutin. TCPC je chirurgicky po-
stup uréeny k 1é¢bé vrozenych srdecnich vad s jednokomorovou cirkulaci. Navrzeny optimaliza¢ni
ramec integruje generovani geometrie v Pythonu, numerické simulace proudéni pomoci mrizkové
Boltzmannovy metody (LBM) a bezgradientni optimaliza¢ni algoritmy, jmenovité Nelderovu—
Meadovu metodu a Mesh Adaptive Direct Search. T¥i kroky optimalizace — generovani pa-
rametrizované 3D geometrie, simulace proudéni nestlacitelné newtonovské tekutiny sténami a
vyhodnoceni tcéelovych funkci — jsou provadény automaticky. Paralelni implementace LBM na
GPU umoziuje pouzit prostorové rozliseni vhodné pro optimalizaci metrik proudéni citlivych na
zvolené rozliseni, jako je turbulentni kinetickd energie nebo smykova rychlost v blizkosti stén. K

*The work has been supportedby the Ministry of Education, Youth and Sports of the Czech Republic
under the Inter-Excellence grant no. LUAUS25049 and by the project SGS23/188/OHK4/3T /14 of the
Student Grant Agency of the Czech Technical University in Prague.
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otestovani ramce byl pouzit zjednoduSeny parametrizovany model geometrie TCPC, na kterém
byla demostrovina proveditelnost a tu¢innost postupu. Ackoli se studie zaméruje na idealizo-
vané geometrie se zjednodusenymi predpoklady, vysledky poskytuji zédklad pro rozsifeni ramce
na specifickd data pacientti a slozitéjsi fyziologické scénare. Tato prace predstavuje krok smé-
rem k aplikaci metod optimalizace v kardiochirurgii s potencidlem vylepsit klinické vysledky a
planovani 1é¢by prizpiusobené pacientovi.

Klicovd slova: matematickd optimalizace, modelovani proudéni krve, miizkova Boltzmannova
metoda (LBM), optimalizace tvari, tplné kavopulmonalni spojeni (TCPC)

Full paper: J. Bure§, R. Fucik, R. Chabiniok. Geometry Optimization of Idealized Total
Cavopulmonary Connection Using a CFD-Based Framework. In: Functional Imaging and
Modeling of the Heart 2025; 397-406.
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Abstract. This study explores the Jarzynski inequality (JI), a fundamental result in non-
equilibrium statistical mechanics that connects equilibrium free energy with non-equilibrium
work statistics. We systematically investigate JI across different thermodynamic regimes, from
linear response to far-from-equilibrium scenarios, with particular emphasis on isothermal-isobaric
and isothermal-isochoric processes in chemical systems. The theoretical framework establishes
connections between JI, the maximum work theorem, and entropy production principles. Our an-
alytical developments are complemented by numerical investigations of the Brusselator model, a
paradigmatic chemical oscillator system exhibiting complex non-equilibrium dynamics. Through
extensive simulations analyzing multiple trajectories with varying winding numbers, we rigor-
ously verify that work statistics obey JI even in strongly non-equilibrium conditions. The work
provides new methodological approaches for studying non-equilibrium thermodynamics in chem-
ical and biological systems, demonstrating the robustness and versatility of JI across diverse
thermodynamic conditions.

Keywords: Jarzynski inequality, non-equilibrium thermodynamics, Brusselator model, chemical
oscillations

1 Introduction

The Jarzynski equality (JE), introduced by Christopher Jarzynski in 1997, represents one
of the most profound results in contemporary non-equilibrium statistical physics. This
remarkable equality establishes a fundamental bridge between equilibrium thermodynam-
ics and non-equilibrium dynamics, enabling the determination of equilibrium free energy
differences from non-equilibrium work measurements. The JE has been experimentally
verified across diverse physical systems, including single biomolecules, mesoscopic me-
chanical systems, and quantum systems, demonstrating its universal character.
The original Jarzynski equality states:

(€M), = 7780 (1)

where 3 = (kgT)~! is the inverse temperature (with kg = 1 in natural units), W denotes
the work performed on the system during a non-equilibrium process, AF represents the

13
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equilibrium free energy difference between initial and final states, and (- - - ), indicates an
average over an ensemble of process realizations.

Application of Jensen’s inequality, which states that (e®) > e® for any random
variable z, to equation (1) yields the Jarzynski inequality (JI):

(W), > AF 2)

This inequality, while mathematically simpler than the equality, possesses broader
applicability and provides crucial insights into the thermodynamic constraints governing
non-equilibrium processes. The saturation of JI occurs only in the quasi-static limit,
where all process realizations become identical and reversible.

The relationship between JI and the classical maximum work theorem (MWT) war-
rants careful examination. While both inequalities express similar thermodynamic bounds,
their foundational principles differ significantly. MWT emerges from Clausius’ inequality
within macroscopic thermodynamics, whereas JI derives from microscopic Hamiltonian
dynamics and statistical mechanics. This distinction becomes particularly important
when considering systems with strong fluctuations or those operating far from equilib-
rium.

This paper presents a comprehensive investigation of JI, with particular emphasis
on chemical systems operating under various thermodynamic constraints. Our work
addresses several key aspects:

e Theoretical development of JI variants for different thermodynamic processes (isothermal-
isobaric and isothermal-isochoric)

e Analytical connections between JI, entropy production, and fluctuation theorems

e Numerical verification of JI in the Brusselator model, a prototypical chemical os-
cillator system

e Methodological developments for analyzing work statistics in complex non-equilibrium
systems

The Brusselator model, introduced by Prigogine and colleagues, provides an ideal
test bed for investigating JI in far-from-equilibrium conditions due to its rich dynamical
behavior, including stable limit cycles and complex oscillation patterns.

2 Theoretical Framework

2.1 Maximum Work Theorem: Thermodynamic Foundations

The maximum work theorem represents a cornerstone of equilibrium thermodynamics,
establishing fundamental limits on energy conversion processes. Consider an isolated
system comprising three subsystems: the system of interest, an environment at constant
temperature T and pressure py, and a work source. The system undergoes a process
from initial state X to final state Y, potentially involving irreversible transformations.
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The first law of thermodynamics for the system reads:
AU = —Wim — pOAV - AQO (3)

where W, represents non-mechanical work, po AV denotes mechanical work against the
environment, and AQ)y is the heat exchange with the environment.
The second law, expressed through Clausius’ inequality, provides:

AS + ASy+AS >0 (4)

where S, Sy, and S’ represent the entropies of the system, environment, and work source,
respectively. For the work source, AS" = 0, while for the environment, ASy; = AQo/To.
Combining these relations yields the fundamental inequality:

where G denotes the Gibbs free energy. This result establishes that the maximum non-
mechanical work extractable from a system undergoing a process between equilibrium
states equals the decrease in Gibbs free energy, with equality holding only for reversible
processes.

For processes at constant temperature and arbitrary pressure, the appropriate poten-
tial becomes the Helmholtz free energy F'= U — T'S, leading to:

W < —AF (6)

where W = Wy + poAV represents the total work performed on the system.

2.2 Path Integral Derivation of Jarzynski’s Equality

The derivation of Jarzynski’s equality within the path integral formalism provides deep
insights into its statistical mechanical foundations. We consider a quantum system cou-
pled to a thermal environment and subject to external driving through a time-dependent
parameter \(t).

The Feynman-Vernon influence functional approach allows us to describe the reduced
dynamics of the system after integrating out environmental degrees of freedom. The
reduced density matrix evolves as:

pr(z,a';t) = /dydz? Te(x, 2" tly, 7,0)ps(y, 7; 0) (7)

where the evolution kernel incorporates the influence functional:

z(t)=x z(t)=2' ) B B
Goe 0 = [ D [ Dbttt (®)

z(0)=y (0)=y

The influence action Sya[z,Z] encapsulates all environmental effects on the system
dynamics. For a system initially in thermal equilibrium at inverse temperature [, the
initial density matrix is:

ps(y,7;0) = Zio<y|e-ﬁﬁ5|y> (9)
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The work performed during a process driven by parameter A(¢) is defined as:
T OH(A)) .
W= / ar ZEOW) 5 4y (10)
0 O\

The average of the exponential work over all trajectories yields:
(e™PVy, = /Dz Plz, Ae PWE (11)

Under the assumptions of Markovian dynamics, detailed balance, and initial thermal
equilibrium, this expression simplifies dramatically:

) = Fi = "

This elegant result demonstrates that the exponentially averaged work depends only
on equilibrium partition functions, independent of the specific non-equilibrium path taken
by the system.

2.3 Connections and Distinctions Between JI and MWT

While Jarzynski’s inequality and the maximum work theorem share formal similarities,
their physical interpretations and domains of applicability differ significantly:

Table 1: Comparison between Maximum Work Theorem and Jarzynski’s Inequality

Maximum Work Theorem Jarzynski’s Inequality

Derived from Clausius’ inequality Derived from microscopic dynamics
Applies to individual macroscopic pro- Applies to ensemble averages

cesses

Valid for systems with well-defined tem- Valid for fluctuating microscopic sys-
perature tems

Based on thermodynamic entropy Based on statistical mechanics

Limited to near-equilibrium for specific Valid arbitrarily far from equilibrium
bounds

These distinctions become particularly important when considering chemical systems
with strong fluctuations or those operating far from thermodynamic equilibrium.

3 Chemical Systems in Linear Response Regime

3.1 Entropy Production in Chemical Networks

For chemical reaction networks, the second law of thermodynamics finds expression
through the entropy production rate. Considering a system exchanging heat with a
reservoir at temperature 7', the entropy balance reads:
dSs  dS. n dsS;
dt — dt  dt

(13)
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where S represents system entropy, S, denotes entropy exchange with the environment,
and S; signifies entropy production from irreversible processes.
The entropy production rate satisfies:

das;
> 14
dt — 0 (14)

with equality holding only for reversible processes.
For chemical reactions, the central quantity is the chemical affinity A, defined through
the De Donder relation:

A=— Z’Vk,uk (15)

where 4y represent stoichiometric coefficients (negative for reactants, positive for prod-
ucts) and py, denote chemical potentials.
The relationship between affinity and Gibbs free energy emerges naturally:

<8a—?)pj = g%ﬂk = —A(&) (16)

where £ represents the extent of reaction.
The entropy production rate for a single chemical reaction becomes:

ds; _ Ade _

o Ta 2 (17)

For networks comprising multiple reactions, this generalizes to:

dS.:
0 9

where J,, = d§,/dt represent reaction fluxes and X, = A, /T denote thermodynamic
forces.

3.2 Fluctuation Theory and Linear Response

Near equilibrium, the Landau-Lifshitz theory of fluctuations provides a powerful frame-
work for analyzing thermodynamic fluctuations. For small deviations from equilibrium,
the entropy production associated with a fluctuation becomes:

. (%) €&y (19

The probability distribution for fluctuations follows the Gaussian form:

b 1,42
p(X) = 3¢ 2bX (20)

where X =& — ¢ and b= —-T"1(0A4/9¢). > 0.
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For multi-reaction systems, the covariance matrix of fluctuations relates to the Hessian
of the Gibbs free energy:

1 [/ 0*°G
XiXe) = (b Yk, b = — 21
(XX = (s b T(%%)Mﬂ 21)
Within this linear response framework, we can derive JI-type inequalities:
AG, 7 < (Wam)e (22)
AFp < (W)e (23)

These results demonstrate that JI emerges naturally from fluctuation theory in the
linear response regime, providing a bridge between microscopic fluctuations and macro-
scopic thermodynamic bounds.

4 Far-from-Equilibrium Chemical Systems

4.1 Extended Thermodynamic Formulation

For chemical systems operating far from equilibrium, standard equilibrium thermodynam-
ics requires careful extension. While thermodynamic potentials like Gibbs and Helmholtz
free energies are strictly defined only for equilibrium states, their utility extends to non-
equilibrium situations through appropriate generalizations.

Consider a generic chemical reaction at constant temperature and pressure. The
differential of Gibbs free energy reads:

oG
dGr, = | — d. 24
= (%), 24
The temporal evolution follows:
dGr, (0G d¢
dt (ag >T,p dt (25)

This relationship enables the computation of free energy changes from reaction kinet-
ics, even when the system remains far from equilibrium throughout the process.

4.2 JI for Isothermal-Isobaric Processes

For chemical processes under constant temperature and pressure conditions, we develop
a specialized formulation of JI. Starting from the fundamental thermodynamic identity:

OF oV
=), (%), &

Integration from initial to final reaction extents yields:

e $(OF SOV
) ae< - i B ) d
/fe < a€ )T,p 5 S /fe ( 85 )T,p § P /fe ( a£ )T,p 5 <27)
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Rearranging terms reveals the JI structure:
<W>T,p 2 <AF>T,p (28)

This result demonstrates that JI maintains its validity for isothermal-isobaric chem-
ical processes, with the work bound now involving both mechanical and non-mechanical
contributions.

4.3 JI for Isothermal-Isochoric Processes

For systems at constant temperature and volume, the Helmholtz free energy provides the
appropriate thermodynamic potential. The fundamental differential reads:

dF = —=SdT — pdV — 0Wpp, (29)
Under isothermal-isochoric conditions (dT° = 0, dV = 0), this simplifies to:
dF = —0Whn (30)
Since spontaneous evolution decreases Helmholtz free energy (dF < 0), we obtain:
dFF < —0Wyn (31)
Integration along the reaction path yields:
AFp, < (W), (32)

This formulation extends JI to constant-volume chemical processes, demonstrating its
broad applicability across different thermodynamic constraints.

5 Brusselator Model: A Case Study

5.1 Model Description and Dynamical Properties

The Brusselator model, introduced by Prigogine and colleagues, represents a paradigmatic
example of chemical systems exhibiting non-equilibrium self-organization and oscillatory
behavior. The model comprises four elementary reactions:

Ao X (33)
B+X—-Y+D (34)
2X +Y — 3X (35)
X —FE (36)

Species A and B represent constant-concentration reactants, D and E denote prod-
ucts, while X and Y are intermediate species whose dynamics generate the characteristic
oscillatory behavior.
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The kinetic equations for intermediate concentrations read:

d
d—f:Am?y—(BH)az (37)
d

d_gtJ = Bz — 2%y (38)

The autocatalytic step (2X + Y — 3X) introduces essential non-linearity, while the
system’s openness (through constant A and B concentrations) enables sustained non-
equilibrium behavior.

The Brusselator exhibits rich dynamical phases:

e Stable fixed point for B < 1 + A?
e Hopf bifurcation at B = 1 + A?

e Stable limit cycle for B > 1 + A2

For our investigations, we focus on the oscillatory regime (B > 1 + A?), where the
system displays persistent periodic behavior far from thermodynamic equilibrium.

5.2 Numerical Methods and Work Computation

We implemented numerical simulations of the Brusselator dynamics using fourth-order
Runge-Kutta integration with adaptive time stepping. To investigate JI, we analyzed
ensembles of trajectories connecting specific states within the limit cycle.

The chemical affinity for the autocatalytic step was approximated as:

A(t) = —RT'In (@) (39)
y(t)

where R denotes the gas constant and 7" represents temperature.

The reaction velocity was computed from the extent of reaction &, related to concen-
tration changes through stoichiometry. The work performed along each trajectory was
calculated as:

W= / ® AWt (40)

where the integration extends from initial state A (local maximum in concentration) to
final state B (subsequent local minimum).

We analyzed trajectories with different winding numbers around the limit cycle, corre-
sponding to paths completing different numbers of oscillations before reaching the target
state. This approach enables investigation of JI across diverse non-equilibrium pathways.

5.3 Statistical Analysis and Weighted Averaging

To account for the different probabilities associated with various trajectories, we employed
a weighted averaging scheme based on the Riemann zeta function:

N
_ Zk:l k_lku

W ——RhR=1 R°
W=

(41)
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The parameter s modulates the weight distribution across trajectories, with larger s
values emphasizing lower-index (more probable) paths. Optimization of s ensured rapid
convergence of the work average while maintaining physical relevance.

We computed the free energy difference AF' from equilibrium considerations, recog-
nizing that for periodic systems, AF' represents the reversible work required to transition
between states A and B.

5.4 Results and JI Verification

Our numerical investigations yielded comprehensive verification of JI across diverse con-
ditions:

e For all parameter sets examined, the inequality (W) > AF held rigorously

e The work distribution exhibited significant broadening in the far-from-equilibrium
regime

e Trajectories with higher winding numbers generally displayed larger work values

e The weighted averaging scheme provided stable convergence of work statistics

These results establish that JI maintains its validity even in strongly non-equilibrium
chemical systems exhibiting complex oscillatory dynamics, providing crucial support for
its general applicability.

6 Conclusions

This investigation has established several key results regarding the Jarzynski inequality
and its applications to chemical systems: The Jarzynski inequality emerges as a powerful
and versatile tool for analyzing non-equilibrium processes across diverse thermodynamic
conditions. Its robustness in complex chemical systems suggests broad applicability to
biological energy transduction, synthetic chemistry, and materials science, providing fun-
damental insights into the thermodynamic constraints governing non-equilibrium trans-
formations.
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Abstract. Given six permutations (71,7, ...,ms) of the same ground set [n] and a subset
X C [n] of size 3, we say that the triple X is shattered by (1,72, ..., 7ms) if every relative order
of X is induced by exactly one of the m;’s. A natural extremal question is to determine the
maximum number of triples of [n] that six permutations can shatter. Using the flag algebra
method, we prove that no six-tuple shatters more than %(g) +O(n?) triples. On the other hand,
for every n, we construct six permutations of [n] that shatter at least % (g) ~ 0.4944 (g) triples.
These results improve the previously known bounds of Johnson and Wickes.

Keywords: flag algebra, permutation, shattering

Abstrakt. Necht (71, 79,...,76) je Sestice permutaci mnoZiny [n] a X C [n] je podmnoZina
velikosti 3. Rikéme, 7e X je roztifsténa (shattered) permutacemi (mq, s, ..., 7g), pokud je kazdé
mozné vzajemné usporadani prvki z X realizovano pravé jednou z permutaci ;.

Pfirozenou extremalni otazkou je ur¢it maximélni pocet trojic z mnoziny [n|, které muze
néjaka Sestice permutaci rozt¥istit. Pomoci metody flag algeber ukazeme, ze zadna Sestice per-

mutaci nemiZe rozt¥istit vice nez %(g) + O(n?) trojic. Navic pro kazdé n existuje konstrukce

Sesti permutaci mnoziny [n], které rozt¥isti alespon % (g) ~ 0.4944 (’;) trojic.

Tyto vysledky vylepsuji diive znamé odhady Johnson a Wickes.

Klicovd slova: flag abgebra, permutace, shattering

1 Introduction

The concept of shattering appears in different parts of combinatorics. In the settings of
sets, we say that a finite set X is shattered by a family F if the intersections {X N F :
F € F} generate all possible subsets of X. There is a number of natural questions
connected to this setting. For example, if we are given a family F, what is the maximal
size of X that can be shattered by this family? The answer to this question is called
the VC dimension of F. Other question is, given integers n and k, determine the size of
a smallest family of subsets of [n| such that every k-element subset of [n] is shattered.
In 1973, Kleitman and Spencer [3] proved that for any fixed &k this number is between
di - 2¥logn and d, - k2F logn for some positive reals d; and ds.

