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Fractal attractor

Gy 3N

contraction: d(f3(x), fa(y)) < q-d(x,y), g<1




lterative systems

(F,: X — X)aea, X compact, F, continuous.
Fu(x)=FyuoF,0--0F, (x), ue A"C A"

Theorem|[Barnsley] If (F, : X — X),ca are
contractions on compact metric X, then there exists
a unique attractor Y = [J,., Fa(Y) C X.

There exists continuous surjective ® : AN — Y

() Fuo- - Fun s (X) = {®(u)}, u € A"



Binary system A = {0,1}

_x+1

Y =1[0,1] = [0,3]U[3, 1] = Fo(Y)UFR(Y) = [0]U[1]

Oy (u) = Z u-27 we AV

i>0

[1]
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Redundant binary system A = {1,0,1}

x—1 X x+1
F(x) = ——, Flx) =5, Ax) = —;

Y = [-1.1] = [-L,0]U[-1 1 U[0,1] = U, F(Y)

d3(u) = Z ui-27 we AV

i>0

[1]




Extended real line: stereographic projection
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Orientation preserving Mobius transformations

c d

ex+d

b
Ma,b,c,d(X):aX+ _[a b]-[X], ad—bc > 0

Fo(x) = x/2
hyperbolic parabolic




Probability densities: Fo(x) = 5, Fi(x) = 14+ x
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The space of Borel probability measures 9t(X)

lim v, =v <= I|im /fdy,,:/fdy

n—:oo n—oo

for each continuous f : X — R.

F : X — Y determines F : M(X) — Mm(Y)
(Fr)(U) = v(F7H(V))

point measure: 6,(U) =1 <= xe€ U



Hyperbolic geometry of the upper half-plane
H={z=x+1iy: y>0} M(z) =(az+ b)/(cz + d)

auilra

Hyperbolic lines: Eucleidean lines and circles
perpendicular to the real axis

v/ dx? + dy?
ds = Xy

y

Hyperbolic metric:

Mobius transformations preserve hyperbolic metric.
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Hyperbolic geometry of the disc D = {z € C :

dx? + dy?
1—x2—y2

D —D,ds

M =dma!

| —z

d(z) = I+ 2z



Equilateral triangles in the hyperbolic plane
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Mobius transformations

FO(X):X/2 Fl(x):x+1 Fg(x)— 4x+1

T 3—x
hyperbolic parabolic elliptic

Mean value E(M¢) = /ﬂ(W)(t)effdt — M(0)
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Redundant binary system A = {1,0,1,2}

forbidden words:
02,20,11,11,11,11,
012,012,121,121

d\f‘ ey 00 VZ,,,;;,..A.‘_‘ FT(X) = —]_ —|— X
PP IS /NS 20N Fo(x) = x/2
25 X ARG XN 0
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22 00
1\ e

@ A’\N ) - 12->21--10=>01



Square system A= {1,0,1,2}

Fi(x) = R%ﬁ FoRxz(x)
Fo(x) = gx

Fl(X) = R% FOR37r (X)
Fa(x) = x/q
g=(3-V5)/2
forbidden words:
02,20,11,11,

012,121, 210, T01,
210,121,012, 10112



Semi-regular continuous fractions A = {1,0, 1}

Fi(x) =—-1+x
Fo(x) = —1/x
Fi(x)=1+x

forbidden words:
00, 11,11, 010, 010,




0,1,2}
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Redundant binary continuous fractions A
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Mobius number system (F, %)

(F,: R — R),ca: Mobius iterative system
convergence space Xr, ¢ : Xf — R.

Xp = {ueAV: | lim Fy, (0)] =1}

= {uec AY: lim Fu,,(7) c R}
®(u) = lim Fy, (i) €R, ueXe

> C XFr is a sofic subshift,
® : > — R is continuous and surjective.



Intervals of contraction and expansion

t(x) = 2arctanx, t: R — T = [, 7),
M= tMt':T—T

) - (R

U, = {xeR: F(x) <1},
{xeR: (F,H(x) > 1}
F.(U,) = V,, ueA"
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Theorem. F : AT x R — R Mbbius iterative system.
1. If {V,: u€ A"} do not cover R, then

O(XF) # R. B B

2. 1f {V,: ue A"} cover R, then (Xr) = R and
there exists a subshift ¥ C Xg such that ® : ¥ — R
is surjective and continuous.

x € Vi, Filt(x) €V, F, ot (x) €V, ...

Upo,1]



Convergence theorem

Theorem. F : AT x R — R M0bius iterative system,
G = (V,E, s, t, h) labelled graph, (/;)4ev closed
intervals such that for each e € E

/()CUh (/t )

Then ¢ € Xfand ®: ¥ — R is continuous.

a

2p2 g = FyU,)CU,



Cylinders of a redundant system




K :V — E is a selector for G = (V, E, s, t, h), if

s(K(q)) =q. ie, g

O(q) C EY: paths with source g € V.

A selector K determines a (pre)periodic path
k€ O(q): ky = q. ki\y = K(t(k))

i

Cylinder of g € V: [g]o = ®(h(O,)) C R



Surjectivity theorem

Theorem. If F: AT x R — R is a Mdbius iterative
system, and G = (V, E, s, t, h) graph such that
Yc C Xr and ©f : ¥ — R is continuous, then
there exist selectors L, R with

[Plo © Jp = [Pr(A(IP)), Pr(h(rP))].
If J, cover R and if
Jp Q U{Fh(e)(Jq) . p i> q}.

then ®(X5) =R and [p]o = J, for p€ V.



Aritmetical algorithms

(F,: R — R).ea Mobius number system with
integer coefficients, ¥ C A, sofic subshift.

o: Y >R surjective, continuous and redundant
A =(Q, 9, qo, q1) finite automaton for L(X)

0:QxA—=Q, q,q € Q

Endpoints of cylinders J; = [g]e = Pr(h(Oy)) are
quadratic numbers.

CD([U]) = Fu(J5(QO,u))a uc E(Z)



function sum(u,v:input words; w:output word)

Pu = G0; Pv = q0; Pw ‘= qo; B B
M, =1d; M, :=1d; M, .=1d; I, =R; I, :=R;
repeat
ly == M1, + 1,);
If (3g,a)(pw > q & |
pw = q; My =
write a to w; end,
else begin
If |1, > |I,| then begin
read a from u;
My =M, - Fs; py = 0(pu,a); lu = My(Jp,); end;
else begin
read a from v;
M, =M, - Fs; py,:=0(pv,a); I, == M,(Jp,); end;
end;
end;

C F,(Jq)) then begin
F



