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Outline

@ Continued fractions and their approximation qualities

© The natural extension of continued fractions

© Sharp bounds
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Definition

Every x € R\ Q has a unique and infinite regular continued fraction
expansion

X = ag +

1 :[30;317325"'7‘9”7"']7

) 1
a+ A+ —

an +

ai +

where a; € N. From now on we assume ag = 0. The partial coefficients a;
can be found from the regular continued fraction map T : [0,1) — [0,1)

T(x) = % - BJ  x#0; T(0):=0.
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Approximations

Finite truncation yields convergents

&:[O;al,az,...,an].
An
1
‘ —& <—2, nZO
qn n
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Approximation quality

The approximation coefficients ©, of x are defined by

2 Pn

Op=gq;|x——
v Gn

for n > 0.

9

Theorem (Borel, 1903)
Foralln>1
1

min{@,,,l, @,,, @n+1} < \/g
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Other approximation measures

Dirichlet

1
< ) for n > 0,
dnQn+1

Define the sequences of irrationals C, and D,, n > 0, by

_p (BT
An qunqn—i-l,
Dn = [a,,+1;a,,,...,al]-[a,,+2;a,,+3,...].

1
It is not hard to show that C, =1+ R

n
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Question

Suppose D,_» < r and D,, < R for some given reals r, R > 1, what can we
say about D, 17
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Theorem (Tong, 2004)

If r >1and R > 1 are two real numbers and

1 1 1 1
Mtong = % (7 + R + anant1 (1 + ;) (1 + ﬁ)

PR [ Y (N R |
r R R r R rR |’
then

©Q D, 2 <rand D, <R imply D1 > Mryyg;
@ D, >>rand D, >R imply D1 < Mropg.
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The future and past
Write T, and V,, for the “future” respectively “past” of %,
Tn =10; ant1,an+2,..-] and V,=][0;a,,...,a1]

Define @ = [0,1) x [0,1] and 7 : Q@ — Q as

=[5 ),
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The future and past

Write T, and V,, for the “future” respectively “past” of %,

Tn =10; ant1,an+2,...] and V,=10;a,,.

Define @ = [0,1) x [0,1] and 7 : Q@ — Q as

=[5 ),

We have (T,, V,) = 7"(x,0).
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Rewriting D, _», D, 1 and D,,.

We can expres D,_2,Dp_1 and D, in terms of a,, apy1, T and V.

(an+ Th)Va 1 B (ant1+ Vi) Ty
LoV, D,_1= TV and D, = 1—ana T,

Dn—2 =
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Rewriting D, _», D, 1 and D,,.

We can expres D,_2,Dp_1 and D, in terms of a,, apy1, T and V.

(an+ Th)Va 1 (ant1+ Vi) Ty
Dpo=~——"2" D, 1= dD,=~—"— """
e A VA P

Dh—1 = lan;an-1,...,a1] [ant1; ant2, -]
1 1
= an + 1 ‘| an+1 +
an-1+ an_2+~~~+i ant2 + an43+...
11
n n‘
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With

(an + Tn)vn (3n+1 + Vn)Tn
D, _o=1__""Y'N o ndD, =" """
n—2 1—a,V, an " 1—ap1 Ty
we find
Dho<r if and only if v < fo.(t),
D,<R if and only if v < gbr(t),
with
r
far(t d t) = — — b(R+1).
A=y ea(d =G~ bR+
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The position of the graph of £, ,(t) = FEsEALE

horizontal strip with a, = a.

| =

a<|[r]

g
c

Farlt)
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Example with D,_, < 2.9 and D,, < 3.6.

v =g1.r(t)

1/2

1/3
1/4
1/5

Figure: The regions where D,_» < 2.9 are red, the regions where D,, < 3.6 are
blue. The intersection where both D,_» < 2.9 and D, < 3.6 is black.
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Three possible configurations of the graphs of f and g

when D,_» < rand D, < Ron [;,1) X [s5,1).

b+1° b at+l’ a
1 1 9b.r(t)
a .
R Jar(t)
9o,r(t)
1
a+1 1 G 1
b+ 1 b 1
1 9b.r(t)
a
(iii) far(t)
1
a+1 1 1
b+1 b

Figure: The part where both D,_» < r and D,, < R is black. Use that
D,_1= % find the minimum for D,_1.
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Theorem, 2008

Let r,R>1bereals. If D,_» < r and D, < R, then there are three

possibilities for the minimum of D,,_;.