*This work has been supported by the grant GACR 23-06815M.
tThis is a result of a joint work with: A. Cliffton, B. Kielak, J. Volec.
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Shattering has also been studied in the setting of permutations. A k-element subset
X C [n] is shattered by a family of permutations S C S, if the number of different
relative orderings of X by the elements of S is k!. In 1971, Spencer [7] showed the
existence of a family S C S,, of size m log, n such that every k-element subset
of [n] is shattered. On the other hand, Fiiredi [1] proved that such a family must have
size at least @ log, n. Radhakrishnan [5] improved the bound of Fiiredi by a factor of
approximately 2/log, e, and Tarui [8] gave an explicit construction for the case k = 3 of
size (24 o(1)) log, n.

In this work, we focus on a multiplicity version of this problem, where we consider
families S C S,, of size k! and the aim is to maximize the number of shattered k-element
subsets of [n]. For the case k = 3, i.e., when we shatter triples of [n] with 6 permutations,
Johnson and Wickes [2| proved the existence of permutations of [n] that shatter at least
g (g) triples. On the other hand, they proved that if n > 8 then no § C S, of size 6 can

47

shatter more than @(g) triples. Our results are the following improvements of both of

the aforementioned bounds.
Theorem 1. Every siz permutations of [n] shatter at most 3 (%) + O(n?) triples.

Proposition 2. For every n > 3, there exist six permutations of [n| that shatter at least

% (g) triples.

2 Definitions and notation

We start with the definition of a permutation pattern.

Definition 1. Let m € S, be a permutation, and X = {x1,xs,..., 2} C [n] such that
r1 < X9 < ...<x. The pattern in 7 induced by X is the permutation T € Sy satisfying

7(i) < 7(j) © 7(z;) < 7(zy).

Example 1. For example, let m = (1,3,2,5,4) € S5 and X = {2,4,5}. To obtain the
pattern in w induced by X, we need to rewrite the values (m(x1), m(xe), m(x3)) = (3,5,4)
to get a permutation from Ss while keeping all inequalities intact. In this setting, the
pattern is T = (1,3,2).

Definition 2. We say that a family S C S, shatters a k-element subset X C [n] if and
only if {T pattern in © induced by X : m € S} = Sy.

It follows from the definition, that for |S| < |Sk| = k!, there is no shattering. Using
the notions defined, there are two natural questions we might ask. The first question
regarding the minimum size of S C S, that shatters every k-tuple from [n] has been
already well explored. Combining the results from [1] and [7], we know that when n
grows while k£ > 3 is fixed

(k—1)! K
logyn < |S| < log, (k!/(k! — 1))

k
Note that a7 ~ (k+ 1)!'In2 for n — co.

log, n.
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In this work, we focus on the second question — what is the maximum number of
k-tuples that can be shattered if we fix the size of S to be the least possible that allows
shattering, i.e. when |S| = k!. This notion is captured by the following definition.

Definition 3. For S C S,,, we define Fi(S) to be the number of k-element subsets of [n]
shattered by S. For every n > k, we set

Fi(n) := max Fi(S) and  fi(n) := )
STk! F

It is clear that fi.(k) = 1. A standard double counting argument also shows that fi(n)
is nonincreasing as a function of n as can be seen in the next lemma.

Lemma 3. Let k > 2. Then the function fi(+) is non-increasing, i.e. ¥Yn >k : fy(n+1) <

Proof. Let S C §,,11 be a family of permutations attaining fx(n+1). For each i € [n+1],
define S; to be the family consisting of

{m; pattern in 7 induced by [n + 1]\ {¢} : 7 € S}.

Specially, each S; C S, shatters at most Fi(n) k-tuples. Now, if we count the number
of k-tuples not containing ¢ shattered by &, it is the same as counting the number of
k-tuples shattered by S;. If we sum up all of the values, we are counting each k-tuple
n + 1 — k-times. Therefore,

n+1 n+1
1 1

=1 i=1

Fi(S) =

Dividing both sides by (";') yields

FiS) _ FS)n+1 =Wl _ oo (0= Wl

GORNCES VA

n!

Thus the limit lim,,_,, fx(n) exists. For brevity, we write ¢ := lim, o frx(n).

Remark. We note that our definition of the pattern in 7 induced by X differs from
the one in [2], and if S = (m1,...,mw) is a family that attains Fy(n) in our definition,
then 8" = (m',... ,W,Ql) is the corresponding solution in their setting. In particular, the
extremal questions are the same.

Remark. We may always assume that the first permutation is identity (or any other
fixed permutation).

Proof. Let 7 € S, be the desired permutation, and & = {m, ma,...,m} be any family of
permutations from S,. Set 7 = ;' o7/, and &' := {m o7 : m; € S}. Then S shatters
X = {x1,29,..., 2%} if and only if & shatters 771(X) = {77 (21), 7 (x2), ..., 7 (a1)}.
Therefore, S and S’ shatter the same number of k-tuples. n
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3 Upper bound

In this section, we show that every six permutations of [n] shatter at most 1 (3) + O(n?)
triples.

We use a versatile framework of Razborov [6] called flag algebras to show that ¢3 < %
From the remark, we may assume that the first permutation is identity. Therefore, we use
flag algebras with five-tuples of permutations, and count the number of triples ordered
by those permutations in all the five possible ways that are not monotone increasing.

We apply flag algebras to convergent sequences of five-tuples of permutations, each
tuple having permutations of the same order n. The substructure counting is given by
picking & elements from [n] uniformly at random, and in each permutation considering
the probability distribution on the k! patterns of order k. Let F3 be the set all of possible
outcomes for k = 3. Clearly |F3| = (3!)> = 7776. Next, let H C F3 be the set of
all 120 five-tuples corresponding to the different orderings of S; \ {id}. Note that the
normalized count of shattered triples is equal to the sum of the densities in H.

Our main technical result is the following:

Proposition 4. There are pattern-density expressions ay,as, ..., as such that
o\ /3 -1 -1 -1 -1\ /&
as -1 3 -1 -1 1 ao
as -1 -1 3 1 =1]]as :ZdF-F,
aq -1 -1 1 3 -1 aq FeFs
as 1 1 -1 -1 3) \as

where dp = —1 for every F € H and dp € {—%,0, %, 1} for every F € F\ H.

Since the 5 x 5 matrix is positive definite and dp < 1 for all F \ H, we derive the
following asymptotic inequality for five-tuples of permutations:

> F-> H=>0.

FeFs\H HeH

Combining this with trivial equation

Y F+>Y H=)Y F=1,

FEF3\H HeH FEFs

we see that c3 = > 05 H < % Moreover, when applying the established “limit” proof
to a tuple of permutations on [n], all the involved inequalities are valid up to an error of
the order O (%). Therefore, F3(n) < £(3) 4+ O (n?).

4 Lower bound and results for small n
If we want to find the lower bound for fi(n), it is enough to find the lower bound for

cx since fr(n) > ¢ for all n. The following theorem from [2| allows us to blow-up
contructions for small n to obtain the bound for the limit.
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"
"
ot

Figure 1: One iteration of blow-up of a permutation matrix (colored square symbolizes 1

at the position) starting with permutation matrix of = = (1, 3,2) and obtaining permu-
tation matrix of 7® = (1,3,2,7,9,8,4,6,5).

Theorem 5 (|2]). Suppose S is a family that shatters a(ZZ) k-tuples from [N], then for
alln > N

a(N —1)! 1)
(N — k)I(NF-1 —1)

Proof. To prove this theorem, we need to first define the blow-up of the permutation
m € Sy. Let M € {0,1}™" be the permutation matrix of m, meaning that M;; = 1
if 7(i) = 7 and it is 0 otherwise. One iteration of the blow-up means obtaining matrix
M® € {0,1}¥*N by replacing each 1 in M by a copy of M and each 0 of M by N x N
zero matrix, see Figure 1. This is equivalent to saying M = M ® M, where ® denotes
the Kronecker product.

Let us iterate this blow-up r times. Let (") be the permutation defined by M)
(matrix of size N x N") and X = {x1,29,..., 25} C [N"].

For all j € {0,1,...,r —1}; let :L'Ej) = ]f?jfjj mod N. This is equivalent to saying

fe(n) >

0) (1) =2 L (r=D)

o= 1= (a; ;. ) x )N,

where (+)y denotes the base N expansion of z; — 1.

Suppose there exists ¢ such that for all ¢ # j: a:z(»e) =+ xy) while :cgk) = xgk) for all k£ < /.
In this case, we can determine whether X is shattered using only the matrix M and the

coordinates {xgz), w(;) yeen ,ng)}. For a fixed /¢, there are exactly
N!
NN(N —1)(N =2)... (N —k+1)(N"1Hk = N“’—l)“(l—’f)ﬂw—k)'

such k-tuples. Moreover, an a-fraction of these define a shattered k-tuple by the assump-
tion.

Therefore,
r—1 1
Q@ N! aN! 1 — <o
fk(NT) > N(r—l)k—l—(l—k)f _ N
— Nk (N —Fk)! (N—Fk)INk 1-— N,},l

B a(N —1)! 1
(N —E)Y(NF1 —1) (1 B N(kl)") '

Letting » — +00 and using Lemma 3 gives us the result. [
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n  F3(n) fs(n) lower bound on c3
5 8 22 =04

6 16 28 =o045m
726 2B 204643

8 40 5 0 =04762

9 57 2 B =045

Table 1: The extremal values for 5 < n <9 and the resulting bound on cs.

m = (1,2,3,4,5,6,7,8,9,10,11,12,13, 14, 15,16, 17, 18,19, 20, 21, 22, 23, 24, 25, 26)
T = (3,2,1,22,23,21,25,24,26,11,10,17, 16,15, 14, 13,12, 20, 19, 18,4,6,5,8,9, 7)
m5 = (19,20,18,22,21,23,9,8,7,14,17,12,16, 10, 13,11, 15,2, 1, 3,5, 4, 6, 26, 25, 24)
m4 = (19,18,20,6,5,4,25,26,24,17,14,15,11,16, 12, 13,10, 2, 3,1, 23,22, 21,8,7,9)
ms5 = (18,21,20,16,11,14,6,10,7,4,25,24,2,23,1,26,3,17,22, 19, 13,15,12,9, 5, 8)
me = (21,18,19,11,16,13,9,5,8, 25,4, 1,23,3, 26, 2, 24, 22, 17, 20, 15, 12, 14, 6, 10, 7)

Table 2: Six permutations of [26] that shatter 1446 triples out of 2600.

Specially in our setting, the theorem gives us

N -2

c3 2> fB(N)N——i—l

First, we determined the extremal values for n < 8 as well as all extremal configura-
tions using an exhaustive computer search.

Using the double counting argument in the proof of Lemma 3, we can see that any
configuration for n = 9 with at least 58 triples shattered contains at least one subconfig-
uration for n’ = 8 with either 39 or 40 shattered triples:

1o \ 1 o .
58 < Fy(S) < EZFS(&) = < > F(S).

i=1 =1

Since it possible to generate all the configurations for n’ with at least 39 shattered triples,
inspecting all their possible extensions by one point reveals that F3(9) = 57. These results,
together with the corresponding lower bound on c¢3 from Theorem 5, are in Table 1.
Using a heuristic computer search for larger permutations, we have found six permu-
tations of [26] that shatter 1446 triples out of 2600; see Table 2. In particular, it holds

that f3(26) > {55 and ¢3 > 352 ~ 0.4944 by Theorem 5.

5 Related problems

While studying the original problem, we have solved two closely related problems, where
we impose some additional symmetry assumptions on the six-tuple (7, 7, ..., 7).
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Firstly, we consider the problem of maximum number of shattered triples, where
m = Id and 7y = Tqecreasing- Secondly, we restrict the considered six-tuples even further
and assume ™ = Id7 T2 = Tdecreasing and T4 = Tdecreasing © T3, T6 = Tdecreasing © T5-

Problem 1. What is the maximal density of shattered triples by the family S of the form
S = {m, mo, w3, My, W5, M6} C Sp, where my = (1,2,3,...,n) and 1y = (n,n—1,...,2,1)?

Problem 2. What is the maximal density of shattered triples by the family S of the form
S = {m, mo, w3, My, W5, M6} C Sp, where my = (1,2,3,...,n), and my; = (n,n—1,...,2,1)o
T2i—1 fOT’i € [3] 2

5.1 Problem 2

In this setting, we want to find maximal density of shattered triples when we have
T, T, T3, and my, 5, Tg are the "mirror images". In this setting, mirror image means
the application of the decreasing permutation in a finite setting, or flipping along the
axis y = % for the permutons.

Proposition 6. The maximal density of shattered triples in Problem 2 is % + o(1).

The flag-algebra framework yields that the density of shattered triples is at most
% + o(1). In the rest of this section, we will give a construction that attains }L in the
limit. The extremal set S = {m, ma,7m3,..., 76} contains permutations, whose permuta-
tion matrices have following structure, where T means that the permutation is on the

top branch, B means the bottom branch:

m = Id:

o = decreasing: 2% 2%
m3: T for x =0 mod 2, 7. T for x =0 mod 2,
my: T for x =1 mod 2. mg: T for x =1 mod 2.
o TBT — (2,1,3) o TBT — (3,1,2)
e BTB — (2,3,1) e BTB — (1,3,2)

Any triple from [n] induces pattern (1,2,3) in m; and pattern (3,2,1) in m. For
example, the triple attaining TBT in 73 induces the pattern (2,1, 3).

The permutations were chosen in such a way, that 73 and 75 are always on the same
branch while 7, and mg are on the opposite branch.
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For any triple attaining positions TBT in 73, which happens for (% — 0(1)) (’;) triples,
we get TBT in 75 and BTB in 74 and 7g. Specially, we get all four non-monotone patterns
from S5 and such triple is shattered. By similar argument, it can be shown that a triple
is shattered also for BTB in 73, which happens with the same probability.

Therefore, at least (i — 0(1)) (g) triples are shattered proving Proposition 6.

5.2 Problem 1

In this setting, we need to find 4 permutations on [n] such that many triples induce
the non-monotone patterns, i.e. we need to see {(1,3,2),(2,1,3),(2,3,1),(3,1,2)}.

Proposition 7. The maximal density of shattered triples in Problem 1 is % +o(1).

The Flag-algebra framework yields that the density of shattered triples in this setting
is at most % + o(1). In the rest of the section, we will show the contruction attaining
3 —o(1).

The extremal set S = {m, mo, 73, ..., 7} contains permutations, whose permutation
matrices have following structure, where T means that the permutation is on the top

branch, B means the bottom branch:
m™ = Id:

Ty = decreasing:

mg: T for x =0,1,2 mod 6
my: T for x =0,3,4 mod 6
5. T for x =1,3,5 mod 6
mg: 1 for x =2,4,5 mod 6

Now, looking at a triple, there are four possible groups of patterns we might see
depending on the relative positions of the x coordinates. The pattern groups are depicted
in Figure 2. We will model the groups using bars of different lengths modelling the
distances between the top and bottom branch. The actual pattern is then obtained by
choosing the top point or the bottom point from the bar depending on whether the
permutation chooses top branch or the bottom branch.

For example, the first pattern appears whenever the first two coordinates are in the
left half and the third coordinate is closer to the middle than the second one. The last
pattern is obtained analogously. Note that each of the groups appear for (i + 0(1)) (g)
triples.
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Figure 2: Four groups of patterns depending on the relative positions of the x coordinates
of the triple.

Let us now look at the second group. In this case, the middle branch is the longest
while the left one is the shortest. The possible patterns that can be obtained by choosing
either the top of the bar (T) or the bottom of the bar (B) are

o TTT, BTT — 132,
e TTB, BTB — 231,
e TBT, BBT — 213,
e TBB, BBB — 312.

We can see that it does not matter whether the first point is T or B. To get all four
non-monotone patterns, we need to have all four options {TT, TB, BT, BB} happening
in the last two bars. In total, there are 36 possible options (all of equal density in the
limit) for the values mod 6 of the coordinates of xo and x3, and exactly 24 of them are
favourable. Namely, they are

{ ) )7 ) ) 072 7(270)’(073 7(370 ) 0’4)7 ) 7( Y )’( ) 7( ) )’ ’1)7
17 Y 7]' ) 274 7(47 2)7(2’5 7(572 Y 7 )’ 473 Y Y ? ) ) Y Y 7
Therefore, the six-tuple shatters % —o(l) = % — o(1) of triples that are in this group.

Analogously, the six-tuple shatters %— o(1) of the triples that fall into the third group.
Putting these together, we can see that this family of permutations shatters at least

1

1
2 % 1%3" o(1) = 3 o(1) triples.

6 Conclusion

482 1

575 5]. We conjecture that the upper bound is

In this work, we have shown that c3 € [
correct.

Conjecture. For every n, there exist siz permutations of [n] that shatter at least %(g)
triples.
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We have also determined the exact values of f3(n) for n € {6,7,8,9} and solved two
auxiliary problems closely related to the original one.

We believe it would be interesting to have a better understanding of ¢, for k£ > 4.
Using the result of Spencer [7] and the monotonicity of fi(n), Johnson and Wickes 2]
observed that ¢; < 1. On the other hand, Levenshtein [4] constructed k! permutations of
[k+1] that shatter all the k-element subsets; the proof can be also found in [2]. Therefore,
the iterated blow-up of the Levenshtein construction yields ¢; > i 2 So far, we

(st
are not able to say anything substantially better than these two bounds.
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Abstract. Machine learning on graphs is an ever-more popular approach to learning on struc-
tured data. However, a critical element for successful model deployment is hyperparameter
optimization (HPO), as the choice of parameters (such as learning rate or hidden dimensions)
can drastically impact performance. Although classical HPO methods like grid and random
search are popular for simplicity, sophisticated strategies such as Gaussian-process Bayesian
optimization (GP) and the Tree-structured Parzen Estimator (TPE) promise greater efficiency
by adaptively modeling the search space. Despite extensive benchmarking in standard domains
(like image and text tasks), there has been no systematic study detailing how these HPO tech-
niques perform specifically on general graph-structured problems.

To address this gap, this work presents two main contributions: first, we conduct the first
systematic HPO benchmark on Graph Neural Networks (GNNs), evaluating the convergence
speed and efficacy of five classical HPO methods (grid search, random search, GP, TPE, and
Sobol Quasi-Monte Carlo) for tuning core GraphSAGE hyperparameters across ten standard
graph datasets that vary in scale and structural properties. Second, we evaluate a meta-learning
approach for hyperparameter transfer by introducing a cross-dataset Random Forest surrogate
model. This model learns the interaction between dataset properties (e.g., node count, ho-
mophily) and hyperparameter performance by pooling past HPO results. This accumulated
meta-knowledge is then used to ”"warm-start” the optimization process on new, previously un-
seen datasets, thereby reducing the number of costly model evaluations required to reach peak
performance.

Our comprehensive empirical evaluation yielded several key findings regarding the classical
HPO algorithms. We found that GP and TPE consistently dominated the benchmark, secur-
ing the highest score on seven of the ten graph datasets and never ranking lower than third.
Classical exhaustive methods (grid and random search) remained robust fallbacks, typically
trailing the Bayesian leaders by approximately one percentage point. Sobol QMC, however,
underperformed, finishing last on six datasets, suggesting that its theoretical uniformity advan-
tage diminishes rapidly when applied to our eight-hyperparameter search space which requires
crucial feedback for effective tuning.

Furthermore, the meta-surrogate model demonstrated significant gains in efficiency com-
pared to the strong GP baseline. By leveraging transfer knowledge, the meta-surrogate reached
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its peak performance in fewer trials than GP on several tasks, confirming a warm-start ad-
vantage. The method also achieved similar or superior final scores, particularly on the largest
or most structurally distinct graphs (ArXiv, DBLP, Squirrel), and generally exhibited reduced
variability across seeds, indicating more stable sampling of high-quality configurations.

