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Introduction.

Purpose: dynamical systems associated to fractal tiles
providing crystallographic tilings.

Questions: attractor of the dynamical systems, topology of
the tiles.

Results: correspondances with canonical number systems.
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Crystallographic groups.

I < Isom(R") is a crystallographic group if
Fr~72"x{id,r,...,rq},

where ry, ..., ry are isometries of finite order.

n = 2: 17 crystallographic groups. Example :

a(x,y) - (X+17y)7 b(Xay) - (X7y+1)’ C(X7y) - (_Xv _y)'

A p2-group is isomorphic to the group generated by a, b, c.
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Crystallographic reptiles (Gelbrich, 1994).

Let ' crystallographic group,

g expanding affine mapping such that glg= <T,

D C T finite complete set of right coset representatives of
M/glg™: T =Usepglgtd (disjoint).

A crystile with respect to (I', g, D) is a compact set
T =7° C R”, such that

R" = | J+(T) (1)

yel

without overlapping (tiling property)

and

g(T)=J &(7) ()

0eD

(replication property).
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Example of a po-crystile.

seon=(1 3)(5) (o)

Figure: 7 defined by g(7) =7 U a(T) U c(7) and its neighbors.
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Associated dynamical system.

(I, g, D) crystile data with id € D.
r=glhg 'D.
Define
o:r — T
v+ ®(y) such that v = gd(y)g 4.
d € D and ®() are uniquely defined by ~.
Iterating ®, one gets

v = gmg
= ggrg thg !

= gmd)m('y)g_lém,l ... g Yo187 0

with digits So, . . ., 0m_1 € D.
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Crystallographic number system.

Definition. (I', g, D) is a crystallographic number system if for
every v € ', ®M(~) = id for some m € N. One then writes
v = (id*®,0m-1,...,00)g or just (§m—1,...,00)g-

Example. Consider I' ~ Z" and g(x) = Mx with M expanding
integer matrix.

Then gFg™! < T means MZ" < Z".
The digit set has the form
D:{xHer(Z’:) : 1§i§d}.

(I, g,D) is a crystallographic number system iff

(M,N:: {( Z’ > 1< < d}) is a number system.
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Characterization of Crystems : counting automaton.

(I, g,D) given.
States: v €T.
Edges: ~ LIl v iff 6y = gv'g71é.
Note that LN d(y).
(F,g,D) is a crystem iff for every v there is a finite walk

id

id|o id|8 id|6m_1
Y1 e

in the counting automaton.

If
v = (id>®, 0m-1,...,00)g,
then
70 =88 " (Om-1:---%0)g
where

§o|56 (51‘5{ 5m71‘5fn_1 /
Yo 71 . v



Example of p2-crystem (I' =< a, b, ¢ >).

wn-(43)() (%)



Example of p2-crystem (I' =< a, b, ¢ >).

g(X,y)=<_03 é)(;

Figure: T : g(7) =7 Ub(T)U ¢(T) and counting subautomaton.
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Characterization by a subautomaton.

(F,g,D) is a crystem iff for every v there is a finite walk

id|do id|61 id|dm—1 .
71 e id (3)

in the counting automaton.

Suppose Property (3) is fulfilled by the states of a stable
subautomaton that generates I'. Then (I, g, D) is a crystem.
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Example of p2-non-crystem (I' =< a, b, c >).

wn=(4% 1))

Figure: 7 : g(7) =T Ub(T)U a1c(T) and counting subautomaton.
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Example of p3-crystem
F=<a,b,r>, b(x,y)=(x

Figure: 7 : g(7) =T Uac?(T) U bc?(T) and its neighbors.
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Complete sets of right coset representatives.

Let (I', g, D) with I crystallographic group,
g(x)=Mx+t

D = {id, Di(x) + d;}.

Then
D is a complete set of right coset representatives of /gl g™
iff

1

N = {(MD; "M d; + (I, — MD; "M 1)t}

is a complete set of coset representatives of Z"/MZ".
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A class of p2-crystems.

={aPb9c";p,q € Z,r =0,1},

g(x,y)_<f §><;>+<13(2)1>,|det(1\/[)]_822.

MEZ2x 72

and
D ={id,a,..., a2 ¢}

Then D is a complete set of coset rep. iff

IETT e

set of coset rep. of Z?/MZ? (iff ¢ = £1).
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A class of p2-crystems : g-basis and M-basis.
Suppose ¥ = aPb9 = (id*®,0m—1,...,00)g With
d0,...,0m_1 € D.

Then ( Z > = (000,5;,, ..., 00)M Where the digits

15+ -+>0p € N are obtained via the two-states automaton:

Figure: Exchange automaton g — M.
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A class of p2-crystems : equivalence to canonical number
systems.

Hence, (g, D) is a crystem iff (M, ) is a canonical number
system iff =1 < —Tr(M) < B > 2.

If T satisfies g(7) = Jsep (7). then

B-1
Tt .— TU—T+(M—12)_1 < (2) >
satisfies
M7 latt — latt | Tlatt+< g-) > U... U Tlatt+< Bal >
(CNS-tile).

T is disk-like implies 77 is disk-like.
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Conclusion.

For the preceding p2-class, conditions on the coefficients of M
for 7T to be disk-like ?

The results with D = {id, a,...,a%"2, c} do not generalize to
the group p3 : symmetries have finite g-representation but
infinite M-representation.

Conjecture : there is still an equivalence between (g, D) is a
crystem and the corresponding (M, N') is a number system.