Q@ Ifr—a,>G and

< R—apt1 < F, then
dn

D,_ i ,
1>mm{R—an+1 C

1
If ————— <r—a,<Gand R— > F, th
(2] PR r— ap an ant+1 > en

D1 >min{an+1+1 3n+1}

F 'r—a,

© In all other cases
Dn—l > MTong-

These bounds are sharp.

an+1+1 a,,—i—l}

v
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Example with D,_, < 2.9 and D,, < 3.6.

v =g1.r(t)

1/2

1/3
1/4
1/5

Figure: The regions where D,_» < 2.9 are red, the regions where D,, < 3.6 are
blue. The intersection where both D,_» < 2.9 and D, < 3.6 is black.
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Example with D, » < 2.9 and D, < 3.6 (continued).

The sharp bounds for this example

ap=1and apy1 =1:Dp_1 > Mpoye ~ 2.30.

ap, =1 and ant+1 = 2:Dp 1> MTong ~ 4.04.
an, = 2 and ant+1 = 1:Dp_1> MTong ~ 4.04.
an, = 2 and dnt+1 = 2:D,_1 > MTong ~ 7.48.

ap=2and apy1 =3:Dp_1 > Mpoye =~ 10.92.
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Example with D, » < 2.9 and D, < 3.6 (continued).

The sharp bounds for this example

ap=1and apy1 =1:Dp_1 > Mryoyg
ap, =1 and ant+1 = 2:Dp 1> MTong
an, = 2 and ant+1 = 1:Dp_1> MTong
ap=2and apy1 =2: Dp_1 > Mroyg
ap=2and apy1 =3: Dp_1 > Mroyg

If a, =1 and a1 = 3, then

Q

Q

Q

2.30.
4.04.
4.04.
7.48.
10.92.

D,_1 > min{

ant1+1 (an+1)apt1(R+1)+1
R—3n+1, R

~ min{6.67,7.94} = 6.67 > Moy, ~ 5.76.
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Example with D, » < 2.9 and D, < 3.6 (continued).

The sharp bounds for this example

ap=1and apy1 =1:Dp_1 > Mpoye ~ 2.30.

ap=1and a1 =2:Dp_1 > Myong ~ 4.04.
ap=2and a1 =1:Dp_1 > Mpoye ~ 4.04.
ap=2and a1 =2:Dp_1 > Mpone =~ 7.48.

ap=2and apy1 =3:Dp_1 > Mpoye =~ 10.92.

If a, =1 and a1 = 3, then

D, > min { ant1+1 , (an+1an(R+1)+ 1}
R — dn+1 R
~ min{6.67,7.94} = 6.67 > Mrong ~ 5.76.

For all other values of a, and a,1 either D,_» > 2.9 or D, > 3.6, or both.
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Example D,_» > 2.9 and D, > 3.6

v =g1,r(t)

v=f1,.()

1/2

1/3
1/4
1/5

ol
wl =
ol =
—

1
5

Figure: The regions where D,_, > r are red, the regions where D, > R are blue.
The intersection where both D,_» > r and D,, > R is black.
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Example asymptotic frequencies

For almost all x € [0,1) \ Q the asymptotic frequency that simultaneously
D,—>>29and D, > 3.6is 0.619.

Given that D,_» > 2.9 and D, > 3.6 the conditional probability that
Mrong is the sharp bound is 0.28.
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