Keywords: Graph Neural Networks, Hyperparameter Optimization, Meta-Learning, Sequential
Model-Based Optimization

Abstrakt. Strojové uceni na grafech je populdrnim piistupem pro uceni na strukturovanych
datech. Kritickym prvkem pro tspésné nasazeni modelu je vSak optimalizace hyperparametru
(HPO), jelikoz volba hyperparametru (jako je learning rate nebo sitka skrytych vrstev) muze
dramaticky ovlivnit vykon. A¢koli jsou klasické HPO metody jako grid search a random search
popularni pro svou jednoduchost, sofistikovangjsi strategie jako Bayesovska optimalizace s Gaus-
sovskymi procesy (GP) a Tree-structured Parzen Estimator (TPE) slibuji vyssi efektivitu diky
adaptivnimu modelovani prohleddvaného prostoru. Navzdory rozsdhlym srovnavacim studiim
ve standardnich oblastech (jako jsou tlohy se zpracovanim obrazu a textu) dosud neexistuje
zadnd systematickd studie podrobné popisujici, jak si tyto HPO techniky vedou specificky u
obecnych problému s grafovou strukturou.

Abychom tuto mezeru zaplnili, pfinasi tato prace dva hlavni ptispévky: zaprvé predstavujeme
prvni systematickou srovnavaci studii (benchmark) HPO pro grafové neuronové sité (GNN), kde
srovnavame rychlost konvergence a d¢innost péti klasickych HPO metod (grid search, random
search, GP, TPE a Sobolova kvazi-Monte Carlo metoda) pro optimalizaci klicovych hyperpara-
metria modelu GraphSAGE na deseti standardnich grafovych datasetech, které se lisi rozsahem
a strukturalnimi vlastnostmi. Za druhé pfedstavujeme piistup pomoci mezidatasetového su-
rogétniho modelu typu Nahodny les (Random Forest). Tento model se uéi interakci mezi vlast-
nostmi datasetu (napi. pocet uzli, homofilie) a hyperparametry tim, ze shromazduje vysledky
z minulych béhu. Tato nashromézdénd meta-data jsou poté pouzita k ,,teplému startu* (warm-
start) optimalizacniho procesu na novych, dosud nevidénych datasetech, ¢imz se snizuje pocet
nakladnych evaluaci modelu potiebnych k dosazeni optimélniho vykonu.

Nase empirické vyhodnoceni pfineslo nékolik klicovych zjistén{ tykajicich se klasickych HPO
algoritmii. Zjistili jsme, ze metody GP a TPE konzistentné vedly ve srovnani, dosdhly nejvyssiho
skore na sedmi z deseti grafovych datasetu a nikdy se neumistily hiife nez na tfetim misté. Kla-
sické metody (grid search a random search) zustaly robustnimi zdloznimi feSenimi, obvykle
zaostavajici za bayesovskymi metodami pfiblizné o jeden procentni bod. Sobolova QMC me-
toda si vSak vedla Spatné a skoncila posledni na Sesti datasetech, coz naznacuje, ze jeji teoretickd
vyhoda rovnomérnosti se rychle snizuje pii aplikaci na nas prohledavany prostor s osmi hyper-
parametry, ktery vyzaduje kliCovou zpétnou vazbu pro efektivni ladéni.

Navrhovany model dale prokazal vyrazné zvyseni efektivity ve srovnani se silnou vychozi
metodou GP. Vyuzitim pfenesenych znalosti dosdhl model svého maximélniho vykonu v mensim
poctu pokusu nez GP u nékolika 1loh, coz potvrdilo vyhodu ,teplého startu“. Metoda také
dosahla podobnych nebo lepsich koneénych vysledku, zejména na nejvétsich nebo strukturdlné

riznymi inicializacemi, coz naznacuje stabilnéjsi vybér vysoce kvalitnich konfiguraci.

Klicovd slova: Grafové neuronové sité, Optimalizace hyperparametri, Meta-uceni, Sequential
Model-Based Optimization

Full paper: M. Dédi¢, M. Bélohlavek, and M. Holena. Benchmarking and Trans-
fer Learning for Hyperparameter Optimization of Graph Neural Networks. Unpublished
manuscript, (2025).
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Abstract. Road surface condition (RSC) monitoring is essential for enhancing vehicle safety
and accident prevention. This study investigates the application of computer vision techniques
for real-time sensing of road surface conditions. We introduce a novel dataset named WARD
(Weather-Aware Road Dataset), a comprehensive collection of almost 55 000 images collected in
real-world driving scenarios across diverse seasonal and weather conditions, designed to advance
RSC detection, now available for download. We thoroughly evaluate state-of-the-art computer
vision models, specifically MobileNet and EfficientNet, on both the WARD and publicly available
RoadSaW datasets, providing insights into their classification performance. MobileNet exhibited
superior classification and inference speed results, processing images at up to 30 fps on an
affordable GPU. To improve real-time efficiency, we employ temporal smoothing through moving
window aggregation. Our findings validate the potential of non-contact, camera-based RSC
monitoring, showcasing its practicality and cost-effectiveness compared to other sensors.

Keywords: road surface condition detection, non-contact detection, autonomous driving, com-
puter vision, deep learning, convolutional neural network

Abstrakt. Monitorovanie stavu povrchu vozovky je kItiGové pre zvySovanie bezpec¢nosti cestnej
preméavky a predchédzanie nehodam. Této praca sa zaobera aplikaciou technik pocitacového vi-
denia na snimanie stavu povrchu vozovky v redlnom c¢ase. Predstavujeme novy dataset s ndzvom
WARD (Weather-Aware Road Dataset), ktory obsahuje takmer 55 000 snimok zozbieranych v re-
alnych podmienkach pocas réznych ro¢nych obdobi a za roézneho pocasia. Dataset bol vytvoreny
s cielom posunut vpred tlohu detekcie stavu povrchu vozovky a je dostupny pre verejnost. Do-
kladne hodnotime moderné modely pocitacového videnia, konkrétne MobileNet a EfficientNet,
na datasete WARD ako aj na verejne dostupnom datasete RoadSaW, pri¢om prezentujeme ich
klasifika¢nu aspesnost. MobileNet dosiahol lepSie vysledky v presnosti klasifikicie aj v rychlosti
predikcie, ked dokéazal spracovavat snimky rychlostou az 30 fps na cenovo dostupnom GPU. Na
zvySenie efektivnosti v redlnom Case vyuzivame casové vyhladzovanie prostrednictvom agregacie
Casovo pohyblivym oknom. Nase vysledky potvrdzuja potencial bezkontaktného monitorovania
stavu povrchu vozovky pomocou kamery a zdoraznuju jeho praktickost a nékladovu efektivnost
v porovnani s alternativnymi senzormi.

Kliicové slovd: detekcia stavu povrchu vozovky, bezkontaktnéa detekcia, autonémne riadenie,
pocitacové videnie, hlboké ucenie, konvolucéné neurénové siete

Full paper: WARD: Weather-Aware Road Surface Condition Monitoring Dataset. In
‘Proceedings of the ICIAP 2025 — International Conference on Image Analysis and Pro-
cessing, Rome, Italy, Springer’.
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Abstract. Consider a bounded subset of R? denoted by €2, with Lipschitz smooth boundary
3. Our main goal is to investigate self-adjoint extensions of the free Schrédinger operator
restricted to functions vanishing along the boundary 3. Such an operator is symmetric with
infinite deficiency indices, and thus the family of possible self-adjoint extensions is huge. So
far, mathematicians mainly focused on extensions given by the formal expressions —A + «ady, or
—A + adf;, where Jy; stands for the single-layer distribution supported on X, known as d-shell
and ¢’-shell interactions, respectively. We refer to such interactions as local ones.

We investigate new self-adjoint realizations of the Schridinger operator in L?(R?), where a
subclass of them can be formally written as —A + « |dx)(dx|, and is strictly different from the
local d-shell interaction. Because of the nature of the formal projection, we call these non-local
0-shell interactions. This family of non-local interactions can be generalized to the class of self-
adjoint Schrodinger operators with transmission conditions along the curve ¥ with a compact
self-adjoint operator

B: L*(%;C% — L*(%;C?)

as the transmission parameter capturing the nature of the interaction. These conditions make
use of the Dirichlet traces of the functions belonging to the operator domains, together with
the Dirichlet traces of their Wirtinger derivatives 0 = (01 4 i02)/2.

Such operators can be formally written as

“+oo
A+ by (!s0£52> (ends| + 1020)(0(0705)| + 10(2765)) (Prds] + |0(2705))(0( 27 05) I> ,

n=1

where {(by, (0}, 02))}nen are the eigenpairs of B with orthonormal eigenfunctions. Further-
more, using a boundary triple framework, we investigate several spectral properties and reveal
how these models naturally connect to self-adjoint Dirac operators with non-local é-shell inter-
actions through the non-relativistic limit.

Keywords: Schrodinger operator, Non-local singular interactions, Extension theory, Boundary

triple, Non-relativistic limit

Full paper: L. Heriban, M. Holzmann, C. Stelzer-Landauer, G. Stenzel, M. Tusek, Two-
dimensional Schrodinger operators with non-local singular potentials. Journal of Mathe-
matical Analysis and Applications 549 (2), 2025, 129498.
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Abstrakt. Nechf Q, C R? je omezena oblast s Lipschitzovsky hladkou hranici ¥. Nasim
cilem je studium samosdruzenych rozsifeni volného Schrédingerova operatoru, omezeného na
funkce mizici na hranici ¥. Tento operator je symetricky s nekoneénymi indexy defektu, a tudiz
mnozina jeho samosdruzenych rozsireni je obrovska. Dosavadni prace se soustfedily zejména na
samosdruzend rozsifeni formalné popsand vyrazy —A + ady, ¢ —A + ady;, kde dx, znadi jedno-
duchou vrstvu na X, tj. d-skofdpkovou a ¢’-skoiapkovou interakci. Tyto interakce oznacujeme
jako lokalnz.

V této praci zkoumame nové samosdruzené realizace Schriodingerova operatoru v prostoru
L?(R?). Podttida téchto operatori ma formalni tvar —A + «|dx) (dx| a zdsadné se lisi od lokalni
0-skorapkové interakce. Diky nelokalni povaze forméalni poruchy tento typ operdtoru nazyvame
nelokdlni §-skordpkovd interakce. Ty lze obecné popsat jako Schrédingerovy operatory s pre-
chodovou podminkou podél ¥, kde se v podmince objevuje parametr v podobé kompaktniho
samosdruzeného operatoru

B: L*(%;C?) — L*(%;C?).
Podminky vyuzivaji Dirichletovy stopy funkci z defini¢nich obori operatoru a zaroven Dirichle-

tovy stopy jejich Wirtingerovych derivaci 0 = (01 + i02)/2.
Formalné Ize tyto operatory zapsat ve tvaru

“+oo
—A+ ) by (!s0}162> (ends| + 1030)(0(0705)| + |0(2765)) (Pnds] + |0(2705))(0( 07 05) |> ,

n=1

kde {(bn, (0}, 02)) }nen jsou vlastni pary operatoru B s ortonormélnimi vlastnimi funkcemi. Po-
moci teorie hrani¢nich trojic dale zkoumame spektralni vlastnosti téchto operatora a ukazujeme,
Ze se prirozené poji se samosdruzenymi Diracovymi operatory s nelokalnimi §-skotfapkovymi in-
terakcemi v nerelativistické limité.

Klic¢ovd slova: Schrodingertiv operator, nelokalni singularni interakce, teorie samosdruzenych
rozsifeni, hrani¢ni trojice, nerelativistickd limita

Plna verze: L. Heriban, M. Holzmann, C. Stelzer-Landauer, G. Stenzel, M. Tusek, Two-
dimenstonal Schrodinger operators with non-local singular potentials. Journal of Mathe-
matical Analysis and Applications 549 (2), 2025, 129498.
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Abstract. In this paper, we revisit and extend the Marcus cross relation (MCR) [2] in the
context of hydrogen-atom abstraction (HAA) reactions, which encompass both proton-coupled
electron transfer (PCET) and hydrogen-atom transfer (HAT) processes [3|. These reactions are
of fundamental importance in biological systems and organic synthesis, and their kinetics are
often interpreted within the framework of the canonical MCR, originally developed to describe
electron transfer. The relation links the rate constant of a mixed HAA reaction between two
distinct reactants to the rate constants of two corresponding self-exchange reactions and to the
thermodynamic driving force of the mixed process.

Using a dataset of 307 mixed HAA reactions and 109 associated self-exchange reactions,
we conducted a systematic computational analysis of the validity and limitations of the canon-
ical MCR. Our results demonstrate that, beyond the standard thermodynamic driving force,
two additional parameters—termed off-diagonal thermodynamic factors—must be considered to
achieve quantitative predictive accuracy. These factors, asynchronicity and frustration, arise
from the imbalance and interplay of the electron- and proton-transfer components of the reac-
tion [1]. Of these, asynchronicity is identified as the dominant contributor, while frustration
provides a secondary refinement.

Incorporating off-diagonal thermodynamics significantly enhances the applicability of the
MCR, with the most pronounced improvement observed in HAT reactions compared to PCET-
like HAA processes. Furthermore, our model predicts the existence of a pseudoinverted region, in
which more exergonic reactions paradoxically exhibit higher free-energy barriers, a phenomenon
that cannot be explained by the original Marcus theory alone.

Thus, the present study refines the theoretical framework for understanding HAA kinetics,
highlighting the necessity of extending the MCR with off-diagonal thermodynamic terms. These
results underscore the importance of considering asynchronicity and frustration in mechanistic
analyses of PCET and HAT processes and suggest future directions for integrating these effects
into predictive models of reactivity.

Keywords: Marcus cross relation, Predictive models of reactivity, Hydrogen-atom abstraction,
Off-diagonal thermodynamics

Abstrakt. V této praci rozsifujeme Marcus cross relation (MCR) [2] v kontextu reakei §té-
peni vodikové vazby z anglického hydrogen-atom abstraction (HAA), které zahrnuji jak proton-

*This work has been supported by the grant No. GA24-11247S
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coupled electron transfer (PCET), tak hydrogen-atom transfer (HAT) procesy [3]. Tyto reakce
hraji zasadni roli v biologickych systémech i v organické syntéze a jejich kinetika je Casto in-
terpretovana v ramci MCR, ptivodné vyvinuté pro popis pfenosu elektronu. Tato relace spojuje
rychlostni konstantu smisené HA A reakce mezi dvéma riznymi reaktanty s rychlostnimi konstan-
tami odpovidajicich self-exchange! reakci a s termodynamickou hnaci silou smiSeného procesu.

Na zakladé souboru 307 smiSenych HAA reakci a 109 odpovidajicich self-exchange reakci
jsme provedli systematickou vypocetni analyzu platnosti a omezeni ptivodni MCR. NaSe vy-
sledky ukazuji, Ze kromé standardni{ termodynamické hnaci sily je nutné zohlednit dva dodate¢né
parametry — tzv. mimodiagonalni termodynamické faktory — aby bylo dosaZeno kvantitativné
presné predikce. Tyto faktory, asynchronicita a frustrace, vychazeji z nerovnovihy a vzajem-
ného piisobeni komponent pienosu elektronu a protonu [1]. Z nich byla jako dominantni uréena
asynchronicita, zatimco frustrace poskytuje sekundarni zpfesnéni.

Zaglenéni mimodiagonalni termodynamiky vyznamné rozsifuje pouzitelnost MCR, pficemz
nejvyraznéjsi zlepseni bylo pozorovino u HAT reakci ve srovnani s PCET HAA procesy. Nas
model déle predpovida existenci tzv. pseudoinvertované oblasti, v niZ vice exergonické reakce
paradoxné vykazuji vySsi bariéry volné energie — jev, ktery nelze vysvétlit ptivodni MCR. teorii.

Tato studie tedy zpiesiuje teoreticky ramec pro porozumeéni kinetice HAA a ukazuje nutnost
rozsifit MCR o mimodiagonélni termodynamické ¢leny. Vysledky zdtrazhuji vyznam zohlednéni
asynchronicity a frustrace v analyzach PCET a HAT procesti a naznacuji budouci sméry pro
integraci téchto efektti do prediktivnich modeli reaktivity.

Klicovd slova: Marcus cross relation, Prediktivni modely reaktivity, Stépeni vodikové vazby,
Mimodiagonélni termodynamika

Full paper: J. Kovar, E. Andris, Z. Wojdyla, J. S. Gopinath, J. Klinkovsky, R. Fuéik,
M. Srnec. Marcus cross relation in the space of H-atom abstraction reactions boosted
through off-diagonal thermodynamics. J Chem Phys 2025; 163(000000).
https://doi.org/10.1063/5.028906
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Abstrakt. Predstavime IMS lokaliza¢ni formuli, vyznamného nastroje v teorii Schrédinge-
rovych operdtori a matematické fyzice. Formule umoziuje rozklad Laplaceova operatoru po-
moci systému hladkych cutoff funkci a poskytuje tak efektivni nastroj pro studium spektréalnich
vlastnosti a lokalizace vlastnich funkci, zejména v situacich, kdy se vlastni hodnoty blizi prahu
esencidlntho spektra. Jsou popsany zakladni myslenky a intuitivni vyznam IMS formule, déle
jeji aplikace v analyze esenciadlniho spektra a pii dokazovani neexistence vazanych stavi. Jsou
diskutovany moznosti zobecnéni této metody na Sirsi tf¥idy operatort, napfiklad magnetické
Schrédingerovy operatory nebo Diracovy operatory.

Klicovd slova: Schrodingertv operator, Spektrum, IMS lokaliza¢ni formule

Abstract. We present the IMS localization formula, an important tool in the theory of
Schrédinger operators and mathematical physics. The formula enables the decomposition of
the Laplacian by means of smooth cutoff functions, thus providing an effective tool for studying
spectral properties and eigenfunction localization, particularly when eigenvalues approach the
threshold of the essential spectrum. We explain the main ideas and the intuitive meaning of
the IMS formula, discusses its applications in essential spectrum analysis and in proving the
absence of bound states, and outlines possible extensions to broader classes of operators, such
as magnetic Schrédinger operators and Dirac operators.

Keywords: Schrodinger operator, Spectrum, IMS localization formula

Introduction

One of the central role of mathematical physics in the quantum mechanics is to provide
understanding of the spectral properties of Schrédinger-type Hamiltonians. These oper-
ators combine the Laplacian, which describes kinetic energy, with a potential term that
governs interactions. A natural challenge arises: question of the existence and behavior of

*This work was supported by the Grant Agency of the Czech Technical University in Prague, grant
No. SGS25/165/0OHK4/3T /14
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the bound states, more precisely, spatial localization of the particles - quantum systems,
in general. Mathematically speaking, the rate of decay of the corresponding eigenfunction
is studied [4]. Although formulation of the problem is not complicated, its analysis, both
qualitative and quantitative, can be challenging as the eigenvalues tend to the threshold of
the essential spectrum. Indeed, standard approaches such as Agmon’s method [1] rely on
the safety distance from the essential spectrum. The IMS formula provides controllability
without a necessary need of the aprior knowledge of the eigenvalue-essential-spectrum-
treshold distance [3, 6]. It expresses the Laplacian applied to a state as a sum of localized
contributions, plus a correction term that measures the error caused by localization.

The abbreviation IMS comes from the names Ismagilov—-Morgan—Simon, three mathe-
maticians who developed and popularized the localization identity. R. S. Ismagilov (1968)
appears to have been the first to formulate a version of this decomposition for quadratic
forms in his work on spectral theory [7]. About a decade later, J. D. Morgan and B. Simon
used and promoted the formula in a systematic way in their investigations of Schrodinger
operators. In particular, Simon’s influential monographs and review articles highlighted
the formula as an essential tool for understanding essential spectra and scattering [9].

Because of this double origin, the localization identity became universally known as
the IMS formula. Today, it is regarded as a standard result in functional analysis and
mathematical physics, with applications ranging from few-body quantum mechanics to
spectral geometry.

The Formula

Let us introduce the formula in its simplest and most widely used setting. Consider
Schrédinger operator

H=-A+V(x) on L*(R™),

where V' : R” — R is a multiplication function - potential, physically speaking. Operator
H is understood as its self-adjoint realisation on domain dom(H). Now choose smooth
cutoff functions yi,...,xy € C®(R") such that they form a partition of unity in the
sense

N
ZXJ'(JJ)2 =1 forall z € R™

Then the IMS localization formula states that for every ¢ € dom(H),
N N
R, He) =Y (g, Hxw) = > (0, Vs *y) -
J=1 j=1

If an eigenstate of H is chosen as 1, the formula allows one to localize v into contri-
butions supported in the spatial regions where cutoft functions ; are active. The price
for that is paid in the form of negative corrections term involving |Vx;[*. This error
depends only on the choice of the partition of unity, not on the potential or the state.
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Intuitive Meaning

Physically, the IMS formula encodes the following idea: when we attempt to confine a
quantum particle to smaller regions by multiplying the wave function with cutoff func-
tions, we inject additional momentum because of the uncertainty principle. The term
— >, (¥, IVx;*¥) measures precisely this “penalty” for localization.

Applications

Let us mention a few directions where IMS formula can be useful and find its utilization.

e Essential spectrum analysis
In multi-particle quantum mechanics, one often wants to compare the spectrum of
a Hamiltonian with that of its subsystems when particles are sent far apart. The
IMS formula allows one to decompose the quadratic form into cluster contributions
plus small error terms, providing a systematic way to prove HVZ-type theorems
about the essential spectrum [6, 9.

e Absence of bound states
In one-particle systems, the formula helps establish whether negative energy eigen-
values can exist. By localizing the Hamiltonian into regions where the potential
is weak or decaying, one can derive contradictions that show the nonexistence of
bound states under certain conditions [8|.

Generalizations

Even though the IMS formula was first written for the Euclidean Laplacian, there are
many directions where the extension of the principle can be possibly studied, we present
the following

e Magnetic Schrodinger operators
Although localization of eigenvalues of magnetic Schrodinger operators

H = (—iV — A(z))* + V(z)

is studied [5], different tools [2| are used and we are not aware of the direct gener-
alization of the IMS formula for these.

e Dirac operators
It is natural to ask whether there is an analogy regarding the localization results
in the relativistic quantum mechanics. To our knowledge, there is no universal
extension of the IMS formula for the Dirac operators. The main reasons which
make the problem much more delicate are non-positivity of the Dirac and the non-
trivial matrix sctructure [4].



44

D. Kramér

e Abstract operator theory
More abstractly, the IMS identity is a manifestation of a general idea: quadratic
forms of differential operators admit decompositions under partitions of unity, with
remainder terms controlled by the gradients of the cutoffs. This makes it possibly
applicable to a broad class of self-adjoint operators defined via quadratic forms.
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Abstract. We study Vaidya-type solutions in Weyl conformal gravity (WCG) using Edding-
ton—Finkelsteinlike coordinates. Our considerations focus on spherical as well as hyperbolic and
planar symmetries. In particular, we find all vacuum dynamical solutions for the aforemen-
tioned symmetries. These are, in contrast to general relativity, structurally quite non-trivial.
We provide a thorough analysis of their basic properties, such as, relation to other known WCG
solutions, algebraic types, singularities, horizons, and symmetries. In the same vein, we also
derive, classify, and discuss non-vacuum solutions with the Coulombic electric field and null
dust. Other salient issues, such as the gauge equivalence of WCG solutions to Einstein spaces
and the role of the Birkhoff-Riegert theorem, are also addressed.

Keywords: Weyl conformal gravity, Vaidya solution, black holes, Eddington—Finkelstein coordi-
nates, modified gravity theories

Abstrakt. Zabivame se studiem FeSeni typu Vaidya ve Weylové konformni gravitaci (WKG) za
pouziti zobecnénych Eddington-Finkelsteinovych soufadnic. Tato volba umoziiuje zaroven stu-
dovat jak sféricky, tak planarné a hyperbolicky symetrické feSeni. Konkrétné nalezneme vSechna
takova vakuova dynamickd TeSeni uvedenych symetrif, kterd jsou ve WKG, na rozdil od fe-
Seni v rdmci obecné relativity netrividlni. Poskytneme téZz analyzu jejich zakladnich vlastnosti,
predevsim vztahu k jinych znamym WKG feSenim, algebraickych typi, singularit, horizontt
a symetrii. Stejnym zpusobem téZ odvodime, klasifikujeme a diskutujeme nevakuové feSeni s
Coulombickym polem a ,null dust“. Adresujeme téZ dalsi podstatné otazky jako je kalibra¢ni
ekvivalence WKG feSeni a Einsteinovskych prostort, a role Birkhoff-Riegertova teorému.

Klicovd slova: Weylova konformni gravitace, Vaidya feSeni, ¢erné diry, Eddington-Finkelsteinovy
soutradnice, modifikované teorie gravitace

Full paper: P. Jizba and T. Leheckova: Generalized Eddington—Finkelstein Coordinates
and Fzxact Vaidya-Type Solutions in Weyl Conformal Gravity, The European Physical
Journal C, volume 85, article number 602, (2025).
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Abstract. We introduce symmetric Poisson structures as pairs consisting of a symmetric bivec-
tor field and a torsion-free connection satisfying an integrability condition analogous to that in
usual Poisson geometry. Equivalent conditions in Poisson geometry have inequivalent analogues
in symmetric Poisson geometry and we distinguish between symmetric and strong symmetric
Poisson structures. We prove that symmetric Poisson structures correspond to locally geodesi-
cally invariant distributions together with a characteristic metric, whereas strong symmetric
Poisson structures correspond to totally geodesic foliations together with a leaf metric and a
leaf connection. We introduce, using the Patterson-Walker metric, a dynamics on the cotangent
bundle and show its connection to symmetric Poisson geometry, the parallel transport equation
and the Newtonian equation for conservative systems. Finally, we prove that linear symmetric
Poisson structures are in correspondence with Jacobi-Jordan algebras, whereas strong symmetric
correspond to those that are moreover associative.

Keywords: symmetric bivector fields, torsion-free connections, totally geodesic foliations, Jacobi-
Jordan algebras, symmetric Cartan calculus, the Patterson-Walker metric

Abstrakt. Zavadime symetrické Poissonovy struktury jako pary skladajici se ze symetrického
bivektorového pole a beztorzni konexe, které spliiuji podminku integrability analogickou té ve
standardni Poissonové geometrii. Ekvivalentni podminky v Poissonové geometrii maji neekvi-
valentni analogie v symetrické Poissonové geometrii a rozliSujeme mezi symetrickymi a silné
symetrickymi Poissonovymi strukturami. Symetrické Poissonovy struktury odpovidaji lokalné
geodeticky invariantnim distribucim spolu s charakteristickou metrikou, naopak silné symetrické
Poissonovy struktury odpovidaji totalné geodetickym foliacim spolu s listovou metrikou a lis-
tovou konexi. Pomoci Patterson-Walkerovy metriky zavadime dynamiku na koteéném bandlu

*This work has been supported by the Grant Agency of the Czech Technical University in Prague,
grant No. SGS25/163/OHK4/3T/14 and by the Spanish State Research Agency under the grant
PID2022-137667NA-100.
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a ukazujeme jeji souvislost se symetrickou Poissonovou geometrii, rovnici paralelnfho pienosu
a Newtonovou rovnici pro konzervativni systémy. Nakonec dokazujeme, Ze linedrni symetrické
Poissonovy struktury odpovidaji Jacobi-Jordanovym algebram, zatimco silné symetrické odpo-
vidaji tém, které jsou navic asociativni.

Klicovd slova: symetrickd bivektorova pole, beztorzni konexe, totalné geodetické foliace, Jacobi-
Jordanovy algebry, symmetricky Cartantv kalkulus, Patterson-Walkerova metrika

Summary of the paper

Riemannian, or more generally (pseudo-)Riemannian, and symplectic geometry are among
the most established areas in mathematics. They describe geometric structures: metrics
and symplectic forms. These are, respectively, symmetric and skew-symmetric 2-forms
with a non-degeneracy condition (and, in the case of symplectic structures, the extra
integrability condition of being closed).

Symplectic geometry degenerates, or is extended, in two ways. First, by allowing the
closed 2-form to be degenerate, which gives rise to a presymplectic structure. Second, by
considering the inverse of a symplectic structure, that is, a skew-symmetric bivector field,
and allowing it to be degenerate. The latter, together with an integrability condition
generalizing closedness, is the starting point of Poisson geometry, a much richer theory
than presymplectic geometry.

For a metric, its degeneration results in the study of symmetric bilinear forms with
non-trivial kernel, which are well known. However, we have not found a study of degen-
erations of metrics as symmetric bivectors, that is, of what should be called symmetric
Poisson geometry.

The aim of this paper is to overtake this study of symmetric bivector fields by bring-
ing in the natural analogy with Poisson geometry, that is, establishing an integrability
condition and describing its geometric and dynamical significance.

Using an analogue of the most common formulations of the integrability condition in
Poisson geometry results in a void condition or the vanishing of the symmetric bivector
field. We resort to symmetric Cartan calculus [2] to find suitable integrability conditions.
There are two key points that deserve special mention.

First, symmetric Cartan calculus depends upon the choice of a connection on M. This
is actually very natural if we recall that non-degenerate bivector fields are equivalent to
(pseudo-)Riemannian metrics, whose features are two-fold:

lengths and angles, geodesics as length minimizing curves,

tric-related . : i
metric-refate gradients, volume and integration, Hodge star

curvature, parallel transport and geodesics, totally geodesic

connection-related submanifolds, differentiation of tensor fields

This split is not apparent because of the existence and uniqueness of the Levi-Civita
connection. However, when a (pseudo-)Riemannian metric degenerates as a symmetric
bivector field, there is no Levi-Civita connection and we have to incorporate a compatible
connection into the definition. The choice of a connection, which we can assume to be
torsion-free, determines the symmetric derivative operator, the symmetric Lie derivative
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and the symmetric bracket on vector fields, [, |s, which we extend to the symmetric
Schouten bracket on symmetric multivector fields X3, (M).

Second, for a pair (9, V) consisting of 9 € X2, (M) and a torsion-free connection V,
the integrability conditions that mirror the most common ones in Poisson geometry are

[19,19]8 = 0 and X{ﬁg} :[Xf,Xg]s

for f,g € C*(M), where {f,g} := J(df,dg), X; := J(df), which is the gradient of f in
this context, and [, |5 also denotes the symmetric Schouten associated to V. Unlike in
the usual Poisson case, these two conditions are not equivalent. The latter implies the
former, thus we arrive at the following definition:

Definition. A symmetric Poisson structure is a pair (9, V) such that [¢,9], = 0. If,
moreover, Xy .3 = [Xy, Xg]s, we call it a strong symmetric Poisson structure.

A good source of recognizable examples is provided by that non-degenerate symmetric
Poisson structures correspond to the inverses of Killing tensors (see [2| and the references
therein) together with the torsion-free connection they are Killing for, whereas non-
degenerate strong symmetric Poisson structures are inverses of pseudo-Riemannian metric
together with their Levi-Civita connection.

The next step is the geometric interpretation of the integrability conditions for a pair
(9, V). When regarded as a map ¢ : T*M — TM, we have a distribution imv C T'M
and a C*°(M)-module Fy := 9(Q'(M)) C X(M). In general, the distribution and module
do not determine a partition of the manifold, as the condition [¢,9]s = 0 does not
even imply Lie involutivity, but only that the characteristic module is preserved by the
symmetric bracket, that is, [Fy, Fy|s C Fy. On the other hand, the stronger condition
Xir,ey = [ Xy, Xg]s does imply the Lie involutivity of Fy. This motivates the introduction
of an a priori, intermediate class, involutive symmetric Poisson structures, those (9, V)
such that Fy is involutive for the Lie bracket. We thus have:

strong symmetric c involutive symmetric c symmetric
Poisson structures Poisson structures — | Poisson structures | -

The main questions are what is the geometric interpretation of these three classes of
structures and whether these are different classes.

The distribution im ¢ comes equipped, at each m € M, with the canonical linear
(pseudo-)Riemannian metric gy, given, for a, § € T\ M, by

99, (9(a),9(8)) := Ve, B).

For V-geodesics that are ¥-admissible (those that admit a curve a : I — T*M such that
Y(a) is the velocity of the geodesic), we prove that the square of the speed, with respect
to gy,,, is constant, thus extending a well-known fact for (pseudo-)Riemannian manifolds.

When (¢, V) is moreover involutive, we can describe what happens on a leaf N: the
metrics gy, extend to a (pseudo-)Riemannian metric gy, and the connection V restricts
to a torsion-free connection V.

This leaf-wise structure allows us to prove our first main result, which should be
compared with the symplectic foliation of usual Poisson geometry.
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Theorem 1. The characteristic partition of an involutive symmetric Poisson structure
(9, V) is totally geodesic. Moreover, on any leaf N, the pair (g5", V) is a non-degenerate
symmetric Poisson structure. In addition, if (9,V) is strong, V¥V is the Levi-Civita
connection of g, that is, (g5', VV) is also strong.

Poisson geometry originates from the study of Hamiltonian dynamics formulated in
terms of the canonical Poisson bracket on C*°(7T*M), which comes from the inverse of
the canonical symplectic form. The symmetric analogue of this symplectic form is the
so-called Patterson-Walker metric gy, first introduced in [3|, which depends upon the
choice of a connection V and can be understood in the framework of symmetric Cartan
calculus, [2, Sec. 5|. By considering the inverse of gy we obtain the symmetric Poisson
bracket {,}v on C®(T*M), which allows us to introduce an analogue of Hamiltonian
dynamics, which we call Patterson-Walker dynamics. For a given H € C®(T*M) we
study the integral curves of {H, }v. By making different choices, we recover the parallel
transport equation, the gradient extension of a dynamical system and the Newtonian
equation for conservative systems. The study of this dynamics comes with two unex-
pected consequences. First, a relation between the symmetric Schouten bracket and the
Patterson-Walker metric.

Proposition. Let V be a torsion-free connection on M. The vertical lift of a sym-
metric multivector field is an algebra isomorphism between the commutative algebras

(x. (M)> [ ’ ]5) and (POZ(T*M)v { ) }V)

sym

Second, the geometrical description of symmetric Poisson structures as locally geodesi-
cally invariant distributions, which we introduce as those for which every geodesic whose
velocity is on the distribution at a point, must have its velocity on the distribution in a
neighbourhood. Our second main result is:

Theorem 2. The characteristic distribution of a symmetric Poisson structure is locally
geodesically invariant.

Having this clear geometric interpretation in Theorems 1 and 2 is the most solid
justification for our definition of (strong) symmetric Poisson structures formulated in
terms of symmetric Cartan calculus.

We finish the paper by looking at examples of symmetric Poisson structures, including
squares of autoparallel vector fields, as well as left-invariant symmetric Poisson structures.
The most interesting class is that of linear symmetric Poisson structures on the dual of
a vector space. By considering the linear function ¢, € C*(V*) for u € V', we prove our
third and last main result.

Theorem. The assignment ty., := {ty, Ly} gives a bijection

linear (strong) symmetric Poisson ~ (associative) Jacobi-Jordan
structures ({, }, V') on V* algebra structures - on' V- [~

This is the analogue of the fact that linear Poisson structures on a vector space
V* correspond to Lie algebra structures on V. It establishes a bridge to Jacobi-Jordan
algebras [1]|, which allows us to bring classification results in low dimensions and translate
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geometric invariants into algebraic ones. In particular, we bring a normal form for non-
strong linear symmetric Poisson structures in dimension 5 and find the first example of an
involutive symmetric Poisson structure that is non-strong for any choice of connection.
This also shows that symmetric, involutive symmetric and strong symmetric Poisson
structures are indeed different classes.

In this work, we have laid the foundations of symmetric Poisson geometry from
the Poisson viewpoint. A natural continuation is the study of symmetric Poisson
maps, product structures, submanifolds and cohomology. However, there is an in-
triguing (pseudo-)Riemannian side too, where natural notions such as the symmetric
Poisson scalar curvature Ry vy = tr(¢ ® Ricy) and the symmetric Poisson Laplacian
Awwyf = tr(0 ® Vdf) can be defined, or a connection with sub-Riemannian geometry
can be established. These directions will be explored in future work.

Full paper: F. Moucka, R. Rubio. Symmetric Poisson geometry, totally geodesic folia-
tions and Jacobi-Jordan algebras. [arXiv:2508.15890|, 2025.
Currently submitted for publication, undergoing peer review.
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Abstract. This article studies the planar non-local curvature flow for closed Jordan curves,
relevant to problems in natural sciences. The flow evolves by

frt(ﬁr —1I),dl’
fl“t dr ’

F‘ — Ty, 2
|, =10 ©)

V=—kr+1+ (1)

where I'; is a smooth simple closed curve, V' the normal velocity, n the outward unit normal,
kr the curvature, and F' = F(t,z) the normal force. The motion law (1-2) and its applications
are discussed in |2, 3, 5|. The motion law is treated via the parametric method, reformulated
as a system of degenerate parabolic partial differential equations. Numerical solutions
are obtained using the finite volume method, and solved numerically by Runge—Kutta—
Merson scheme as in [2]. We examine the deformation of an initially circular curve under two
representative force scenarios:

1. Droplet falling under gravity: where the force I = I(t,0) is provided by the experi-
mental data available in literature.

2. Circular eukaryotic cell under time-dependent force: where the term I = I(t,6)
mimics mechanical forces acting on the cell membrane.

Our simulations of droplet motion and eukaryotic cell deformation provide quantitative in-
sights into constrained geometric flows and their implications for physical and biological
systems.

Keywords: Curve evolution; Parametric method; Method of lines; Constrained geometric flows

Abstrakt. Tento ¢lanek se zabyva rovinnym nelokidlnim pohybem uzavrenych Jordanovych
krivek uzaviené Jordanovy kiivky, ktery lze pozorovat v problematice p¥irodnich véd. Pohyb je

dan zakonem:
frt(mr —I),dl’

Jr, dT ’

*The research was partly supported by the project “Modeling, prediction, and control of processes in
nature, industry, and medicine powered by high performance computing,” No. SGS23/188/OHK4/3T /14
of the Student Grant Agency of the Czech Technical University in Prague.

V=—kr+1+ (3)
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r =T 4
tt:O 0 ()

kde I'; je hladka jednoducha uzaviené kiivka, V' je normalova rychlost, n je vnéjsi jednotkovy
normalovy vektor, kr je kiivost a F' = F(t,x) je normalova sila. Pohybovy zékon (3-4) a jeho
aplikace jsou diskutovany v [2, 3, 5|. Pohybovy zékon je feSen pomoci parametrické metody,
preformulované jako systém degenerovanych parabolickych parcialnich diferencialnich
rovnic. Numericka feSen{ jsou ziskina metodou koneénych objemiui a numericky resena sché-
matem Runge-Kutta—Merson jako v [2]|. Zkouméame deformaci poc¢ate¢né kruhové kiivky ve
dvou scénafich:

1. Kapka padajici vlivem gravitace: kde sila I(¢,0) je dana experimentalnimi daty do-
stupnymi v literature.

2. Kruhova eukaryotickd bunka pod vlivem sily zavislé na &ase: kde ¢len I(t,0)
napodobuje mechanické sily ptusobici na bunéénou membréanu.

Nase simulace pohybu kapky a deformace eukaryotické buiiky poskytuji kvantitativni vhled
do omezenych geometrickych tokiu a jejich dusledki pro fyzikalni a biologické systémy.

Klicovd slova: Evoluce kiivek; parametrickd metoda; metoda pfimek; vazané geometrické toky

Full paper: This contribution is based on the article [1] and the oral presentation in [4].
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Abstract. Texture-based analysis of medical images is an increasingly important diagnostic
tool. This paper presents a method for the construction and application of two- and three-
dimensional Zernike polynomial-based translational-rotational-mirroring (TRM) image texture
invariants, derived via the Fourier transform, for image texture analysis and classification tasks.
We propose an approach for computing global characteristics from these invariants, enabling
fast and efficient feature extraction. The method is evaluated on a binary classification task
that distinguishes between cognitively normal (CN)individuals and patients with Alzheimer’s
Disease (AD), using axial MRI brain scans from the ADNI database. Multiple classifiers - LDA,
QDA, k-NN, SVM, and ANN - are tested, with the best performance achieved using 3D Zernike
invariants and a QDA classifier with regularization, reaching an accuracy of ACC = 0.925. The
extension from 2D central slices and their invariants to 3D invariants of full brain scans yields
a notable improvement in both accuracy and Matthews correlation coefficient. The presented
method is computationally efficient and achieves results comparable to more complex state-of-
the-art techniques. Moreover, its generality and speed make it applicable to a wide range of 2D
and 3D image classification problems beyond biomedical imaging.

Keywords: Fourier Transform, Alzheimer’s Disease, Zernike Polynomial, Magnetic Resonance
Imaging, Texture Invariants, Texture Analysis, Image Classification

Abstrakt. Texturni analyza snimki v mediciné je diagnosticky nastroj s rostoucim vyznamem.
Tento ¢lanek predstavuje metodu konstrukce dvou a tii dimenzionalnich transla¢nich, rotac-
nich, zrcadlovych (TRM) invarianti zaloZenych na Zernikeho polynomech, ziskanych pomoci
Fourierovy transformace, a jejich vyuZiti pro analyzu textur a klasifikaci obrazi. Navrhujeme
pristup pro vypocet globalnich charakteristik téchto invariantii, coz umoznuje rychlé a efektivni
ziskévani vlastnosti obrazu. Metoda byla experimentalné otestovana na bindrnim klasifika¢nim
problému rozligeni kognitivné norméalnich (CN) pacientii od pacienti s Alzheimerovou choro-
bou (AD) s pouzitim axialnich snimki magnetické rezonance (MRI) z databaze ADNI. Bylo
otestovano vice klasifikatora - LDA, QDA, k-NN, SVM a ANN - pfi¢emz nejlepsich vysledk, s
presnosti ACC = 0.925, bylo dosazeno s 3D Zernikeho invarianty a klasifikitorem QDA s vyu-
Zitim regularizace. Rozsifenim z 2D centralnich fezli a jejich invarintd na 3D invarianty celych
snimki mozku dochazi k vyznamnému zlepSeni presnosti a Matthewsova korela¢niho koeficientu
klasifikace. Prezentovana metoda je vypocetné efektivni a dosahuje vysledki, jez jsou srovna-
telné s nejmodernéjsimi a komplexnéjsimi technikami. Dale, rychlost a obecnost této metody ji

*This work has been supported by the grant SGS23/190/OHK4/3T /14 of Czech Technical University
in Prague.
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umoznuji aplikovat na Siroké spektrum klasifika¢nich problémi pro 2D a 3D obrazy mimo oblast
snimkt v biomediciné.

Klicovd slova: Fourierova transformace, Alzheimerova choroba, Zernikeho polynom, magneticka
rezonance, texturni invarianty, analyza textur, klasifikace obrazu

Full paper: M. Pokorny, J. Kukal. Fast Texture-Based Analysis and Classification of 3D
MRI Brain Scans. In peer review process in Biomedical Signal Processing and Control.
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Abstract. Quantum graphs are a popular and widely studied model in mathematical physics.
They typically concern the Laplace operator acting on functions defined on the edges of a metric
graph. In our work, we focus on a relativistic operator of energy: the Dirac operator. Unlike
the non-relativistic case, the Dirac operator is a first-order dilerkntial operator with matrix
structure.

To properly define various realisations of the Dirac operator, it is necessary to specify their
domain, typically by prescribing boundary or transmission conditions. We begin with the most
restrictive conditions and then study all possible intermediate extensions of this symmetric
minimal operator. Our analysis encompasses not only self-adjoint extensions but also more
general non-self-adjoint operators. The central framework enabling an elegant description of
these extensions is the theory of boundary triples.

We first introduce the operator on a line segment and a half-line, which serve as building
blocks for graphs — the former for internal edges, the latter for external ones. The Hilbert space,
Dirac operator, and boundary triple for the full graph are constructed as direct sums over these
respective edgewise objects. While this direct sum is taken over edges, we also define a vertex
space, decomposed as a direct sum over the vertices, to precisely capture the concept of local
transmission conditions. These conditions, at each vertex, depend on the values (traces) of
functions only at that vertex, not at others.

After extensive preparatory work, we adapt known general results concerning self-adjointness,
spectral criteria, and resolvent formulas for the Dirac operator. Notably, we present — in what
we believe to be the first instance — a proof of these criteria in the general non-self-adjoint setting
for our chosen parametrisation of Dirac operators. As a demonstration, the spectral criterion is
applied to an example of a star-shaped graph.

The final section is devoted to physically motivated transformations of the Hilbert space
and their capacity to be symmetries of the Dirac operator. Specifically, we discuss a change of
orientation (analogous to a parity transformation), which does not a[edt the spectrum; a form
of time reversal, characterised as anti-linear and involutive, which reflects the spectrum with
respect to the real axis; and charge conjugation, also anti-linear and involutive, which reflects
the spectrum with respect to the imaginary axis. For each transformation, we provide equivalent
conditions for the operator to be symmetric with respect to these transformations, formulated
in terms of the properties of vertex transmission conditions.

Keywords: Dirac operator, non-self-adjoint operator, relativistic quantum graph

Abstrakt. Kvantové grafy jsou popularnim a Siroce studovanym modelem matematické fy-
ziky. Typicky se zabyvaji Laplaceovym operatorem pusobicim na funkce definované na hranach
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metrického grafu. V naSem c¢lanku se zamérujeme ale na relativisticky operator energie: Dira-
cliv operator. Na rozdil od nerelativistického pFipadu DiracCv operator je diferencialni operator
prvniho Fadu s maticovou strukturou.

Abychom korektné zavedli vieliké realizace Diracova operatoru je nutné specifikovat jejich de-
finicni obor, typicky se tak déje predepsanim hranicnich ¢i prechodovych podminek. Zaginame od
nejrestriktivnéjSich a posléze studujeme vSechna mezilehla rozsireni tohoto symetrického mini-
malniho operatoru. NaSe analyza se neomezuje pouze na samosdruZena rozsifeni, ale téZ uvazuje
obecné nesamosdruzena. Hlavnim nastrojem umozfujici elegantni popis téchto rozsifeni je teorie
Lboundary triple“.

Nejdrive zavedeme operator na Use€ce a polopfimce, které slouzi jako stavebni kameny grafu
— Gsecka odpovida koneénym hranam, polopfimka nekoneénym. Hilbert(iv prostor, Diractv ope-
rator a ,boundary triple“ na celém grafu jsou sestaveny jako direktni sumy svych komponent
na hranéch. Navic definujeme ,vertex space“, ktery ma strukturu direktni sumy pres vrcholy,
slouziciho k pFesnému zachyceni pojmu lokalnich pfechodovych podminek. Tyto podminky jsou
takové, které v kazdém vrcholu zavisi na hodnotach (stopach) funkci pouze v tomto vrcholu a
ne v Zadném jiném.

Po rozsahlé pripravé upravime znamé obecné vysledky o samosdruzenosti, o spektralnich
kritériich a o resolventni formuli pro pfipad Diracova operatoru. Zejména zde uvadime — zda se, ze
jako prvni — diikaz téchto spektralnich kritérii pro obecnou nesamosdruzenou situaci nami zvolené
parametrizace Diracova operatoru. PouZiti ukdZeme na prikladé vySetieni spektra hvézdicovitého
grafu.

ZavéreCna sekce je vénovana fyzikalné motivovanym transformacim Hilbertova prostoru a
jejich schopnosti byt symetriemi Diracova operatoru. Konkrétné se zabyvame zménou orientace
(jako analogem inverze prostorovych soufadnic), kterazto spektrum neovliviiuje; druhem Casové
inverze, ktera je antilinedrni a involutivni a ktera zrcadli spektrum vzhledem k reélné ose; a néa-
bojové konjugaci, téz antilinearni a involutivni, kterazto zrcadli spektrum vzhledem k imaginarni
ose. Ke kazde transformaci formulujeme ekvivalentni podminku, kdy je operator k transformaci
symetricky, ve formé vlastnosti pfechodovych podminek ve vrcholech.

Kli¢ova slova: DiracCiv operator, nesamosdruzeny operator, relativisticky kvantovy graf

Full paper: M. Holzmann, V. Rlzek, and M. Tu$ek. Non-self-adjoint Dirac operators
on graphs. Journal of Physics A: Mathematical and Theoretical 58 (apr 2025), 165205.
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Abstract. Vector bundles form a backbone of modern diLerkntial geometry. The notion for-
malizes the idea of gluing a vector space to each point of a smooth manifold, allowing to describe
vector space valued quantities on manifolds, such as vector fields, di Lerkntial forms, di Lerkntial
operators, densities, etc.

Graded vector bundles over a given Z-graded manifold can be defined in three dilerent
ways: certain sheaves of graded modules over the structure sheaf of the base graded manifold,
finitely generated projective graded modules over the algebra of global functions on the base
graded manifold, or locally trivial graded manifolds with a suitable linear structure. After a
brief introduction to Z-graded manifold theory we recall the first approach, which was examined
in previous works. We then introduce the latter two approaches, which have not yet been
fully treated in the literature in the context of Z-graded manifolds. All three approaches are
formalized as suitable categories, and all three categories are shown to be equivalent.

Keywords: Graded vector bundles, Graded manifolds, Graded modules, Serre-Swan theorem

Abstrakt. Vektorové fibrované prostory tvofi zasadni ¢ast moderni diferencialni geometrie.
Formalizuji koncept lepeni vektorového prostoru ke kaZzdému bodu hladké variety a umoziuji
tak popis hladkych funkci s hodnotami ve vektorovych prostorech: vektorova pole, diferencialni
formy, diferencialni operatory, hustoty, a podobné.

Gradovany vektorovy fibrovany prostor nad Z-gradovanou varietou mize byt definovan tfemi
zplsoby: jako snop gradovanych modull nad strukturalnim snopem bazické gradované variety,
jako kone¢né generovany projektivni gradovany modul nad algebrou globalnich funkci bazické
gradované variety, nebo jako lokélné trivialni gradovana varieta s vhodnou linearni strukturou.
Po kratkém Gvodu do svéta Z-gradovanych variet pFipomeneme prvni z pristupl, ktery byl
jiz vySetfen v jinych pracich. Dale zavedeme zminéné dalSi dva prFistupy, které nebyly, alespon
v kategorii Z-gradovanych variet, v literatufe doposud zpracovany. VSechny tfi pFistupy jsou
formalizovany v podobé prislusné kategorie, a tyto kategorie se ukazi byti ekvivalentni.

Klicova slova: Gradované vektorové fibrované prostory, gradované variety, gradované moduly,
Serre-Swanova Vvéta.

Full paper: R. Smolka and J. Vysoky. Threefold nature of graded vector bundles.
J. Geom. Phys, Volume 216, 2025, 105557. DOI: 10.1016/j.geomphys.2025.105557.
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Abstract. The simple Lie algebra of type C, is characterized by its irreducible root system
which determines its Weyl group. The corresponding weight and root lattices are invariant with
respect to the Weyl group. The weight lattice is disjointly decomposed into cosets of the root
lattice for which there exists a non-trivial admissible shift. Fragments of these (shifted) lattices
located inside fundamental domains of generalized a CnelWeyl groups are used to construct
label and point sets for discrete Fourier-like transforms of C—functions. Transform matrices are
introduced and central splitting is described, relating the matrices and simplifying calculations.

Keywords: Lie algebra, root system, Weyl group, invariant lattice, orbit function, central split-
ting

Abstrakt. Prosta Lieova algebra typu C; je charakterizovidna svym ireducibilnim kofenovym
systémem, ktery urcuje jeji Weylovu grupu. Odpovidajici vahova a kofenova mf¥iz jsou invariantni
vzhledem k této Weylové grupé. Vahova mfiz je disjunktné rozlozena do levych t¥id kofenové
mrize, pro kterou existuje netrivialni pFipustné posunuti. Céasti téchto (posunutych) mfizi uvnitf
fundamentalnich oblasti zobecnénych afinnich Weylovych grup jsou vyuzity ke konstrukci mno-
Zin vah a bod( pro diskrétni Fourierovy transformace C—funkci. Jsou zavedeny matice téchto
transformaci a centralni rozklad, ktery popisuje vzajemny vztah matic a zjednoduSuje vypocty.

Klicova slova: Lieova algebra, korenovy systém, Weylova grupa, invariantni mfiz, orbitova
funkce, centralni rozklad

1 Introduction

This article describes the so-called central splitting mechanism for C—functions in the case
of the Lie algebra C,. The first two sections describe the necessary preliminaries, such as
the explicit form of the root system and the associated lattices, relations between them
and fundamental domains of generalized a [nelWeyl groups, as presented in [1, 2] and

Mhis work was supported by the student grant of the Grant Agency of the Czech Technical University
in Prague, grant number SGS25/163/0HK4/3T/14.
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[3]. The following section gives the definition and overview of properties of C—functions
[4], followed by an explicit description of the needed label and point sets.

The next section is dedicated to discrete orthogonality properties of C—functions and
their utilization for the definition of corresponding transform matrices which were intro-
duced in [5]. The splitting matrices are defined in the final section, followed by the main
result, which is analogous to the case of the root system A,, examined in [6], followed by
an explicit example. The conclusion mentions other cases of transform decompositions
and discusses possible future areas of research.

2 The root system C, and associated lattices

Consider the Euclidean space R? endowed with inner product h ; i. The crystallographic
root system  of type C, is formed by the action of the Weyl group W on the set

=Tt 1; ,g of simple roots. The simple roots are determined (up to isomorphism) by
their angles and lengths,

10 =2 jidi=1 jj.di= 2 )
The coroot of 2 s defined as

= ©)

The simple reflections ry., associated with the simple roots ., are determined by the
equivalent formulas
i j=v hv; ii -, 8V2R%LiIi=12 (3)

rv=v hv; ;

The fundamental weights 1., are defined by the duality relations
Yo = =12 (4)
and the fundamental coweights !1, are determined by
My i= 5 Bi=L2 ()

The simple roots, simple coroots, fundamental weights and fundamental coweights
each form a basis of R?. In terms of the fundamental weights 11; 1, using the definition
of coroots (2), fundamental weights (4) and fundamental coweights (5), we obtain:

1=21 Iy T =41 21y

215; T
2= 21, +21y 7= 21421

2
> =1

. (6)

Ll
N -

These equalities along with the duality relation (4) result in the calculation of inner
products

The vectors described in (6) are depicted in Figure 1.
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Figure 1. The arrows denote the vectors belonging to the root system of type C,. The
circles denote 1; and 1 which do not belong to

A lattice in R? is formed by integer linear combinations of vectors from a given basis
of R2. The Z-spans of the —and ——bases form the root and coroot lattice,

Q=2, Z, Q=271 Z5: (8)
The dual lattices of Q and Q- are defined as
Q=fv2R?jhv;ai2Z;8a2Qg; (Q)’=fv2R?*jhv;ai2Z;8a2Q-g: (9)
Using the duality relations (4) and (5), the equalities
P=(Q)?=2z1, Z1,, P-=Q%=Zz1;y ZI, (10)
are obtained. A lattice A R? is W-invariant if
w A A 8w2W: (11)

Using the crystallographic property of C,, it can be checked that Q and Q- are both
W -invariant. Moreover, if A is W-invariant, then its dual A7 is W-invariant as well,
hence P and P— are W-invariant.

For the root system  of type C,, the inclusions Q P and Q- P- hold [1].
Furthermore, the definition (2) and the normalization (1) result in the obvious inclusions
Q- ( Q and P— ( P. Finally, the explicit relations between the bases (6) for  of type
C, imply the equalities Q = P— and 2P = Q-, giving the final inclusion relationships
between the four lattices

2P =Q-(Q=P-(FP: (12)
The orders of the quotient groups of lattices are given as absolute values of the determi-
nants of the corresponding transition matrices,

jP=Qj =jP=P-j =jQ=Q-j=2; P=Q-j=4 (13)
The corresponding disjoint decomposition of the weight lattice P into Q-cosets is

P=QL(!.+Q) (14)
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and the coweight lattice P— decomposes into
P-=Q- [(1z+Q): (15)
In the remainder of this article, we will use the abbreviated notation
v=al,+bl, (a;b)2R? (16)
for any vector expressed in the !-basis. Using (6), the vector v = (vq; v,) satisfies
v2Q ,vy 0 mod2, v21';+Q ,v; 1 mod2: 17
An admissible shift of Q is a vector 2 R? such that
w( +Q) +Q; 8w2W: (18)
There exists an equivalence between admissible shifts ;., of Q,
1 2 . 1+Q= ,+Q: (19)

The zero shift 0 is obviously admissible, moreover any q 2 Q is equivalent to 0. The
shifts by q 2 Q are called trivial. The vector is an admissible shift of Q if and only if

ri 2 Q fori=1;2, hence the simple reflection formulas (3) imply that is admissible
if and only if 2 P. The coset decomposition (14) forces every non-trivial admissible
shift of Q to be equivalent to ';. The notion of admissibility was introduced in [7] and

[8].

3 The Weyl group and its extensions

The Weyl group W of a root system of type C, is generated by the reflections r;., and
contains 8 distinct elements. The orbit of a vector v = (a;b) 2 R? is obtained using the
generators (3) as

W v W (ash)=f (a5 a b); (a;b); (@a+2b; a Dh); (a+2b; bg (20)

For every a 2 A, where A is a W —invariant lattice, the mapping T(a) : R? ¥ R? is defined
as the translation by a, explicitly T(a)v = v + a for all v 2 R?. The generalized a [nel
Weyl group W3 is generated by the simple reflections ry, and the shifts T (a);a 2 A.
For convenience, the group of shifts fT(a) j a 2 Ag is identified with A. Since A is a
normal subgroup of W3 , the only shift contained in W is T(0) and W2 = T(A)W, it
holds that

A =AOW: (21)

The fundamental domain of an a CnelWeyl group is a subset Fa of R? such that
1. W& Fa=R?

2. Fa contains at most one point from every orbit of W3 .
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Fundamental regions of the generalized a CnelWeyl groups using the lattices Q and Q-
can be found in [3]. The fundamental region Fq = Fp_ is formed as the convex hull of
the points 0; 11; 215, explicitly

FQ = f(Xl; X2) j Xo + X1 + 2X2 =1; Xo:1:2 Og (22)

and Fq_ is the convex hull of the vertices 0; 311 1. After transforming into !-basis,
this set can be described as

Foo =f(y1;y2) jYo+yi +y2=1You» 09: (23)
From these explicit descriptions of Fg and Fq_, it is clear that
Fo = Fp_ (Fo_: (24)
The group WG = WJ_ can be formed as the semidirect product
W3 =WZ_=W§ o - -=0Q=0Q- (25)
The group - contains two elements
go = id; gz =T(Ix)rarir2 (26)
which leave the fundamental domain Fq_ invariant [2],
-Fo.  Fo_: (27)

The projection :W§ ¥ Q, defined as (T(q)w) =q forevery g 2 Q and w 2 W, is
used to define the homomorphism ,, : W§ ¥ U(1) as

L(z) =€ M @b 7 =T (w2 Wg (28)

For each x 2 Fq, let Stab _(u) denote the stabilizer of x in the group —. The reduced
fundamental domain Fo(!1) ( Fo includes only the points x 2 Fq such that

., (Stab _(x)) = flg: (29)

The inner products (7) and the algorithm for determining the stabilizers from [3] imply
that
Fo(l1) = f(X1;X2) ] Xo + X1+ 2X, = 1;X0 > 0; %12 09: (30)

Using the symbol ? in the triple [Xo; X1; X2] of barycentric coordinates of x 2 Fq from
(22) to denote a non-zero element, the counting function "o : Fo ¥ N is defined as

; 8 x=[2,72,7];
o=t (oA renn =
-1 x=10;?;0];[?;0;0]:
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Analogously, the coordinates [yo;Yy1;Y2] of y 2 Fo_ appearing in (23) are used to define
the counting function

28 y=1[%27,
=1 y=1][0;0;7];[?;0;0l:

The values of "o and "o_ correspond to the cardinalities of the orbits Wx and Wy on
the tori R?=Q and R?=Q- respectively (see [3] for details). The order of the stabilizer of
X 2 Fq with respect to the action of W§ will be denoted hq(X). The number hq(x) can
be calculated using the orbit-stabilizer theorem as

ho(x) = X 2 Fq: (33)

8 .
"o(X)’
The function d : Fo_ ¥ N denotes the order of Stab _(y) for any y 2 Fo_. The formula
(26) implies that g> (y1;¥2) = (y1;¥2) if and only if 1 y; = 2y,, hence d(y) is given
explicitly by
_ 2 =1y
dy) = 1  otherwise. (34)

4 C-functions in the root system C,

C—functions are complex functions which respect the symmetries of the generalized a [nel
Weyl group. The C—function , :R? ¥ C is defined as

p(X) — e2 ihwp;Xi (35)
w2W

for any p 2 P [4]. Utilizing the abbreviated notation (16) for the vectors p = (p1;p2) 2 P
and v = (vq; V) 2 R?, the explicit form of ,(v) can be calculated as

p(V) = 2 cos( (p2vi  pi1v2)) +cos( (p1v2 + p2(vi + 2v2))) (36)
+cos( (p1(v1 +Vv2) +p2vy)) +cos( (Pr(ve + V2) + pa(vi + 2v2))

using (20) and the values of the inner products (7).
Let us list the pertinent properties of the C—functions:

1. symmetry with respect tow 2 W:
o(WV) = (V) = (v); 8v2R? (37)
2. if A P is a W—invariant lattice, then for any a 2 A;a” 2 A7 it holds that
a(v+a’) = a(x); 8v2R% (38)
hence ~, is well-defined on R?=A7;
3. for any q 2 Q and v 2 R?, the following relations hold:
¢@2V) = (V) 5+(@V) = (92) 1+q(V) = 14g(V): (39)
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5 Point and label sets

For any M 2 N, the label set \, is defined as the fragment of lattice P belonging to the
reduced fundamental domain Fo(!1) magnified by the factor M,

m =P \XMFq(11): (40)
Using (30), elements of , can be expressed in terms of the I-basis as
M= (1 2] 02N; 122Z % o+ (+2,=M (41)
The decomposition (14) allows the grid \, to be partitioned into the disjoint sets
M =Q\MFo(t); | =11+ Q) \ MFo(ty): (42)

Moreover, the equivalence (17) combined with the explicit form (30) of the reduced fun-
damental domain Fq(!1), results in the descriptions

W= (1 2] 02N; 122Z°% o+ 1+2,=M; ;1 k mod2 : (43)

The point set Fy, is defined as the fragment of the rescaled shifted lattice %(!1 +Q)
inside the fundamental domain Fq_,

Fu = %(!1+Q)\FQ_: (44)

Using the description (23) of Fo_ and the modular equation (17), Fu is given in terms
of linear combinations of vectors from !-basis as
FM = |1\:/I_l’l1\:/|_2 jto;l;zzz O;t0+t1+t2:M;t1 1 mod2 : (45)

Each of the label sets ﬁ(,l);l) is associated with a splitting point set F,\(,?;l), defined as

,:“(A(D:%(!HQ)\FQ; Fﬁ)zﬁ(!ﬁQ)\FQ(h): (46)

The descriptions (22) of Fq and (30) of Fo(Y¥1) along with (17) result in the following
expressions of F,f,?;l) in terms of -basis:

FO = %2 500,27 %so+S1+25, =M;s; 1 mod2 ; (47)
F,\(,Pz o jS02N;$122Z %sp+8,+28,=M;s; 1 mod?2 : (48)

6 Orthogonality relations of C—functions

The inner product of the complex functions f; g on the grid Fy, is defined as
X N
hf.gic,, = "o-(9)F(s)9(s): (49)

S2Fm
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The C—functions defined by the sums (35), are orthogonal with respect to (50),
h i, =16M?hg & ;5 2 (50)

Moreover, it holds that j \j = jFm], therefore the set of orbit functions ¥ j 2 mgQ
forms an orthogonal basis of the associated Hilbert space [7]. Similarly, the inner products

on the point sets F,f,'l‘) Fm; k =0; 1 are given by

i (K) = Q)
hf.gig, = "Q(8)F(s)9(s): (51)
s2F 0
The functions . , labeled by the elements ; 2 ,(\5,0 satisfy the relation
ho; i =8M?hg & & 2 { (52)

for each k 2 f1;2g. As in the previous case, it holds that j f\';)j = jF,\(,',‘)j fork =1;2, so

thesetf | 2 f\‘,?g forms an orthogonal basis of each respective Hilbert space. The
orthogonality relations (52) and the equal cardinality of the label and point set can be
deduced from the general discrete orthogonality theorem for Weyl orbit functions which
will be proven in [9].

The Fourier-Weyl transform on the discrete point sets Fy; FY and F are carried
out by multiplying the column vector of data by a square matrix. Any arbitrary ordering
of the label set \, and point set Fy, and the orthogonality relation (50) give rise to the
transform matrix Iy, whose entries are defined as

s
"o_(S)

[Im] s = 16M?ho() sy 2 wm;s2Fwm: (53)

The relation (50) forces the matrix Iy, to be unitary.

For k = 1;2, the matrices I,(\',l‘), associated with the discrete Fourier-Weyl transform
on the point set F, are determined by
s

"o(s)

i
1 (s); 2 ﬁ'j); s2 F,\(,‘,() (54)

Mo T BM2ho(y)

and an ordering of the sets ﬂ,? and F,S,(). Analogously, equation (52) implies that I,(\(,),)
and I,(\},) are unitary matrices.

7 Central splitting of the transform matrix

Now fix the orderings of the sets ff,J,) and f\},), then order the set \, so that the elements

of fg,) are situated before the points from ,(\}I), each subset using its respective ordering.

Define the unitary splitting matrix T\, as the block matrix

; (55)
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where the elements T%: k = 1;2 are defined as

1
1
© — . 0). .
v w P sttt S2Fy;t2Fy; (56)
i
1 1 . 2. _
Tl(\/l) sit = IQT(S) stt !1(92_) gr Sit s s2 F,\(/I),t 2 Fm: (57)

The matrix Ty, relates I\, with the splitting matrices If\(,l)) and I,(j) via the relation
Iv= 1 19 Ty (58)

where the rows associated with the labels 2 4 are ordered as described above. The
ordering of the columns of Iy, is determined by the splitting matrix (55).
Choosing M =5, the label set is given by

s = 1(0;2); (2;1); (4, 0); (0;1); (2;0); (0; 0); (1;1); (3;0); (1, 0)g (59)
and it splits into the disjoint union 5= @[ & whose constituents are
= 1(0;2); (21 1); (4:0); (0 1); (2:0): (0; 0)g; (60)
§) = £(1;1); (3,0); (1;0)g: (61)
The corresponding point set Fs is
Fo= (589G 2ai@0);G GG 2 E:0:GE G0 (62)
and the splitting point sets F5(°) and Fs(l) are
FO= EHED@GEDEG0ED) | (63)
FP = (451350450 - (64)
The transform matrix Is is calculated from the definition (53) as
pi(pé 1) 2p3+I 5 4 2 35 3+5 2p3+I 5 2 pi(pﬁ 1)
p 2 2 4p§ 3p2 2p§ 2p2 p 2 32 P 2
8 35 7+3'5 4 2 20+75) 2(P5 1) s 2 8 3' 5
b 3+75 P> P15 4 2 3 Ps Ps 3 P37 plO 2 b 3+75
Is = 55 7+3' 5 735 4 2 2(P5 1) 2(1+"5) 375 2 7435
2pg 252 2 I04 4 4 2 F; 6 S
25 425 0 10 0 0 4 025
N s5(3+5) o 25 0 0 5(3+I 5) 25 15 55
q5(3+' 5) 555—5 o 25 o 0 15 55 25 q5(3+I 5)

I 0

Analogously, it follows from (54) that the transform matrices and I(l) take the explicit

forms
O 3+p§ 3 P Pz 2(1+ 5) 2( 5 1)

E 4
I‘5)0) 26’521) 2(1+ 2:5) 442 282 32+,§§ 2& g

N

3 5 s "7 22" 2(1+ 5)
2(1+ 5) 2( 51) 4 pp’ 3 5 3P

2 4 2 4 4
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P P P

5 2.0 2 10

10 =1 éom 5+Slgs E;E
2’10 5 75 5475

The splitting transform matrices T2 are determined by (56) and (57) as

O _
00009 2000
00,9 020000 0 00 100010
0 = . 1) _
Té)=é=8oo'&200 0000k, TV =9 0 10000100
200010 0010 2 100000001
01000 0100
10000 0001

A direct verification shows that (58) is satisfied.

8 Conclusion

The main result (58) connects the transform matrix ly,, which contains data from a large
point set Fy, to the matrices I,(\(,I)) and IS,), defined on a smaller set of points, via the
sparse splitting matrix Ty,. For large M, this process o [ers advantages in computational
speed, since the set \, is split into two independent subsets, parallelizing the calculation.
Moreover, sparsity of T\, allows for further optimisations.

Other cases of central splitting mechanism have been studied. For the Lie algebra
Aq, it is known as the fast split-radix transform, even allowing for recursive splitting of
the label sets [10]. Moreover, explicit description for A, has been given in the article [6],
including proofs. No general recursive central splitting mechanism of any other type than
A; is known at the moment of writing of this article. Its existence remains an unsolved
problem.

This article relies on yet unpublished general theory of central splitting of Weyl orbit
functions which relies on the generalized theory of discrete orthogonality, generalizing the
results examined in the articles [3, 7, 11, 5] and [8]. Besides their usefulness for defining
Fourier-like transforms, Weyl orbit functions found applications in physics, for example
in [12] and [13]. Future areas of interest may include determining whether a recursive
splitting process can be defined for all types of orbit functions in the most general case,
development of general theory of discrete orthogonality for the so-called E—functions
[14], which were not examined in this text, study of the corresponding transforms and
determining whether a similar mechanism exists for E-functions as well.
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Abstrakt. Alzheimerova choroba (AD) je béZzna neurodegenerativni porucha charakterizovana
progresivnim kognitivnim Upadkem a zménénou elektrickou aktivitou mozku. Tato studie pred-
stavuje komplexni rdmec pro automatickou Klasifikaci AD pomoci spektralnich charakteristik
ziskanych z obalek EEG signal(.

Metodologie vyuziva 19-kanalovda EEG méreni od 56 pacientll (28 pacientll s AD, 28 kont-
rol), ziskanych pfi vzorkovaci frekvenci 200 Hz. Zpracovani signali pouziva diskrétni Hilbertovu
transformaci k extrakci analytickych signaldl a vypoctu obalek, které zachycuji charakteristiky
amplitudové modulace. Signaly obdlek jsou segmentovany na jedno-sekundové epochy, pricemz
spektra vykonu jsou pocitana pomoci rychlé Fourierovy transformace a prlmérovana mezi seg-
menty pro extrakci charakteristik.

Byly vyhodnoceny tfi klasifikatni pfistupy: -Support Vector Classification ( -SVC), k-
Nearest Neighbors (KNN) a Ridge Regression (RR). KFizova validace pomoci leave-one-out
a 70/30 déleni trénovaci a testovaci sady zajistila robustni hodnoceni vykonu. Klasifikator -
SVC dosahl optimalniho vykonu s citlivosti 91 %, zatimco KNN a RR poskytly porovnatelné
vysledky (83 %). Konzistence napfi¢ rlznymi klasifikaénimi paradigmaty potvrzuje robustnost
spektralnich charakteristik zaloZzenych na obalkach pro diskriminaci AD.

Budouci prace se zaméFi na soucasna omezeni v efektivité zpracovani, ktera omezuji me-
todologii na o [ind analyzu. Nekone¢na impulzni odezva tradi¢ni implementace DHT zavadi
vypocetni zpozdéni, ktera nejsou kompatibilni s real-time klinickym monitoringem. Sméry vy-
zkumu zahrnuji vyvoj novych navrh filtr(i s kone¢nou impulzni odezvou (FIR), které kombinuji
pasmovy filtr s modifikovanou Hilbertovou transformaci. Imponovanim specifickych matematic-
kych omezeni na amplitudové spektrum filtru F (1) — vCetné sudé symetrie, omezeného rozsahu
[0; 1], spojitych druhych derivaci a nulovych okrajovych podminek pfi ' =0a ! = - mohou
koeficienty filtr(i dosahnout dekadentnich rychlosti O(k ) ve srovnani se standardnim DHT s
O(k 1). Tento pokrok umozni presnou extrakci obalek pomoci filtrl délky mensi nez 50 koefici-
entll ve srovnani s vice nez 200 koeficienty v plivodnich implementacich, coz snizi zpozdéni pfi
zpracovani. Navrhovana dvoucestna architektura bude pocitat in-fazové slozky pomoci pasmo-
vého filtru, zatimco kvadraturové slozky budou podrobeny kombinovanému pasmovému filtru a
Hilbertové transformaci, pfiemz obéalka bude odvozena jako velikost vysledného komplexniho
signalu. Takové pokroky umozni nasazeni prekryvajicich se filtr( cilenych na specifické frek-
venéni pasma, coZ ushadni aplikace v redlném case, vCetné detekce epilepsie, klasifikace spanko-
vych fazi a mozkovych pocitacovych rozhrani. Pfechod od ovérené o [0nd analyzy k efektivnimu

Mfhis work was supported by the Grant Agency of the Czech Technical University in Prague, grant
No. SGS23/190/0HK4/3T/14.
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online zpracovani predstavuje klicovy krok k klinické implementaci automatizovanych systém
neurologického hodnoceni, slibujicich vylepSené schopnosti pro v€asnou intervenci v neurodege-
nerativnich poruchéach.

Kli¢ova slova: Alzheimerova choroba, EEG, frekvencni charakteristiky, klasifikace, automatizo-
vana diagnostika.

Abstract. Alzheimer’s Disease (AD) represents a prevalent neurodegenerative disorder char-
acterized by progressive cognitive decline and altered brain electrical activity. This research
presents a comprehensive framework for automatic AD classification using spectral features de-
rived from EEG signal envelopes.

The methodology utilizes 19-channel EEG recordings from 56 patients (28 AD patients, 28
controls) acquired at 200 Hz sampling frequency. Signal processing employs Discrete Hilbert
Transform to extract analytic signals and compute envelopes, capturing amplitude modulation
characteristics. Envelope signals are segmented into one-second epochs, with power spectra
computed via Fast Fourier Transform and averaged across segments for feature extraction.

Three classification approaches were evaluated: -Support Vector Classification ( -SVC), k-
Nearest Neighbors (KNN), and Ridge Regression (RR). Cross-validation using leave-one-out and
70/30 train-test splits ensured robust performance assessment. The -SVC classifier achieved
optimal performance with 91% sensitivity, while KNN and RR produced comparable results
(83%). Consistency across diverse classification paradigms validates the robustness of envelope-
based spectral features for AD discrimination.

Future work will address current limitations in processing e Lciehcy that restrict the method-
ology to o [ind analysis. The infinite impulse response nature of traditional DHT implementa-
tion introduces computational delays incompatible with real-time clinical monitoring. Research
directions include development of novel finite impulse response (FIR) filter designs combining
band-pass filtering with modified Hilbert transformation. By imposing specific mathematical
constraints on the filter’'s amplitude spectrum F (1) — including even symmetry, bounded range
[0; 1], continuous second derivatives, and zero boundary conditionsat ! =0 and ' = - filter
coe [ciehts can achieve O(k %) decay rates compared to standard DHT’s O(k 1). This improve-
ment enables accurate envelope extraction using filters of length less than 50 coe [ciehts versus
over 200 from original paper implementations, reducing processing delays. The proposed dual-
path architecture will compute in-phase components through band-pass filtering while quadra-
ture components undergo combined band-pass and Hilbert transformation, with the envelope
derived as the magnitude of the resulting complex signal. Such advances will enable deployment
of overlapping filter banks targeting specific frequency bands, facilitating real-time monitoring
applications including epilepsy detection, sleep stage classification, and brain-computer inter-
faces. The transition from validated o Lind analysis to e [cieht online processing represents
a critical step toward clinical implementation of automated neurological assessment systems,
promising enhanced capabilities for early intervention in neurodegenerative disorders.

Keywords: Alzheimer’s disease, EEG, frequency features, classification, automated diagnostics.

Full paper: N. Vatamaniuc, J. Kukal, O. Wsata: Hilbert Envelope-Based EEG Classi-
fication for Alzheimer’s Disease Detection. Under review in Archives of Control Sciences.
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Abstract. This paper presents a unified framework for linear sub-model selection based on the
principle of entropy maximization. By maximizing entropy under suitable constraints, we derive
generalized normal distributions that define both the error model and the prior on regression
weights, linking distributional assumptions directly to regularization penalties. The resulting
quasi-likelihood formulation integrates likelihood maximization with regularization and allows
flexible control of robustness and sparsity through two shape parameters. We develop a convex
optimization approach for parameter estimation and propose a heuristic binary optimization
algorithm for e Lcieht sub-model selection guided by Bayesian Information Criteria (BIC). The
framework is experimentally evaluated on simulated regression tasks with both binary and con-
tinuous weights under varying noise conditions. The experiments systematically examine the
influence of the distributional parameters and on the accuracy and stability of sub-model identi-
fication. The results show that for low and moderate noise levels, the proposed method reliably
recovers the true sub-model and achieves information criterion values comparable to those of
established regularization techniques such as ridge and lasso regression.

Keywords: linear model, entropy maximization, quasi-likelihood maximization, regularized esti-
mates, information criteria, sub-model selection, binary heuristics

Abstrakt. Tento ¢lanek predstavuje jednotny ramec pro vybér linearnich podmodell zaloZeny
na principu maximalizace entropie. Maximalizaci entropie za vhodnych omezeni odvozujeme ge-
neralizovana normalni rozdéleni, ktera definuji jak model chyb, tak apriorni rozdéleni regresnich
koeficient, ¢imZ pFimo propojuji distribuéni predpoklady s penalizacemi regularizace. Vysledna
formulace kvazi-vérohodnosti integruje maximalizaci vérohodnosti s regularizaci a umoziuje fle-
xibilni kontrolu robustnosti a Fidkosti prostfednictvim dvou parametr(. Navrhujeme konvexni
optimalizaéni postup pro odhad parametrd a heuristicky binarni algoritmus pro efektivni vybér
podmodelu, fizeny podle Bayesovského informacniho kritéria (BIC).

PFistup je experimentalné ovéfen na simulovanych regresnich Glohach s binarnimi i spoji-
tymi vahami pfi riznych Grovnich Sumu. Experimenty systematicky zkoumaji vliv distribucnich
parametrll na presnost a stabilitu identifikace podmodelu. Vysledky ukazuji, Ze pfi nizkych a
stfednich drovnich Sumu navrZzena metoda spolehlivé rekonstruuje skuteny podmodel a dosa-
huje hodnot informacniho kritéria srovnatelnych s etablovanymi regularizatnimi metodami, jako
jsou ridge a lasso regrese.

Mfhis work has been supported by the grant SGS23/190/OHK4/3T/14 of Czech Technical Universi-
tyin Prague.
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Klicova slova: linearni model, maximalizace entropie, maximalizace kvazi-vérohodnosti, regu-
larizované odhady, informacni kritéria, vybér submodelu, binarni heuristiky
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Abstract. This paper investigates fundamental concepts of mathematical morphology applied
to binary images represented in square and hexagonal grids. It introduces the basic opera-
tions of dilation, erosion, opening, and closing, and explains their properties and interrelations.
Special attention is given to skeletonization and object reconstruction, highlighting the role
of maximal disks and Lantuéjoul’s formulation. Furthermore, the paper compares the char-
acteristics of square and hexagonal grids, emphasizing connectivity, isotropy, and topological
preservation. The results show that the hexagonal lattice provides smoother skeletons and more
natural representations of objects, making it advantageous for applications in image analysis.

Keywords: Morphology, square grid, hexagonal grid

Abstrakt. Tento ¢lanek se zabyva zakladnimi koncepty matematické morfologie aplikované
na binarni obrazy reprezentované ve ¢tvercové a hexagonalni mfiZce. Jsou predstaveny zakladni
operace jako dilatace, eroze, otevieni a uzavieni, véetné jejich vlastnosti a vzajemnych vztahd.
Zvlastni pozornost je vénovana skeletonizaci (vytvareni koster) a rekonstrukci objekt( s dlira-
zem na maximalni kruhy a Lantuéjoulovu formulaci. Déle jsou porovnany vlastnosti ¢tvercové
a hexagonalni mrizky, zejména z hlediska konektivity, izotropie a zachovani topologie. Vysledky
ukazuji, Ze hexagonalni mFizka poskytuje hladsi kostry a pFirozengjsi reprezentaci objektd, coz
je vyhodné pro aplikace v analyze obrazd.

Klicova slova: Morfologie, ¢tvercova mfizka, hexagonalni mrizka

1 Introduction

This text explores the theoretical foundations and operations of digital morphology ap-
plied to binary images represented in square and hexagonal grids. Mathematical mor-
phology is a powerful tool in image processing that examines the shape and structure
of objects within an image using theoretical and lattice-based approaches. The primary
focus is on fundamental morphological operations and their properties, the construction
of skeletons (medial axes) of objects, and the di [erences arising from the underlying grid
topology.
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2 Morphological Operations in Square Grid

2.1 Basic Concepts
2.1.1 Image Representation

An image is viewed as a function f : M ¥ f0;1g, where M Z? represents the discrete
set of pixel coordinates in a square grid. The pixels are typically arranged so that the
top-left corner corresponds to the coordinate [1; 1], with the x -axis increasing to the right
and the y -axis increasing downwards.

2.1.2 Object
An object (A) is a set of pixels that has a specific property p: M ¥ 10;1g

A=fa2Mjp(a)g;

2.1.3 Background

Let A M be an object. Background A€ of the object A is defined as a set of pixels not
belonging to the object A.
A =fa2Mj :p(a)g

background object

Sl u P

Figure 1. Binary image in which gray pixels represent the object and white pixels repre-
sent the background. [1]

2.1.4 Translation

The translation of a set A by vector x is defined as

A+x=TFfa+xja2Ag

2.1.5 Minkowski addition and substraction

Minkonwski operations for sets A; B 2 M are defined as

L \
A B= (A+b; A B= (A b
h2B h2B
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2.1.6 Dilation and Erosion

Let A; B be objects in M. Dilation and Erosion are defined by Minkowski operations. In
general, dilatation causes the expansion of the object and

D(A;B)=A B

Erosion shrinks the object.
E(A;B)=A ( B)

,where B =T bjb2 Bg. While either set A or set B can be thought of as an "image",
A is usually considered as the image, and B is called a structuring element.

The two most common structuring elements (given a square grid) are the 4-connected
and 8-connected sets, N, and Ng.

..................................

(a) N4(b) Ng

Figure 2: The N4 and Ng structuring elements. [1]

2.2 Properties
e Commutativity of dilation: D(A;B) = D(B; A)

e Non-commutativity of Erosion

Associativity of Dilation: A (B C)=(A B) C

Duality: D€(A;B) = E(A®; B), EC(A;B) = D(A®; B)

Translation Invariance: A (B+x)=(A B)+x

2.3 Opening and Closing

Dilation and erosion can be combined to build two important higher-order operations -
opening (O) and closing (C) 1.

O(A;B)=A B =D(E(A;B);B)

C(A;B)=A B =E(D(A;B); B)

10pening can be used to separate objects that are connected in the image. This operation smooths
the object from the outside and removes its thin edges. The closing function fills small holes in the
object and smooths it from the inside. Sequential opening and closing application allows the image to
be smoothed and provides a more accurate understanding of its structure.
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2.4 Additional Morphological Operators
2.4.1 Top-hat transform

The top hat highlights small elements or details removed by opening.

TH(A;B)=A O(A;B)

2.4.2 Bottom-hat transform

The bottom hat emphasizes small holes or dark regions filled by closing.

BH(A;B)=C(A;B) A

2.4.3 Minkowski Sausage

It has two defined versions, and these operators extract boundary regions with a thickness
controlled by the structuring element.

MS'(A;:B) = D(A:B) E(A;B)

MS!"'=MS'( A;B)=D( A;B) E( A;B)=D( A;B)

where A is the boundary of A.
These operators extract boundary regions with a thickness controlled by the struc-
turing element.

2.4.4 Hit-or-Miss operation
Let B = By; B,g where B;; B, are disjoint structuring elements.
AN
A B=E(A;B) E(A®:B,)

This operation can be used to detect boundary pixels.

3 Skeleton and Object reconstruction

The skeleton may be defined as a line representation of an object.
Line properties:

e One-pixel thick
e Goes through the middle of the object
» Preserves the topology of the object

Sometimes, it is not possible to find the skeleton of an object.
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Figure 3: Objects without the skeleton. [1]

3.1 Diskin M

Let M be the base set 2 M:;r 2 R. A disk in M with the center at and radius r is
defined as:
K(;n=f 2Mjk ko rg

where k:k is the Euclidean norm.

3.2 Maximal disk representation

Let M be the base set and K( ;r) a disk in M. We say that the disk K( ;r) is maximal
in Aif K( ;r) A and touches the boundary of the object at least at two points.

3.3 Lantuéjoul skeleton

The skeleton subset Sk(A) is defined as:
Sk(A) = EX(A;B) O(EX(A:B);B); k=0;1::; K
The skeleton is defined as: r
S(A)=  Sk(A)
k=0
This formulation for the skeleton does not preserve the topology.

An e [edt of this skeleton is that the original object can be reconstructed given knowl-
edge of the subsets of the skeleton Sy (A), the structuring element B, and K:

3
A= D(S«(A);kB)
k=0

where kB = (B  B:::) denotes the k-fold dilatation.

4 Morphology on Hexagonal Grids

In the hexagonal grid, pixels are arranged so that each pixel has six equidistant neighbors
sharing a common edge, unlike the square grid, where pixels have 4 or 8 neighbors with
varying distances.



82 J. Vondruska

The hexagonal grid M Z?2 di[ers from the square one in the arrangement of pixels
as regular hexagons, with rows shifted to achieve the equal distance between the centers
of the neighboring pixels.

Due to the di Lering topology, connectivity and neighborhood definitions vary between
even and odd rows, requiring separate treatment of structuring elements depending on

parity.

4.1 Morphological Operations

Dilation, erosion, opening, and closings are analogously defined as in the square grid but
adapted to handle the shifted rows and neighbor patterns of the hexagonal lattice.
Skeletonization and reconstruction methods carry over, but with specific adaptations.

« Two types of Golay alphabets (I and I1), crafted for hexagonal topology, are intro-
duced to perform sequential thinning for skeleton extraction.

e The endpoint detection alphabets are expanded to accommodate hexagonal con-
nectivity.

4.2 Comparison of Square and Hexagonal Grids in Morphology

1. Hexagonal grids provide uniform neighbor distances and better connectivity, making
definitions of boundaries and skeletons more consistent and natural.

2. Square grids sulerl from ambiguous connectivity at pixel corners (diagonal adja-
cency), complicating boundary and skeleton definitions.

3. Skeletons obtained in hexagonal grids tend to be smoother and topologically pre-
served more e [edtively.

4. The hexagonal lattice is generally more suitable for representing natural shapes and

avoids the directional bias inherent in square grids.

4.3 Operations
4.3.1 Dilation
D(A;B)=A B=fz2Mj(B),\ =;g

4.3.2 Erosion
E(A;B)=A B=fz2Mj(B), Ag

4.3.3 Opening
O(A;B) = D(E(A;B); B)
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4.3.4 Closing
C(A;B) =E(D(A;B);B)

4.3.5 Skeleton decomposition

L
Sk(A) = E*(A) O(E*(A);B); A= ~S«(A) BX
k=0

5 Conlusion

The theoretical foundations of digital morphology in square and hexagonal grids reveal
the pros and cons of hexagonal grids for image representation, particularly in smooth-
ness, uniform connectivity, and natural shape approximation. Morphological operations
have the same fundamental properties, but their implementation must be adjusted to
the topological dilerkences of the lattice. Skeletonization strategies adapt accordingly,
with hexagonal grids olering enhanced preservation of object topology, making them
advantageous for applications in biological and medical image analysis.
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Abstrakt. or modern high-energy physics experiments, it is crucial to assess the health and
e ciency of the wide range of detector setups. This assessment is usually accomplished by
sending a fraction of collected data into a monitoring stream and lling the histograms with these
monitoring data. Today’s experiments employ a myriad of detectors, each often consisting of a
large number of subplanes and smaller units. This means that even when encountering medium-
sized experiments, such as the AMBER experiment at CERN [4], one may end up with hundreds
or even thousands of monitoring plots. While the monitoring data can be used in later stages
of the analysis, in order to con rm the good status of the detectors at the time of recording,
ideally, the detector health should be monitored online during the actual data acquisition to
warn about the critical conditions as soon as possible. The online monitoring then heavily relies
on detector experts and, mainly, shifters who are supposed to be present in the control room and
notice any kind of abnormal behavior. This approach then leaves room for human error and the
inherent inability to track the vast numbers of monitoring histograms. Approaches to detect
anomalies using arti cial intelligence (notably autoencoder neural networks) then naturally
0 er a very appealing way to avoid wasting human potential, given that the algorithms are
capable of learning from the collected datasets and helping to draw the attention of the shifters
to the suspicious anomalies. Going even further, these arti cial intelligence anomaly-detection
algorithms could potentially spot trends and dependencies often hidden from people who do
not have as much experience and knowledge about all the detectors and their subsystems, thus
not only accelerating the anomaly recognition but actually improving it in the early stages of
the data acquisition.

1 Introduction

Apparatus for Meson and Baryon Research (AMBER) is a medium-sized experiment
based at Conseil Europeen pour la Recherche Nucleaire (CERN), Europe’s largest par-
ticle accelerator complex, situated at the border between Switzerland and France. The
main objectives of the experiment are to study the structure of the composite particles
belonging to the classes of baryons (3 quarks) and mesons (2 quarks), and to determine
the radius of the proton for which the measurements done in the past show signi cant
discrepancies (cite). AMBER is, up to now, the largest surface experiment at CERN.
It consists of dozens of detector systems, including, for example, silicon bers (SciFis),
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gas-electron multipliers (GEMs), or multi-wire proportional chambers (MWPCs), with
the latest addition of the time projection chamber (TPC).

The ultimate analysis of the physics data relies heavily on monitoring the health and
correct performance of these detectors. For monitoring purposes, a fraction of acquired
data is extracted into the so-called monitoring stream. Dedicated programs then process
this monitoring data and produce a set of hundreds of monitoring plots, each containing
information about the particular physics aspect of the data collected by the detector (e.g.,
timing, channel occupancies, or 2D hit maps). These monitoring plots are then displayed
in the control room for shifters to detect immediately the potential problems and inform
detector experts, or log these ndings to be taken into account during the later stages
of analysis. This approach is largely susceptible to human error, not to mention the fact
that navigating in the hundreds or even thousands of di erent plots is a challenging task,
and only the experts dedicated to one particular detector system are capable of noticing
the issues that are of a more subtle nature. Statistically-based methods to determine
anomalous conditions o er a solution to cope with this problem, however, they may not
always recognize all possible issues, and their performance is determined by the expert
knowledge of the detectors and a narrow set of conditions to be considered faulty.

With the latest boom of Al, many techniques of anomaly detection are now being
widely studied and employed in various elds of applications, ranging from video surveil-
lance systems [8] to removing anomalies in the data preprocessing steps [10], or identifying
system failures in the complex networks of 10T devices [3]. The main objective of this
study is to develop a model capable of recognizing anomalous monitoring plots. Rather
than studying the basic machine learning algorithms, this work explores possibilities in
the eld of deep learning and neural networks. The data collected by the AMBER experi-
ment is framed by the so-called runs, which o er the highest level of granularity regarding
the data-taking time. Each run corresponds to hundreds of spills ( ner time units derived
from the operational aspects of the SPS accelerator) and corresponds to roughly one or
two hours of data taking (absolute timespan depends on the beam conditions). After the
run is nished, shifters are required to label it depending on the quality of the data. If
the conditions are mostly plausible, the run is labeled as a "Good Run™. That, however,
doesn’t mean that all the detector monitoring plots are completely correct. Therefore,
the training dataset for this study was made of only good runs, but also contained the
anomalous plots, which were unlabeled. Inherently, the learning itself is unsupervised,
and the choice of a neural network had to re ect this learning mode.

2 Autoencoders

A widely used type of neural network for unsupervised learning is an autoencoder [7]. The
goal of this neural network is to learn a compressed representation of the input data in
two steps: encoding and decoding. The rst part, the encoder, compresses the input data
into a latent space representation (i.e., in a reduced dimension). After encoding the input
data, the decoder part attempts to reconstruct the data from the encoded representation,
with the output being as close as possible to the original input. The key idea is to train the
autoencoder to minimize the reconstruction errors. For obvious reasons, autoencoders are
particularly useful in the context of anomaly detection. Given that the training dataset
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contains mostly normal data, the autoencoder is able to learn its representation. When
it attempts to reconstruct input data that deviates signi cantly from the normal data, it
will produce a large reconstruction error, implying that the reconstruction went poorly
and the data is, from the point of view of the model, anomalous. The crucial step is,
naturally, determining the threshold of reconstruction error from which the input data
can be considered anomalous. In an ideal scenario, when the input data contains only
normal samples, the threshold may be set reasonably far away from the reconstruction
errors distribution. In the case of the monitoring plots, which may contain anomalies
already in the training set, the situation becomes more di cult, and the distributions of
the reconstruction errors may exhibit long tails. This issue, as well as how the author
dealt with the threshold settings, will be discussed in detail in the ?? section.

In principle, both the encoder and decoder parts of the autoencoder may contain
multiple hidden layers of nodes with activation functions. The number of these layers, as
well as the number of nodes in each layer, is highly application-speci ¢ and depends on
the complexity of the data representations. Implementing more than one layer may bring
several advantages. In general, multiple layers allow the network to learn more complex
and nonlinear representations. While lower layers often learn to recognize simple patterns,
deeper layers specialize in more complicated patterns. It is also very important not to
reduce the dimensions too drastically. Multiple layers leave more space for a gradual
dimensional reduction, which can help to preserve important information through the
network. From the point of view of anomaly detection, employing multiple layers allows
for extracting more robust and discriminative features, thus increasing the chances of
anomalies scoring higher reconstruction errors.

Nevertheless, basic autoencoders are not particularly well-suited for image reconstruc-
tion tasks. In general, when working with datasets consisting of images, convolutional
neural networks represent a more e ective approach. Consequently, in recent years, re-
searchers have proposed a more advanced subclass of autoencoders, known as convolu-
tional autoencoders [6]. In these architectures, the encoder corresponds to a conventional
convolutional neural network composed of convolutional and pooling layers, which pro-
gressively reduce the spatial dimensionality of the input data [5]. The decoder, in turn,
employs transposed convolutional layers to reconstruct the image and restore its original
dimensions. Owing to the characteristics of the data considered in this study, convolu-
tional autoencoders constitute a highly promising modeling approach.

3 Dataset Selection and Hardware

For the purpose of designing and developing the anomaly detection model, a dataset
containing 620 monitoring ROOT [1] les from 2024 AMBER data-taking was collected.
AMBER tracks all monitoring les and their parameters in a custom database, each le
corresponding to a particular data-taking run. As the dataset should contain data taken
under very normal conditions, les were Itered according to the type of data (physics,
good data) and the general labels for the detector health (no errors on detectors). Since
every le contains almost 40 000 histograms, channel occupancy plots (showing number of
particles hitting the individual channels of a detector) from three typical and well-known
detector subsystems were chosen for performing the tests: FIO1X1 (a silicon ber detector
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plane), S101U1 (a silicon detector plane), and PAO1UL (a multi-wire proportional chamber
plane). Before the model training took place, all these histograms were extracted using a
dedicated script and stored in .npz les, each containing a one-dimensional array of hit
occupancies. These then served as a convenient input into the designed neural network.
Figure 1 shows the three mentioned types of plots under ideal circumstances.

run_304764_FI01X1__ ch.npy run_304594_SI01U1__ ch.npy run_303233_PA01U1l__ ch.npy
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(a) F101X1 (b) S101U1 (c) PAO1U1

Figure 1: Histograms of channel occupancies from the dataset used for training the model
corresponding to silicon ber detector plane (1a), silicon detector plane (1b), and multi-
wire proportional chamber plane (1c). All histograms represent the detectors in their
ideal state.

All tests were conducted on a personal Dell Latitude 5420 equipped with an 11th Gen
Intel Core i5-1135G7 processor, 16 GB of RAM, and a 512 GB NVMe SSD.

4 Neural Network Design and Architecture

To automatically detect abnormal behavior in the monitoring histograms produced by the
experiment’s data acquisition system, an unsupervised anomaly detection model based
on a one-dimensional convolutional autoencoder has been developed. This model learns
a compact latent representation of normal histograms and identi es deviations through
elevated reconstruction errors. The approach is conceptually similar to methods used in
detector monitoring and calibration control in high-energy physics [9], where autoencoders
are applied to learn the manifold of regular detector responses.

4.1 Data Format and Normalization

The network was trained on a collection of one-dimensional histogram data stored in .npz

les, each containing a single array of oating-point values. To ensure consistent input
dimensionality, all histograms were either padded or truncated to a xed target length L,
corresponding to the nearest multiple of 2", where n is the number of downsampling layers
in the encoder. This guarantees that the encoder{decoder structure can symmetrically
halve and then upsample the signal length at each stage without dimensional mismatch.

The model o ers four selectable schemes for normalizing the set of histograms h =
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g hi= ax; h; (max normalization)
pnorm — hi=" ;h; (sum normalization)
: = log(1 + h;j)=max; log(1 + h;) (log normalization)

" h (none)

For the task at hand, max normalization was applied, e ectively restricting all values
to a [0; 1] range for better numerical stability and convergence during training.

4.2 Model Architecture

The proposed one-dimensional convolutional autoencoder (ConvlD-AE) was implemented
in PyTorch. Its architecture consists of two main components: an encoder, which com-
presses the input signal into a compact latent representation, and a decoder, which recon-
structs the original histogram from that representation. The autoencoder architecture is
depicted in Figure 2.

Output layer
Input layer

ConvlD
kernel = 4

stride =2

ConviD
kernel = 4 COnVlD
kemel = 4
stride = 2

64 x 160 Eetl

stride = 2

ConviD \l
kernel = 4
H |]mde =2

ReLu

64 x 160

ReLu

32x320

run_304594_SI01U1___ch.npy Reconstruction of run_304594_S101U1__ch.npy
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1x1280

aaaaaaaaaaa
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Figure 2: Illustration of the proposed one-dimensional convolutional autoencoder. In this
demonstration, both encoder and decoder constitute 3 hidden layers of 16, 32, and 64
channels in the mirror arrangement. Each one-dimensional convolutional layer applies a
moving window with a kernel of 4 and a stride 2, e ectively doubling the learned detail at
each step. With every layer, the number of channels doubles and the scale of the detailed
pattern they learn halves. Each layer can optionally apply an intermediate batch nor-
malization. Except for the output, each ConvlD layer applies a ReLu activation function
to introduce nonlinearity. To ensure that the reconstructed data array has the same ap-
pearance as the input histogram, sigmoid activation is applied in the last convolutional
layer. An exemplary channel occupancy plot with 1280 bins from the S101U1 dataset
was chosen to manifest the network’s behavior. The left histogram displays the original
input, and the plot on the right shows the version of this histogram reconstructed by the
designed autoencoder.
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4.2.1 Encoder

The encoder comprises a con gurable sequence of one-dimensional convolutional layers
with progressively increasing channel counts (for this study, a [16; 32;64] sequence was
used). Each convolutional layer applies a kernel (typically of size 4) with a stride of 2,
e ectively reducing the input length by half at each stage.

A 1D convolution operates by sliding a small, learnable Iter across the input se-
guence and computing a weighted sum of local values. This allows the network to learn
translation-invariant features, such as peaks or localized gradients, that characterize the
histogram’s shape.

After each convolution, a Recti ed Linear Unit (ReLU) activation function is applied.
ReLU is de ned as

ReLU(x) = max(0; x)

which sets negative values to zero while keeping positive values unchanged. RelLU intro-
duces nonlinearity into the model, allowing it to learn complex, nonlinear relationships
in the data. Additionally, ReLU helps to mitigate the vanishing gradient problem that
can occur with saturating activations such as sigmoid or tanh.

Optionally, batch normalization layers may follow the convolutions. Batch normal-
ization standardizes the activations of each layer to have zero mean and unit variance
within a mini-batch, yielding training acceleration and more stable gradients.

4.2.2 Decoder

The decoder mirrors the encoder’s structure, using transposed convolutional layers (Con-
vTransposelD) to progressively upsample the latent representation back to the original
input length. Each transposed convolution approximately doubles the sequence length
(inverse of the encoder’s stride) and reduces the number of layer channels in reverse order.

Intermediate decoder layers again use ReLU activations and optional batch normal-
ization to ensure stable learning and nonlinear behavior. The nal decoder layer produces
a single-channel output corresponding to the reconstructed histogram, followed by a Sig-
moid activation function. The Sigmoid function maps each output value to the range
[0;1]:

(x) =

Cl+ex

This is appropriate since normalized input histograms are bounded in the same range.
The Sigmoid ensures that the reconstruction remains interpretable as a probability-like
distribution.

Finally, minor cropping or zero-padding adjustments are applied to ensure the recon-
structed output exactly matches the input length L.

4.3 Loss Function

Reconstruction quality is optimized using the Kullback{Leibler (KL) divergence, a mea-
sure of dissimilarity between two probability distributions P (the target histogram) and
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Q (the reconstructed output):

>

Dwo (PiiQ) = Pilog %

i
Both P and Q are rst transformed into valid probability distributions by applying the
softmax function along the histogram bins. The softmax operation converts an arbitrary
real-valued vector into a normalized distribution:

Xi
softmax(x;) = Pe—_
i €9
This ensures non-negativity and a total sum of one, making the KL divergence math-
ematically valid and interpretable.
The KL loss encourages the reconstructed histogram to resemble the input not only in
amplitude but also in distributional shape, which is particularly meaningful for histogram-
like data.

4.4 Optimization and Regularization

Model parameters are optimized using the AdamW optimizer, a decoupled variant of
Adam that introduces a more principled treatment of weight decay. The Adam optimizer
combines the bene ts of two classical stochastic gradient descent improvements:

= Momentum - smooths gradient updates by maintaining an exponentially decaying
average of past gradients

« Adaptive learning rates - adjust the update magnitude for each parameter based
on the running average of squared gradients

While Adam includes an implicit form of weight decay through its adaptive learning
scheme, it tends to over t when standard L, regularization is naively applied. AdamW
resolves this by decoupling weight decay from the gradient update, applying it directly
to the parameters rather than to the loss-based gradient term. This results in better gen-
eralization and more predictable convergence behavior, especially for deep convolutional
architectures.

A small weight decay term (10 °) was used to penalize excessively large weights,
further reducing over tting.

4.5 Training Procedure

The dataset was split into training (70%) and validation (30%) subsets. Mini-batches
of size 32 were fed into the network for a con gurable number of epochs (in this case,
20 or 50). Both training and validation losses were recorded at each epoch to monitor
convergence. The model was trained using the AdamW optimizer with a learning rate of
10 3. The training may potentially be performed on an NVIDIA GPU if available. For
this article, a personal Dell Laptop was su cient, and therefore computations defaulted
to the CPU.
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4.6 Anomaly Detection and Postprocessing

After training, the model was evaluated on the full dataset to compute reconstruction
errors for each histogram. As the model was trained using KL divergence, the same
function was used for calculating the reconstruction error to ensure consistency and an
interpretable measure of anomaly.

A statistical threshold for anomaly detection in the set of reconstruction errors E =

[E1;:::; En] may be computed using one of four con gurable methods:
Median-MAD median(E) + 1:4826 MAD(E)
Mean Standard Deviation (MSD) +
Percentile cuto Po(E)

xed theshold
where is the mean of the distribution, corresponds to the standard deviation, and
MAD(E) = median(JE; median(E)j)

is the median absolute deviation. The normalization constant 1:4826 comes from the
assumption of normally distributed data. For a Gaussian distribution:

MAD  0:6745 D 1:4826 MAD

Therefore, the normalization constant ensures that the MAD-based estimate is compa-
rable to the standard deviation. P, is the p-th percentile of the error distribution. For
Median-MAD and MSD approaches, controls the sensitivity of the anomaly detection.
As the threshold selection is the most crucial step in labeling the anomalies, it is discussed
in greater detail in section 5.2.

Finally, the model automatically generates a multi-page PDF report, containing:

e Training and validation loss curves
* The distribution of reconstruction errors and detection thresholds

« Visual comparisons of original and reconstructed histograms for the highest-error
(most anomalous) samples

This end-to-end pipeline enables both quantitative and qualitative assessment of the
model’s anomaly detection performance on the AMBER monitoring data.

5 Performance Evaluation

To evaluate the performance of the designed autoencoder, the author of this study made
an e ort to label at least the most anomalous plots out of all datasets. The examples of
what may certainly be considered as anomalous plots are given in Figure 3. The count
and exact shape of such plots per dataset were kept for later comparison with the output
of the model.



Autoencoder-Based Anomaly Detection in AMBER Monitoring Plots 93

run_303129_FI01X1__ch.npy run_303133_FI01X1__ ch.npy run_304255_FI01X1__ ch.npy
1.0 1.0
0.04
0.8 - 0.8 -
0.02
0.6 - 0.6 -
0.00
0.4 - 0.4
-0.02
0.2 0.2 4
-0.04
0.0 - 0.0 4
T T T T T T T T T T T T T T T
0 20 40 60 80 0 20 40 60 80 0 20 40 60 80
(a) F101X1
run_304639_SI101U1__ ch.npy run_304652_SI01U1__ ch.npy run_303178_SI01U1__ ch.npy
2.00
1.75 50
1.50 o
40
1.25
1.00 309
0.75 20 4
0.50
10
0.25
0.00 0
T T T T T T T T T T T T T T T T T T T T T
0 200 400 600 800 1000 1200 0 200 400 600 800 1000 1200 0 200 400 600 800 1000 1200
run_303214_PAO1U1__ ch.npy run_304255_PA01U1l__ ch.npy run_303181_PAO1U1l__ch.npy
2.00
400 7 1.75 4
1.50 4
300
1.25 4
1.00 4
200
0.75 -
100 4 0.50 -
0.25 4
0 - 0.00 -
T T T T T T T T T T T T T T T T T T T T T T T T
0 100 200 300 400 500 600 700 800 0 100 200 300 400 500 600 700 800 0 100 200 300 400 500 600 700 800
(c) PAO1U1

Figure 3: Examples of anomalous plots found in datasets FI01X1(3a), S101U1(3b), and
PA01U1(3c). As can be seen, plots may certainly be considered anomalous when they are
empty or contain a very low number of hits. Furthermore, abnormal behavior is often
observed in plots that have certain parts missing or are too noisy.

5.1 Model Parameters

The convolutional autoencoder was trained on the FI01X1, S101U1, and PAO1U1 datasets
using the con guration summarized in Table 1. The network consisted of three convolu-
tional blocks with channel sizes [16; 32;64] and a kernel size of 5. Batch normalization
was applied after each convolution layer to stabilize training. The input histograms were
normalized using max-scaling and padded to the nearest multiple of 2" based on the
number of downsampling steps. The model was trained for 50 epochs using the Adamw
optimizer with a learning rate of 1 10 ® and a weight decay of 1 10 ®. The KL
divergence was used as the reconstruction loss.



S. Zahorec

94
Parameter Value
Datasets FI101X1, S101U1, PAO1UL
Input normalization max
Convolutional channels [16, 32, 64]
Kernel size 5
Batch normalization Enabled
Learning rate 1 103
Weight decay 1 10°
Batch size 32
Number of epochs 50

Loss function
Optimizer
Device

Kullback{Leibler divergence (KL loss)
AdamwW
CPU

Table 1: Summary of the one-dimensional convolutional autoencoder training parameters.

5.1.1 Training and Validation Losses

To validate the training procedure, the dataset was separated into training (70%) and
validation (30%) subsets. Each dataset was further split into mini-batches of size 32.
Training then continued in an epoch-wise fashion. In each epoch, the model was trained
across all batches of the training data, and the training loss (error of the plot reconstruc-
tion by the autoencoder) was computed using the KL divergence. Similarly, but without
the actual training, the network was validated on all batches of the validation data, re-
sulting in the validation loss. Both training and validation losses across the epochs were
then compared to determine at which point the losses reach their minima and stabilize.
One also needed to be aware of the validation loss not starting to increase, as is often
the case when overtraining. As can be seen in Figure 4, after 50 epochs, the training and
validation losses stabilized, and the model was learning e ciently.

Training and Validation Losses FI01X1

Training and Validation Losses SI01U1 Training and Validation

aaaaaaaaaaaaa

Losses PAO1UL

—o— Tainloss

nnnnn

(a) F101X1

ssssss

o Trainloss

(b) S101U1 (c) PAO1U1

Figure 4: Comparisons of training and validation losses through 50 training epochs. For
all input datasets FIO1X1 (4a), S101Ul (4b), and PAO1UI (4c), training and validation
losses reached their minima and stabilized after 50 epochs.
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5.2 Threshold Selection

With all parameters con gured, three individual models were trained on the studied
datasets. After training, the datasets were once again processed by the model to estimate
the resulting reconstruction errors (see Figure 5).
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(a) F101xX1 (b) S101U1 (c) PAOLUL

Figure 5. Reconstruction errors recovered from the models trained individually on
datasets F101X1 (5a), S101U1 (5b), and PAO1U1 (5¢). All counts are displayed in a loga-
rithmic scale to improve the visualization of outliers. In all cases, the main peak (ideally
containing the normal) plots is followed by a long tail corresponding to the anomalous
plots.

The autoencoder model was originally designed to label outliers according to a thresh-
old computed using one of four schemes de ned in 4.6. The model being developed should
be robust enough to handle potentially thousands of di erent types of plots in the future.
The xed threshold option was immediately discarded since it would require establishing
this threshold for every dataset manually. The percentile approach is also not well-suited
because of the unlabeled nature of the data. One, in principle, doesn’t know how many
anomalous plots to expect. After careful investigation, the Median-MAD method turned
out to be the most robust. Despite its robustness, it still requires careful consideration
to de ne the sensitivity parameter (how many standard deviations from the median to
consider the reconstruction error an outlier).

As can be seen from the reconstruction error plots in Figure 5, the distributions clearly
contain a main peak and the following long tail. With this in mind, a new method, based
on tting Gaussians for determining outliers, was developed. A Gaussian Mixture Model
(GMM) from the scikit-learn [2] library was applied to the obtained reconstruction
errors. The employed GMM had 2 components, basically dividing the distribution into
its main peak and tail. All histograms with the reconstruction error outside the main
peak were then considered anomalous.

5.3 Anomaly Detection

With two statistical methods to establish the anomaly detection threshold at hand
(Median-Mad and GMM t), the ultimate analysis was performed using both of them to
assess their individual performance. The obtained results were evaluated by comparison
with the manually prepared labeled set of anomalous plots.
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To support the GMM approach, Figure 6 shows the GMM ts of the main peak of
reconstruction errors. For simplicity, the ts of the distribution tails were omitted due
to very di erent scales.

GMM Fit - Main Peak FIO1X1 GMM Fit - Main Peak SI01U1 ; GMM Fit - Main Peak PAO1U1
0
- = " - =000 --

i

hmH ﬂmﬂhn

T
,,,,,

(a) F101X1 (b) S101U1 (c) PAO1U1

Figure 6: GMM ts of the main peak of reconstruction errors for all studied datasets.

The performance of each of the thresholding methods was evaluated with the well-
known metrics: precision, recall, and F1 score. When comparing the manually selected
anomalous plots with the ones predicted by the model, one can traditionally compute
four categories:

Category Autoencoder response
True Positive (TP)  Correct anomaly detection
False Positive (FP) False alarm

False Negative (FN) Missed anomaly detection
True Negative (TN) Correct normal plot detection

From these categories, it is possible to calculate the di erent metrics as follows:

Precision = i
~ TP+FP
TP
Recall= —
el = TP EN

Precission Recall
Precission + Recall

Precision illustrates how many of the anomalies the algorithm claimed to nd were
actually correct, while recall describes the number of true anomalies found by the algo-
rithm. Therefore, high precision means few false alarms, and high recall suggests few
misses. One could also think of the precision as the measure of the quality of detec-
tions, while the recall is the coverage of detections. The F1 score is a harmonic mean of
precision and recall, and provides a balanced measure when trying to trade o between
missing anomalies and generating false alarms.

Results of the tests are summarized in Table 2. Two baselines were used for computing
the threshold for anomaly detection: GMM t with two components and Median-MAD
with 3 sensitivity. For Median-MAD, one could experiment with the sensitivity selection.

F1=
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Dataset Method Precision Recall F1 Score
GMM (2-comp.) 0.74 1.00 0.85
FI101X1 MAD (3 ) 0.70 1.00 0.82
MAD (best =14) 1.00 1.00 1.00
GMM (2-comp.) 0.92 0.95 0.93
S101U1 MAD (3 ) 0.94 0.93 0.93
MAD (best =3) 0.94 0.93 0.93
GMM (2-comp.) 0.93 1.00 0.97
PAO1U1 MAD (3 ) 0.62 1.00 0.76
MAD (best =21) 0.98 0.98 0.98

Table 2: Summary of anomaly detection performance for three datasets using GMM and
Median-MAD methods. For Median-MAD, both xed 3 and the best-performing (in
terms of F1 score) are reported.

Therefore, the table also summarizes the values for which the Median-MAD technique
performed best on a given dataset.

As shown in Table 2, both the GMM-based and Median{MAD approaches achieve
high detection performance across all three datasets. The GMM method, which adapts
its threshold through probabilistic modeling, generally provides balanced precision and
recall without requiring manual tuning. In contrast, the Median{MAD technique with a

xed 3 sensitivity exhibits larger variability across datasets, sometimes underperforming
when the underlying error distribution deviates from a Gaussian-like shape.

When the Median{MAD sensitivity parameter is optimized per dataset, its per-
formance can match or even exceed that of the GMM, as demonstrated for FI01X1 and
PAO1U1. However, such tuning requires manual calibration and may not scale e ciently
when thousands of datasets must be processed autonomously.

Therefore, despite the encouraging results obtained by the best-tuned Median{MAD
variant, the GMM-based thresholding appears to be the most robust and practical choice
for large-scale deployment. Its natural data-driven adaptation makes it suitable for au-
tomated anomaly detection pipelines, where reliability and minimal supervision are re-
quired.

6 Conclusion

This work introduced an unsupervised anomaly detection framework based on a one-
dimensional convolutional autoencoder for monitoring detector histograms originating
from the AMBER 2024 data-taking. The method learns the normal distribution of his-
togram shapes and detects deviations through reconstruction error analysis. Among the
studied thresholding approaches, the Gaussian Mixture Model (GMM) with two com-
ponents consistently demonstrated robust performance across datasets, providing a self-
adaptive threshold without the need for manual tuning. In contrast, the Median{MAD
approach was sensitive to the chosen value, which limits its applicability when scaling
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to a large number of datasets.

The presented results con rm that the GMM-based thresholding achieves high preci-
sion and recall with minimal parameterization, making it particularly suitable for large-
scale, automated monitoring environments where thousands of datasets may need to be
processed continuously. This scalability is a key requirement for future integration into
production data quality monitoring systems.

Future work will focus on extending this approach to multi-dimensional histogram
data (e.g., 2D or even higher-dimensional distributions), where correlations between axes
may carry additional diagnostic information. Another promising direction is to explore
whether groups of histograms can be treated jointly as a single dataset to improve robust-
ness and reduce noise in individual anomaly decisions. Finally, incremental or streaming
variants of the model could be developed to support real-time anomaly detection and
adaptive retraining as new data becomes available.

Overall, the proposed autoencoder{GMM combination provides a strong foundation
for building scalable, interpretable, and fully unsupervised anomaly detection systems
applicable across diverse detector monitoring tasks.
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